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S1. Molecular dynamics simulation  

The extensively used Kremer-Grest bead-spring model1 is employed to model the entangled 

polymer melts. All beads interact with the purely repulsive Lennard-Jones (LJ) potential, 

commonly referred to as the Weeks-Chandler-Andersen (WCA) potential: 
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where 𝑟 is the distance between two beads, 𝜎 is the effective diameter, and 휀 denotes the 

strength of the LJ interaction. Attractive finitely extensible nonlinear elastic (FENE) potential 

is adopted to describe the interaction of covalent bonds: 

𝑈FENE(𝑟) = {
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. (S1-2) 

where 𝑘 = 30휀/𝜎2 and 𝑅0 = 1.5𝜎. All physical quantities are expressed in reduced Lennard-

Jones units: The units of length, energy, and time are respectively represented by 𝜎, 휀, and 

𝜏0 = 𝜎√𝑚/휀. The mass of monomer is set to 𝑚 = 1.  

The system consists of 𝑀c = 250  chains with a fixed number density 𝜌 = 𝑀c𝑁/𝑉 =

0.85𝜎−3, where 𝑁 is the number of monomers contained in one chain, and 𝑉 is the volume 

of the simulation box. In this work, three values of 𝑁 are adopted: 𝑁 = 700, 1000, and 1500. 

All of these melts are well entangled.  

Well equilibrated initial configurations are crucial for MD. Due to the high 𝜌 of the system, 

directly generating such a system is challenging, since the close proximity of monomers may 

lead to excessively high system energy, resulting in the collapse of the system. Therefore, we 

initially generate a system with 𝜌 = 0.001𝜎−3 within a cubic volume and subsequently adjust 

the number density to 𝜌 = 0.85𝜎−3 through compression after resolving overlap. 
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Two tube-model parameters, the equilibrium number of monomers per entanglement 𝑁e 

and Rouse time of an entangled strand 𝜏e are respectively set to 𝑁e = 60 and 𝜏e = 3290 as 

suggested by Cao and Likhtman.2 Some alternative methods, such as PPA,3 yield 𝑁e = 85, 

slightly larger than the value we adopted. However, earlier finding4 suggests that the results of 

Cao and Likhtman are more consistent with rheology experiment. Moreover, the small 

difference in the value of 𝑁e is not expected to significantly impact our main conclusions. The 

Rouse time of the whole chain 𝜏R is determined from the relation 𝜏R = (𝑁/𝑁e)2𝜏e.  

We used LAMMPS package5 to simulate the polymer system with a time step 𝛿𝑡 = 0.01𝜏0.  

A Monte Carlo bond-swap algorithm is implemented to accelerate the equilibration of the 

system. Then, an additional run, about 2𝜏R, is performed to further equilibrate the system. 

We have examined several quantities to assess whether the system is well equilibrated. A 

commonly-used quantity is the mean square internal distance ⟨𝑅2(|𝑖 − 𝑗|)⟩ . The rescaled 

⟨𝑅2(𝑛)/𝑛⟩ (𝑛 = |𝑖 − 𝑗|) is expected to reach a plateau as 𝑁 increases. As illustrated in Figure 

S1, the simulation results indeed align with expectations, eventually reaching a plateau that is 

highly consistent with previous simulations by other researchers.6,7 We also checked the radius 

of gyration and the static single-chain structure factor, and compared these with previous 

 

Figure S1. Results of mean square internal distance ⟨𝑅2(𝑛)/𝑛⟩ for various chain lengths 

are compared with previous results.6,7  
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results.4,8  

The equilibrated polymer melts are strained by isochoric uniaxial elongation at an initial 

Rouse Weissenberg number 𝑊𝑖R,i = 𝜏R휀i̇ = 40 , where 휀i̇  is the initial strain rate. The 

deformation is stopped once the desired stretch ratio 𝜆 is achieved. Here, the values of 𝜆 we 

adopt are 1.8, 3, and 5. The stress-strain curves with the system of 𝑁 = 1000 for three 𝜆 =

1.8, 3, 5  during stretch are illustrated in Figure S2. Then, the strained system undergoes 

relaxation up to ~𝜏d  (𝜏d  is the disengagement time in the tube model) with a Langevin 

thermostat. 

In order to maintain consistency with experimental conditions, our simulations employed a 

constant engineering strain rate rather than a constant true strain rate. Therefore, the true strain 

rate of the simulation decreases gradually during the stretching process. However, even at the 

maximum elongation ratio 𝜆 = 5, the Rouse Weissenberg number 𝑊𝑖R remains significantly 

greater than 1. Therefore, our simulation can still be considered as a step-strain deformation. 

To validate the time-strain separation in step strain, we employed three damping functions to 

superpose the stress relaxation data of the system with 𝑁 = 1000: the classical network stress-

strain relation ℎ(𝜆) = 𝜆2 − 𝜆−1 , the Doi-Edwards damping function,9 and the Rubinstein-

 

Figure S2. The stress-strain data during stretch for 𝜆 = 1.8, 3, 5 with the system of 𝑁 =

1000. 
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Panyukov damping function ℎRP(𝜆) = (𝜆2 − 𝜆−1)/(𝜆 − 𝜆0.5 + 1).10 As seen from Figure S3, 

the Rubinstein-Panyukov damping functions effectively superpose the stress data, validating 

the time-strain separation in our simulations. To maintain consistency with the SANS analysis, 

the average stretch ratio of chains �̅�c, which is slightly smaller than the stretch ratio of the melt 

𝜆, is utilized to calculate the damping function. Here, the values of �̅�c are 1.76, 2.82, and 4.52 

for 𝜆 = 1.8, 3  and 5, respectively. In fact, both 𝜆  and �̅�c  well superimpose the stress data 

with ℎRP(𝜆).  

 

 

  

 

Figure S3. 𝜎t(𝑡)/ℎ(𝜆) from (a) classical stress-strain relation, (b) Doi-Edwards damping 

function, and (c) Rubinstein-Panyukov damping function. 
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S2. Experiment 

In this work, we re-analyze the Small-Angle Neutron Scattering (SANS) spectra of a set of 

polystyrene melts that we have published in [Macromolecules 2018, 51, 9011-9018]. In this 

section, we will briefly introduce the sample and experiment.  

The experimental melt is a mixture of protonated and deuterated polystyrene homopolymers 

with a d/h ratio of 10/90 (h-PS: mw = 197 kg/mol, mw/mn = 1.01; d-PS: mw = 213 kg/mol, mw/mn 

= 1.06, mw and mn are weight-average and number-average molecular weights, respectively). 

The isotropic samples were uniaxially stretched to λ = 1.8 at 124 °C with a constant crosshead 

velocity 𝑣 = 8𝑙0/𝜏R first, where 𝑙0 is the original length of the sample, and 𝜏R is the Rouse 

time calculated by the Osaki formula [𝜏R = (6𝑚w𝜂/𝜋2𝜌𝑅𝑇)(1.5𝑚e/𝑚w)2], where 𝜂 is the 

zero-shear viscosity, 𝑚e is the entanglement molecular weight, 𝜌 is the mass density of the 

 

Figure S4. (a) Illustration of the SANS experiment on the uniaxially stretched polymers. 

(b) 2D SANS spectrum of the sample immediately after stretching to 𝜆 = 1.8. (c) Selected 

spherical harmonic expansion cofficients for the spectrum shown in panel b.  
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polymer, and 𝑅 is the universal gas constant. The stretched samples were allowed to relax for 

different amount of time at 124 °C at the constant strain and then quenched to the glassy state 

for the ex-situ SANS measurement.  

Figure S4a gives an illustration of the SANS experiment. Figure S4b gives the SANS 

spectrum of the sample immediately after stretching to 𝜆 = 1.8 . The spectrum is highly 

anisotropic. In our previous study,11 we show that such spectrum 𝑆(𝑸) can be expanded by 

spherical harmonics as: 

𝑆(𝑸) = ∑ 𝑆𝑙
0(𝑄)𝑌𝑙

0(�̂�)𝑙:even . (S2-1) 

where 𝑌𝑙
0(𝛀)  is the real spherical harmonic function and 𝑆𝑙

0(𝑄)  is the corresponding 

coefficient. In the SANS experiment shown in Figure S4a, the scattering intensity given by the 

2D detector is the cross section of 𝑆(𝑸) in the 𝑥 − 𝑧 plane, namely, 𝑆(𝑄𝑥 , 𝑄𝑦 = 0, 𝑄𝑧), or 

equivalently, 𝑆(𝑄, 𝜃, 𝜙 = 0) . One can obtain 𝑆𝑙
0(𝑄)  from the measured SANS spectrum 

through the following relation:11 

𝑆𝑙
0(𝑄) =

1

2
∫ 𝑆(𝑄, 𝜃, 𝜙 = 0)𝑌𝑙

0(𝜃) sin 𝜃 d𝜃
𝜋

0
. (S2-2) 

In Figure S4c we give the first 5 coefficients.  
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S3. SANS model and data analysis 

In this section, we give the details of the SANS model and data analysis. Our SANS model 

is based on the nonaffine tube model (NTM) proposed by Rubinstein and Panyukov.10 In this 

model, the tube confinement is modeled by a set of virtual chains acting on the test chain, as 

illustrated in Figure S5. The NTM points out that for entangled polymer melts under strong 

elongation, there is a nonaffine monomer separation 𝑁aff = 𝜆𝑁e, where 𝜆 is the stretch ratio 

and 𝑁e  is the PP step length. For monomers 𝑖  and 𝑗  in one deformed chain, their 

displacement undergoes affine deformation if |𝑖 − 𝑗| > 𝑁aff , while nonaffinity emerges at 

|𝑖 − 𝑗| < 𝑁aff . 𝑁aff  is also the separation between two adjacent virtual “crosslinks” that 

connect to virtual chains, as illustrated in Figure S5.  

In our picture, the length of PP step of a deformed chain is determined by the separation 

between two adjacent effective entanglements 𝑁ee = 𝑁/(𝑍ee + 1), where 𝑁 is the monomer 

number in one chain, and 𝑍ee is the average number of effective entanglements per chain. In 

contrast, the ineffective kinks and relaxed neighboring chains give no orientational constraint. 

Thus, according to the NTM, the nonaffine monomer separation can be written as 𝑁aff = 𝜆𝑁ee. 

To avoid the unphysical situation of 𝑁aff > 𝑁 at large 𝜆, we practically correct 𝑁aff as: 

𝑁aff = 𝑁 [1 − exp (−
𝜆𝑁ee

𝑁
)] = 𝑁 [1 − exp (−

𝜆

𝑍ee+1
)]. (S3-1) 

 

Figure S5. Illustration of the nonaffine tube model. 



8 

 

For |𝑖 − 𝑗| ≥ 𝑁aff, the deformation is affine. Therefore, the probability 𝜙(𝑖, 𝑗, 𝒓) of finding 

monomer 𝑗 at distance 𝒓 from monomer 𝑖 is given by an affine Gaussian form: 

𝜙(𝑖, 𝑗, 𝒓) = (
3

2𝜋|𝑖−𝑗|𝑏2)
3/2

exp [−
3

2|𝑖−𝑗|𝑏2 (𝜆M𝑟𝑥
2 + 𝜆M𝑟𝑦

2 +
𝑟𝑧

2

𝜆M
2 )] , |𝑖 − 𝑗| ≥ 𝑁aff. (S3-2) 

where 𝑏 is the bond length, the subscript “M” denotes model parameters. For |𝑖 − 𝑗| < 𝑁aff, 

the pair distance 𝒓  is no longer affinely distributed. In this case, monomers 𝑖  and 𝑗  are 

within a strand between two adjacent virtual crosslinks. Their distribution depends on the end-

to-end vector 𝑹s of such strand. This conditional probability 𝜙(𝑖, 𝑗, 𝒓|𝑹s), which gives the 

probability that monomers 𝑖  and 𝑗  are separated by 𝒓  under the condition that the strand 

ends are separated by 𝑹s, can be modeled by a bivariate Gaussian form:12 

𝜙(𝑖, 𝑗, 𝒓|𝑹s) = [
𝛽2

𝜋𝑤𝑖𝑗(1−𝑤𝑖𝑗)
]

3/2

exp [−
𝛽2

𝑤𝑖𝑗(1−𝑤𝑖𝑗)
(𝒓 − 𝑤𝑖𝑗𝑹s)

2
]. (S3-3) 

where 𝛽2 = 3/2𝑁aff𝑏
2, and 𝑤𝑖𝑗 = |𝑖 − 𝑗|/𝑁aff. Notice that at very large elongations, the local 

chain segment can be straightened, and this bivariate Gaussian form will fail. Then, considering 

that 𝑹s is affinely distributed, we can write down that: 

𝜙(𝑖, 𝑗, 𝒓) = ∫ 𝜙(𝑖, 𝑗, 𝒓|𝑹s)𝜙(𝑹s, 𝜆)d𝑹s , |𝑖 − 𝑗| < 𝑁aff. (S3-4) 

where 𝜙(𝑹s, 𝜆) is the affine distribution: 

𝜙(𝑹s, 𝜆) = (
𝛽2

𝜋
)

3/2

exp [−𝛽2 (𝜆M𝑅s,𝑥
2 + 𝜆M𝑅s,𝑦

2 +
𝑅s,𝑧

2

𝜆M
2 )]. (S3-5) 

Combining the above two equations, we can obtain the pair distribution for |𝑖 − 𝑗| < 𝑁aff: 

𝜙(𝑖, 𝑗, 𝒓) = (
𝛽2

𝜋𝑤𝑖𝑗
)

3/2

√
1

(𝑤𝑖𝑗/𝜆M+1−𝑤𝑖𝑗)
2

(𝑤𝑖𝑗𝜆M
2 +1−𝑤𝑖𝑗)

×                     

                           exp [−
𝛽2

𝑤𝑖𝑗
(

𝑟𝑥
2+𝑟𝑦

2

𝑤𝑖𝑗/𝜆M+1−𝑤𝑖𝑗
+

𝑟𝑧
2

𝑤𝑖𝑗𝜆M
2 +1−𝑤𝑖𝑗

)] , |𝑖 − 𝑗| < 𝑁aff 

. (S3-6) 

Now, we obtain the full form of 𝜙(𝑖, 𝑗, 𝒓) based on the idea of NTM.  

SANS directly measures the structure factor 𝑆(𝑸) , rather than 𝜙(𝑖, 𝑗, 𝒓) . These two 

quantities are connected by the pair distribution function 𝑔(𝒓) as follows:13 
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𝑔(𝒓) =
1

𝑁2
∑ 𝜙(𝑖, 𝑗, 𝒓)𝑁

𝑖,𝑗 , 𝑆(𝑸) = ∫ 𝑔(𝒓) exp(−i𝑸 ∙ 𝒓) d𝒓. (S3-7) 

  For elongated SANS spectra, it can be expanded by spherical harmonics as:11 

𝑆(𝑸) = ∑ 𝑆𝑙
0(𝑄)𝑌𝑙

0(�̂�)𝑙:even . (S3-8) 

where 𝑌𝑙
0(𝛀) is the real spherical harmonic function. Similarly, 𝜙(𝑖, 𝑗, 𝒓) and 𝑔(𝒓) can also 

be expanded by spherical harmonics: 

𝜙(𝑖, 𝑗, 𝒓) = ∑ 𝜙𝑙
0(𝑖, 𝑗, 𝑟)𝑌𝑙

0(�̂�)𝑙:even , 𝑔(𝒓) = ∑ 𝑔𝑙
0(𝑟)𝑌𝑙

0(�̂�)𝑙:even . (S3-9) 

Knowing 𝜙𝑙
0(𝑖, 𝑗, 𝑟), 𝑆𝑙

0(𝑄) can be calculated as follows:13 

𝑔𝑙
0(𝑟) =

1

𝑁2 ∫ d𝑖 ∫ d𝑗𝜙𝑙
0(𝑖, 𝑗, 𝑟)

𝑁

0

𝑁

0
. (S3-10) 

𝑆𝑙
0(𝑄) = i𝑙4𝜋 ∫ 𝑔𝑙

0(𝑟)𝐽𝑙(𝑄𝑟)𝑟2d𝑟
∞

0
. (S3-11) 

where 𝐽𝑙(𝑥) is the lth order spherical Bessel function. With above equations, we can obtain 

the theoretical 𝑆2
0(𝑄) . Notice that in this model, there are only two fitting parameters, the 

stretch ratio 𝜆M and the average number of effective entanglements per chain 𝑍ee,M (𝑍ee,M 

is contained in 𝑁aff, as shown in eq. S3-1). According to the NTM, the tensile stress is given 

by: 

𝜎t,M =
𝑀c

𝑉
𝑘𝑇(𝑍ee,M + 1) (𝜆M − 𝜆M

−1 + 𝜆M
1/2

− 𝜆M
−1/2

). (S3-12) 

where 𝑀c/𝑉 gives the chain number density. If we assume that the chain is formed by strands 

connected by virtual crosslinks, we can employ the expression for network to calculate the 

tensile stress: 

𝜎t,M =
𝑀c

𝑉
𝑘𝑇(𝑍ee,M + 1)(𝜆M − 𝜆M

−2). (S3-13) 

For our samples and simulation data, above two equations give very similar results on the 

relaxation of normalized stress. 
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S4. Comparison between simulation and experiment 

Here, we compare the relaxation processes between the simulated melt with 𝑁 = 1000 and 𝜆 =

1.8 and the polystyrene sample due to their comparable entanglements and flow condition. Firstly, 

regarding the decay of the effective entanglements which is our primary concern, it can be observed 

from Figure S6a that both experimental and simulated results exhibit similar trends, displaying a 

clear -1/2 power law for 𝑡 ∈ [1𝜏R, 10𝜏R]. We also compare the relaxation of 𝑆2
0(𝑄). As depicted 

in Figure S6b, at 𝑡 = 0𝜏R, there is a nice agreement between the experimental and simulation results, 

and the subsequent relaxation rates are also quite similar. These consistent results indicate that our 

simulation and analysis capture the physical characteristics of entangled polymers effectively. 

 

 

  

 

Figure S6. (a) The relaxation of the effective entanglements 𝑍ee(𝑡) and (b) 𝑆2
0(𝑄) (lines: 

simulation, symbols: experiments) after a step-strain of 𝜆 = 1.8  for experiments and 

simulation system of 𝑁 = 1000. 
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S5. Tube segment survival probability 

The tube segment survival probability Φ(𝑙, 𝑡)  gives the probability that the segment 

containing monomer 𝑙 is still in the original tube at time 𝑡. For the relaxation after a strong 

step elongation, the classic tube model points out that the chain will firstly retract to its 

equilibrium length within 𝑡 < 𝜏ppr where 𝜏ppr is the characteristic time of retraction. Then, 

the orientation relaxation takes place through reptation. If considering the CR effect and 

modeling it by the decay of effective entanglements, we write down Φ(𝑙, 𝑡) for 𝑡 ≥ 𝜏ppr as: 

Φ(𝑙, 𝑡) = 𝜓(𝑡 − 𝜏ppr) [
𝑍ee(𝑡)

𝑍ee(𝜏ppr)
] , for 𝑡 ≥ 𝜏ppr, (S5-1) 

where 𝜓(𝑙, 𝑡) = ∑ (4/𝑝𝜋) sin(𝑝𝜋𝑙/𝑁) exp(−𝑝2𝑡/𝜏d)𝑝:odd   is the equilibrium tube survival 

probability deduced from single-chain effects.  

  In our picture, the statistical distribution of effective entanglements 𝑃ee(𝑙, 𝑡) directly gives 

an evaluation of the tube segment survival probability. However, before comparing 𝑃ee(𝑙, 𝑡) 

with Φ(𝑙, 𝑡) given by eq. S5-1, one needs to consider the “dangling-end effect”. At the 𝑡 =

𝜏ppr moment, Φ(𝑙, 𝑡 = 𝜏ppr) equals to 1 in the whole range of 𝑙. In contrast, the profile of 

𝑃ee(𝑙, 𝑡 = 𝜏ppr) exhibits lower values when 𝑙 is close to 1 or 𝑁 due to the dangling chain 

ends. Figure S7 compares 𝑃ee(𝑙, 𝑡 = 𝜏ppr) and Φ(𝑙, 𝑡 = 𝜏ppr), and this effect is clearly seen. 

 

Figure S7. Comparison between 𝑃ee(𝑙, 𝜏ppr)  (blue line) and Φ(𝑙, 𝜏ppr)  (red line). The 

values of 𝑃ee(𝑙, 𝜏ppr) are lower near the chain ends due to the “dangling ends”. 
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To correct this effect, we perform the following analysis.  

At 𝑡 = 𝜏ppr, Φ(𝑙, 𝑡 = 𝜏ppr) = 1, which means that the average positions of the effective 

entanglements are uniformly distributed along the PP. The average interval between adjacent 

effective entanglements is 𝑙dis = 𝑁/[𝑍ee(𝜏ppr) + 1] . Thus, the distribution of average 

positions of effective entanglements on the PP can be expressed as a series of 𝛿 functions, as 

illustrated in Figure S8a: 

𝛿ee(𝑙) = {
1, 𝑙 = 𝑘𝑙dis, 𝑘 = 1,2,⋅⋅⋅, 𝑍ee(𝜏ppr)

0, others
. (S5-2) 

Note that the entanglements can “slip” along the PP before release, which smears out the above 

distribution. This effect can be taken into account by convoluting the distribution function with  

a Gaussian distribution. The standard deviation of this Gaussian function, representing the 

random displacement of the entanglement along PP, is tentatively set to 𝑙dis. Here, we denote 

this Gaussian distribution by 𝐾(𝑙, 𝑙dis). Figure S8c shows 𝛿ee(𝑙) ∗ 𝐾(𝑙, 𝑙dis). It is seen that the 

convolution nicely describes the profile of 𝑃ee(𝑙, 𝑡) at 𝑡 = 𝜏ppr. For moments at 𝑡 > 𝜏ppr, 

Φ(𝑙, 𝑡) can be regarded as the superposition of a series of 𝛿 functions. Therefore, we use the 

convolution Φ(𝑙, 𝑡) ∗ 𝐾(𝑙, 𝑙dis)  as the theoretical result of the tube survival probability to 

correct the combined effect of dangling ends and slippery entanglements.  

 

 

Figure S8. The convolution of 𝛿ee(𝑙) (a) with 𝐾(𝑙, 𝑙dis) (b) yields the result depicted in 

(c). As seen in panel (c), the corrected result (red dashed line) exhibits good consistency 

with 𝑃ee(𝑙, 𝜏ppr) (yellow solid line). 
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