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Why use small-angle x-ray/neutron scattering? 
• Compliment microscopy, diffraction, NMR, spectroscopy techniques. 

• Statistical description of structure is needed, mean particle size. 

• In situ measurements are needed.  Especially for biological and chemical systems, 
stop-flow or flow through experiments, processing studies, deformation studies etc. 

• Disordered structures and transitions between disorder and order, i.e. folding 
processes, aggregation, polymer chain structure. 

• Quantification of polydispersity. 

• Measure thermodynamics, interaction parameter, critical phenomena. 

• Quantify nanoscale orientation. 
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Why use small-angle x-ray/neutron scattering? 
• Determination of hierarchical structure and the relationship between structural levels. 

• Understanding scaling transitions in polymers and other macromolecules. 

• Determine growth mechanisms and structural levels in mass-fractal aggregates. 

• Other morphologically complex systems. 

• Answer questions that can not be answered by other techniques: 

Are particles connected or independent in a dense structure? 

How folded are sheet structures in solution? 

Do particles nucleate in a flame?  (And many more examples…) 
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“Typical” SAXS Problems 
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Outline: 
 
1)  a) Experimental Instrumentation 

 USAXS and Desmearing 
     b) Two dimensional, anisotropic and  

 orientational hierarchy 
Isotropic Systems 
2)  Specific Scattering Laws 
3)  General Scattering Laws 

 Guinier’s Law 
 Porod’s Law 
 Unified Scattering Function 
 Fractals 
 Branching 

4)  Polydispersity 
5)  Specific Systems 

 Polymer Hierarchy 
 Mass Fractal Hierarchy 
 Other Systems 

6)  Fitting using Ilavsky Programs 
and the Unified Function 

7) Program it yourself 
8) Summary 

Kammler HK, Beaucage G, Kohls DJ, Agashe N. Ilavsky J 

J Appl. Phys. 97(2005) (Article 054309).  
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Nanostructure from Small Angle X-ray Scattering 

θ 

3-Techinques are similar 
SALS/LS, SANS, SAXS 

λ = 0.5 µm 
For light 

λ = 0.1 - 0.5 nm 
For x-ray/neutron 

Contrast: index of refraction, electron density, 
 neutron cross section 



Nanostructure from Small Angle X-ray Scattering 

θ 

3-Techinques are similar 
SALS/LS, SANS, SAXS 

Generally LS has much higher contrast so reflection and 
refraction become problems and need to be considered:  Mie 
Scattering. 
For x-ray and neutron contrast is low so we consider point 
scattering only: Rayleigh-Gans Approximation (no reflection or 
refraction from scatterers). 





Small- and Wide-Angle X-ray  
Scattering Measurements 

X-ray 
Source 

Sample 
Chamber 

Detector 

 

SAXS : pinhole camera : 2-d detector at 1m from the sample 

WAXS : pinhole geometry camera : image plate detector at 
5cm from the sample 

q  2D measurements are useful in 
determining both size and relative 
orientation of various structural 
components 

(MD) 

(TD) 
(ND) 

X-ray Source 





Use Goebel Mirrors 
or Fresnel Zone Plate 
Optics (diffraction based) 

Collimation for Small-Angles is a Technical Hurdle  



www.chemie.uni-bayreuth.de/pci/de/forschung/22427/saxs1.gif 

www.esrf.eu/UsersAndScience/Experiments/SoftMatter/ID02/BeamlineLayout/EH1 

Two Alternative Camera Geometries Offer Improvement in Flux 
or Improvement in Angular Resolution with Smearing of Scattering Pattern 



www.esrf.eu/UsersAndScience/Experiments/SoftMatter/ID02/BeamlineLayout/EH1 

Desmearing of SAXS Data 

In both Kratky and BH geometries the sample is investigated 
with a line source.  Data is collected in one-dimension normal 
to the line 



Desmearing of SAXS Data 

In both Kratky and BH geometries the sample is investigated 
with a line source.  Data is collected in one-dimension normal 
to the line. 

For BH the crystal surface 
is the line.  (A multi-bounce 
crystal reflection has a 
narrow rocking curve for 
angular resolution.) 
 
For Kratky the line is 
defined by the slits and line 
source from the tube.  (A 
line has more flux than a 
point of similar diameter/
width (typically 20 micron).) 



Desmearing of SAXS Data 

So scattered intensity is collected from all points along the line 
rather than from a single point.  (This complicates matters.) 



Desmearing of SAXS Data 

The scattered intensity is an integral of each scattering point 
along the line convoluted with the scattering pattern. 



Desmearing of SAXS Data 

We have found two ways to obtain the point scattering pattern 
from the smeared pattern: 

   1) Deconvolution (Paul Schmidt Method) 
    The Direct Method. 

 
 
 
 
 
 
 

   2) Maximum Entropy Method 
    The Indirect Method. 
    a) guess the answer 
    b) iterate for the most random 
     answer (Maximum Entropy) 



Desmearing of SAXS Data 

1) Is the most logical; but 2) is the one that is best: consistently   
       works and arrives at the best solution most rapidly. 

   1) Deconvolution (Paul Schmidt Method) 
    The Direct Method. 

 
 
 
 
 
 
 

   2) Maximum Entropy Method 
    The Indirect Method. 
    a) guess the answer 
    b) iterate for the most random 
     answer (Maximum Entropy) 



Desmearing of SAXS Data 

Get a data set from the USAXS camera at APS (Ilavsky 
    USAXS Machine) and use Ilavsky/Jemian code to desmear. 

   1) Deconvolution (Paul Schmidt Method) 
    The Direct Method. 

 
 
 
 
 
 
 

   2) Maximum Entropy Method 
    The Indirect Method. 
    a) guess the answer 
    b) iterate for the most random 
     answer (Maximum Entropy) 



Desmearing of USAXS Data…………… 

WS2 
Tungsten disulfide 
in Methanol 

1)  Rocking curve subtraction 
2)  Desmear SMR data to make DSM 

Using Maximum Entropy Iterative 
Method 



Desmearing of USAXS Data…………… 

WS2 
Tungsten disulfide 
in Methanol 

a) At size-scales (1/q) smaller than the thickness, we see 
surface scattering since we can not resolve the structure. 
 
b) At size-scales between the thickness and lateral extent, we 
see two-dimensional (or modified two dimensional scattering). 
 
c) At size-scales larger than the width, we see point scattering. 

a) 

b) 
c) 
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Small-Angle X-ray Scattering, (SAXS) 

-Collimated Beam 
-Monochromatic Beam 
-Coherent Beam 
-Focusing Optics Perhaps 

-Longer Distance for Lower Angle (Pinhole) 
-Large Dynamic Range Detector 
-Evacuated Flight Path 
-Extend Angle Range with Multiple SDD’s 

We Get Intensity as  
A Function of Angle 
(or radial position) 



Small-Angle X-ray Scattering at Synchrotrons 

ESRF we use ID2 with T. Naryanan, APS 32-ID with Jan Ilavsky    
 (9 other SAXS instruments at APS, Chicago) 

 
Much easier to get time on smaller synchrotrons 

 We use SSRL (Stanford); CHESS (Cornell), CAMD (LSU) 

 



The 2-d pattern can be analyzed for orientation (azimuthal 
angle ψ) or for structure I(q) (radial angle θ). 







From the azimuthal plot we 
obtain the Hermans 
Orientation Function: 
 
f is  
1 for perfect orientation in 
the direction you expect 
 
0 for random orientation  
 
-0.5 for perfect orientation 
in the direction normal to 
what you expect 





Time Resolution at APS/ESRF 

θ 

Time Resolution 10 ms (Synchrotron Facility) 

For Flow Through Experiment (Flame/Liquid/
Gas Flow) can be 10 µs 

Size Resolution 1 Å to 1 µm 





2-Closely related Techniques: 

 ASAXS- Anomalous x-ray scattering, vary wavelength 
leads to change in contrast due to the complex absorption 
spectra, requires synchrotron source.  

 GISAXS- Promise of high resolution spectra for surface 
structures but there are technical issues with data interpretation. 

http://staff.chess.cornell.edu/~smilgies/gisaxs/GISAXS.php 
Chopra S, Beaucage G, in preparation 
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G = Nne
2 Rayleigh, 1914 

Scattering Function for Monodisperse Spheres 



The Debye (1947) Scattering Function for a Polymer Coil 

� 

I(Q) = 2
Q2 Q−1+ exp −Q( )( )

� 

Q = q2Rg
2
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If you do not have a sphere or a Gaussian linear chain 

There are some general rules for all structures 
 
Guinier’s Law 
Porod’s Law 
Mass Fractal Scaling Laws 
The Unified Function 
 
With these tools we can build a scattering function 
      for any “random” structure 



Binary Interference Yields Scattering Pattern. 

I(q) ~ N ne
2 

ne Reflects the density of a 
Point generating waves 

N is total number of points 

 General scattering laws by which all scatters are governed  
 1) “Particles” have a size and 
 2) “Particles” have a surface. 

q = 4π
λ

sin θ
2( )               d =

2π
q

~ r



Binary Interference Yields Scattering Pattern. 

-Consider that an in-phase 
wave scattered at angle θ was 
in phase with the incident 
wave at the source of 
scattering.  

-This can occur for points 
separated by r such that  

|r| = 2π/|q| 

- 

� 

q = 4π
λ
sinθ
2



Binary Interference Yields Scattering Pattern. 

-For high θ, q; r is small  



Binary Interference Yields Scattering Pattern. 

-For small θ, q; r is large  



Binary Interference Yields Scattering Pattern. 

-For small θ, q; r is large  

We can consider just the vector “r”, and for isotropic 

samples we do not need to consider direction. 



For an isotropic sample we consider scattering as 
arising from the probability of the random placement 
of a vector r in the scattering phase. 
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arising from the probability of the random placement 
of a vector r in the scattering phase. 

Rather than random placement of the vector we can hold 
The vector fixed and rotate the particle 



For an isotropic sample we consider scattering as 
arising from the probability of the random placement 
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The vector fixed and rotate the particle 



Rather than random placement of the vector we can hold 
The vector fixed and rotate the particle 

For an isotropic sample we consider scattering as 
arising from the probability of the random placement 
of a vector r in the scattering phase. 



The particle becomes a probability density function 
from the center of mass. 

That follows a Gaussian Distribution. 

� 

p r( ) = exp −3r2

4Rg
2

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 



The particle becomes a probability density function 
from the center of mass. 

Whose Fourier Transform is Guinier’s Law. 

� 

p r( ) = exp −3r2

4Rg
2

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟        ⇒        I q( ) = Gexp −

q2Rg
2

3

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

                                                         G =  Nne
2



Guinier’s Law Pertains to a Particle with no Surface. 

� 

p r( ) = exp −3r2

4Rg
2

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟        ⇒        I q( ) = Gexp −

q2Rg
2

3

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

                                                         G =  Nne
2

Any “Particle” can be approximated as a Gaussian  
probability distribution.  (Problem: finite limit to size.) 





� 

p r( ) = exp −3r2

4Rg
2

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟        ⇒        I q( ) = Gexp −

q2Rg
2

3

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

                                                         G =  Nne
2

Guinier’s Law can be thought of as the  
First Premise of Scattering: 
All “Particles” have a finite size  
reflected by the radius of gyration. 



The Debye Scattering Function for a Polymer Coil 

� 

I(Q) = 2
Q2 Q−1+ exp −Q( )( )

� 

Q = q2Rg
2

For qRg << 1 

� 

exp −Q( ) =1−Q+ Q2

2!
− Q

3

3!
+ Q4

4!
− ...

� 

I q( ) =1− Q
3

+ ... ≈ exp −
q2Rg

2

3

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

Guinier’s Law! 



I(q) ~ N ne
2 

ne Reflects the density of a 
Point generating waves 

N is total number of points 

At the other extreme consider a surface.   



I(q) ~ N ne
2 

ne Reflects the density of a 
Point generating waves 

N is total number of points 

At the other extreme we consider a surface.   

The only location for contrast between phases is  
at the interface (for every vector r there is a vector r/2)  

r

� 

ne = 4π
3
r3



I(q) ~ N ne
2 

ne Reflects the density of a 
Point generating waves 

N is total number of points 

At the other extreme we consider a surface.   

r
We can fill the interface with spheres of size r 

N = S/(πr2) 

� 

ne = 4π
3
r3



rN = S/(πr2) 

� 

ne = 4π
3
r3

Porod’s Law can be thought of as the  
Second Premise of Scattering: 
All “Particles” have a surface reflected by S/V. 
(dp = (S/V)-1) 

� 

I q( ) ~ Nne
2 ~ S

πr2

⎛ 
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4πr3
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2

~ 16Sπr4

9
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Vq4



r

� 

ne = 4π
3
r3

For a Rough Surface:   ds < 3 
 (This Function decays to Porod’s Law at small sizes)  

� 

I q( ) ~ Nne
2 ~ S

rds
⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

4πr3

3
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2

~ Sr6−ds    ⇒    S
q6−ds

� 

N ~ S
rds



Sphere Function 

For qR >> 1  
 
<sinqR> => 0 
<cos2qR> => 1/3 

� 

I q( ) ≈ G
q4R4 Porod’s Law for a Sphere! 









First and Second Premise of Scattering 
Incorporated in the Unified Function 

r

� 

p r( ) = exp −3r2

4Rg
2
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                                                         G =  Nne
2

Approximations Leading to a Unified Exponential/Power-Law Approach to Small-Angle Scattering, Beaucage, G,  
J. Appl. Cryst. 29 7171-728 (1995) 

I q( ) = G exp −q2Rg
2 3( ) + B erf qRg 6( )( )3 q( )P











Fitting of USAXS Data using 
Unified Function/Ilavsky Program…. 

WS2 
Tungsten disulfide 
in Methanol 

a) At size-scales (1/q) smaller than the thickness, we see 
surface scattering since we can not resolve the structure. 
 
b) At size-scales between the thickness and lateral extent, we 
see two-dimensional (or modified two dimensional scattering). 
 
c) At size-scales larger than the width, we see point scattering. 

a) 

b) 
c) 



Fitting of USAXS Data using 
Unified Function/Ilavsky Program…. 

WS2 
Tungsten disulfide 
in Methanol a) 

b) 
c) 

Calculation of Degree of Crumpling 
df = dmin c 
dmin = BRg

df/(GΓ(df/2)) 
 
z = G2/G1 = (Nagg (zprimaryne,primary)2)/((Nagg zprimary)ne,primary

2) 
 
ΦM = 1 – z1/dmin-1 



SANS Chain Length Polydispersity in PE 

• Ramachandran, R.; Beaucage, G.; Kulkarni, A. S.; McFaddin, D.; Merrick-Mack, J.; Galiatsatos, V., Persistence Length of Short-
Chain Branched Polyethylene. Macromolecules 2008, 41 (24), 9802-9806. 
• Sorensen, C. M.; Wang, G. M., Size distribution effect on the power law regime of the structure factor of fractal aggregates. Physical 
Review E 1999, 60 (6), 7143-7148. 
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CpdminG2
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Γ
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Rg
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d f 2lp( )2

c + 2dmin( ) 1+ c + 2dmin( )

Polydispersity of Fractal Structures (Chris Sorensen Method) 



Construction of  
A Scattering Curve 



d
q π2= ( )dndNqI e

2)()( = N = Number Density at Size “d” 
ne = Number of Electrons in “d” Particles 

Complex Scattering Pattern (Unified Calculation) 



Particle with No Interface 
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Spherical Particle 
With Interface (Porod) 

Guinier and Porod Scattering 
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Structure of Flame Made Silica Nanoparticles 
By Ultra-Small-Angle X-ray Scattering 
Kammler/Beaucage Langmuir 2004 20 1915-1921 



Polydisperse Particles 

Polydispersity Index, PDI 
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Particle size distributions from small-angle scattering 
using global scattering functions, Beaucage, Kammler, 
Pratsinis J. Appl. Cryst. 37 523-535 (2004). 



Linear Aggregates 

Beaucage G, Small-angle Scattering from Polymeric 
Mass Fractals of Arbitrary Mass-Fractal Dimension, J. 
Appl. Cryst. 29 134-146 (1996). 
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Branched Aggregates 

Beaucage G, Determination of branch fraction and 
minimum dimension of fractal aggregates Phys. Rev. E 
70 031401 (2004). 
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Large Scale (low-q) Agglomerates 

4)( −= qBqI P



Small-scale Crystallographic Structure 



5mm LAT 16mm HAB 
Typical Branched Aggregate 

dp = 5.7 nm 
z = 350 

c = 1.5, dmin = 1.4, df = 2.1 
fbr = 0.8 

Branched Aggregates 

Beaucage G, Determination of branch fraction and minimum 
dimension of fractal aggregates Phys. Rev. E 70 031401 (2004). 

APS UNICAT 
Silica Premixed Flames 
J. Appl. Phys 97 054309 
Feb 2005 



5 mm LAT 

-Behavior is Similar to Simulation 
     df drops due to branching 
 
-Aggregate Collapse 
 
-Entrainment High in the Flame 



Structure of flame made silica nanoparticles by ultra-snall-
angle x-ray scattering. Kammmler HK, Beaucage G, 
Mueller R, Pratsinis SE Langmuir 20 1915-1921 (2004). 

Particle Size, dp 

� 

γ0 r( ) =1− S
4V

r + ...

� 

I q( ) = 2πρ
2S

q4

dp = V S = R3 R2

Porod’s Law 



For Particles with Correlations 
   (Concentrated non-fractal) 

� 

I(q) = Idilute q( )S q( ) = Idilute q( ) 1
1+ pA q,ξ( )

p = packing factor,  A q,ξ( ) =
3 sinqξ − qξ cosqξ( )

qξ( )3



•  Long  Chain  and  Short  Chain	

	


	


•  Model  Branched  Polymers  (Stars,  Hyperbranched,  Dendrimers)	


	


	


	


•  Branching  governed  by  kinetics  (nano-­‐‑scale  aggregates)	


Branching  in  different  systems	




Fractal dimensions (df, dmin, c) and 
degree of aggregation (z) 
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dmin should effect perturbations & dynamics, transport 
electrical conductivity & a variety of important features. 

Beaucage G, Determination of branch fraction and minimum dimension of frac. agg. Phys. Rev. E 70 031401 (2004). 
Kulkarni, AS, Beaucage G, Quant. of Branching in Disor. Mats. J. Polym. Sci. Polym. Phys. 44 1395-1405 (2006). 



Branching dimensions are obtained by combining local scattering laws  

G1 

G2 
R2 

R1 

df 

Bf 

Beaucage,  G.,  
Determination  of  branch  
fraction  and  minimum  
dimension  of  mass-­‐‑
fractal  aggregates.  
Physical  Review  E  2004,  
70  (3).	


Linear/Branched  Polyethylene	




Beaucage G, Jonah E, Britton DA, Härting M, Aggregate structure and electrical 

performance of printed silicon layers, in preparation (2010).  
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Summary: 
 
1)  Experimental Instrumentation 
2)  Specific Scattering Laws 
3)  General Scattering Laws 

Guinier’s Law 
Porod’s Law 
Unified Scattering Function 
Fractals 
Branching 

4)  Polydispersity 
5)  Summary 

Kammler HK, Beaucage G, Kohls DJ, Agashe N. Ilavsky J 

J Appl. Phys. 97(2005) (Article 054309).  





Particle Size Distributions 
From SAXS 



Particle Size Distribution Curves From SAXS 

Assumption Method 
 i)   Assume a distribution function. 
 ii)  Assume a scattering function (sphere) 
 iii) Minimize calculation 



Particle Size Distribution Curves From SAXS 
Assumption Method. 

 i)   Assume a distribution function. 
 ii)  Assume a scattering function (sphere) 
 iii) Minimize calculation 

Not unique & 
Based on assumptions 
But widely used & easy to understand 

Sintering of Ni/Al2O3 catalysts studied by  
anomalous small angle x-ray scattering.   
Rasmussen RB, Sehested J, Teunissen HT,  
Molenbroek AM, Clausen BS 
Applied Catalysis A. 267, 165-173 (2004). 



Particle Size Distribution Curves From SAXS 

Unified Method 
 i)   Global fit for BP and G. 
 ii)  Calculate PDI (no assumptions & 
  unique “solution”) 
 iii) Assume log-normal distribution 
  for sg and distribution curve 
  (or other models) 
 iv) Data to unique solution 
  Solution to distribution 

Advantages 
 Generic PDI (asymmetry also) 
 Global fit (mass fractal etc.) 
 Direct link (data => dispersion) 
 Use only available terms 
 Simple to implement 
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Particle size distributions from 
small-angle scattering using global 
scattering functions, Beaucage, 
Kammler, Pratsinis J. Appl. Cryst. 37 
523-535 (2004). 

Particle Size Distribution Curves 
 from SAXS 

PDI/Maximum Entropy/TEM Counting 



Maximum Entropy Method 
 i)   Assume sphere or other  
  scattering function 
 ii)  Assume most random solution 
 iii) Use algorithm to  
  guess/compare/calculate 
 iv) Iterate till maximum “entropy” 

Particle size distributions from small-angle scattering 
using global scattering functions, Beaucage, Kammler, 
Pratsinis J. Appl. Cryst. 37 523-535 (2004). 

Advantages 
 No assumption concerning 
  distribution function 
 No assumption for number of modes 
 Matches detail PSD’s well 

Related Alternatives  
 Regularization 

Particle Size Distribution Curves From SAXS 



Software for My Collaborators/Students 



Particle Size Distribution Curves From SAXS 

All Methods are available in Jan Ilavsky’s Igor Code 
 http://www.uni.aps.anl.gov/usaxs/ 

Anomalous Scattering 



Particle Size Distribution Curves From SAXS 

All Methods are available in Jan Ilavsky’s Igor Code 
 http://www.uni.aps.anl.gov/usaxs/ 

Unified Fit  



Particle Size Distribution Curves From SAXS 

All Methods are available in Jan Ilavsky’s Igor Code 
 http://www.uni.aps.anl.gov/usaxs/ 

Sphere (or any thing you could imagine) Distributions 



Particle Size Distribution Curves From SAXS 

All Methods are available in Jan Ilavsky’s Igor Code 
 http://www.uni.aps.anl.gov/usaxs/ 

Maximum Entropy/Regularization Code (Jemian) 


