
���

���

���

���

���

���

�

([DPSOH �� 0XOWLREMHFWLYH $QDO\VLV �1RQ��LQIHULRULW\ DQG FRQVWUDLQW PHWKRG�

&RQVLGHU WKH IROORZLQJ PXOWLREMHFWLYH SURJUDPPLQJ SUREOHP�
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7KH IHDVLEOH UHJLRQ LQ GHFLVLRQ VSDFH ORRNV OLNH�
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%HORZ LV D WDEXODWLRQ� IRU HDFK H[WUHPH SRLQW� RI WKH REMHFWLYH IXQFWLRQ YDOXHV =�� =�� DQG D GHVLJQDWLRQ RI ZKHWKHU

RU QRW WKH H[WUHPH SRLQW LV LQIHULRU RU QRQ��LQIHULRU� )RU HDFK LQIHULRU H[WUHPH SRLQW� WKH SRLQW�V� ZKLFK GRPLQDWH LW
DUH OLVWHG� <RX VKRXOG PDNH FHUWDLQ WKDW \RX NQRZ KRZ WKLV WDEOH ZDV JHQHUDWHG� DQG LQ SDUWLFXODU ZK\ WKH SRLQWV DUH
ODEHOOHG QRQ��LQIHULRU�LQIHULRU� 5HPHPEHU WKDW D SRLQW LV QRQLQIHULRU LI� DQG RQO\ LI� WKHUH GRHV QRW H[LVW HYHQ RQH RWK�
HU VROXWLRQ �H[WUHPH SRLQW� ZKLFK LV EHWWHU LQ WHUPV RI DOO REMHFWLYH IXQFWLRQ YDOXHV� &RQYHUVHO\� DQ LQIHULRU VROXWLRQ
LV RQH IRU ZKLFK DW OHDVW RQH RWKHU VROXWLRQ GRPLQDWHV LW �� PHDQLQJ WKDW LW LV EHWWHU LQ WHUPV RI DOO REMHFWLYH IXQFWLRQ
YDOXHV�

$OWHUQDWLYH ;� ;� =� �PD[� =� �PLQ� 1RQLQIHULRULW\

D � � � � ,QIHULRU �H�I�

E � � �� �� ,QIHULRU �F�G�

F ���� ���� �� ����� ,QIHULRU �G�

G � � �� � 1RQLQIHULRU

H � � �� ��� 1RQLQIHULRU

I � � �� ��� ,QIHULRU �H�

7KH IHDVLEOH UHJLRQ LQ REMHFWLYH VSDFH LV REWDLQHG E\ SORWWLQJ WKH =�� =� YDOXHV IURP WKH DERYH WDEOH� ,Q WKLV FDVH� ,

ZLOO SORW � =� YHUVXV =�� EHFDXVH ZH ZLVK WR PLQLPL]H =�� DQG LW LV PRVW FRQYHQLHQW WR YLHZ WKH REMHFWLYH VSDFH
IURP WKH SHUVSHFWLYH RI PD[LPL]DWLRQ �WKDW ZD\� PRYLQJ WR WKH ULJKW� RU XS� LPSURYHV WKH REMHFWLYH IXQFWLRQ� DQG WKXV
WKH ´QRUWKHDVW FRUQHUµ UXOH DS�
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1RQLQIHULRU 6HW RI 6ROXWLRQV

8VLQJ WKH FRQVWUDLQW PHWKRG WR DSSUR[LPDWH WKH QRQLQIHULRU VHW �� RU WKH ´WUDGHRII FXUYHµ �� ZH PRGLI\ WKH RULJLQDO
SUREOHP E\ LQFOXGLQJ DOO EXW RQH RI WKH REMHFWLYHV �LW GRHVQ·W PDWWHU ZKLFK RQH� DV FRQVWUDLQWV� ,W LV HDVLHVW WR WKLQN
DERXW WKLV ZKHQ DOO REMHFWLYHV DUH WR EH PD[LPL]HG� VR \RX PLJKW ZDQW WR ILUVW FRQYHUW DOO SUREOHPV LQWR PD[LPL]D�
WLRQ SUREOHPV� IRU DOO REMHFWLYHV�

7KH RULJLQDO SUREOHP LV PRGLILHG E\ SODFLQJ D FRQVWUDLQW RQ � =�³ZKDW VHQVH VKRXOG EH WKH LQHTXDOLW\" 6LQFH WKLV
LV DQ REMHFWLYH ZH ZLVK WR PD[LPL]H� WKHQ ZH VKRXOG LQFOXGH D FRQVWUDLQW WKDW UHTXLUHV DW OHDVW D FHUWDLQ DPRXQW RI
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ZKHUH =PLQ

�
LV D FRQVWDLQW ULJKW KDQG VLGH YDOXH IRU WKH QHZ REMHFWLYH IXQFWLRQ FRQVWUDLQW� +RZ ELJ RU VPDOO VKRXOG

WKLV ULJKW KDQG VLGH EH" :H FDQ HDVLO\ VHH IURP WKH REMHFWLYH VSDFH GLDJUDP WKDW WKH YDOXH RI � =� LQ WKH QRQLQIHULRU
VHW YDULHV IURP ��� WR ��� VR WKHVH DUH RXU ERXQGV� %XW ZKDW LI ZH GLGQ·W KDYH WKH GLDJUDP RU WKH WDEOH"

,Q JHQHUDO� ZKDW ZH ZLOO GR LV WR ILUVW VROYH S PD[LPL]DWLRQ SUREOHPV� FRUUHVSRQGLQJ WR WKH S RULJLQDO PD[LPL]DWLRQ
REMHFWLYHV �S LV � LQ WKH SUHVHQW FDVH�� 6R� IRU RXU SUREOHP� ZH VROYH RQH SUREOHP WR ILUVW PD[LPL]H REMHFWLYH �� DQG
DQRWKHU� VHSDUDWH� SUREOHP� WR PD[LPL]H WKH QHJDWLYH RI REMHFWLYH �� 7KHVH WZR SUREOHPV ZLOO LGHQWLI\ SRLQWV F� G�
DQG H �FRQYLQFH \RXUVHOI RI WKLV IURP ORRNLQJ DW WKH REMHFWLYH VSDFH GLDJUDP�� 7KHQ ZH FRQVWUXFW D SD\RII WDEOH�

;� ;� =� ��=� ([WUHPH 3RLQW +RZ *HQHUDWHG
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)URP WKLV WDEOH� ZKLFK FDQ EH JHQHUDWHG QR PDWWHU KRZ PDQ\ REMHFWLYHV \RX KDYH� DQG ZKLFK LV WKH ILUVW VWHS LQ DQ\

DFWXDO QXPHULFDO DQDO\VLV� \RX FDQ VHH WKH UDQJH RI YDULDWLRQ RI HDFK RI WKH S  � REMHFWLYHV� ��$ =�$ �� DQG
� �$� =�$ �� 1RWH WKDW , KDYH DOUHDG\ H[FOXGHG SRLQW & DV EHLQJ LQIHULRU� LQ P\ GHFLVLRQ RQ WKH UDQJH IRU

� =�� +RZ GR , NQRZ WR GR WKLV" )LUVW� , NQRZ WKDW WKHUH DUH DOWHUQDWH RSWLPD IRU WKH SUREOHP WKDW PD[LPL]HV REMHF�
WLYH �� IURP WKH RSWLPDO EDVLV �RU� IURP WKH RXWSXW RI D FRPPHUFLDO VLPSOH[ DOJRULWKP�� 6R , NQRZ WR EH VXVSLFLRXV RI
WKHVH VROXWLRQV� DQG WKDW LQ JHQHUDO RQO\ RQH RI WKHP ZLOO EH QRQLQIHULRU �VHH WKH REMHFWLYH VSDFH GLDJUDP�� , FDQ HL�
WKHU FKHFN HDFK DOWHUQDWH RSWLPDO VROXWLRQ IRU QRQLQIHULRULW\ �OLNH ZH GLG IRU WKH ILUVW WDEOH DERYH�� RU , FDQ XVH D OLWWOH

´WULFNµ ZKLFK LV WR UHVROYH WKH PD[LPL]H =� SUREOHP DJDLQ� EXW WKLV WLPH DGGLQJ MXVW D YHU\ VPDOO DPRXQW RI REMHF�
WLYH �� VR WKH REMHFWLYH ZRXOG EH�

PD[ =
 =�� Ó�� =��

ZKHUH Ó LV D YHU\ VPDOO QXPEHU �OLNH� ������� IRU H[DPSOH�� 7KH LGHD LV WKDW Ó LV VPDOO HQRXJK WR QRW UHDOO\ PDWWHU�
EXW LW LV HQRXJK WR FDXVH SRLQW & WR QRW EH VHOHFWHG DV DQ DOWHUQDWH RSWLPDO VROXWLRQ� DQG WKXV WR H[SRVH LW DV EHLQJ
LQIHULRU� 7KLV PD\ EH D GLIILFXOW FRQFHSW WR JUDVS DW ILUVW� 0D\EH LW LV HDVLHU WR ORRN DW WKH DERYH SD\RII WDEOH� DQG

WKLQN WKDW� LI \RX ZHUH PD[LPL]LQJ =�� WKHQ \RX ZRXOG EH LQGLIIHUHQW WR HLWKHU & RU ' �DQG KHQFH WKH\ DUH DOWHUQDWLYH
RSWLPDO VROXWLRQV�� EXW LI \RX ZHUH PD[LPL]LQJ =� EXW ZLWK MXVW D OLWWOH RI � =� DGGHG� WKHQ SRLQW ' ZRXOG ORRN VR
PXFK EHWWHU �DQG WKXV LW ZRXOG EH VHOHFWHG�� 7KLV LV RQH SUDFWLFDO ZD\ WR KDQGOH WKH VLWXDWLRQ RI DOWHUQDWH RSWLPDO
VROXWLRQV WR WKH S PD[LPL]DWLRQ SUREOHPV� EXW , VKRXOGQ·W GZHOO WR PXFK RQ LW EHFDXVH WKH VLWXDWLRQ GRHVQ·W UHDOO\
RFFXU WKDW IUHTXHQWO\�

6R� QRZ� ZH VROYH GLIIHUHQW PD[LPL]DWLRQ SUREOHPV WR VROYH HTV� ������ ZLWK WKH YDOXHV RI =PLQ

�
YDU\LQJ IURP ��� WR ��

7KLV ZLOO JHQHUDWH DQ DSSUR[LPDWLRQ WR WKH QRQLQIHULRU VHW RI VROXWLRQV� DQG WKH TXDOLW\ RI WKH DSSUR[LPDWLRQ ZLOO

GHSHQG RQ KRZ ILQHO\ \RX YDU\ =PLQ

�
�,Q JHQHUDO �� LQ WKLV SDUWLFXODU FDVH WKH HQWLUH QRQLQIHULRU VXUIDFH LV FRPSULVHG RI

RQH SDLU RI QRQLQIHULRU YHUWLFHV DQG WKHLU FRQQHFWLQJ OLQH� DQG VR ZH FDQ JHQHUDWH WKH H[DFW QRQLQIHULRU VHW ZLWK RQO\
WZR SRLQWV� %XW WKLV LV QRW W\SLFDO��

*UDSKLFDOO\� ZH FDQ VKRZ WKH VROXWLRQV JHQHUDWHG LI ZH YDU\ =PLQ

�
LQ LQFUHPHQWV RI �� 7KH ODUJH GRWV LQGLFDWH WKH DFWX�

DO VROXWLRQV REWDLQHG E\ WKH FRQVWUDLQW PHWKRG� FRXSOHG ZLWK WKH QRQLQIHULRU VROXWLRQV G DQG H� WKH\ FDQ EH XVHG WR
DSSUR[LPDWH WKH QRQLQIHULRU VHW� 3UDFWLFDOO\� ZH ZRXOG SORW WKHVH VROXWLRQV RQ DQ REMHFWLYH VSDFH JUDSK �� ZLWKRXW
SORWWLQJ WKH HQWLUH IHDVLEOH UHJLRQ DV ZH KDYH GRQH IRU WKH H[DPSOH SUREOHPV �� DQG MXVW FRQQHFW WKHP ZLWK OLQHV� ,Q
WKLV FDVH WKH DSSUR[LPDWLRQ LV H[DFW� EXW LQ JHQHUDO WKH WUXH QRQLQIHULRU VHW FRXOG OLH VRPH GLVWDQFH WR WKH QRUWKHDVW RI
WKH DSSUR[LPDWLRQ� EHWZHHQ WKH DFWXDO SRLQWV WKDW DUH SORWWHG�
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