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PREFACE

THis book was begun during the War, about fourteen years ago. My first
book on crystals had appeared during the First World War, under the
title Dynamik der Kristallgitter (Teubner, 1915). A few years later I was
invited by Sommerfeld to write an article on the subject for the Mathe-
matical Encyclopaedia. This appeared in volume v, p. 527, under the
title ‘Atomtheorie des festen Zustandes’ and was published as a
separate book (Teubner, 1923). This was two years before the discovery
of quantum mechanics. A report on the situation up to the year 1933
has been published as an article in the Handbuch der Physik by Maria
Goppert-Mayer and myself. There are several other articles in this
Handbuch by K. F. Herzfeld, R. de W. Kronig, A. Smekal, H. G. Grimm,
and H. Wolff, dealing with problems of lattice dynamics. Meanwhile
several books on crystal theory have been published which take proper
account of quantum mechanics. The most comprehensive is that by
F. Seitz, 4 Modern Theory y of Solids (McGraw-Hill, N.Y. and London,
1940) ; other books, for e\ample that by N. F. Mott and R. W. Gurney,
Electronic Processes in Ionic Crystals (Clarendon Press, Oxford, 1940),
deal only with restricted sets of problems. Some special subjects, like
the theory of specific heat, infra-red absorption, and Raman effcct, have
become standard chapters in general textbooks. A great number of
single investigations have been published since my article in "the
Euncyclopaedia.

The situation seemed to demand an attempt at a new, comprehensive
presentation. But the subject has become much too large to be dealt
with from all aspects. The contributions of my own school during the
last few years have been mainly concerned with non-conducting
materials. It seemed to be desirable to give a description of the
methods and results in this field.

My plan was to start from the -most general plinciples of quantum
theory and to derive in a deductive way the structures and propertles
of crystals, as far as one could proceed

I wrote a series of sections which now correspond to the backbone
of the Chapters IV to VII of the present book. But with the end of the
war my time was so occupied with other matters that I could not
continue to write this book. It remained in my-desk for several years
until Dr. K. Huang, at that time an I.C.I. Fellow at Liverpool, came to
work with me for the holidays. I gave him this manuscript and he
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was interested in the matter. He wrote several interesting papers on
crystal theory, and I suggested that he should finish the book.

He accepted this and has succeeded in his task. However, the book
has become rather different from my original plans. Dr. Huang, who
is convinced that science’s main purpose is its social usefulness, found
my. plan of an abstract, deductive presentation not to his taste. There-
fore, he has written some introductory chapters of a more elementary
character which should be easy to understand, and which lead slowly
up to the general theory of the second half of the book. He has also
rewritten my original text, generalizing it in many ways, and adding
new sections. |

Thus the final form and the wording of this book are essentially due
to Dr. Huang. I have discussed the text with him and sometimes
suggested alterations. He had to depart before it was quite finished
and has sent me the remaining sections from China. I have checked
the whole text and added a number of pages, footnotes, and some ap-
pendixes. The latter refer mainly to the historical aspect of the theory.
Huang has often referred to newer events which he has witnessed, while
I, being of an older generation, remember older developments, I have
tried to amend this. . But anyone interested in the sources should turn
to my older books.

The .book is not entirely a compilation of published results. The
approach to the thermodynamics of lattices was sketched by me and
worked out in considerable detail by Huang. His main contribution
to this section is the extension of the theory of elasticity of lattices
to finite strains. I think that the formulae given here, which represent
the temperature-dependence of all parameters describing elastic, pyro-
electric and piezoelectric properties of dielectrics, have never been given
before. The formulae look rather long and complicated, but are really
simple if one takes the trouble to study them. We have not discussed
them in detail, and leave this to those who wish to apply them to special
cases. Other sections which are entirely due to Huang are the pheno-
menological treatment of dispersion in the first part, and also its detailed
atomistic treatment in the second part of the book, the quan-
tum theory of width of the infra-red lines, and many other minor
madtters.

It may not be superfluous té6 mention some branches of crystal
dynamics which are not in this book. There is first the theory of metals,
which is a science by itsélf represented in several well-known textbooks
(N. F. Mott and H. Jones, The Theory of the Properties of Metals and
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Alloys, Oxford, Clarendon Press, 1036; A. H. Wilson, The Theory of
Metals, Cambridge University Press, 2nd ed., 1953).

Then there is the wide field known under the name of ‘Order-Disorder
Theories’, including the theory of alloys and of ferromagnetism. Here
the lattice is regarded as a rigid frame; the problem consists in finding
the statistical equilibrium distribution of particles, or of properties of
particles, over the fixed lattice points. This has nothing to do with the
dynamies of the lattice itself, and there are several accounts in the
recent literature (F. C. Nix and W. Shockley, Rev. Mod. Phys. 10, 1
(1938); J. H. Wannier, Rev. Mod. Phys. 17, 50 (1945); L. D. Taschick
and H. M. Jones, Phys. Rev. 91, 1131 (1953) ; particularly dealing with
ferromagnetism: P. R. Weiss, Phys. Rev. 74, 1493 (1948)).

Other subjects omitted from the book are the theories of scattering of
X-rays, electrons, and neutrons by crystal lattices. A great part of the
extended literature on these subjects is concerned with the purely
geometrical problem of determining lattice structures. But there are
deep and important investigations on the propagation of rays of different
kinds through crystal lattices which take account of the dynamical
processes involved. They are all elaborations of the original work by
P. P. Ewald on the dynamics of X-ray scattering. There exist fairly
recent reports on scattering of X-rays and of electrons in two books
by Max von Laue (Ronigenstrahleninterferenzen, Akad. Verlags-Ges.,
Becker u. Erler, Leipzig, 1941; Materiewellen und thre Interferenzen,
Akad. Verlags-Ges., Leipzig, 2nd ed., 1949). These books also contain
sections on the interaction of lattice vibrations and the scattered par-
ticles. We have omitted these theories from our book only with regret,
as they provide the most striking empirical evidence for the dynamics
of lattice vibrations as treated here. But there are comprehensive
accounts of these matters which made a repetition appear superfluous.
(In the Reports on Progress of Physics are the following articles:
K. Lonsdale (X-rays, experimental), 9, 252 (1942); M. Born (X-rays,
theoretical), 9, 294 (1942); G. E. Bacon and K. Lonsdale (neutrons), 16,
1 (1953). Further: R. D. Lowde (neutrons), Proc. Roy. Soc. A, 221
(1954).)

I have to say a word about the notation. It is essentially the same
as that developed in my first book and consecutive papers, but adapted
to British printing usage. Our main concern was economy with letters.
The experimentalists dealing with crystal structures use three letters
h, k,  for the Miller indices of lattice points: what a waste! If one were
to follow this procedure, each letter would have to be used with many
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different meanings. Even with the greatest care, we could not com-
pletely avoid this. But we hope that we have succeeded in never using
the same letter with two different meanings in any one formula. We
have chosen the letters x, ¢ for indicating points in real space, and y, 5
for points in reciprocal space. The relation between these spaces is
expressed in terms of affine geometry, as is customary in general
relativity. The three coordinates are always numbered 1, 2, 3 and
indicated by small Greek letters used as subscripts.

The reason for my writing and signing this preface alone is not only
the spatial separation from my collaborator, but my wish to make it
clear that the book would never have been finished without his devoted
and efficient labours. He has informed me that he is going to produce
a Chinese edition. '

I have to thank my former collaborator, Dr. Bhatia, for helping me
in revising and checking the text and reading the proofs. Dr. J. M.
Ziman, Oxford, and Dr. D. J. Hooton, Edinburgh, have given their
assistancein the final corrections and proof-reading, and Dr. Hooton has
produced the alphabetical index.

I am much indebted to Sir Ernest Oppenheimer and the firm Indus-
trial Distributors, London, for financial help which made the production
of this book possible.

The Clarendon Press, Oxford, has obliged me very much by following
all my suggestions in preparing and printing the bock.

' : M. B.
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PART 1
ELEMENTARY THEORIES

N —

1
ATOMIC FORCES™

1. Theoretical considerations

CrYsTALLINE solids are distinguished from other states of matter by a
periodic arrangement of the atoms; such a structure is called a crystal
lattice. A precise description of the geometry of a lattice will be given
later in § 22 of Chapter V. Iissentially the regularity displayed by a
crystal lattice is that of a threc-dimensional mesh which divides space
into identical parallelepipeds. Imagine a number of identical atoms
placed at the intersections of such a mesh; then we have what is known
as a simple laltice (or Bravais lattice). The interstitial parallelepipeds,
which have atoms for corners, are referred to as the elementary lattice cells;
in a simple lattice there is thus exactly one atom to each eleméntary cell.
Now if the atoms are replaced by similarly oriented molecules, the result
is a general lattice structure; clearly every cell contains as many atoms
as there are in one molecule. The term molecule here describes the
geometrical dispositions of the atoms and need not signify a real molecule
(a group of atoms form a real molecule in a lattice only if they are more
tightly bound to one another than to other atoms in the lattice).

In Appendix I, the familiar structure of the NaCl lattice isillustra-
ted together with some other common lattice types. We note that
despite the obvious cubic symmetry of the NaCl structure, the elemen-
tary cells have to be chosen as thombohedra. The vectors a,, a,, a,
shown in the figure are known as the basic vectors, which form the edges
of the elementary cells. The sites of.the Nat ions taken by themselves
form a simple lattice; the NaCl structure is, on the other hand, a general
lattice, since we can pair every Nat ion with one of its six neighbouring
Cl- and designate the pair a ‘molecule’ (of course no real molecules exist
in this case, as every ion in the lattice is similarly related to all its six
neighbours). '

According to the underlying atomic forces, crystalline solids are
roughly classified into the following four principal types:

(1) Ionic crystals,

(2) van der Waals crystals,

3595.87 B
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ATOMIC FORCES L§1

(3) Valency crystals,

(4) Metals.

A fundamental feature distinguishes types (1) and (2) from types
(3) and (4). The distinction depends on the units with which the crystals
are built. In a general way, one can describe the units as being saturated
in the two former types, and unsaturated in the two latter. An atom
(or ion) with all its electrons in closed shells (rare gas configurations)
or a chemically saturated molecule is typical of a saturated unit; on the
other hand, an atom that can readily form covalent bonds is an un-
saturated unit. Speaking more physically, the electronic wave functions
of unsaturated units, when brought together, are liable to be drastically
altered, whereas the wave functions of saturated units are not so signifi-
cantly affected. This difference can be traced to the fact that, in the
unsaturated units, either the lowest electronic state is degenerate, or
there are energy levels close to the ground state; both cases provide scope
for electronic rearrangements under slight perturbations. The treatment
of the crystals formed of saturated units is simpler; one can calculate the
energy of interaction approximately by the quantum-mechanical per-
turbation theory. Oneimportant consequence is that the interaction can
be considered as essentially operating between pairs, and the total energy
in the lattice is the sum of the interactions between the units taken by
prirs (two-body interaction). In faet, it is mainly in connexion with
these crystals, namely, the ionic and van der Waals crystals, that the
elementary theories are useful.

Ionic crystals. For example let us consider the alkali halides, which

are the real crystals closest to the theoretical model for ionic crystals, and
let us imagine building up their ionic lattices. The alkali atoms: Na, K,
Rb, Cs (Li is not considered owing to the complications caused by its
small sizet) have one valence electron outside the complete shells; the
halogen atoms: F, Cl, Br, I, on the other hand, just lack one electron to
complete the outermost shell. From the atoms we form the free ions by
transferring the odd valency electrons from the alkali atoms to the
‘halogen atoms. The free ions have the stable rare gas configurations;
the sequences, Na+, K+, Rb+, Cs* and F-, Cl-, Br-, I- have the struc-
tures of the rare gas atoms, Ne, A, Kr, Xe. The extra stability achieved
in the electronic configuration by forming the free ions from the atoms
is not sufficient to offset the rise in electrostatic energy involved in
separating the valence electrons from the alkali ions; this is clear from
a comparison of the first ionization potentials of the alkali atoms with

t Cf. L. Pauling, The Nature of the Chemical Bond (2nd cd., Cornell, 1948), pp. 351-63.



I§1 ATOMIC FORCES 3

the electron affinities of the halogen atoms given in Table 1. The electro-
static energy is, however, largely compensated when we next bring the
ions together to form the lattice. Let us imagine the ions to be brought
together in the following manner. We think of the ions as being initially
arrayed in accordance with the desired lattice structure, but so far apart
that their interaction is negligible. The ions are then brought together
uniformly so that the same lattice structure is maintained throughout.

TABLE 1

. Na K Rb Cs
Ionization potential in eV, 512 | 4-32 | 4-16 | 3-87

Electron affinityt in eV. 415 | 372 | 3-50 | 3-14

1 See Tables 11 and 12.

We can crudely consider an ion as having a radius, beyond which the
electron density is negligible. Then before the ions interpenetrate they
interact like point charges +4-e. The clectrostatic energy of a lattice of
point charges cannot in general be calculated in an elementary way; the
difficulty is due to the slow decrease of the Coulomb interaction with
distance (long range force) which makes a direct summation procedure
impossible. A general method of calculating this energy and a simpler
method applicable to structures of high symmetry are described in
Appendix II. Here it suffices to point out that the energy is inversely
proportional to the linear dimensions of the lattice. Thus the energy
per cell can be written quite generally for any ionic lattice in the alterna-

tive forms . o o
—(23)27= —-(28)2?, (l.l)

where ze is the smallest ionic charge in the lattice, and r, d are respectively
the nearest ion-ion distance in the lattice and the lattice constant, either
of which gives a measure of the lattice dimensions. «’ (or «"), which is
a pure number known as Madelung's constant, depends only on the
lattice structure and was first calculated by Madelungt with reference
toreal crystal lattices. A table of values for «’ (and «”) for some common
lattice typesis quoted in Appendix I1. Briefly, we shall refer to the above
energy as Madelung's energy; it is the electrostatic energy between the
ions in a lattice if they are considered as point charges.

1 E. Madelung, Phys. Zeit. 19, 524 (1918).
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Madelung’s energy decreases algebraically with decreasing lattice
constant and tends to contract the lattice. Its effect on the lattice can
thus be described as attractive. The attraction is unopposed until the
neighbouring ions begin to interpenetrate, when other forces arise. Let
us consider the effect of an overlap between ions. As we have explained,
owing to the particularstability of saturated units, perturbation methods
for energy calculation can be used. To a first approximation, the energy
isgiven by the average value of the Hamiltonian calculated with the wave
functions of the free ions (unperturbed wave functions). An exhaustive
treatment of various properties of some alkali halide lattices has been
given by Lowdin} on this basis. However, we shall follow a cruder
method, based on the Thomas-Fermi-Dirac statistical method, due to
Lenz, Gombds, and particularly Jensen;] with this simpler method, it is
easier to see the various factors which contribute to the resultant force.

In the statistical method, an electron density function p(x) replaces
the wave function; once the density function is known, the corresponding
energy can be calculated. For two overlapping ions, Lenz and Jensen
simply superpose the density functions of the free ions; in other words,
the ions are assumed to be undeformed. This is the parallel to the wave
mechanical first-order perturbation method, which does not allow for
the effects of the distortions in the wave functions. In the Thomas-
Fermi-Dirac method,§ the following three energy terms are considered:

(i) The classical Coulomb energy of the average charge distribution,
namely, —ep(x) plus the nuclear charges.

(i) The zero-point kinetic energy of the electrons as required by the
exclusion principle, according to which a volume 23 in phase space
can accommodate no more than two electrons, /4 being Planck’s
constant, so that states of higher momenta will be involved with
an increase in electron density p. The average kinetic energy turns
out to be proportional to p?3 and the kinetic energy per unit volume
is given by :?_g_’f(l)%,,&, 1.2)

40m

v

where m is the mass of the electron.

t P.Ldwdin, A Theoretical Investigation into some Properties of Ionic Crystals (Uppsala,
1948). Similar calculations for NaCl wero firat earried out by R. Landshofl, Zeit. f. Phys.
102, 201 (1936); Phys. Rev. 52, 246 (1937).

t W. Lenz, Zeit. f. Phys. 77, 113 (1932) ; P. Gombis, ibid, 121, 523 (1943) ; H. Jensen,
ibid, 77, 722 (1932); ibid. 101, 141; 101, 164 (1930).

§ See also P. Gombés, Theorie und Lésungsmethoden des M ehrteilchenproblems der
Wellenmechanik (Birkhauser, Basel, 1950) ; for general description and other refoerences
see Gombds's book,
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(iii) The exchange energy, which is essentially a correction to (i). The
Coulomb energy calculated classically is inaccurate in two ways.
First, with the electrons represented as continuous clouds, (i) in-
cludes also the self-interaction of the charge cloud of an electron
with itself. Secondly, the proper quantum-mechanical anti-
symmetric wave function takes care of the fact that two electrons
with parallel spins avoid close encounters; (i) takes no account of
this effect. These effects can be taken into account by the addition
of Dirac’s exchange term:

4 o b Y
_338 (—1_)3[)3 (1'3)

4 \n

per unit volume, where e is the charge of the electron.

(Gombést has further approximately corrected for the fact that electrons
of opposed spins also avoid close encounters owing to their Coulomb
repulsion. This correlational effect is roughly equivalent to raising the
exchange term by a fraction. For our illustrative purpose, we shall con-
sider the Thomas-Fermi-Dirac method without this further elaboration.)

The electron density function in the statistical method is determined
by the condition that the corresponding energy is a minimum. Jensent
has calculated the density functions for all the alkali and halogen free
ions. Using these density functions, we can readily calculate the total
energies of the alkali halide lattices on the basis of the energy terms (i),
(ii), and (iii), if the distortions of the ions are ignored. Before the ions
overlap, obviously the energies (ii) and (iii) remain the same as for free
ions, but the Coulomb energy (i) now includes the additional Coulomb
energy between the ions. The latter is exactly the Madelung energy,
which we have already discussed. When two ions overlap, we have to
consider the following:

(a) Correction to the Madelung term so as to represent correctly the
Coulomb energy (i). The term is attractive so long as neither
nucleus has penetrated the other ion, for the electron cloud of
cither ion which has penetrated the other ion is now more strongly
attracted to the other nucleus.

(b) Correction to the zero-point energy. Let p,, p, respectively denote
at any point in the overlap region the original densities of the free
ions. The zero-point energy corresponding to the superposed den-

gity is given by 3852 (1

10 m( ) (Pt p2)3,
t Loc. cit., 1043. 1 Loc. cit., 1936,
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whereas the same charge in the free ions originally has the kinetic
energy 32 R/l

40m( ) (p3+p}).
_Thus the correction term is

$
o o ) [(pr-+plt—pf—p}] (L4)

" per unit volume. This term is positive and increases with the
extent of the overlap, leading thus to a repulsion between the ions.
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Fi1a. 1. Ions in cubic planes of RbI (Jensen).

,i

(¢) Following the same considerations as in (b), we get the following
correction to the exchange energy due to the overlap:

3
3: ( ) [(pa+p2)t—p§—pi] (1.5)

per unit volume. This expression is negative and decreases alge-
braically with increasing overlap. The corresponding force is thus
attractive.

Fig. 1 shows the ions in positions corresponding to the normal lattice
constant in a plane normal to an axis of the cube for a typical ionic
crystal (RbI); the radii indicated are those calculated for the free ions
by Jensen. Overlaps occur only between positive and negative ions
which are first neighbours and between negative ions which are second
neighbours. The curves in Fig. 2 represent the negative derivatives (with
respect to the lattice constant) of various energies as functions of the
lattice constant, namely, Madelung’s term (VI), the correction terms (a),
(b), and (c) separately (I, III, II) for the first-neighbour interactions,
and the sum of the corrections (a), (b), and (¢) for the second-neighbour



L§l ATOMIC FORCES 7

interactions between the negative ions (IV). Curve VII is the resultant
of all the distinct contributions.

+0:10(

+
Q
o
o
L]

~0-05

o

Fia. 2. Negative derivatives of various energies for Rbl
(Jensen ; ayy = hydrogen radius).

An energy term is attractive, if the corresponding curve in Fig. 2 lies
below the axis, and repulsive if the reverse is the case. At large values
of the lattice constant, only the attractive Madelung term is operative.

"At small values of the lattice constant the resultant curve rises above the

axis, showing that here the repulsive force predominates. The point at,
which the curve cuts the axis corresponds to equilibrium. We notice
that, of the various terms, only the kinetic energy (b) gives a repulsive
force. Pauli’s principle is thus ultimately responsible for the bulk of a
lattice.

All the energies except Madelung’s term have a very short range.
Curve V gives the sum of all the short range forces; it is seen to be always
repulsive. It is usual to consider these forces together as one single term,
which has been variously called the repulsive force, the exchange repul-
sive force, van der Waals force of the second kind, or the overlap force.
We shall use the last term, which seems the most appropriate. Owing
to the short range of the overlap force, the cohesive energy (energy
released on forming the lattice from the free ions) is mainly contributed
by Madelung’s term. The total cohesive energy is numerically equal to
the area included between the resultant Curve VII and the axis; the
contribution due to the overlap force which is represented by the area
under the Curve V is clearly small, owing to restricted lateral extension
of the curve.

Though the wave-mechanical method must bear a close relation to
the above considerations, no detailed comparison of the individual energy
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terms seems possible with the available data, for Pauli’s principle requires
a rearrangement in the free-ion wave functions, thus making it difficult
to separate the various physical factors as we have done above. One
result of using the wave-mechanical method has been particularly
émphasized by Lowdin, namely, that part of the cohesive energy cannot
be interpreted as due to interactions between particle-pairs. This part,
according to Lowdin, can be of the order of 10 per cent. of the total
cohesive energy!

van der Waals crystals. The Madelung term disappears in a crystal
consisting of electrically neutral molecules. Electrostatic interactions
are, however, not altogether absent, if the molecules are not spherically
symmetric., According to electrostatics, a localized charge distribution,
such as that found in a molecule, can be described in terms of its multipole
moments. Thus if ¢; denotes the element of charge at the position x?
(referred to a suitable centre in the molecule as origin), the multipole
moments can be defined as a vector, and tensors of second and higher

orders as follows:
m, = Y e;x; (dipole moments), (1.6)

Qo = 2 ;7,73 (quadrupole moments).
1

Consider two neutral molecules 1, 2 with moments mg, g2g and 1}, g3,
defined relative to their respective centres, and let R be the vector joining
the centres, from 1to 2. The Coulomb energy between the two molecules
can be expressed in terms of the moments as

— z m} m§ [L- .l.] —
“ﬂ a?/aa?/ﬁ |y| y=R

& 1
T TS SN
% «2Br TR oy, eygey, I¥ 1]y < »

A B T
b %Yo 2Yp8Yy Y ¥ lly = »
This expression is obtained by straightforward expansion with respect
to the coordinates of the charge elements of the two molecules. The
convergence of the series depends clearly on the ratio of the size of the
molecules to their separation |R|. Different terms in the series can be
described as interactions between the various multipoles of the two
molecules. The dipole-dipole, dipole-quadrupole, quadrupole-quadru-
pole interactions, for instance, correspond to the terms of the second,
third, and fourth orders respectively of the expansion.
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In molecules where the charge distribution is continuous, the sum-
mations over the charge elements in (1.6) become integrations over
charge densities. The corresponding interaction energy (1.7) will be
referred to as the static Coulomb interaction; the reason will become
clear presently.

The static multipole interactions never seem to be the dominant
cohesive forces in crystals of neutral molecules. London{ has shown that
a force of a different nature, known as the van der Waals force, is usually
responsible for the cohesion between neutral, saturated molecules. The
van der Waals force is closely related to the multipole interactions. In
fact, it is obtained if the multipole interactions are considered quantum-
mechanically. Thus (1.7) should be regarded as a quantum-mechanical
operator wherein ¢; and x! refer to the charge and the position vectors
of the electrons. We can obtain the first-order perturbation in energy by
forming the mean value of (1.7) with respect to the unperturbed wave
function of the system. The latter is simply the product of the electronic
wave functions (nuclei considered as fixed) of the unperturbed molecules
1 and 2. Thus it follows that the first-order energy is exactly the static
Coulomb interaction which we have described above.

The van der Waalsinteraction is obtained by carrying the perturbation
procedure on to the second order. Let us consider the dipole-dipole
interaction. If we designate the electronic states of the unperturbed
molecules respectively by ¢, j, and the excited states by ¢’, §’, the second-
order energy is given by

1
lm;l" >(.7t 2'.7 >[3J ajﬁ IYI]V"R

(2) —
E '+ B — By —E;. ’

(1.8)

i‘ jl

where the primes exclude i’ = tandj’ = j. E,, E;, E;, E; are eigenvalues
of the unperturbed molecules, and (2 lmg‘lz % ( j|m2 |7°) the matrix elements
of the d1polcs between the states 7, ¢’ in molecule 1 and between the
states j, 7 in molecule 2. The energy E® depends in general not only on
the separation between the molecules, but also on the orientation of
the molecules with respect to the vector R joining them. We shall
avoid this complication by averaging the expression over various
orientations of the molecules. Remembering that the matrix elements
transform as vector components when the molecules are rotated, we
obtain in a straightforward way the average value of the second-order

1t F. London, Zeit. f. phys. Chem. 11, 222 (1930).
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energy: '
=2 (R=R),
, ,(Z|<i|m}.|i'>|2)(glmmf,lj'nﬁ)
B=— z — . 1.9

This term varies with the inverse sixth power of the molecular separa-
tion R. Morcover, if the molecules are in their ground states, all the
denominators in (1.9) are negative; E® is thus negative. Hence the
corresponding van der Waals force is attractive.

In all but the simplest cases, the expression (1.9) is too complicated
for actual calculations. Various crude approximations for the constant B
have been proposed; their relative accuracies are difficult to gauge
(cf. Margenau’s review} on the subject). We shall describe a method
due to London,} who correlates the van der Waals force with the
polarizabilities of the molecules.

To obtain London’s approximation we assume that the excited states
t’, j* with large matrix elements, and thus contributing essentially to
the sum in (1.9), fall within relatively narrow energy ranges. We may
then consider all the denominators in (1.9) as approximately the same,
for all important terms, and we can write '

[z (S1cimatidr)][ 3 (3 1eimplsnywe)]

, 1.10
AT, (1.10)

where A,, Az are roughly the excitation energies of the 1mportant groups
of states ¢', §'.

This expression is closely related to the electric polarizabilities of the
molecules. Consider, for instance, the molecule 1 placed in a constant
electric field &. Taking the interaction energy

- zeix&‘fa = — Zmié’a
«, a

as a perturbation, we obtain the first-order perturbed wave function of

the molecule as
(Z(z'lm&h)é’)
bt D — S

1 H. Margenau, Rev. Mod. Phys. 11, 1 (1939).
1 F. London, Zcit. f. Phys. 63, 245 (1930).
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where the functions if;, ¢, are electronic wave functions of the unper-
turbed molecule. The corresponding mean value of the dipole moment is

Gmsliy S @ lmh i)y
E,—E,

i, = mO4md = ({i|mili)—2 z
7
‘(here the matrix elements are assumed real); the first and second terms
correspond respectively to the permanent dipole m® of the unperturbed
molecule and the dipole m® induced by the field. Making the samo
assumption as before in arriving at (1.10), we can write the induced
dipole components as

25 GImdli) 3 @ lmblindy
A, )

To avoid orientational effects, we consider the component of the induced
moment in the direction of the field and average its value over various
orientations of the molecule. The result is

23 3 1Glmili e
R
The proportionality constant «, is the polarizability. After‘eliminating
the sums over the matrix elements in (1.10) with the help of the polariza-
bilities, we obtain London’s approximation for the van der Waals

potential: C 3/ A,A,

ﬁ’ 0 = —gB == _é(_Al-*-A Qg Qo

The matrix elements of the dipole are responsible for the absorption of
radiation; the energies A,, A, should thus be chosen in accordance with
the strongest absorption frequencies of the molecules. When these
frequencies are not known, the energies can be taken approximately as
the ionization potentials of the corresponding molecules. The values of
C for some similar molecules given in Table 2 are calculated by Margenaut
with the above formula; the average discrepancy with values obtained
by other approximations is about 20 per cent.
Similar considerations of the dipole-quadrupole and quadrupole-
quadrupole interactions lead to additional van der Waals potentials
c’ c"
~RY T RW
varying respectively with the inverse eighth and tenth powers of the
f Cf. ¥, London, ibid.

m,‘,” =

(1.11)

|8 = «|€]. (1.12)

(1.13)
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distance. Estimates of the constants ’, C" by Margenaut are also given
in Table 2. The values are probably not reliable; however, they give an
idea of the relative magnitudes of the various van der Waals potentials.

TABLE 2
Theoretical Values of van der Waals Potentials
o . c’ o d
Substance (erg em.%) (erg cm.p) (erg em.19) cm.

H 6-1x10-% 32-6x 10~ 83-1x10-%2 | 2.3x10°*
Ho 123 1-80 1-65 1-24
Ne 4-67 6-9 53 1-48
A 55-4 120 -1 138 1-47
Kr 107 275 370 16
Xe 233 710 1,120 174
H, 114 31 45 165
N, 57-2 120 130 1-45
o, 39-8 96 120 1-55
co, |152 410 590 1-64
CH, |ne 310 440 106
NH, 70 236 410 1-84
Cl, 321 1,000 1,830 1-76
HCl | 111 320 480 1-69
HBr 185 600 1,000 1-8
HI 370 1,360 . |2100 1-02

In the same table, under the column marked d are given the distances
at which the dipole-quadrupole potential equals the dipole-dipole
potential. From these values, one expects that even for nearest neigh-
bours, the dipole-quadrupole potential is only a relatively small fraction
of the dipole-dipole potential. For molecules farther apart, all terms
other than the dipole-dipole term become rapidly insignificant.

We have thus far considered only a pair of molecules. If we apply the
perturbation theory similarly to a group of molecules, it follows directly}
that the result is approximately equal to the sum of the interactions
between the molecules taken in pairs. In other words, the van der Waals
potentials are approximately additive.

The solidified rare gases are ideal examples of van der Waals crystals;
the static Coulomb interactions are completely absent with the neutral
and spherically symmetric atoms, and the attraction due to the van der
Waals potential is the only force acting before the atoms overlap one
another. The additional forces due to the pverlap are exactly the same
as in the case of the ionic crystals, consisting of the terms (a), (b), (¢) and

1 Loc. cit.
1 F. London, loc. cit.; sco Kun Huang and Avril Rhys, Chin. J. Phys. (1951), for
an estimate of deviation from the additivity rule.
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being repulsive innature. The characteristic feature of the van der Waals
crystals as a class is that they are formed of neutral, saturated molecules.
As we have mentioned, such molecules are held together principally by
the van der Waals forces. In Table 3 the van der Waals interaction
energies calculated by London for a number of simple molecular crystals
are compared with the experimentally determined cohesive energies.

TABLE 3
Cohesive Energies of van der Waals Crysials

Calculated Ezxperimental
van der Waals cohesive
energy energy
Substance (k.cal.[mol.) (k.cal.[mol.)

No 0-47 0-59
N, 1-04 1-86

1-89
0, 1-69 2.08
A 2:08 2-:03
CH, 2.42 2.70
NO 2-89 4-29

The calculations are based on rather crude assumptions and the exact
values arenot significant, but both the order of magnitude and the correct
relative magnitudes for different substances show clearly that the van der
Waals forces are mainly responsible for the cohesion of these crystals.

It might seem surprising at first that the multipole static interactions
for molecules with dipole moments are not more important. The dipole-
dipole static interaction, for instance,

—Zmimz( & L) '
& P\adyp Iylly-n

varies generally with the inverse third power of the distance; its longer
range would seem to favour a greater contribution to the cohesive energy.
The explanation is that such interactions are strongly direction-
dependent. Unlike the van der Waals interaction, the static interaction
vanishes, when averaged over various orientations of the molecules.
When the molecules are placed on a lattice they cannot all be favourably
oriented with respect to one another.

To summarize, for crystals composed of saturated units, one can
calculate the interaction energy by the perturbation theory. For large
lattice constants, the first-order perturbation leads simply to the classical
Coulombinteractions, and the second-order perturbation gives rise to the
van der Waalg attractions. If the units are electrically charged, the
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former predominate, consisting principally of the Madelung term (ionic
crystals); if the units are electrically neutral, the latter predominate
(van der Waals crystals). When the atoms (ions or molecules) begin to
overlap, the first-order perturbation leads, by means of the exclusion
principle, to a strong repulsion (overlap force); the expression for the
van der Waals force, which is the result of the second-order perturbation,
based on the multipole expansion, is less satisfactory for such closely
situated atoms. However, the comparison of the quadrupole-dipole and
dipole-dipole potentials indicates that the multipole expansion does not
altogether fail and the dipole-dipole potential probably reproduces the
correct order of magnitude.

About valency crystals and metals we shall make only such remarks
as are relevant to our discussion.

In these solids, the electronic clouds of the constituent atoms undergo
such radical rearrangements when the atoms approach one another that
the electrons can no longer be attributed to individual atoms and the
interactions cannot be considered even approximately as between pairs
of atoms. In valency crystals, the electrons are shared between neigh-
bouring atoms as valency bonds. The number of bonds that an atom
can form is restricted; thus, whereas ionic and van der Waals crystals
favour lattice structures which provide a large number of nearest neigh-
bours, in valency crystals the maximum number of neighbours equals
the number of valency bonds an atom can form. Moreover, the inter-
actions of an atom with its different neighbours are interdependent.
The most characteristic feature of the covalent bonds is their directional
nature; an atom has a strong preference to maintain its neighbours in
certain relatively fixed directions. One feature, however, the valency
crystals ‘have in common with the ionic and van der Waals crystals,
namely, for all these crystals the lattice considered as a whole is saturated.
That is, the originally unsaturated units of the valency crystals, once
formed into the lattice, become saturated. As we shall see, this fact
permits us to consider the crystal lattice as possessing an effective
potential function for the movement of the nuclei. The existence of such
a potential function provides the basis for the general mathematical
treatment of crystal lattices to be given in Part II. From a formal point
of view, the valency crystals differ from the ionic and van der Waals
erystals only in the greater complexity in representing explicitly the
potential function, a difference which does not in any way affect the
general theory itself.

Metals form a class of solids so different from the others that we shall

¢
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make no attempt to incorporate it in our treatment. Not only is the
basic binding force in metals radically different from other solids, but
many properties of particular interest in metals have no parallel in the
other types of solids. It is interesting to contrast the metals with the
valency crystals in this way: although both types are built of unsaturated
units, whereas the valency crystal as a whole is saturated, the metallic
lattice is not. In fact, in metals there is a practically continuous band
of* electronic energy levels contiguous to the ground state. All the
characteristically metallic properties are the direct consequence of the
unsaturated nature of the metallic lattice. The presence of the band of
electronic levels precludes the possibility of considering the nuclear
motions with the help of a potential function. It is of interest to note
that, in the theory of metallic conduction, use is made of the current
notion of lattice vibrations which is derived with the help of an effective
potential function. In actual fact, the lattice vibrations do not form a
closed system, for there is a continuous energy exchange between the
electrons and the nuclear motion. It is possible that an explanation of
the phenomenon of superconductivity may lie in a careful revision of this
situation, as a recent theory put forward by Frohlicht in fact suggests.

2. Ionic radii

In Table 4 are given the radii of the free alkali and halogen ions
calculated by Jensen. Apart from giving a rough idea of the extensions
of the ions, the values are not particularly significant, as the real wave-
mechanical densities have no uniquely definable radii. However, with

TABLE ¢
Radii of Free Ions and Additive Radii

(In atomic units)

Nat | K* | Rb* | Cs* | F- | CI= | Br~ | I™

Free radii | 285 | 3-25 | 3-65 | 3-85 | 510 | 5:35 | 5560 | 5865
Add. radii | 2-08 { 230 | 2:53 | 2:65 | 408 | 4-41 | 4-64 | 4-85

)
these r&dii, Jensen has expressed the calculated nearest neighbour dis-
tance in the lattices at equilibrium in terms of a penetration distance

defined by 8(A+B-) = 7(A+)+n(B-)—r(A+B-), (2.1)

where 7,(A+), 17,(B-) are respectively the radii of the alkali and halogen

ions concerned, and 7y(A+B-)is the nearest neighbour distance. s(A+B-)

thus measures the mutual penetration of the nearest ion pairs. The
+ H. Frohlich, Phys. Rev. 19, 845 (1050); Proc. Roy. Soc. A, 215, 201 (1952).
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values of s(A+B-) are given in graphical form in Fig. 3 for the alkali
halides, where points on the same curve refer to lattices with the same
alkali ion.
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Fia. 3. Penetration distances s(A+B-) for tho alkali halides (Jensen).

From the curves, we can deduce a rule of great interest. We notice
that by vertical displacements the various curves can be brought practi-
cally into coincidence. Let us imagine such displacements effected and
denote by —3(A+) the displacement of the curverelating to an alkali ion
A+, On the unified curve, to each halogen ion there corresponds a single
point; we denote the ordinate of the point for an ion B- by &§(B-). It
follows immediately that the penetration distances can be written as

8(A+B-) = §(A+)4-8(B-). (2.2)
In place of the free ion radii, let us define new radii:
r(A%) = r(A*)—8(A+);  7(B-) = 1{B-)—58(B-).  (2.3)
On combining (2.1) and (2.2), we find that
7o(ATB-) = r(A+)+-r(B-). (2.4)

Thus we have found a radius for every ion such that the nearest neighbour
distances in the alkali halides are given simply by the sums of the radii
of theions concerned. Wenote, however, that the vertical displacements
—38(At) are not uniquely defined. We can add an arbitrary constant to
all the3(A+) without affecting theabove argument; the resulting positive-
ion radii would be raised by a constant and all negative-ionradii reduced
by the same constant. Under the heading ‘additive radii’ are given a
possible set of values for 7(A+) and r(B-). The theoretical nearest neigh-
bour distances calculated by Jensen are collected in Table 5. Given in
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the same table for comparison are the corresponding sums of the additive
radii as given in Table 4. The two sets of values are almost but not
exactly equal because the curves in Fig. 3 can be brought into approxi-
mate but not exact coincidence.

TABLE 5
Nearest Neighbour Distances and Swms of Additive Radii

(In atomic units)

Nat | K+ | Rb* | Cst
- noighbour dist. | 6:15 | 6-30 | 660 | 6-75
r(At)4+r(B7) | 614 | 636 | 659 | 671
cl- neighbour dist. | 6:50 | 6-70 | 695 | 7:10
r(At)+r(B-) | 649 | 671 | 6-94 | 7-06
Br- neighbour dist. | 6-75 | 695 | 720 | 7-35
r(A*)+r(B~) | 692 | 694 | 717 | 7
I- neighbour dist. | 7-05 | 720 | 750 | 7-
nAY)+-r(B-) | 693 | 715 | 738 | 7

Such additivity rules, first discovered by the crystallographers, hold
approximately for a wide range of crystal lattices and are valuable in
assisting crystallographic analyses. For a particular crystal, the suitable
radii of the ions can be determined from the observed lattice constant,
if the ratio of the radii is known. Assuming that the radii indicate the
extensions of the electron orbits of the ions, Wasastjernat has obtained
the values of such ratios indirectly from the molar refractions of the ions,
which should be roughly proportional to the volumes of the ions, and
in this way deduced the radii for a number of monovalent and divalent
ions, Taking the additivity rule as a criterion, Goldschmidt} later
obtained, by exhaustive analysis of empirical lattice constants, the
suitable radii for a great number of ions. As the additivity rule, like the
above analysis of Jensen’s theoretical results, leaves the radii arbitrary
to within a constant for each additive system (e.g. the alkali halides),
Goldschmidt chooses his radii so that the values for F~ and O—- agree
with the values given by Wasastjerna. Such additive radii are usually
known as the Goldschmidt radii; the Goldschmidt radii for some ions
are collected in Table 6.

Similar radii have been deduced by Pauling§ by a semi-theoretical
method. Unlike the above analysis of Jensen'’s results, Pauling’s work,

+ J. A Wasastjerna, Soc. Sci. Fenn. Comm,. Phys. Math. 38, 1 (1923).

I V. M. Goldschmidt, Skrifter det Norake Videnskaps Akademie (1926), No. 2;
(1927) No. 8.

§ L. Pauling, Nature of the Chemical Bond (1948) (2nd ed.), pp. 343-7.

8505.87 c
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strictly speaking, does not demonstrate on a theoretical basis that the
additivity rule should hold; rather he shows that in a theoretically plaus-
ible way certain radii can be deduced and the use of the additivity rule
with these radii reproduces in fact the experimental lattice constant
satisfactorily.

TABLE 6
Ionic Radii
(In angstrom units)
Lit | Bet*
0-60 | 0-44

crys. 0-60 | 0:3]
Goldschmidt 078 | 0:34

Pauling {univ.

0— | F | Na*t | Mgtt| AB+ | Sis+
Pauling[9Mi¥- | 176 | 1-36 | 0-05 | 0-82 | 072 | 085

UWinB orys. | 140 | 1-36 | 095 | 065 | 050 | 0-41
Goldschmide | 132 | 133 | 098 | 0-78 | 0-57 | 0-30

S— | CI- | K+ |Cat+| Sc¥* | Tit+
Pauting[19i¥- | 2119 | 1-81 | 1-33 | 118 | 1-08 | 008

Blerys. | 1-84 | 1.81 | 1.33 | 0-99 | 0-81 | 0-68
Goldschmidt 1-74 | 1-81 | 1:33 | 106 | 0-83 | 0-64

Se=—— | Br~ | Rb* | Srtt | Y3+ | Zrtt

univ, 232195 | 148 | 1-32 | 1-20 | 1-09
crys. 1-98 | 195 | 148 | 1-13 | 0-93 | 0-80
Goldschmidt 1-01 | 1-96 | 149 | 1-27 | 1-06 | 0-87

Pauling {

Te— | I- Cs* | Batt | La3t | Cott

Paulinguniv- | 260 [ 216 | 169 | 1-53 | 1-30 | 127
W8 orys. | 221 ] 226 | 1.69 | 135 | 115 | 1-01
Goldschmidt | 211 | 2.20 | 1.65 | 1-43 | 1-22 | 1.02

Following Pauling, let us consider the ions belonging to the same iso-
electronic series (i.e. ions with the same number of electrons such as
sy N-==,0—-, -, Ne, Na+,Mg++, Al+++,...). If we consider the electrons
in the ions as moving in a Coulomb field corresponding to some suitable
effective charges, the outermost electrons in all these ions have the same
total quantum number, and, moreover, the corresponding effective
charges can be written as Z—S, where Z changes by one, as one passes
from one ion to the next in the series and S, the screening constant, can
be approximately determined in various ways. Roughly, the linear
dimensions of the corresponding wave functions are inversely propor-
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tional to the effective charges Z— S (strictly true for spherically sym-
metric wave functions). Pauling thus defines a set of radii inversely
proportional to Z— S, and the proportionality constant is chosen so that
the additivity rule reproduces the empirical lattice constant for the
alkali halide lattice formed of the ions in the series (e.g. NaF for the
Ne-like series). With the empirical lattice constants of NaF, KCl, RbBr,
CsI (the last assumed to have the NaCl structure with a suitably chosen
hypothetical value for the lattice constant), Pauling has determined in
this way a set of radii of the ions with the structures of Ne, A, Kr, Xe.
These he calls the univalent radii. As the equilibrium lattice constants
depend on the attractive Madelung term as well as the overlap force,
the univalent radii are not directly comparable with the Goldschmidt
radii, owing to the steady increase of the Madelung term with the ionic
charge as one passes along the isoelectronic series. Pauling interprets
the univalent radii as the radii for which the additivity rule would hold,
if the structure is of the NaCl type and the Madelung term were to have
the value for univalent ions.

Radii comparable with the Goldschmidt radii (designated as crystal
radii by Pauling) can be deduced from the univalent radii. One can
imagine first the fictitious lattice which has the univalent Madelung
term, and then find out how the lattice constant is modified, as the
Madelung term is raised to the correct value. This depends obviously
on the nature of the overlap force. The method used by Pauling to con-
vert the univalent to the crystal radii will be described in the next
section, where suitable expressions for the overlap force will be intro-
duced. The values of Pauling’s univalent and crystal radii are also
collected in Table 6. The crystal radii are seen to be in general agreement
with Goldschmidt’s values. .

In Table 7, the nearest neighbour distances in the alkali halides as
determined cxperimentally are compared with the sums of Pauling’s
radii for the ions concerned.

3. Heuristic expressions for lattice energies

The principal interactions in ionic and van der Waals lattices, namely,
the static Coulomb interaction, the van der Waals interaction, and the
overlap force, are cssentially two-body forces. If two lattice particles
are spherically symmetric, their interaction energy is a function ¢(r)
of their distance apart (central force); this is the case with the simplo
ions,which have the rare-gas structures, and probably also with radicals,
which are free to execute rotations (quantum-mechanical zero-point
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TABLE 7
The Observed Nearest Neighbour Distancest and Sums of Pauling Radii

(In angstrom units)

Li+ | Na* | K* | Rb* | Cs*

F- radius sum 1-96 | 231 | 2-69 | 2-8¢4 | 3-05
obas. dist. 2.01 | 231 ]| 267 | 282 | 301

Cl_[radius sum | 241 | 276 | 3-14 | 3-29

obs. dist. 257 | 281 | 314 | 3-29

Br- radiuvs sum | 2:56 | 290 | 3-28 | 3:43
obs. dist. 276 | 298 | 3-290 | 3-43

1- radiussum | 2:76 | 311 | 349 | 3-64
obs. dist. 302 ] 323 | 3-53 | 3-06

motion). The concept of additive two-body interactions is of course
only approximate; the wave-mechanieal caleulations made by Lowdin,
as we have mentioned, in fact already indicate that an appreciable
fraction of the lattice cohesive energy cannot be represented in terms
of two-body interactions. Moreover, in ionic crystals, an ion may be
polarized by the resultant electric field due to other ions in the lattice.
The effect of such polarizations on the lattice energy is not in the nature
of a two-body interaction. Take the case of three particles 1, 2, 3: the
interaction energy between 1 and 2 directly depends on the polarizations
induced on these particles by 3. In many simple lattices, however, the
polarization effects are largely suppressed by the high symmetry of the
structure; although the electric field never vanishes over an entire ion,
if an ion is sufficiently symmetrically situated in the lattice, the field
vanishes at its centre and the polarization effect is small.f Only when
such lattices are deformed in such a way as to destroy the symmetry
will appreciable polarizations occur; later we shall have occasion to
discuss occurrences of this nature.

The interaction potential ¢(r) (assumed central) is the sum of an
attractive part (Madelung and van der Waals terms) and a repulsive
part (overlap term); as we have seen, no simple expression for the latter
follows from the theoretical considerations. When it is not practicable
to make a theoretical calculation of the overlap force, one usually has
recourse to certain simple representations of the force, designed for a

1 The values aro not in agreement with the theoretical values in Table 5, showing
that though Jensen’s results reproduco the additivity rule, the absolute values are not
accurato; a feature usual with approximate theorotical treatments. Jonsen himself has
considered the additivity rule by a different approach (H. Jonson, G. Meyer-Gossler,
and H. Rohde, Zeit. f. Phys. 110, 277 (1938)); the analysis givon here is more in line
with the energy calculations.

1 T. Neugebauer and P, Gombds, ibid. 89, 480 (1934).



1,§3 ATOMIC FORCES 21

heuristic purpose. Historically,t such representations in fact preceded
detailed theoretical considerations such as described in § 1. This is not
surprising, as the existence of the solid state is itself evidence for the
presence of certain attractive forces; it is, moreover, clear that certain
mechanisms must operate to set a limit to the packing of the atoms.
In the earliest attempts to represent the forces, atoms were thus pictured
as rigid spheres mutually attracted by a force varying as some inverse
powers of the distance. This concept of the atoms is, however, not com-
patible with the fact that all solids are more or less compressible; it is
thus useful only for crude considerations of the behaviour of gases and
the geometrical configurations of atoms in molecules and solids. As more
acceptable forms of the overlap energy, the two following expressions
are in frequent use: bjr, (3.1a)

Ae~rle, (3.1b)

The constants in these expressions are to be determined with the help
of empirical data. Results of quantum-mechanical calculations favour
the exponential form, whereas the inverse power form has the advantage
of greater simplicity.

On the basis of (3.1a), Lennard-Jones has studied atomic forces by
investigating extensively the behaviour of gases.} A hypothetical gas
with non-interacting molecules obeys the equation of state for an ideal
gas

p = vkT {k (the Boltzmann constant) = 1-3806 crgs/degree}, (3.2)

where v is the number of molecules per unit volume. The atomic forces
can be investigated by the observed deviations of the real gases from the
ideal. One can express the equation of state for a real gasin the following

form: p = vkT{14-vB'(T)+0(? +...}. (3.3)

The second term in the bracket represents the most important deviation
from (3.2). It can be shown by statistical mechanics§ that, if quantum
effects are ignored (permissible for sufficiently high temperatures) the

t+ The pioneer work in this ficld is due to G. Mie, Ann. d. Phys. (4) 11, 657 (1903);
E. Griineisen, ibid. 26, 393 (1908); 39, 257 (1912); M. Born and A. Landé, Verh. d. D.
Phys. Qes, 20, 210 (1918) ; M. Born, ibid. 21, 13 (1919). A presentation of the development
is givon in nn article of vol. v of Encyclopidie der Mathematik by M. Born, ‘Atom-
theorio des festen Zustandes®, which also appeared as a book (Teubner, 1923).

1 Sec R. H. Fowler, Statistical Mechanics (1929), chap. x, where references to the
original papers can be found.

§ R. H. Fowlor, Statistical Mechanics (2nd cd., Cambridge, 1936).
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function of temperature B’(7') is related to the interaction energy ¢(r)
by @
B/(T) = 2n | r}(1—e-40NT) dr.
0

The integrand obviously vanishes if ¢(r) = 0; thus, loosely speaking,
B'(T) measures the volume surrounding a molecule where the molecular
interaction energy is still appreciable compared with £7'. The function
B'(T) is very simply related to the second virial coefficient, which is
usually measured in experiments.

The simplest cases one can investigate are the rare gases, for which
one can put b

br) = —Z+

(3.4)

(3.5)

where the first term represents the attractive van der Waals potential.
The constants n, b, ¢ must have such values that the function B’(T')
calculated from (3.4) agrees with that deduced from observed data.
As the work of Lennard-Jones shows, although for given n the constants
b and ¢ can be determined with reasonable accuracy, the exponent n
itself can be chosen with considerable latitude. In Table 8 are given
several possible sets of values of 7, b, ¢ for Ne and A, as determined by
Buckingham.}
TABLE 8

Overlap Forces and Lattice Properties of Ne and A

b c 7o 4 lattice vnergy

n (ergs cm.®) (ergs em.%) | (107® cm.) | (eV/atom) | (cal./mol.)
( 9 | 3560x10°% | 1-45%x10°% 315 0-0224 517
Ne 10 | 7:32x10~% 1-14 x 10-% 3-09 0-0238 549
“T112 | 3-56x 1071 | 8:32x 10~ 2:99 0-0264 609
\ 14 1:82%x 10712 | @-78 x 10-%¢ 202 0-0286 660
exp. .o .o 3:20 . 540
( 9 | 7-68x107% | 1.70%x 10~ 3-88 0076 1730
A 10 | 2-06x10™% 1:37x 10-%¢ 3-82 0-0804 1854
12 1:62% 107103 | 1-03 x 10-%¢ 3:72 0-0886 2042
L 14 | 1-365x 1078 | B-67x 10~%* 3-58 0-121 27462
exp. . .o 3-80 .o 2030

All the rare gases except helium solidify at sufficiently low tempera-
tures(melting-points: 24° K. (Ne), 84°K. (A),117°K. (Kr), 161°K. (Xe))in
the face-centred cubic structure (see Appendix I for description). Let us
consider the properties of the crystals with the help of the forces deter-
mined from the gaseous data. We can introduce a systematic way of

t R. A. Buckingham, Proc. Roy. Soc. A, 168, 264 (1038).
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labelling lattice particles in a simple lattice. We notice that the structure
itself provides a natural frame of coordinates (with, in general, oblique
axes). If an arbitrary lattice point is chosen as the origin and the basic
vectors Q,, a,, a; are used as units of length along the respective axes,
the corresponding coordinates of the lattice particles are the whole
numbers I(,7%,1%). The same numbers can also be used to label the
elementary cells, if we associate with a lattice particle I(I1,12,12) the cell
included in its positive quadrant. We shall refer to I(I!, 12, I3) as the lattice
indices and to the cell (0, 0, 0) as the zero-cell. As all atoms in a simple
lattice are equivalent, the lattice energy u per atom, can be obtained
from the interaction energy of the atom (0,0, 0) with all other atoms;
thus, if r(I) denotes the distance of atom I from the origin:

=13 () = %Z (— s 57 (3.6)

where the prime over the summation sign excludes ! = 0. The factor }
takes account of the fact that the interaction energy ¢(r(l)) is shared
between the two atoms (0, 0,0) and ({1,12,13). In thesumitisconvenient
to express r(I) in terms of the nearest neighbour distance r as unit, hence
we write

'u(r) = —j—i-]—;-l:, 4 = —-g Z" (T’;))a, B = -gz" (%I))n. (3.7)

We notice that [r/r(l)], and hence also the sums in 4 and B, are pure
numbers completely determined by the structure; and they remain
constant as the dimension of the lattice is varied by varying r. Efficient
methods for evaluating such lattice sums have been described by
Lennard-Jones and Inghamt who, in particular, have evaluated sums of

the form z’ (F(%)"

for » up to thirty, for the simple ciibic, body-centred cubic, and face-
centred cubic structures, and also for a lattice of the NaCl type, where
the sums are given separately for the interactions between a Na+ site
with all other Na+ sites and between a Na* site and all Cl- sites. With
known b and ¢, the values of 4 and B can be found immediately with
the help of their results.

For static equilibrium, the energy «(r) must be & minimum, thus the

t J. E. Lennard-Jones and A. E. Ingham, Proc. Roy. Soc. A, 107, 636 (1925).
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equilibrium value of r is given by

n B n-6)
To = 'm] . (3.8)
Using this value in (3.7), we obtain for the lattice energy per atom:
—4 0
= —{l—=l 3.9
) = {17 (3.9)

The values of r, and the cohesive energies —u(r,) (given in calories
per mole) for the various sets of n, b, ¢ permitted by the gaseous data
are also given in Table 8.

The cohesive energy —au(r,).is not directly comparable with the
sublimation energy at 0° K., for, according to quantum mechanics, the
zero-point motion persists even at the absolute zero of temperature.
The experimental values for the coliesive energy given in the table are
the observed sublimation energies (extrapolated to 0° K.), to which the
zero-point energies have been added. It is secen that by proper choice
of the exponent 7, fair agreement between the theoretical and experi-
mental results can be secured.

In a face-centred cubic lattice each atom has twelve nearest neigh-
bours. If in the overlap energy all but the contributions due to the
nearest neighbours are ignored, we have

B= .g. Z (%’))"z .

Comparing this with the rigorous values (Appendix III), we see that
forn = 8,9,..., 14, the nearest neighbours account for 94,..., 99-5 per cent.
of the total overlap energy.

As gaseous data are not available for ions, in the case of ionic crystals
the overlap force has to be determined from crystal data alone. Insimple
binary salts, the ions have equal and opposite charges +ze (e.g. struc-
tures NaCl, CsCl, ZnS, ZnO); every ion is surrounded by Jf (coordina-
tion number) first neighbours of the opposite sign. The overlap energy
between the positive and negative ions can be readily determined from
experimental data, if we ignore the overlaps between all but the nearest
neighbours. In this approximation, the use of the exponential form
(3.1b) is not more complicated than the inverse power formula; using
the former, we can write the energy per cell as

w(r) = —-ﬁ:--{- Be-lp, A = (ze)%d, B=2Mx_, (3.10)
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where the first term is the attractive Madelung energy, and p, A, _ are

the constants in the overlap potential between the two types of ions.

As before, r denotes the distance between the nearest neighbours.
Remembering that the volume of the lattice cell v is proportional to

the third power of r, we have
dv  3dr

dlnv=3dlnr or — = —.
v r
One finds easily for the pressure and the compressibility B:
du 1 A r
—_ ] 2 Zle-rie 11
R A | 611
1__,p_1[ A p(r\,np (f. : —rlp} 12
== Qv{ . B(P)e +B( el 4p. @12
For static equilibrium, p = 0, one has
4_ B(ﬁ)e—w. (3.13)
To P
Putting r = r, and p = 0 in (3.12) and climinating B with (3.13), we
find that 1 A ro
s = —2412 } 3.14
B 9y "o‘ + (P) (3.14)
Putting r = r, in (3.10) and eliminating B with (3.13), we obtain for
the lattice energy: A
u(ry) = _;.{1_(’{’_)}. (3.15)
0

In Table 9 are collected the observed nearest distances and com-
pressibilities for the alkali halides. Using these values for r, and 8 we
can determine p from (3.14) and then A__ and —u(r,) from (3.13) and
(3.15). The calculated values are also given in the table. We note that
the procedure is only approximate, as the empirical values for r, and p
are room-temperature values and do not refer to the lattice in static
equilibrium.

The theoretical cohesive energy —u(r,) is the energy necessary to
disperse the lattice in static equilibrium into individual ions. The
empirical values quoted in the table for comparison are obtained by a
method which we shall describe at the end of this section. The table
shows that there is a fair agreement between the theoretical and experi-
mental values, the theoretical values being on the average 4 per cent.
too low.

The two terms in (3.153) are due respectively to the Madelung term
and the overlap cnergy. Table 9 shows that p[ry is of the order 1/10;
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therefore the value of the lattice energy is predominantly determined
by the Madelung term. The above agreement thus confirms the essential
correctness of the theoretical model for the ionic lattices.

Essentially the same results are obtained, if we use the inverse power
for the overlap force. In place of (3.13)-(3.15) one has then

A aB'

T—o = —’?, (3.16)
1 A
'B' = m(—l'l‘n)s (3.17)
wlrg) = _‘;_1 (1._ %) (3.18)

where B’ = Mb,__, by, n being the constants in the i)ot.ential between
the two types of ions. Comparison of (8.14) and (3.17) shows that -
n = ryf/p —1; thus the cohesive energy —u(r,) calculated from (3.18)
will be about 1 per cent. lower than before, giving a slightly increased
discrepancy as compared with the experimental results.

The conversion from Pauling’s univalent radii to the crystal radii is
conveniently effected .with the help of (3.16), which may be written

A

When the ionic charges are raised from +te to 4-=ze, 4 is multiplied
by 22. Thus the crystal radii can be obtained by multiplying the corre-
sponding univalent radii by the factor {1/z}2-D,

Inthe above calculation of the lattice energy, we have taken no account
of the van der Waals potentials or the overlap potentials between other
than nearest neighbours. Moreover, the experimental cohesive energies
in the table refer to the lattice at the absolute zero of temperature, rather
than the lattice in static equilibrium; thus the energy of the zero-point
vibrations has to be subtracted from the theoretical cohesive energy for
the latter to be comparable with the corresponding experimental value.

‘We notice that the cohesive energies for the ionic crystals are between
a hundred and a thousand times higher than the rare gas crystals;
accordingly the zero-point energy is, comparatively, very unimportant
" for the ionic crystals. It is estimated to be of the order of one k.eal.
per mole for the alkali halides.t The consideration of the zero-point
energies thusincreases the average discrepancy between the experimental
and theoretical cohesive energies by somewhat less than 1 per cent.

a]ternatively as (nBr)u(n_l)
To = .

+ M. L. Huggins, J. Chem, Phys. 5, 143 (1937).
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TABLE 10
van der Waals Interaction in Alkali Halide Lattices

Substance LiF | LiCl | LiBr| Lil | NaF |NaCl |NaBr| Nal | KF | KCl

C (10-%° ergs cm.%) .| 18 | 113 | 183 | 363 | 46 | 180 | 271 | 482 | 167 | 452
D (1077 orgs cm.®) .| 11 | 104 | 190 | 470 | 31 | 180 | 300 | 630 | 150 | 560
van der Waals energy
(k.cal./mole) . .| 45|63 |70 |82|49)|509]|63|68 76|78
Correction to onergy )
(k.cal./mole)eqn. (3.19) | 07 | 10 [ 11 | 13|08 10|21 | 12| 131

<t

Substance KBr| KI |RbF|RbCI|RbBr| RbI | CsF | CsCl | CsBr| CsL
C (107 ergs cm.*) .| 605 | 924] 228 | 691 | 898|1330| 495 | 1530} 2070|2970
D (10~ ergs cm.b) . | 800 | 1420| 290 | 960 [ 1340| 2240| 600 | 2600| 3600 | 3800
van der Waals cnergy ’
(k.cal./mole) . .|76| 78|91} 91| 90| 90 [109]12-2(12-8]12-8

Correction to energy
(k.cal./mole)egn.(3.19) | 1.6 | 1-6 | 1.6 | 18| 18| 20| 25| 30| 32| 34

By a careful analysis of optical data, Mayer has estimated the van der
Waals potentials between the ions in the alkali halides. The energy per
cell due to van der Waals dipole-dipole and dipole-quadrupole inter-
actions can be written respectively as — C[r%, —D/r8, where 7, as before,
represents the nearest neighbour distance. The values of C, D estimated
by Mayer are collected in Table 10, where the corresponding contribu-
tions to the lattice cohesive energies are also given. We observe that the
van der Waals interactions increase with the sizes of the ions and con-
tribute’ from four to ten k.cal. per mole to the cohesive energies of
the alkali halide lattices. These contributions must, however, not be
added directly to the earlier theoretical estimates of the cohesive energies.
In fact, if we include the terms — C/r8, —D/r8 in the energy expression
(3.10) and follow through the same developments as before, we shall
find that the ultimate energy expression (3.15) is increased by the further
terms (up to first-order terms in C and D):

_[(rolp)—6]+ 6(_5_') _ [(rolp)—8]2+8{2) (3.19)
(rolp)? o (rolp)? \re)’ .
The alterations in the estimates of the cohesive energics are thus very
much smaller than the actual contributions by the van der Waals inter-
actions; for (7,/p) = 10, the multiplicative factors in (3.19) are respec-
tively 0-22 and 0-12. The reason is clear: the inclusion of the van-der
Waals terms in (3.10) brings corresponding modifications to our esti-
mates of the overlap potentials; the increase of the latter largely balances

t J. E. Mayer, J. Chem. Phys. 1, 270 (1933).
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the van der Waals contributions, as long as (r,/p) is still comparable with
the exponents of the van der Waals potentials, 6 and 8. The correction
(3.19) is also given in Table 10; its value ranges from one to three
k.cal. per mole.

Similar circumstances prevail, when we consider the overlap potentials
between other than nearest neighbours. Thus if we include in the energy
expression (3.10) a term B’ exp{—+v2r/p} (V2 r = second neighbour dis-
tance in a NaCl lattice) to represent the total energy contribution due
to overlaps between second neighbours, we shall find that the ultimate

energy expression (3.15) has the additional term (to the first order in
the correction):

(3—2v2) B’ exp{v2 r,/p} = 0-17B’ exp{v2 ro/p}. (3.20)

Later we shall see that the total overlap energies between second neigh-
bours are in most cases less than one-fifth of the overlap energies between
the nearest neighbours. We have already seen that the latter are of the
order of one-tenth of the cohesive energies. Hence B’ exp{v2 ry/p} is less
than 2 per cent. of the cohesive energies and (3.20) will reduce the
theoretical estimates of the cohesive energies by well under 1 per cent.

For given 7, and B, the estimate of the cohesive energy based on the
simple expression (3.10) should thus be quite accurate. Further elabora-
tions by taking into account additional energy terms may modify
appreciably the estimates of the overlap potentials, but will leave the
estimate of the energy not substantially altered. This conclusion is true,
8o long as the rate of variation with r of the added energy terms is
comparable with that of the overlap potentials. Substantial reductions
in the average discrepancy between the theoretical and experimental
values can only be sought in more accurate values of 8and r,. A decrease
in B raises the value (ro/p) (cf. (3.14)) and thus indirectly raises the
cohesive energy (cf. (3.15)); a decrease in the value of 7y similarly increases
the cohesive energy (cf. (3.15)). The values of 8 and r, for the lattice in
static equilibrium differ in fact from the room-temperature values in
these directions. This point will be discussed in more detail in the next
section.

The knowledge of 8 and r, alone is clearly not sufficient to determine
the overlap potentials between the like ions which are never nearest
neighbours. Using the known elastic constants of NaCl and KCl, Born
and Brody} have determined partially the interactions between the
like ions. They obtained the unlikely result that the corresponding

$ M. Born-and E. Brody, Zeit. f. Phys. 11, 327 (1922).
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potentials are attractive; this is probably due to the smallness of the

second neighbour interactions and their estimates are likely to be grossly

distorted by any inaccuracy in the method. The usual methods for

discussing the overlap potentials in general depend on a systematic way

of constructing the overlap potentials between the ions, and the idea.
of ionic radii is used as a guide for the method of construction. We shall

describe briefly methods of this type, as variously developed by Lennard-

Jones, Pauling, and by Born, Mayer, and Huggins.§

Lennard-Jones’s work aimed at correlating the overlap potentials
between-ions with that between rare gas atoms; the latter, as we have
seen, can be deduced from the observed second virial coefficients of the
gases.

For a head-on collision between two rigid spheres, the nearest distance
of approach between the centres is equal to the sum of the radii of the
spheres. For atoms having a repulsive potential b/r®, the corresponding
distance is a function of the energy of collision W (i.e. total kinetic
energy in the system of coordinates moving with the centre of mass of
the particles), namely (b/ V)=, If the atoms are identical, we can ascribe
to each a kinetic radius 3(b/IV)¥». Lennard-Jones’s method is based
on the following assumptions:

(i) a kinetic radius can be defined for every ion so that for a head-on
collision between two ions, the nearest distance of approach is
equal to the sum of the corresponding radii;

(ii) the kinetic radii of isoelectronic ions are proportional to the
extensions of their respective electronic’ clouds, as a practical
measure for which Lennard-Jones used the ionic radii deduced
by Wasastjerna from molar refractions,

Consider the case of an ion ¢. Let the ratio of its Wasastjerna radius
to that of itsisoelectronic rare gas atom be p, ; it follows from assumption
(ii) that its kinetic radius can be written as

£ g/ wym, (3-21)

where b} refers to the constant b in the overlap potential between the
rare gas atoms (index ¢ indicating the rare gas atom in the isoelectronic
series of ¢) so that 3(b/W)¥» is the kinetic radius of the rare gas atom.

1 J. E. Lennard-Jones, Proc. Roy. Soc. A,106, 452 (1924); 109, 584 (1925) ; and see also
R. H. Fowler, Statistical Mechanics, chap. x (Cambridge, 1829); L. Pauling, The Nature
of the Chemical Bond, pp. 355-63 (Cornell, 1948); M. Born and J. E. Mayer, Zeit. f. Phys.
75, 1 (1932); M. L. Huggins and J. E, Mayer, J. Chem. Phys. 1, 643 (1933) ; M. L. Huggins,
ibid. 5, 143 (1937); 15, 212 (1947).
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At this stage, Lennard-Jones does not fix the exponent n, but considers
b as a function of n, which can be determined by gaseous data. For the
interaction potential b;;/r"s between two ions ¢ and j, the exponent n; is
fixed by interpolation from the exponents characteristic of their respec-
tive isoelectronic rare gas atoms (n = 11, 9, 10, 11 for Ne, A, Kr, Xe).
The constant by, is then determined by assumption (i):

(bﬁ! “’)I.'ﬂu = {.I_;_‘(bgln/)lhlu+%(b})l“[)"nu}'

or bl = Hp (bg)Vrut-py(b9)Hina}, (3.22)

where the values of 59 and b} corresponding to the exponent n,; are to
be used.

The above method is not free from arbitrariness, but the values of the
lattice constants, cohesive energies, and compressibilities for the alkali-
halides and the lattice constants of the binary salts of the bivalent ions
Mg++, Cat+,Sr++, Bat+with O—-,S-—,Se——, Te—-calculated by Lennard-
Jones show satisfactory agreements with the observed values. The
constants for the overlap potentials between a large number of ions
obtained in this way have been tabulated by Lennard-Jones and Dent.¥}
The original analysis of the rare gas data by Lennard-Jones was made
before London put forward the theory of the van der Waals forces, and
the attractive potentials were assumed to have the exponent 4. This
affects somewhat the overlap potentials for the rare gases, upon which
the force constants for the ions are based. Fowler] has subsequently
revised the values for the constants, by a method due originally to
Lennard-Jones. Instead of using values from gas data, Fowler has taken
all the exponents n,; as 9 and determined the constants b7 for the rare
gas atoms indirectly by the use of the experimental values of the nearest
neighbour distance in the lattices: NaF, KCl, RbBr, CsI. A table of the
revised values can be found in his book on statistical mechanics.

For the alkali halides, Pauling has proposed the following expression
for the overlap potentials: .

Bin Bo(i"—":—,{’)"—_l (n=09), (3.23)

where, like Fowler, he adopts the uniform value 9 for the exponent.
The factor B, originates from certain quantum-mechanical considera-
tions, and depends only on the charges of the interacting ions, namely:

t+ J. E. Lennard.Jones and B. M. Dent, Proc. Roy. Soc. A, 112, 230 (1926).
1 R. H. YFowler, Statistical Mechanics (2nd ed., Cambridge, 1938).
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= 1-25, B,_ = 1:00, B__ = 0-75. With the following choice of the
radii and the constant B,

Lit | Nat | K+ | Rb* | Cs* | F- Cl= | Br~ i
r(10~*cm) | 0-607 | 0-958 | 1-331 | 1-484 | 1-656 | 1-341 | 1-806 | 1-051 | 2-168

B,y = 0-02900¢?

Pauling has shown that the calculated nearest neighbour distances for
the seventeen alkali halides with the NaCl structure agree practically
exactly with the highly accurate experimental values. Thisis particularly
remarkable, if we observe that the deviations of the lithium salts from
the additivity rule ave of the order of up to 10 per cent. These deviations
are due to the importance of the second neighbour repulsions in these
salts, where the radii of the halide ions are between 2 and 3-5 times the
radius of the lithium ion.

Using (3.23), we find that the overlap energy per cell due to nearest
neighbours in a NaCl structure is

6 By(re—7-)8
rD

and that due to second neighbours

e (25, P+ 0752 )

Dividing the latter by the former, we obtain the ratio

overlap energy of second neighbours
overlap energy of first neighbours

1 2p a2 \®
= g1 (1+ ) +0 7o(m) } (3.24)

which depends only on the radius ratio p = rfr_. The following values
indicate this dependence:

p=03 0-4 0:6 0-6 0-8 1-0 1-2
R=106 058 033 020 010 009 0-14

Thus we see that for the salts of potassium, rubidium, and caesium, the
contributions due to second neighbours are all less than 20 per cent. of
that due to nearest neighbours. In the lithium salts, on the other hand,
the contributions due to the first and second neighbours are comparable;
for the extreme case of Lil, the respective contributions are approxi-
mately equal.
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The most elaborate attempt at calculating crystal properties from
suitably chosen interaction potentials is found in a series of works by
Born, Mayer, Helmholz, and Huggins.t For the overlap potentials
between the ions, Born and Mayer have proposed the expression

By betratra=rip, (3.25)

where B, is the same factor as in (3.23). The way in which the radii
appear in the expression is suggested by the additivity rule. Consider
for instance the approximate equation (3.13) (all but overlaps between
nearest neighbours ignored!), where the constant B should now be

replaced by MB,_bexp[(r,.+r_)/p], i.e.

ﬁ = (ﬁ.’) MB — belr++r—=ralp,
To P
or, what is equivalent,

— A To
T++r_—ro = P{lnm— 21“(;-)}. (3.26)

The right-hand side of the equation does not differ very appreciably for
different alkali-halide lattices, for Table 9 shows that p will be only about
one-tenth of the value of ». From LiF to Rbl, r, changes by-a factor 1-8
and the corresponding change of the right-hand side of (3.26) will be
approximately 0-3 A, which is about one-tenth of r,, Hence b can, for
instance, be chosen such that the right-hand side of (3.26) approximately

vanishes for all cases:
ror_o2r,;

the form (3.25) thus reproduces approximately the additivity rule. (The
particular choice of b is, we notice, not actually necessary. The effect of
introducing a different value of b on the potential (3.25) can be neutral-
ized by a constant added to all the positive or all the negative ion radii
in the formula.) :

The constants in the potentials could, for instance, be assigned values
so as to give the best fit for r, and 8 of all the alkali halide lattices in
static equilibrium. However, as r,'and B8 for the static lattices are not
directly observable, Born and Mayer have used an alternative method
based on an assumption due to Hildebrand,} namely, that at finite
temperatures the energy of a lattice consists of two parts, one dependent
only on its volume and the other only on temperature. It follows then
by the use of thermodynamical relations that the first and second

t Loc. cit.

1 J. H. Hildebrand, Zeit. f. Phys. 67, 127 (1931); for a discussion of the accuracy
of the method see K. Huang, Phil. Mag. 42, 202 (1951).

3505.87 D
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derivatives of the lattice energy u(r) can be expressed in terms of directly
observable quantities:

= 7 51, @7
o =+ ), +vlon), 26 + 5 (e}
(3.28)

where the nearest neighbour distance r, as well as all the quantities on
the right, may refer to any arbitrary temperature. These relations, we
notice, are the finite-temperature analogues of the earlier equations
(3.11), (3.12) (p = 0), which determine the derivatives of u(r) at the
static equilibrium wvalue 7ry; (3.27), (3.28) reduce in fact to the earlier
equations for 7 = 0. For the expression of u(r), the above authors
considered the Madelung term, the overlap potentials (3.25) between
the nearest and second neighbours, and also the dipole-dipole, dipole-
quadrupole van der Waals potentials. The constants in the overlap
potentials are then determined so as to give the best fit for (3.27) and
(3.28) (taken at room temperature) for all the alkali halide lattices.
The values for the constants as determined by Huggins are:

Li+ Na+ K+ Rbt Cs+
r, = 0570A 0940 1235 1.370 1-510

F- Cl- Br- I-
r_ = 1-050 1-435 1-560 1-:750
b = 1012 ergs, p = 0-3333X10-8 cm. (3.29)

The corresponding calculated cohesive energies are also given in Table 9.
The agreement with the experimental values is seen to be very satis-
factory, especially as the experimental values are subject to possible
errors of the order of a few kilo-calories per mole.

Let us return to discuss how the experimental values of the cohesive
energies are obtained. The cohesive energy is the energy difference
between the dispersed ions and the crystal lattice at the absolute zero
of temperature. Formally we shall regard the dispersed ions as the gases
of the ions at the absolute zero of temperature. We shall find the energy
difference by considering a series of changes of states, which lead from
the lattice at 0°K. eventually to the ion gases at 0°K. In following
through the changes, it is more convenient to consider the changes in
the heat function H = E+ PV rather than the energy £. Let us thus
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consider the following changes and the corresponding changes in H.t
(In the following [], () indicate the substances respectively in the
crystalline and gaseous states under unit atmospheric pressure. Un-
bracketed symbols refer, to elements in their natural state under the
temperature specified.)

(i) [A*B-]geic, > [A*B~]ppeex., heating . of the lattice from 0°K. to
298°K. (room temperature). The corresponding AH is obtained by
integrating the heat capacity; the latter can be estimated in all cases.

(i) [A*B-]oggerc, = [A)ogaerc.+Bagsxc,, separation of the erystal into
the pure metal and the halide element in its natural state, which is in
most cases the diatomic gas. AH is the heat of formation of the salt.

(iii) [A)oes-ic. = (A)gpgerc, sublimation of the metal. The heat of
sublimation AH ean be deduced indirectly from the vapour pressures
of the molten metal at high temperatures, the heat of fusion and the
heat capacities of the condensed phases up to high temperatures.

(iv) Bygeic. = (B)ogeeic,, transformation of the halide element from its
natural state to the monatomic gas. The corresponding AH is deducible
from the energy required for dissociation of the diatomic molecule.

(v) (A)oggerc. > (A)pe, 8nd  (B)aggers, > (B)pe, Taking “the gases
approximately as ideal gases, one has AH = —(5/2)RT per mole.

(vi) (A)yexc, > (A*)peic +e€, removal of the valence electrons from the
alkali atoms. The corresponding energy change per atom is equal to
the ionization potential.

(vii) e-}(B)gx. = (B-)gexc., the electrons being added to the halide
. atoms to form negative ions. The energy per atom is — E, E being the
electron affinity; the latter has been determined for Cl, Br, and I by
Mayer and his collaborators.}

As the heat function and energy are identical at 0° K., the sum of AH
in the above changes provides an experimental estimate of the cohesive
energy. The experimental cohesive energies for the alkali-halides and
the experimental data used are collected in Table 11.

When the value of the electron affinity is not known, the above
considerations can be used in reverse to determine the electron affinities

1 Historically this method was first proposed and used by M. Born (Verh. d. D, Phys,
Ges. 21, 679 (1919)) and represented in graphical form by F. Haboer (ibid., p. 750); it is
now often quoted as the Born-Haber eycle.

For details, see J, . Mayor and W. Holimholz, Zeit. f. Phys. 75, 19 (1932); and
J. Sherman, Chem. Rev. 11, 93 (1932). The latter two papers deal with ionic lattices
and introduce the Coulomb forces (Madelung's constant).

1 K. J. McCallum and J. E. Mayer, J. Chem. Phys. 11, 56 (1943); P. M. Doty and
J. E. Mayer, ibid. 12, 323 (1044); P. P, Sutton and J. E. Mayer, ibid. 3, 20 (1935).
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TanrLe 11
Experimental Values of the Cohesive Inergies of the Alkali Halides

(ANl values refer to one mole of salt and in units of kilo-calories.)

Cohesive energy .
(i) | (i) (iii) | (iv) | (v) (vi) (vii) | = (i)+(ii)+...+(vii)
LiF 1.4 | 1452 | 383 | 31-8 | —2:9 | 1238

LiCl 20 974 | 383 288 | —29 | 123-8 | —858 291-6
LiBr 25 83:6 | 383 20:7 | —-2:9 | 1238 | —80H 191-5
Lil 2:8 649 | 383 256 | —20 | 1238 | —72:4 180:0
NaF 19 | 136-1 | 26-0 31-.8 | =29 | 1179 .. - ..

NaCl 24 98:3 | 26-0 288 | —29 | 1179 | —858 184-7
NaBr 25 86:2 | 26-0 267 | —29| 1179 | —806 1759
Nal 2-8 60-4 | 26-0 255 , —290 | 1179 | —724 146-3
KF 2-2 | 1341 | 2165 | 318 | —29 99-5 .o .o

KCl 2:56 | 1041 | 21-65 | 288 | —29 99-56 | —858 147-8
KBr 2.7 94-0 | 21-65 | 267 | —29 99-5 | —80'5 161-2
KI 2-8 786 | 21-65 | 25:5 | —29 995 | —724 152-8
RbLF 2.6 | 1331 | 1902 | 31-8 | —2-0 96-0 .. .e

RbC] 2.8 | 1048 | 1992 | 288 | —29 960 | —85-8 143-6
RbBr 2.9 95-0 | 1992 | 267 | —2:0 96:0 | —80'5 158-0
RbI 3:0 8086 | 1992 | 2556 | —29 960 | —724 149-7
CsF 2.7 | 131-8 | 19-11 | 318 | =29 89-5 . .o

CsCl -} 2.8 1 106-3 | 19-11 | 288 | —29 895 | —858 1578
CsBr 29 97-56 | 19-11 | 26:7 | —29 895 | —800 152-3
Csl 3-0 83-6 | 10-11 | 255 | —20 895 | —724 1454

from the theoretical cohesive energies.t As different salts of the same
electro-negative element (halide in the case of alkali halides) provide,
in this way, each a distinct estimate of the electron affinity. the con-
sistency between the different values serves as a check on the method.
Take the case of fluorine. From Tables 9 and 11 we can immediately
form the following values (in kilo-calories):

TABLE 12
Electron Affinity of Fluorine
Cohesive enorgy 243-6 | 215-¢ | 192-5 | 1830 | 1757
(Huggins)
Sum of (i)-(vi) 337-6 | 3108 | 286-3 | 280-4 | 272:0

(Tablo 11)
Electron aflinity of ¥ | 94:0 05-4 93-8 974 96-3

Mean 095-4

t This was clone in the first publications by M. Born (Verh. d. D, Phys. Ges. 21, 13, 679
(1919)) from which all these investigations started and which contains the first definition
of electron aflinity.
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Shermant has determined in this way the electron affinities of oxygen,
sulphur, and selenium (to form divalent ions!) from the theoretical
cohesive energies of the corresponding salts with the alkaline earth
elements Mg, Ca, Sr, Ba. Using these values and the affinities of the
halides, he has calculated the cohesive energies for a large number of
compounds. The discrepancies with the experimental values have been
taken by him as a measure of the degree of departure from an ideally

ionic structure.
1 Loec. cit.
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LATTICE VIBRATIONS

4. Simple approximate treatment of thermodynamical be-

haviour : .
IN classical mechanics, it is well known that when a system of particles
in stable equilibrium is disturbed, the system performs certain vibrations,
such that every particle remains in the neighbourhood of its equilibrium
position. For the description of the vibratory motions, a set of coordi-
nates ¢; can be introduced which are linear functions of the displacements
of the particles and vary independently of one another, each as a
sinusoidal function of time A;sin(2mv;¢+3;) (the frequency v, is deter-
mined by the nature of the forces, whercas 4, 3; are arbitrary constants).
Such coordinates are known as the normal coordinates of the system,
and the corresponding motions they describe as the normal vibrations (or
modes). Their number must obviously be equal to the degrees of freedom
of the system, namely, three times the number of particles. In many
ways, the vibratory system is completely equivalent to a collection of
independent simple harmonie oscillators with the respective frequencies
v;. In particular, the possible quantum-mechanical energy levels are
identical in the two cases. According to statistical mechanics, the energy
levels of a system completely determine its thermodynamical functions;
the Helmholtz free energy

F=E—-TS (E = energy; S = entropy) (4.1)
is given quite generally by
F=—-kTlnhZ, (4.2)
where Z, the partition function, is the sum of the Boltzmann factors
corresponding to all possible energy levels of the system:

Z =Y e~<kT, ' (4.3)
;

¢; being the eigenvalues of the energy operator.

For a collection of independent oscillators, one can construct the free
energies according to (4.2), (4.3) first for the oscillators separately and
afterwards take the sum. The eigenvalues of an oscillator with frequency

vi are vy, 3hv,, §hyy,...;
the corresponding partition function and free energy arc thus
Z, = e-ihv‘]kl' i e-shvdkfl‘ — e—}hvdkT 4.4
it =0 T 1 —e—hvdkI’ ( : )

Fy = Yhv;+ kT In(1—e-"vikT), (4.5)
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For a crystal lattice with the normal vibration frequencies Vi Z F, gives

the part of its free energy due to the vibratory motions. The complete
free energy includes in addition the energy U of the static lattice in
which each lattice particle occupies its mean position; thus

F = U4} 3 hoh kT 3 In(1—e-miT), (4.6)

If a solid is deformed, the shifts in the mean positions of the particles
alter the frequencies v; as well as the static energy U. At present we shall
consider the isotropic change in volume V as the only form of deforma-
tion; thus in (4.6) both v; and U are to be considered as functions of V.
From the free energy F(V, T) as a function of V and 7', all the thermo-
dynamical behaviour concerning changes in volume and temperature
can be deduced with the help of thermodynamical relations. The

entropy is 2
S=— (-a—;)y, (4.7)

hence the energy E is given by

oF
E—= F+T8 = F— T(aT)
=U+i3 hv,+LT 2 :,fi‘;;@‘T) (4.8)

The heat capacity at constant volume is obtained by differentiating the
energy with respect to temperature:

( hy . [ kT)’c’““"‘" )
C”—(a_'ﬁ),, LZ L (4.9)

For T' = 0°K., the last term in (4.8) vanishes and the energy reduces
to the static lattice energy U plus the zero-point energy 4 > hv,, to which
;

reference has been made earlier.
For high temperatures such that X7 > hv;, we can expand the terms
in the sums of (4.8) and (4.9) with respect to (Av,/kT') and obtain in this

way E =~ U+1} > hv+3kT X (number of particles), (4.10)
1

Cy =~ 3k X (number of particles), (4.11)

remembering that the total number of normal coordinates is equal to
three times the number of particles. These relations express the classical
energy partition law (the energy for each vibrational degree of freedom
is kT) and the Dulong-Petit law of specific heat, which follows from it.
These laws thus hold only when the temperature is so high that the
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vibratory modes are in such highly excited states that quantum effects
become insignificant.

The equation of state, which connects the state parameoters p, V, 7',
follows from the thermodynamical relation:

p=— (%)T. (4.12)

Thus we find on substituting the expression (4.6) for the free energy in
P=——p— . (§+E’Wk?—'_)hdlf (4.13)

Since v; and U are to be regarded as known functions of V, (4.13) provides
the requisite relation between p, V, 7. Often it is convenient to intro-
duce, instead of the derivatives of the frequencies, the dimensionless

quantities diny Vd
=N 7%
i) A & (+.14)
In terms of y;, the equation of state becomes
dU 1 R )
P+roavp =7y ‘J’t{‘y“’i"’wgf—_—l]- (4.15)
i

The actual normal vibrations in crystals are very complicated in
nature, but for the purpose of constructing the thermodynamie functions
some very crude approximations have proved successful.

The simplest possible approximation is usually referred to as the
Einstein model:} it is assumed that all the vibrational frequencies v; are
equal (strictly speaking, one could imagine this to be the case only if
the lattice particles in a simple lattice were to vibrate independently of
one another, each isotropically about its mean position). Let A" be the
number of cells per mole and n be the number of particles per cell. Then
the energy per mole and the molar heat capacity can be written down
directly from (4.8) and (4.9) by putting all the frequencies v; equal to v,:

E= N{u(v)-{-:inkT [§§+-f—-] } (4.16)
e—1]¢a0m
Cy=3N nk[ ] 4.17
d (=1 ;o my (+.17)
where u(v) = U|/N is the static lattice energy per cell and
Op = "i’o (.18)

t A, Einstein, Ann. d. Phys. [4), 22, 180 (1907).
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is a parameter having the diniension of temperature, called Einstein’s
characteristic temperature. In this model, the heat capacity as a function
of temperature depends only on a single parameter, namely, 0,. We
notice that Nz divided by the number of atoms per molecule is
Avogadro’s number 6:022x 10%, the same for all substances. Thus if
we measure the temperature for each substance in a suitably chosen
unit (~ ©p), the heat capacity divided by the number of atoms per
molecule is the same function of the reduced temperature for all sub-
stances. We shall discuss how this theory compares with the experi-
mental results later in conjunction with the results of the more elaborate
Debye theory.

Speaking physically, the Einstein model appears very unrealistic for
a monatomic substance, where all atoms are equivalent. For an atom
is held to its equilibrium position only in virtue of its interaction with
its surrounding atoms, and thus cannot possibly vibrate independently
of the others. The situation becomes different, if one considers a mole-
cular crystal. Consider, to start with,a diatomic gas, where the vibration
frequency of the two atoms in the gaseous molecule is »,. In the gaseous
phase, there is thus a part of the free energy exactly described by the
Einstein model. Inaddition, there are of course contributions due to the
translational and rotational motions of the molecules. When the mole-
cules are condensed into a crystalline lattice, it may happen, as in the
case of molecular crystals, that the molecules are held together by much
weaker forces than that binding the atoms in the molecule. The atoms
within each molecule will vibrate with respect to each other with much
the same frequency as before, resulting in a contribution to the free
energy of the Einstein type. The frce translational and rotational
motions of the molecules are, on the other hand, lost on forming the
lattice and become transformed into characteristic lattice vibrations;
the corresponding contributions are not describable realistically in terms
of the Einstein model. It is precisely the latter vibrations that are more
adequately considered in the Debye model, which we shall presently
discuss. ‘

Before doing this, let us examine more closely how the vibration
frequencies are best described for a macroscopic system. For a maero-
scopic specimen, the number of vibration frequencies is clearly enormous.
What proves to be relevant is not so much the individual frequencies as
the number of frequencies falling within any particular interval of fre-
quency (v, v+Av). Let ns denote this number by N(v)Av. When the
specimens are so large that the number of cells near the surface is only
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a negligible fraction of the total number N, N(v)Av becomes practically
proportional to N. In a more precise way, this means that the limit

fAv = h_r'nw N(;GAV

éxists; the function f(v) defined by the limit will be called, the frequency
distribution function. It follows immediately from the consideration of

the requisite degrees of freedom that f(v) fulfils the normalization con-
dition

(4.19)

ff(v) dv = 3n. (4.20)
0

For a mole of the substance, we have then N(v) = Nf(v), where N stands
as previously for the number of cells in a mole. Using the frequency
distribution function we can express (4.8), (4.9) in terms of integrals:

E = N{u(v)+LT f [ I A W, ](’f‘;,)f( )dv] (4.21)

ehvIkT

Cyp = Nk J' e 1)=(kT) f(v) dv. (4.22)

(In order to avoid comphcatlons by surface effects, when considering
molar quantities one does not think of an actual specimen of one mole.
Instead, oneimagines very large specimens and divides the corresponding
extensive quantities such as the energy and heat capacity, etc., by the
number of moles contained. The molar quantities refer to the limits of
the normalized values for infinitely large specimens. Thus the integral
forms given in (4.21) and (4.22) are the precise expressions for the molar
quantities £ and Cj.)
In Debye’s model,} one takes
f@)y=0? for v<v,
=0 for v>u,

where v,,, the maximum frequency, is a parameter characteristic of the
substance. We shall return presently to discuss the physical significance
of the above frequency distribution function; let us first discuss the corre-
sponding expressions for the energy and heat capacity. The constant
of proportionality C in (4.23) is not arbitrary; it follows immediately
from the normalization condition for f(») that

Cvm In
3

(4.23)

3”, or — ‘_3- .
vm

c f vidy = (4.24)

t P. Dobye, Ann. d. Phys. [4), 39, 7890 (1012).
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Substituting (4.23) and (4.24) in (4.21) and (4.22), we obtain the energy
per mole and the molar heat capacity:

E=N {u(v)+9nLT[( gp)sej.”'(; ef-— )ga df]} (4.25)
0

QDIT

C',,—QNnL(@D) f (E ot i, (4.26)

where Op= k—zﬂf (4.27)

Op is the characteristic parameter in this case and is usually known as
the Debye temperature.

—T|0,
234 36780 1 % 2.3:4.5.8:7:8:921:2.::4.8.¢

Cram-atomic heat capacity (cal./dvg.)
(IandII)

—C—

Y LRSS | T
-
.

Fi1a. 4. Experimental and Debye's values for the heat capacity.

Also according to this theory, there is a universal curve for heat
capacity versus temperature, if we divide the heat capacity for each
substance by the number of atoms per molecule and express the tem-
perature in the appropriate unit (~ ©p). Tig. 4 shows how well the
experimental values can be fitted on to the Debye curve with suitably
chosen values of ©Op; the values used for O, are given in Table 13.
The curves I, IT, III are identical Debye curves relatively shifted to
avoid overcrowding of the experimental points. The agreement of the
Debye curve and the experimental points is seen to be remarkably close.
In Fig. 5 the Einstein and Debye values for the heat capacity are com-
pared, where ©p, is chosen equal to 0-75@;. The two curves practically



44 LATTICE VIBRATIONS II,§ 4

coincide except in the region of very low temperatures, where the
Einstein values fall abruptly to values which are too low. The close
agreement between the Debye and Einstein curves despite the radically
different frequencies assumed, shows that the thermal properties are not
sensitive to the frequency distributions except at very low temperatures.
This is the main reason for the remarkable success of these simple theories.
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F16, 5. Comparison of tho Debye (

) and Einstein (- ---) models.

TanLE 13
Debye Temperatures

Substance | Pb | TI | Hg | I | €d | Na |KBr| Ag | Ca
88| 96| 97| 106 | 168 | 172 | 177 | 215 | 226

Substance | KCl| Zn |[NaCll Cu | Al | Fe | CaF | FeS| C
230 | 235 281 | 315 | 308 | 453 | 474 | 645 | 1860

To one not aware of the atomic constitution of solids, a solid would
appear as an elastic continuum as conceived in the classical elasticity
theory. Debye’s frequency distribution is obtained in fact by regarding
the crystalline lattice in this way. It is well known that all the motions
taking place within an elastic continuum can be resolved into elastic
waves‘of the form ' L1t o

u(x,t) = Ansin(2zy.x—2mit+43), (4.28)

u(x, t) being the displacement of the medium at the point x and time ¢.
(4.28) describes a plane wave of frequency v with displacements in the
direction of the unit vector n (the polarization vector), with wave normal
parallel to y and wave-number equal to |y|; y is known as the wave-
number vector. 4 and § are the usual arbitrary amplitude and phase
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associated with an oscillatory motion. For any given y, there are three
independent modes of clastic waves, with mutually perpendicular
polarization vectors n; (i = 1,2, 3) and in general different frequencies
v;. The corresponding phase velocities

=4 (=12 2

C; = vl (t=1273) (4.29)
and the polarization vectors n; depend on the direction of y but not on
its magnitude. We notice that owing to the presence of the arbitrary
phase § in (4.28), a similar cosine wave does not constitute any further
independent mode of vibration; moreover, by keeping to a fixed sign
for the vt term as we do here, we can count y and —Yy as two distinet
vibrations, corresponding to identical progressive waves travelling
opposite to one another.

(4.28) represents solutions of the elastic equations of motion and need
not constitute the normal modes of vibration. The normal vibrations
for a particular specimen are lincar combinations of the above solutions
(of the same frequency) which satisfy the boundary conditions on the
surface (c.g. kept fixed or left free, etc.). When the specimen is suffi-
ciently large, however, the distribution of the normal modes over
frequency becomes practically independent of the shape of the specimen
or the particular boundary conditions imposed.} For our purpose, it is
simplest to take a large cubic specimen of volume ¥V and impose the
boundary condition that corresponding points on opposite faces of the
cube must move in exactly the same way. The great advantage of this
procedure is that we need not take combinations of the solutions (4.28);
we can take as the normal modes those solutions which have the following
wave-numbers:

y= 2/—11-, (ny, M, 05) (g, Mg, ng = integers). (4.30)

For such solutions obviously satisfy the requisite boundary condition.
In particular, we note that if we represent these permitted values of y
by points in the vector space of y, the points are distributed with a
uniform density (dimension = volume in the y-space!) equal to V. © -

The above boundaty condition is known as the periodic boundary-.
condition first proposed by Born.} We can give the condition a different
interpretation (cyclic condition) which makes its generalization to the

t See also W. Ledermann, Proe. Roy. Soe. A, 182, 362 (1944). An elegant proof of
this result has heen recently given by R. Peierls (sece Appendix 1V),
1 See M. Born, Atomtheorie des festen Zustandes, p. 557 (2nd ed., Teubner, 1923).
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case of an atomio lattice straightforward. Thus, instead of a finite
specimen, we imagine an infinitely extended medium. Since there is no
boundary to reflect progressive waves, the solutions (4.28) all represent
permissible modes of the medium. Clearly the modes cannot be
enumerated, as y can take up a continuum of values. The condition
(4.30) provides, so to speak, a procedure of sampling. Imagine a cubic
volume ¥ as before, but this time it is a portion of the infinitely extended
medium. To this volume we ascribe those vibrations which repeat the
vibration pattern within the cube periodically throughout the whole
medium. As the geometrical configuration of the whole medium in such
motions is completely determined by that in the cube, the number of
such vibrations must evidently reproduce the dynamical degrees of
freedom in the cube. Moreover, as can be easily verified, if the cube
edges are increased by a factor ¢ and hence the volume by &3, the number
of vibrations ascribed to the cube within any given frequency interval
is raised by s%. Thus by enlarging the cube indefinitely in this way, we
should be taking in more and more of the vibrations in the medium,
whereas the frequency distribution remains the same (a constant factor
such as s3 does not affect the distribution). It is thus plausible to regard
the sampling as representative; and the above consideration of the
degrees of freedom enables us to associate the vibrations with a finite
volume. The vibrations thus ascribed to the cube V are evidently the
same as before, i.e. those with the wave-numbers (4.30). -

For an ideal isotropic solid, two vibrations (i = 1, 2) for a given y
are transverse (n;, n, | y) and have the same frequency v, = vy = v
the remaining vibration (i = 3) is longitudinal (n;||y) and hasa distinct
frequency ». Owing to the isotropy, the phase velocities

Vi Vi
€ =Cg = — = Cq=—=2¢ (4.31)
! i~ " Tyl

are constants independent of the direction and the magnitude of y. The
transverse vibrations with frequencies in the interval v to v+ Av thus
occupy a spherical shell of the ‘volume’

2

4y

3
]

41ry2Ay = Ay

in the y-space. The number of permitted y values in the shell is obtained
by multiplying the volume by the density of their representative
points, V:
-‘-}—7%1-{ v Av.
¢



II,§ 4 LATTICE VIBRATIONS 47

As there are two transverse vibrations to each value of y, the number
of transverse vibrations in the frequency interval v to v4-Av is thus
——v*Av. (4.32)

cf

In exactly the same way we find the number of longitudinal vibrations
in the same frequency interval to be

ﬂvav (4.33)
cf

When we discuss the vibrations in terms of actual atomic lattices it
will become clear that the wave-number y cannot be increased in-
definitely; in fact all the distinct modes of vibration are included in a
range of |y| from zero to 1/a, a being roughly the linear dimension of the
lattice cell. That such a limit should exist is obvious, for otherwise the
number of vibrations given by (4.32) and (4.33) would be infinite, rather
than equal to the number of degrees of freedom of the atoms in ¥. One
reasonable way to take account of this effect is to consider only the
vibrations (4.32), (4.33) which lie within a sphere about the origin in
the y-space; the radius of the sphere can then be determined so as to
give the correct number of degrees of freedom. We notice that owing
to the different velocities of the transverse and longitudinal waves, this
implies that we cut off the transverse and longitudinal frequency spectra
(4.32) and (4.33) at two different frequency maxima. Usually, however,
one adopts the more straightforward way of cutting off both the longi-
tudinal and transverse spectra at a common frequency v,,. This procedure,
we observe, leads directly to the frequency distribution function (4.23),
which we have used. This latter method appears somewhat arbitrary,
but as the difference in the two methods of cutting off the vibration
spectra concerns only vibrations with very short wave-lengths for which
the elastic treatment is in any case inadequate, whichever method is
adopted is thus of no precise significance.

Adding(4.32) and (4.33) and comparing with Nf(v), we find, mtroducmg
the volume per cell, v = V[N, that

1) = 4170(%—]--61—?);»2. (4.34)

The constant of proportionality, as we have seen, is related to the cut-off
frequency v, by (4.24), therefore

(  + ) 9n (4.35)

"m
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which, we recall, follows from the normalization condition. The
maximum frequency, and hence also the Debye temperature, can thus
be calculated from the velocities of the elastic waves. As the crystalline
solids are never isotropic, we can only check the above relation roughly
by replacing (2/c31/c}) by the following average over all dircctions of
propagation (cf. § 6):
1 1 1

- (’;‘*"'Eg"'clg) duw, (4.36)
where ¢y, ¢,, ¢; are the phase velocities for a given direction of propagation.
The Debye temperatures calculated for a few compounds in this way are
compared in the adjoining table with the values quoted earlier as
determined by fitting the specific heat data.

TABLE 14

Comparison of Debye Temperatures determined from Elastic and
Heat Data

KCl | NaCl | CaF FeS

Heat 230 281 474 645
Elastic | 227 305 510 696

We shall return to a closer examination of Debye’s theory when we
have considered the lattice vibrations in more detail.

Using the Einstein and Debye frequency distributions, we readily
obtain the corresponding free-energy expressions:

LA VR I

F = N{u(v‘)+3nkT[§§+ln(l—e—f)]§=ex,,-} (Einstein model),

(4.37)

/T
F=N {u(v)-{-!)nkT [(@%) J [3€+4In(1 —e-$)]e2 df]] (Debye model).
b (4.38)

Wenotice that in both expressions the vibrational contribution F— Nu(v)
is a function ¢(V, T') of V, 7' of the following form:

¢V, T) = T9(T]0), (4.39)

where 7(7'/Q) is a function of one argument 7'/, O being a function of
volume only. We easily verify that

on __ﬂ__( on )
(aln @),.— © —  \eln7}, (4.40)
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Using this relation we find that

(af(v, T\ _ —y[(e(T. V) _yT } (8.41)
v Jp V\oélm® /. ¥ aln'1 '
where we have writte;l y=— din© (4.42)
din¥V’ )
¢

Expressing  in terms of §, 7 = 7

on the right-hand side of (4.41), we obtain the following relation, which
holds generally for a function of the form (4.39):

(gg%_ﬂ)m - %’[T(gg(‘aya—@) L &, T)]- (4.43)

Substituting the vibrational part of the free energy F,, = F—'Nu(v)
into this relation, we find that

(6{F—all\]’ “(‘")})T - %{’-"(g—;) -~ F+Nu(v)], (4.44)

where y stands for the following expressions:

dln O, dln Q)
~dmnvV’ “dmvV’

respectively, for the Einstein and Debye models. We notice that (see
(4.1) and (4.7)) oF
. T(

oT
hence (4.44) can be written as

( ) +(lu(”) — YEV".“,, (4.45)

where E,;, = EF—Nu(v) is the vibrational contribution to the energy.
Introducing for — (87 /oV), the pressure p (seo (4.12)), we obtain finally
the equation of state of Mie and Griineisen:}

du Evib
g yrimk e ok (4.46)
This equation is probably of wider validity than either of the above
special frequency distributions. The general equation of state (4.15)
reduces to this form, if we assume all the y; to be equal. This is in fact
the case for the actual vibrations in the simple linear case considered in
the next section. Although the assumption of the equality of y; is not

) —F=_TS—F=—E;
”

t Cf. M. Born, Atomtheorie des jcslcn Zustandes ("ml od., Teubner. 1028), p. 652;
E. Griineison, Handb. der Phys. 10, 22 (Springer, 1926), -7 -, 16y ol ele

359537. . . E . 0y C oy
A Rane w8 0 d N/‘;.-] bgoa-. ¢ LR 1540, A Taeghed LA T A
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generally true, it provides a very useful approximation for discussing
the thermal properties.

The value of y in (4.46) can of course depend on the volume, but if one
makes a theoretical estimate of y from the atomic forces, on tho basis of
either the Einstein or Debye model, its variation with volume is found
to be slight. By treating y as a constant (Griineisen’s constant),
Griineisen} has made extensive investigations as regards the various
conclusxons deducxble from the equation of state and has obtained in
most cases satmfactory éxperimental confirmations of the theoretical
results. Following generally Griineisen’s method, we shall deduce certain
relations giving the thermal variations of the volume and the com-
pressibility; the results can then be used to calculate the volume and
compressibility for the lattice in static equilibrium.

As we desire the volume and compressibility under normal pressures,
which have negligible effects on solids, we can put p = 0 in the equation
of stato (4.46), obtaining

dv y%lb (4.47)

Besides (4.47) a further relation is required to determine the thermal
variation of the compressibility; it can be obtained as follows: Multiply-
ing (4.46) by V and differentiating the equation with respect to V at
constant temperature, we find that

op &u (0B,
P +V(av) + 5+ T V(a_V"')T' (4.48)

. Since E_;, is a function of the form £(V, T') (see (4.16), (4.25), (4.39)), we
can apply the general relation (4.43), obtaining

(i), ), o rrns

Substituting (4.47) in (4.48) and putting p = 0 (atmospheric pressure
negligible), we find the requisite relation (8 = compressibility):

2
=—2) =+ TG0 —Em).  (450)

The significance of the two relations (4.47) and (4.50) for our purpose
becomes more obvious if we express the static energy «(v) more explicitly
as a function of volume by a Taylor expansion with respect to v—u,,
where v, is the static equilibrium value satisfying the equilibrium

congdition (du/dv),, = 0. (4.51)
1 E. Griineisen, loc. cit.
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For ordinary temperatures (v—u,)/v, is small (< 1/30 for the alkali
halides); we shall thus retain only linear terms in (v—uv,)/y,. Carrying
out the expansion and remembering (4.51), we obtain the following
approximate forms for (4.47) and (4.50):

v—v, yE,

= Lo, (4.52)

v(d“u)
1_._}__(51_) 2.y o-d_v—”o

(v—vo) - 2;72 (TCp—Eyy,),  (4.53)

B B 0 ‘_ijﬁ Yo
dv?/,
where 8, denotes the compressibility for the lattice in static equilibrium:
1 d*u
—_— = Ul—=] - 4.54
Bo zo(dve)o (#:54)
Eliminating (v—uv,)/v, from (4.53) with the help of (4.52), we have
» (d“u)
1 1 ¢ 25-3 YEV ) ‘yz [:93¢
3R 2+ T ? V" *V(Tos’—Evm)- (4.55)
dv?/,

The relations (4.52) and (4.55) can be used directly to calculate the
changes in volume and compressibility due to the thermal and zero-point
vibrations, if the quantities on the right-hand side of the relations are
known.

y can easily be expressed in terms of directly measurable quantities.
Let us differentiato the equation of state (4.46) with respect to 7' at

constant volume. Since
' oK.,
(31%), = o

. . ap ‘yC 4
we have (57,)' = -T,L . (4.56)

Expressing (9p/27),. in the form
1 (o
ep\ _ V\T),

v

/7



52 LATTICE VIBRATIONS II,§ 4

we can also write the above relation as

y = (_K)-%'_(:—_g')_n. (4.57)

Cr :_l(ﬂ ’
V ap 7

where (1/V)(2V [8T'),, and (—1/V)(@V [8p), are respectively the thermal

expansion coefficient and the compressibility 8. The values of y for the

alkali halides deduced with the above expression are given in Table 15;
they are all in the neighbourhood of 1-5.

TABLE 15

The Gritneisen Constanis y, Nearest Neighbour Distances ry, Compressi-
bilities B, (for Lattice in Static Equilibrium), and the Revised Cohesive
Energies of the Alkali Halides.

Cohesive encrgy
(k.cal./mole)

Calc. Diff.
y |ro(10"8cm.)| Bo (10~ barye) | (3.15) | Exp. | (%)

LiF 1:99 1-983 1-09 257 .o -
LiCl 1-54 2-538 3-18 200 2015 | —1'5

NaF 1-57 2-283 1-07 223 .. .o
NauCl 1-43 2-783 394 185 184-7 03
NaBr | 1-55 2.946 4-63 170 175-9 0-1
Nal 1-59 3-189 6-40 162 1663 | —43

KF 1-48 2637 3-06 196 ‘e .o
KcCl 1-34 3108 5-20 168 167-8 | —0-2
KBr 1-43 3-258 6-10 161 161:2 | —02
KI1 1-58 3-484 7-62 .| 1508 | 1528 | —2-0

RbF 1-28 2-788 3-82 185-2 .. .
RbLCI | 135 3-239 6-14 161-2 | 1636 | —2.4
RbBr | 1-27 3-394 7:30 1541 | 1580 | —3:9
RbI 1-50 3-622 8-62 1456 | 140:7 | —4-1

Csi® 1-49 2:976 3-88 177-2 . .
CsCl 1937 3-520 518 152.4 | 1578 | —54
CsBr | 1-93 3-665 610 146-4 | 1523 | —59
Csl 2-00 3-900 7-30 138-3 | 1454 | —7°1

To calculate £, requires a knowledge of the frequency distribution.
Mayer and Helmholzt have given approximate distributions for the
alkali halides, in some cases as pure Debye distributions, and in other
cases, as superpositions of an Einstein and a Debye distribution. Their
results are adopted in evaluating £, and 7'C;.— E,, for the calculations
carried out below.

There still remain the quantities depending on the static energy u,

t J. E. Mayer and L. Holmholz, Zeit. f. Phys. 75, 10 (1932).



IT,§ 4 LATTICE VIBRATIONS 53

namely, thesecond and third derivativesat v,. If we use the approximate
form (3.10) for u(v), we easily find with the help of the equilibrium

condition (3.13) that
-
= —2_-(2)a8

du 3\p/(ro\_o
dv?/, p

Hence we may write (+4.55) in terms of (ry/p) as

44

A first approximation for 8, can be immediately deduced from the
room-temperature values of 8, v with (4.58) by using on the right-hand
side the approximate values for (r,/p) given in Table 9 in the last section.
From the values of B, so obtained and v, determined from (4.52), revised
values for (r,/p) can be calculated as in the last section with the help of
(3.14). This process of successive approximations for determining (r,/p),
B, and v, with the equations (4.58), (4.52), and (3.14) can be carried on
until no further changes occur in these quantities; the ultimate values
are in fact already obtained in the second approximation. The values
for 8, and v, obtained in this way for the alkali halides are collected in
Table 15. Revised values for the cohesive energies can now be calculated
from (r,/p) and v, as in the last section by the use of (3.15); the results
for the alkali halides are also given in Table 15. If we compare these
values with the values calculated in a similar way in § 3 (Table 9), where
room-temperature values B, v have been used for B,, v,, we observe a
significant improvement in the agreement with the empirical values in
all cases. When we take into account the van der Waals interactions
(see Table 10), the calculated values agree in most cases with the
empirical values within the probable experimental error. There remains,
however, a systematic increase in the deviation towards the heavier
compounds. One may perhaps speculate that this is due either to an
underestimate of the van der Waals interactions, or that with the more
polarizable heavier ions, the van der Waals interactions are partly
replaced by chemical forces of a more complex description.

The values of v, and B, at the absolute zero of temperature can be
similarly deduced from (4.52) and (4.58) now that the values of (r,/p)

\dv3/, l(ro)

(-
p yE,  ¥* _ =
(ﬁ) e V —_— -],—/ (TCV E\'lb)' (4.08)

P
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are known. The values for {#(203°)—v(0°)}/v, as well as the values of
»(0°) and B(0°) (the temperatures are indicated in the brackets) obtained
in this way are given in Table 16. We have also given for comparison
the values for B(0°) obtained by Slatert by linear extrapolation from
room temperature, and the values of {¢(293°)—v(0°)}/v, as obtained by
linear extrapolation, and as estimated by Hildebrand} from Henglein’s§
low-temperature measurements. Hildebrand’s values can be considered
practically as empirical values, since the extrapolations from Henglein’s
values cover only a very small change in v; the calculated values are seen
to be in good agreement with Hildebrand’s values. The changesin 8, and
v, as estimated by linear extrapolations are exaggerated, as the tempera-
ture coefficients decrease to zero as the absolute zero of temperature is
approached; the errors as shown by the caleulated values are in fact quite
considerable.

TABLE 16

Compressibilities and Volumes of the Alkali Halides at the
Absolute Zero of Temperature

B(Oo K.) n 0(293°K.)—1)(0°1\'.)
1013 cm.3 dyne™? v(0° K.)
Cell vol. Linear
Linear | ¢(0° K.) in extrapolation
extrapolation| 10-2¢cm.? Hildebrand- l(ﬂ)
Eqn.(4.58)| (Slater) | Eqn. (4.62) | Eqn. (4.52) | Henglein | V\2aT/ogg0 .

Lil® 1-11 1-4 16:01 0-014 .o 0:027
LiCl 3-20 2.7 33-31 0-021 .o 0-036
NaF 1-99 . 24-23 0-017 . 0-026
NaCl 3-98 33 43-60 0-022 0-024 0-032
NaBr 4-70 39 5166 0-025 0-027. 0-035
Nal 6-45 .o 65-38 0-031 0-030 0-040
KF 310 3:2 3712 0-019 . 0-029
KCl1 526 48 60:55 0-021 0-021 0-030
KBr 6-17 55 690-60 0-025 0-027 0-033
KI 75 70 8515 0-029 0-030 0-037
RbF 3:80 .o 4371 0-:020 . 0-028
RbCI 6-21 . 88-38 0-022 .o 0-029
RbBr 735 65 78:55 0:024 .e 0-031
Rbl 870 76 05-40 0-029 .o 0-035
CsF 3:04 . 53-07 0-021 - 0-028
CsCl 5-26 .o 067-89 0-031 .o 0-040
CsBr 617 . 76-22 0-033 .o 0041
Csl 735 .o 91-57 0-035 .e 0-043

t J. C. Slator, Phys. Rev. 23, 488 (1924).
$ J. H. Hildebrand, Zeit. f. Phys. 67, 127 (1931).
§ F. A, Henglein, Zeit. f. Elcktrochem, 31, 424 (1925).
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5. Vibrations of a diatomic chain .- CEL S

In this section we shall discuss lattice vibrations in terms of a simple
model due originally to Born and Karméan.} The example is explicitly
soluble and possesses many features common to lattice vibrations in
general., The model consists of a chain of two different types of particles
occupying alternate positions (Fig. 6). It is assumed that forces act only
between neighbours; we shall denote the corresponding potential of

up ug - w; "l

Fia. 6. Linear diatomic chain.

interaction by ¢. Clearly, whenever the particles are evenly spaced, each
particle is in equilibrium; the separation between neighbours for such a
static configuration will be denoted by s/2 so that successive particles of
the same kind are separated by s.

Let us regard the chain, for a moment, as an elastic string. The tension
in the string, being equal simply to the attractive force between neigh-
bours, is clearly given by &'(s/2).

When the string is subject to a uniform extension, so that s becomes
8+-8s, the tension is increased by

33s4"(8/2). (5.1)

As the corresponding linear elastic strain (extension per unit length) is
dsfs, (6.2)

the Young’s modulus E of the string is obtained by dividing (5.1) by
(6.2). Thus we have E ='}s¢"(s[2). (5.3)

The chain forms, so to speak, a linear lattice with two particles to each
cell. Taking any arbitrary cell as reference, we can label different cells
by an integral index I.. In the following, we shall restrict the particles
to move only along the length of the chain. When we discuss the lattice
vibrations about any particular static configuration with a given spacing
8, we shall denote the displacements of the two particlesin cell / from the
evenly spaced configuration respectively by u; and %;. With the help of
the potential function, the typical equations of motion for the two types
of particles can be readily written down as:

mily = ¢’ (wy—w+18)— ¢’ (1;— 11 +-18) }
m'ey = ¢’ (1 —wi+18)—¢' (wy—u,1-38)
1 M. Born and Th, von Kéarman, Phys. Zeit. 13, 297 (1912),

(5.4)
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where m, m' are the masses of the particles. Making the assumption that
the displacements are small, we can develop the potential functions in
Taylor's series with respect to the displacements and neglect the second-
and higher-order terms. Thus for small vibrations, (5.4) becomes

mily = ¢"(38){(uy—w)— (uy— 1)}

m'ty = ¢"(R8){(y1 ) — (ui—)} |

(5.5) expresses a system of simultaneous equations, infinite in number.
Since the equations are linear and homogeneous, we can make use of

complex solutions with the usual understanding. Let us seek to reduce
the above equations by the following special substitution:

(5.5)

HGy=Uu
P | X epaini—tud, (5.8)
u, = U

One recognizes that these represent essentially progressive wave solu-
tions, similar to the elastic waves discussed in the last section. w is the
circular frequency (2 times the frequency v) and |8/ is the wave-length.
With the above substitution, the equationsin (5.5) reduce to the following
pair of equations:

{mew?t—2¢"(38)}u-+¢"(38)(1 +-e-2mimpu’ = 0 } )
¢"(8)(1+-e* ut{m'w?—2¢"(38)}u’ = 0 J° '
which are linear homogeneous equations, soluble only if
mw?—2¢"(3s) 4’»(1}8)(1_’_6-231'1;) _ (©.5)
¢"(ds)(1+e*min)  m'w?—24"(1s)

For any given 7, there are thus two admissible values for the frequency,
given by the solutions of (5.8), namely,

¢"(2e)

mm'

2 {(m~+-m')—[(m—+m')2—4mm’ sin*zy]}} (acoustic)
. (5.9)
¢' (35) =2 {(m+m')+[(m+m')2—4mm’ sin®>ry]i} (optical)

mm'

Substituting these alternative values for w? in (5.7), we obtam the
corresponding amplitude ratios:
—m'(14-e-27in)
w | (m—m')—[(m~+m')—4mm'sin?zn]}t
uw —m'(1+4-e-27in)
(m—m')+[(m~+m’)2—4mm’ sin?m7y)? .
Asusugl we can take the real part of the complex solution to represent
the actual displacements. This leads to a sinusoidal wave for the dis-

(acoustic)
(5.10)

(optical)
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Placements of either kind of particle. The two waves (cf. (5.6)) describing
respectively the displacements of the two types of particle have the
same wave-length and frequency; moreover, they share the same arbi-
trary phase and amplitude factor, for the equations of motion, as we
have seen, fix the ratio of the complex amplitudes «, %', and leave only
a common multiplicative (complex) factor arbitrary. We note that owing
to the presence of the arbitrarily disposable phase and amplitude factor,
the imaginary part of the complex solution does not give further inde-
pendent vibrations. Furthermore, we shall use only positive values for
the frequency w so that the solutions for  and — are distinct from one
another. Corresponding to the two alternative complex solutions above,
we have thus exactly two real modes of vibration for each given 7.

The solutions for w? and u/%’, we notice, are both periodic functions
of  with period 1. All the distinct solutions are thus obtained, if we
restrict % to a unit range, which we can choose as the following:

—-iI<9<i (5.11)

This restriction on the range of 7 is in fact to be expected. The trial
solution (5.6) is equivalent to the specification that as we pass from one
cell to the next, the phase of the motion is changed by e*>7#. The pattern
of motion specified by (5.6) is thus completely unaffected if 7 is altered
by an integer. Hence, only by restricting » within a unit range do we
obtain a unique correspondence between the value of » and the pattern
of wave motion. As |5/s| is the wave-number, the restriction (5.11) is
equivalent to a cut-off of the wave-number at (1/2s); waves with a
higher wave-number do not correspond to any further distinet vibra-
tions. This fact has already been mentioned in introducing the maximum
frequency in the Debye model.

In Fig. 7 the solutions are represente(l by plotting the frequency
against 7 for several different mass ratios m'/m. Ingeneral (i.e.m' % m),
the frequencies fall into two distinet branches, corresponding respec-
tively to the two alternative solutions given in (5.9) and (5.10). Thelower
and upper branches are usually designated as the acoustic and optical
branches for the following reasons:

The acoustic branch is characterized by the fact that w — 0as » — 0.
We find in fact on expanding the acoustic solution in (5.9) in a Taylor’s
series with respect to 5 that

wt = (2”2"‘—"@-:*-’)1;'-'4— O(7Y)+ e

m--m
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or w o (22" (12 ))*(2177,) (small 7). (5.12)

Thus for small 7 (i.e. long wave-lengths), the frequency is linearly pro-
portional to the wave-number. Since s/ is the wave-length it follows
from (5.12) that the phase velocity v of the acoustio vibrations approaches

0=13

-5t

-% %

b

Fia. 7. Vibration frequencies (arbitrary units).

forlarge wave-lengths. Moreover, it follows immediately from (5.10) that
as 9 = 0, the corresponding amplitude ratio u/u’ =~ 1. This means that
forlong acoustic waves the two particles in the same cell move practically
in unison as a rigid unit.

The long waves of the acoustic branch are in fact identical mth the
longitudinal elastic vibrations, if the chain is regarded as an elastic
string. The phase velocity of such elastic vibrations is given in terms
of the Young’s modulus E and the linear density p by the following

formula: . ( E)’-’,
P

Since in this case p is obviously given by (m+4m')/s, we find by using
the value (5.3) deduced earlier for the Young’s modulus that this
formula becomes . ( $3¢"(s 12))

St (5.14)

which is identical with (5.13).
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The optical vibrations approach, on the other hand, the finite fre-

quency (see (5.9)) o {2(m Hm')"(s[2)\ b
mm’

(5.15)

as 7 —> 0. Moreover, it follows from (5.10) that the corresponding
amplitude ratio is given by

% —m' -

o= or mu-+m'u’ = 0. (5.16)
The motions of the two particles in every cell are thus opposed to one
another and the centre of mass of the cell remains stationary.

The optical vibrations of long wave-lengths are of special importance
in considering the interaction of crystals with light. In general an
electromagnetic wave interacts only with lattice vibrations of the same
wave-length, and will be strongly affected only if its frequency is near
that of the latter. The frequencies of lattice vibrations are generally in
the range from 0 to 102 sec.”1, hence light waves of similar frequencies
have wave-lengths larger than

¢10~13 = 0-003 cm.,

which, we note, are enormously large compared with the lattice constants
of crystals (~ 10-% cm.). Therefore the lattice vibrations which can
interact appreciably with light are very long waves, with practically
vanishing » (~ 10-3). The strength of the interaction depends on the
electric oscillations associated with the lattice vibrations. Asananalogue
of ionic crystals, let us assume the two types of particles in the chain to
be equal but oppositely charged (the chain as a whole must be electri-
cally neutral). In the long optical vibrations, the opposed motions of
the oppositely charged particles give rise to a net oscillating dipole
moment of a cell, which is totally absent in the long waves of the acoustic
branch, where the opposite charges move in unison. Therefore only the
long waves of the optical branch will concern us in the discussion of the
optical behaviour of crystals.

(The above discussion is only schematic. For if one considers an electro-
magnetic wave travelling along the chain, the electric field will be per-
pendicular to the chain, whereas the oscillatory electric moments of the
optical vibrations are parallel to the chain. The formal features of the
schematic discussion remain nevertheless the same in a real three-
dimensional case, which we shall consider in § 8.)

We have seen that to each % there are two modes of vibration belong-
ing respectively to the acoustic and optical branches. For an infinite
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chain, 7 can take any value between —4 and }; there are thus an infinite
number of independent vibrations. It was seen that for the discussion
of thermodynamical functions the vibrations must be normalized to a
finite bulk of a crystal. The required normalization can be achieved in
the present case by taking a finite chain of L cells and joining the two
ends to form a ring. So long as L is large enough for the curvature of
thering to be negligible, the equations of motion (5.5) remain completely
unaltered, if we identify the Lth cell with the cell 0. The solutions are
the same as before, but now subject to the additional condition

Uz, = Uy,

since these displacements now refer to the same particle. It follows
from this condition that we must have

nL = integer. : (5.17)

Combining this with (5.11), we find that 7 is restricted to the following

values: L

I’ h being integers: —31L < h < L. (5.18)
The total number of vibrations is thus 2L, equal to the degrees of freedom
of the chain (notice that a particle has only one degree of freedom in the
present case, as its movement is restricted along the chain).

It is observed that in the one-dimensional case the finite ring arrange-
ment is exactly equivalent to the use of the periodic boundary condition;
this condition is not so easily realizable in the three-dimensional case.

When the chain is uniformly stretched, the vibrational frequencies
are altered, since ¢"(}s) depends on the average spacing }s. From the
expressions (5.9) for the frequencies, we find readily that

_dlny _ldnw®  s¢"(1s)
¥V =dlms_ 2dns  4¢(s)’
which is independent of » and hence the same for all modes of vibration.
In this siinple case, the Mie-Griineisen equation is thus rigorously
justified.

We have seen that the elastic waves agree only with the long acoustic
lattice vibrations. In Debye’s model, one replaces the lattice vibrations
completely by elastic waves; in this way, one effectively assumes that,
in an (w, 9) diagram such as Fig. 7, all the vibration frequencies fall on
the tangents to the acoustic branch at the origin. These tangents are
indicated in one case in Fig. 7. Debye’s model is thus only a very crude
representation of the acoustic lattice vibrations. The vibrations of the
optical branch are taken into account only in so far as the number of

(5.19)
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degrees of freedom is concerned; the frequency maximum in Debye’s
theory is chosen such that the tangents representing the elastic vibrations
are cut off at points such that the total number of vibrational modes is
correctly given.

We notice that if there is a large discrepancy between the masses of
the two types of particles (cf. Fig. 7) the frequencies of the optical branch
are confined to a relatively narrow range. These vibrations involve
mainly the motion of the light particles, the heavy particles remaining
largely stationary. Since in the model the light particles affect one
another only through the motions of the heavy particles, the motions
of different light particles in these modes are largely independent and the
corresponding vibrational frequencies do not thus differ very appreciably
from the vibration of a light particle between its two neighbours held
fixed. In this case, an Einstein model suitably describes the vibrations
of the optical branch; the Debye model can be used, in addition, to take
account of the vibrations of the acoustic branch.

6. Frequency spectrum of lattice vibrations and specific heats
Despite its value as a widely usable approximation, Debye’s elastio
continuum theory is not sufficient for the complete elucidation of the
behaviour of the specific heats, and has to be replaced by the atomistic
theory of Born and Kérman,} published independently about the same
time. This fact was first demonstrated conclusively in a series of articles
by Blackman,} when the success and simplicity of the continuum theory
had all but obliterated the fact that the theory is only an approximation.
In the first place, one expects that any discrepancy between Debye’s
theory and the experimental results should be most manifest at fairly
low temperatures. For specific heats at high temperatures are not
sensitive to the characteristics in the frequency distributions; we have
seen, for instance, that the widely different Einstein and Debye models
yield specific heat values not essentially different except at low tem-
peratures. On the other hand, Debye’s theory is expected to be rigorously
correct in tho limit of extremely low temperatures. At such temperatures,
the specific heat is contributed predominantly by the vibrations of the
lowest frequencies. This is immediately clear from the expression (4.17)
for the Einstein model; the formula shows that the specific heat due to

t Loc. cit., p. 55.

t M. Blackman, Proc. Roy. Soc. A, 148, 365, 384 (1935); A, 149, 117, (1935); Phil.
Trans. Roy. Soc. A, 236, 103 (1936); Proc. Roy. Soc. A, 159, 416 (1937); Proc. Camb.
Phil. Soc. 33, 94 (1937).
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a vibration with frequency v falls rapidly with temperature as

~ T'-20-hvikT

at low temperatures such that k7' <€ Av. In the linear chain example, we
have seen that the lowest vibration frequencies belong to the long
acoustic waves, which are identical with the elastic waves used in the
Debye model. This is true generally also for any three-dimensional
crystal (see §§ 26, 27). It thus follows that Debye’s theory must
reproduce correctly the specific heat in the limit of extreme low tem-
peratures. Blackman has shown essentially that there is a low-tempera-
ture region immediately above this extreme limit, where considerable
deviations from the Debye values are expected on the basis of lattice
theory and are in fact borne out by certain experimental results.

If we refer to Debye’s expression (4.26) for the specific heat, we find
that, for 7' € O, tho integral has very nearly the limiting value

- ]
Bk df  dnt
(ef—1)2 " 15°
0

and we have thus approximately

O = () (T <0 (6.1)
v D.
This is the well-known 7%-law that the specific heat varies as the third
power of the absolute temperature at very low temperatures.

It follows from the arguments given above that the 7'-law should be
rigorously fulfilled at sufficiently low temperatures. It is true that
(4.26) has been deduced under the special assumptions of elastic isotropy
and a single cut-off frequency v,, = kO p/h for the vibrational spectrum
of the crystal, but it can be readily shown that the expression (6.1) for
Cy at very low temperatures is independent of both these assumptions,
provided Oy is chosen in accordance with (4.36) and the normalization
condition (4.24). Let us consider an anisofropic elastic medium. The
three types of elastic waves for a given wave-number y (no longer cither
transverse or longitudinal) have then in general distinct phase velocities
c,(6, ¢) (¢ = 1, 2, 3), which are moreover functions of the direction of y,
specified here by the polarangles®, ¢. We confine ourattention first to the
_ elastic waves of a particular type ¢, whose directions of propagation are
within an infinitesimal solid angle sin§d0d¢ = dw. For a piece of the
crystal of volume V, the number of frequencies within the range v, v4-dv
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is obviously equal to V times the element of the y-space, or
7Y 2dvdw
| | 0, H)°
If the vibrational spectrum is assumed to be cut off at a certain maximum
|¥ lmaxs irrespective of the direction of propagation, then the contribution
to specific heat from those vibrations of the type ¢+ whose propagation
vectors y lie in the solid angle dw is given by
ou0.9T
T \3 gdef d¢
3 _-— .
(VX () o, [ ST (6.2)
)]

where, for convenience, we have written

= IwfkT and 0, )X |Y|max = (k/R)O(0, $).

Atvery low temperatures 7' < 0,(8, ) we can replace, as before, the upper
limit of the integral in (6.2) by co. Then (6.2) becomes

(5 a7 () o x -

Summing over the three types of waves and remembering that

3
(1Y lmax)®V = Z;Arn:

Vytdydw =

we obtain for the total specific heat per mole the expression

4
Cp = 12anm' 3 xés’

where (m) f Z 0. 9) ¢) (6.3)

It is immediately verified that © as given by (6.3) is the same as @p
when @ is defined by (4.36) and (4.27) as has been actually done in (6.1).

Experimentally it has been found that C},/T? attains a roughly con-
stant value for a large number of substances when the temperature is
lowered to the order 10°-50°K. The corresponding temperatures have
thus been interpreted as the beginning of the region of low temperature
within which the 7' law is rigorously fulfilled. Blackmant showed,
however, that this is not the case; the experimentally verified 7'-
variations are in fact spurious and do not correspond to the low-
temperature limit, which lies at a much lower temperature and extends
usually not more than a few degrees above the absolute zero of tem-

perature.
1 M. Blackman, Proc. Roy. Soc. A, 149, 117 (1935).
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Blackman’s conclusions, which are based on semi-quantitative con-
siderations, have since been confirmed by a number of actual calculations
carried out for real crystals. Following Blackman we shall use the
linear chain model to discuss schematically the behaviour of the specific
heat and its deviation from the continuum approximation; afterwards
we shall reproduce some results of the calculations that have been made
for real crystals.

Let us denote the acoustic and optical frequencies of a linear chain
by vy, v,; using (5.9), we can write

} - O"[(m.*-:":’?n(sm] {1$[ (l+1n:*hsrir)l(2f-1l7—7nfan')]%’%'

(6.4)
Acoustic vibrations within the frequency range v, v+Av correspond to
n-values in the following dual ranges: 5, »4+An and —», —(y4A7%),
where Ay is given by (

It thus follows from (5.18) that for a finite chain of L cells, there are

LAy = "L(gv) Av
1 =y

acoustic vibrations in the above frequency range, where the factor 2
takes account of the dual ranges for the »-values. Similarly we find that
2L(“") Av
d"2 ve=y
gives the number of optical vibrations in the same frequency interval.
The heat capacity of the chain is thus given by the following expression:

— ork [T e[ (€1 dn
O =20 i)+ (), & 09

2
Bath the acoustic and optical frequencies are limited within certain
ranges; in the above expression, we shall understand that the integrations
of the two terms in the integral are extended over these respective ranges.

If we apply Debye’s approximation to this case, the relation between
the frequency and 7 is given by (cf. (5.12))

Vapp = (o(mﬁ_m ))* (6.6)
The number of vibrations in the frequency interval v, v+ Av is thus
LAy = 2L( dn )Av = 2L(2(ﬂ',_m'))*/.\v. (6.7)
dVapp ¢
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The frequency maximum v, is determined by the normaljzation con-
dition

jp 2L(2___("‘;’”'))5 dv = 2L,
or vp = (-’(_m¢_+m))} (6.8)

The frequency distribution can thus be written as
f(v) = 2(M)% — ._2.., 0< v <vp,
¢ VD (6.9)
= 0, Vn < v,

hence the specific heat in the continuum approximation is given by the
following expression:

o 6,/T
__ 2Lk eI e g — o1l T £2¢¢
(Crlupn == f Ty ar = 20K [ ot
0
(6.10)
_hp A&
where Op = - = ﬁ[2(m+m')] (6.11)

is the Debye temperature.

A convenient way of expressing the deviation of the approximate
expression (6.10) from the accurate expression (6.5) is the following:
If we simply equate (6.5) to (6.10), we can calculate a value for O for
any particular 7' from this relation. Weexpect that the values of @, calcu-
lated in this way will agree exactly with (6.11) only for very small 7', for
only in thislimiting case is the Debye formula (6.10) exact. The deviation
of O, from this limiting value can be used conveniently as a measure of
the inaccuracy of the approximate formula. Blackmant has calculated
@p in this way as a function of 7' for & number of cases and represented
the results in graphical form; his graphs are reproduced in Tig. 8. We
notice that the frequencies v, and v,, and hence also the specific heat,
depend only on the following two parameters: the frequency maximum

(see (6.4)) 1 {2(m+4-m')$"\}
Yo = '.2—-;-{ mm' } ’

and the mass ratio m'[m.

The cases considered by Blackman correspond to the same arbitrarily

+ M. Blackman, Proc. Roy. Soc. A, 148, 365 (1935).
9505 .87 F
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fixed value of v, (namely Av,/k = 200°) and various values for the mass
ratio m'fm, as indicated in the figure.

If the continuum theory were an accurate approximation for all
temperatures, O, should appear as a horizontal straight line equal to the

300
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f
b
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0 20 40 60 8 100 120 140 ’
T—)-

Fio. 8. @ for linear diatomic chains of various atomic mass-ratios.
Mm'fm=1, (=3, (3 =8, (4 =13
value given by (6.11). As regards the actual graphs in Fig. 8, we note
thus in particular the following points:

(i) @y is far from being independent of temperature and shows con-
gpicuous variations at low temperatures.

(ii) Although O tendstoa fairly constant value at high temperatures,
it is very different from the low-temperature limiting value at 7' = 0
(equal to (6.11)). This means that although a fair representation of the
specific heat at relatively high temperatures can be achieved by using
the Debye formula with a suitably chosen value for the parameter O,
this does not necessarily confirm the idea that the lattice vibrations can
be suitably replaced by elastic waves; the formula used in this way
becomes largely heuristic in significance,

(iii) It is readily seen from (6.10) that the analogue of the 73-law in
this linear case is a linear Iaw C}, ¢ T'; the region for which this limiting
law holds should appear in the graph as a region of constant @, imme-
diately adjoining 7' = 0. The curves shown indicate that this region is
extremely narrow and is barely recognizable as a horizontal tangent
at 7' = 0.

(iv) Curve (2) has a minimum, where O, is stationary. If the corre-
sponding temperature is sufficiently low compared with ©,, so that the
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upper limit of the integral in Debye’s formula can be put equal to o, we
have in the neighbourhood of the minimum spurious 7-variation, quite
unrelated to the real 73-regionat 7' = 0. A minimum of this type appears
always to occur in the curves for real crystals, and is apparently related
to the experimentally verified 7'3-region.

As we shall see, all the above features are retained in the real three-
dimensional cases, but in a less exaggerated way.

The general features of the lattice vibrations in three-dimensional
lattices are very similar to the linear case. It will be shown in Chapter V
that the equations of motion can be set up quite generally without
any assumption as regards the interaction forces and can, moreover,
be simplified readily. For the present purpose, we need only quote the
results to be established there.

Let us consider a general lattice structure with » particles to each cell.
We shall distinguish different particles in.the same cell by an index
k =1, 2,...,n. Choosing any cell as reference, we can label different cells
by a triple lattice index I(I%,1%,1%) exactly as in the case of the simple
lattices considered in § 3. A particle in a general lattice is thus specified
by the indices / and k.

If we represent the total potential energy @ of a lattice as a function
of the displacements of the lattice particles from their equilibrium
positions, we can form its derivatives with respect to the components
of the particle displacements u,(}) (x-component of the displacement

vector of the particle (i), a =1, 2, 3). Small vibrations of a lattice are
controlled by the second derivatives:

2P (l-—-l')
sy = Papl 110 ) 6.12)
. (au'a(‘k)aup(lk’))o p kk AT SR .", '( ‘e
The symbol on the right is introduced partly for simplicity, partly, what

is more important, because it exhibits the fact that the second derivative

depends only on the relative cell index I—1’ and not on the indices ? and
I’ individually (§ 23).

If we denote the position vector of a lattice particle (}) in the equili-

brium configuration by x('k), the complex solutions of the equations of
motion are of the following form:

ul) = w(k)exp[2miy.x(L)—iwt), (6.13)
where u®(%) is a constant vector depending only on . For a given y the
circular frequency w = 2nvis determined by the following determinantal

equation: lCaﬂ(k{")_w28kk' Bapl = 0, (6.14)
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where Cyg(%) is defined by - fe v b £ <7

Cuplie) = (m,,l—mk)‘* > uglih) exp{—2miy [X()—x(0)]), (6.15)
¢ R {

the summation being over all integral values of 11, 12, I3 and m,, m,. being
the particle masses; 8y, 3,g in (6.14) signify Kronecker symbols, e.g.
1l 1=
— 1
If we order a pair of indices (x,%) in the sequence (1,1), (2,1), (3,1),
(1,2), ..., (1,2), (2,2), (3,n), the elements C,g(;},) can be displayed in
a square array (a square matrix):

[ C1y(}) Cpal}) Cull) -+ Cul) Cull) Cull) ]
Czl(lyl.) 022(1"1) 023(1’1) .
Cul)

5031("’1).............. 033(”"“)‘

(6.14a)
The left-hand side of (6.14) is merely a short notation for the characteristic
(or secular) determinant of the above matrix.

(6.14) is a 3n-degree ecquation in w®; we can as before restrict our
considerations to the positive frequencies; thus the equation gives 3»
frequencies. To cach of these froquencies we have a distinct solution of
the form (6.13); it is not necessary to discuss here how the polarization
vectors u(k) are to be determined. The construction of the real solutions
is the same as in the linear case, and for a given y we obtain exuctly one
real progressive wave for each of the 3n frequencies given by equation
(6.14).

Exactly as in the case of the linear chain, not all y-values correspond
to mutually distinct solutions. This is most readily seen as follows: let

e write x(}) = X(O+x(k)
where x(l) is the lattice vector:
X(I) = lla1+l2az+laaa, (6.17)

a,, 4., a5 being the basic vectors forming the edges of the cells. As x(k)
does not depend on the index [, (6.13) expresses that the phase of the
motion changes progressively from cell to cell according to the factor

€2miY. 30, (6.18)
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We notice that the reciprocal basic vectors defined by

1 _8aAB b B3 ’ b — Ay
la;.a, A ag| la;.a3A 8, |az.a; A ay|
(6.19)

have the property that their scalar products with the basic vectors
a,, a,, a, are either equal to one or zero according to the following rule:

b‘.a, = Sij' (6.20)

Let us define a reciprocal lattice in the y-space with the reciprocal basic
vectors; thus a lattice vector in the reciprocal lattice is of the form

y(h) = h;b'+-h, b2k, b3, (6.21)

h(hy, ko, ) being integers. It follows immediately from (6.20) that the
scalar product between a lattice vector and a reciprocal lattice vector

i int :
is an integer x(1).y(h) = Dhy+-12h, L 1%, (6.22)

Thus if we add to y any reciprocal lattice vector y(%), the phase factor
(6.18) is not affected. Therefore all the distinct solutions (6.13) are taken
into account, if we restrict the values of y to one reciprocal laltice cell in the
y-spuace, because, for any point outside the cell, there exists a point
within the cell connected to it by a reciprocal lattice vector.

It is, however, not necessary always to choose a reciprocal lattice cell
to limit the values of y; in fact it often proves more convenient for
practical considerations to choose an equivalent region in y-space, which
has the same volume as the reciprocal cell but a greater geometric
symmetry; the only criterion to be satisfied is that no two points in the
chosen region are related by a reciprocal lattice vector. Weshallillustrate
this point by a hexagonal network (Fig. 9a). The simplest choice of the
basic vectors a,, a, does not exhibit the hexagonal symmetry. The
reciprocal lattice (Fig. 9b) is similarly a hexagonal network; the hexa-
gonal symmetry is not exhibited by a reciprocal lattice cell (shaded in
the figure). A more symmetric region is the hexagon (indicated in Fig.
9b) about a lattice point bounded by the bisecting lines with its six
neighbours. It is immediately clear from the figure that this region
is completely equivalent to a reciprocal cell, for the respective portions
of the reciprocal cell and the hexagonal region marked off by the same
number with and without a prime in the figure are obviously related
by reciprocal lattice displacements,
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In § 4 we have seen that to obtain the frequency distribution, we can
normalize the vibrations to a finite volume ¥V by imposing the peuodlc
boundary condition. The latter restricts y to. certalnAc'ilscreto values,
which are represented by evenly distributed pomts in the y-space; the
density of such representative points in the y-space is exactly constant
and equal to V. We notice that the volume of a reciprocal cell is given by

|b.b?Ab3| = [(azAa5).[(asA Q) A(ay AQ,)]| _ 1 _ 1
|a;.asA 2, |a;.a4 A ay) v
(6.23)
L * [ ] ¢ [ ] ¢ [ ] ° [ ] ° ° .
o ) ®
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F1c. 9a. Hexagonal network. Fi6. 9b. Reciprocal lattice.

for (a;.2, A 9,) is equal to the volume of a lattice cell. Multiplving this
by the density of representative points V, we obtain the total number

of y-values:

in=N’

”a
where N.is the number of lattice cells in V. As there are 3n real waves
for each y, the total number of vibrational modes is

3nN,

which is exactly the total number of degrees of freedom of the lattice
particles contained in V. This fact further ensures that not only do we
obtain all the distinct'solutions by restricting the y-values to a reciprocal
cell, but the different y-values in the same cell do in fact correspond to
distinct solutions. We can therefore write for the distribution function

f("): 3n
— — 2
f(l’) -NAllv—nb‘O Al’ z fff dyl dyzdyaa (6' 4)
i=1 r<y(nn) S vtAy
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where the integration is over a reciprocal cell. (6.24) evidently corre-
sponds to the normalization of f(v) in accordance with (4.20), namely

f f(v) dv = 3n. (6.25)

Various methods have been suggested to calculate the frequency
distribution function f(v) for crystals. We shall now briefly describe
these methods and discuss some characteristic features of f(v) obtained
by them.

The most commonly used method to calculate f(v) is due to Blackman.}
It consists of selecting a finite number of evenly distributed points in a
reciprocal cell in the y-space, or rather an equivalent region with
maximum symmetry. The 3n frequencies for each of these y-values
arc then determined from the equation (6.14). Finally the frequency
scale is divided into a number of suitably chosen finite intervals and
the number of frequencies falling within each interval counted. If the
resulting number is plotted as ordinate against the frequencies in the
corresponding interval, a step curve is obtained which may be smoothed
out into a continuous curve. The vertical scale is then adjusted so as to
give a curve representing the frequency distribution function f(v) satis-
fying the normalization condition (6.25). For structures possessing
special symmetry, the equation (6.14) is the same for groups of sym-
metrically placed points in the y-space so that the equation has to be
solved only for a small fraction of the total number of y-values considered.
For a crystal lattice with cubic symmetry such as NaCl, the equation
need only be solved for points within a volume 1/48th of that of a
reciprocal cell. The actual numerical work involved in such calculations
remains, however, still very considerable.

Blackman has calculated the frequency distribution by this method
for a two-dimensional square lattice and simple monatomic cubic lattice
under the simplifying assumption that only the nearest and next nearest
neighbours interact with each other. The (@p, T') curve calculated from
this distribution function is similar to one obtained by him for a linear
chain.

The above numerical method has been somewhat refined by Houston.}
There are always to be found straight lines through the origin of the
reciprocal space for which the frequency equation (6.14) can be solved
exactly. Thus the frequency distribution F(v, 8,, ¢,) per unit solid angle
can be obtained easily for several directions (6,,¢,) in the reciprocal

1+ M. Blackman, Proc. Roy. Soc. A, 159, 416 (1937).
1 W. V. Houston, Rev. Mod. Phys. 20, 161 (1948),

-

-
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space. These can be expanded in spherical harmonics in the form
F(v, 6, $s) = iE J t’(")yi(as' Pa)s (6.26)

where by choosing the Y’s properly one can allow for the symmetry of
the lattice; the number of terms on the right-hand side corresponds to
a certain degree of approximation. By taking this number equal to the
number of directions (0,, ¢,) for which the frequency equation has been
solved, one can solve for f;(v). The total distribution function f(v) is then

given by
) = f j F(v,0,4)sin 0 d0d¢ = 4af,)Y,.

Houston has applied this method to obtain the frequency distribution
for a monatomic simple cubic lattice with the same force constants as
those chosen by Blackman. In contrast to Blackman’s finite step
function Houston’s curve for f(v) has several sharp peaks where it is
actually infinite (cf. p. 75). The area under the peaks, however, is
finite. The curve ©p plotted against 7' from this distribution function
has a much greater dip than that in Blackman’s curve.

As distinct from these numerical methods for obtaining the frequency
distribution, Montrollf has proposed a method for approximating the
frequency distribution by analytical expressions. In order to determine
all the 3nN circular frequencies w}(y;) one has to obtain the characteristic
roots of the matrix (6.14a) for N values of y in the cell of the reciprocal
lattice. Let these values of y be denoted by y,, ¥,,..., Y and let C(y)
denote the matrix obtained from (6.14a) by dividing each row of it by
(27)2. Then, if w/2x = v, obviously vi(y) (j = 1, 2,...,3n;1 =1, 2,..., N)
are the characteristic roots of the .V X N' diagonal matrix

FCyy) 0 . . . ., 0]
0 Clys) . . . . .
C = . ¢ o . 4 ] ’ ’ ] (6'27)
L 0 . . . . . Cyx).

in which each diagonal element C(y)) is a 3n X 3n matrix as defined above.
Now from a well-known theorem on matrices it follows that the sum of
the kth powers of all the characteristic roots of a matrix C is given by
trace C* (i.e. by the sum of the diagonal elements of the kth power of C),
provided we use the convention that if a characteristic root is d-fold
degenerate, it is to be counted d times. Hence, denoting the average

1 E. W. Montroll, J. Chem. Phys. 10, 218 (1042); ibid. 11, 481 (1943).
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value of the ith poyer of the characteristic rpots h(y,) of l)y Hows WE

have 1

= 0 —
Ho - 37"1\7 er 1{

R P SR~ ¥
and  p, = Y r O = N z tr{C(y)p

3nN Z Z il (k=1,323,.), (6.28)

J7=11l=1
so that by defipition u,, is just the 2kth moment of the distribution
function. Assuming the set {v;(y,)} to be densely distributed, we can write

Bor = ff(v)vzk dv/ff(v) dv. (6.29)

Now since the frequencies are the square roots of thg characteristic
roots of C, the-distribution function f(v) is an even function of v. Hence
if v, (v,, > 0) denotes the highest frequency, the limits of integration
in (6.29) can be chosen from —v,, to +v,, 80 that the odd moments po;. 4
areall zero. Following Montroll we next express the distribution function
in terms of the moments p,,.. Let

f(l’) = z An K (V/Vm), (6 30)

where the P’s are the Legendre polynomials of the argument y[vm and
the a’s are given by

a,=22+1 [ f(zv,)Py(2) dz, (6.31)
? =1
1
If now Uy = | S(av,)2* dz, (6.32)
then = J‘ f(v)y’~ dv/ J.f(y) d]l = —v,,j‘luh (9.33)
since J.uf(v) dv = 3n.
0

With the help of these relations and remembering that odd moments
are all zero and that odd Legendre polynomials contain only odd powers
of z, one easily obtains

al = (13 == 0-5 = 00 = a2k+1 = O,

ag = (6n)po/2vy,, ay = (8n)5(3pe—povim)/(4¥5,)
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and generally

. 4k4-1 d3 2 1\ek
Tar = O (2k)! 2k+lvm{d22k (==1) }z*ﬁndvﬁ-. (639

Thus if the u’s are known, the distribution function f(v) can be obtained
as a series in Legendre polynomials. Since the p’s can be determined
with the help of (6.27) without actually solving (6.14) for the frequencies,
this method for determining f(v) involves much less calculation than the
numerical method. Another point worth mentioning in this connexion
is that since a thermodynamic quantity (as a function of temperature)
is generally an average over all the normal modes, it can be expressed,}
as Montroll has shown, as a series in terms of the moments, thus avoiding
the use of the distribution function altogether. Hence in cases where
such series are rapidly convergent this method can be very advantageous.

Montroll} and Montroll and Peasle§ have applied this method to deter-
mine respectively the frequency distributions for monatomic simple and
body-centred cubic lattices under the simplifying assumption that only
the nearest and the next nearest neighbours interact with each other.
The matrices C(y) for such lattices are 33 matrices and explicit
expressions for the moments can be easily derived. These authors
determined the coefficients a,, in (6.30) up to £ = 5. Their results are
in general agreement with those of Blackman|| and Fine{t{ who obtained
the distribution functions for the two types of lattices by the numerical
method.

A characteristic feature of the frequency distributions for monatomic
cubic lattices is that they have two maxima, one near about v,[2 and
the other close to the upper frequency limit v,,. In view of this result
Brenig and Schrsder}} have recently suggested that to a good approxi-
mation f(v) can be taken of the form

S} = zp(v)4-ag d(v—vg). (6.35)

Here 3(v—vy) is the Dirac é-function and zp(v) is the Debye distribution
function; the cut-off frequency »,, however, is now somewhat smaller
than the Debye cut-off frequency v,. There are three unknowns in
(6.35), namely ag, vg, and v,. By equating the expressions for the

T Such an expansion was first introduced by Thirring: H. Thirring, Phyas. Zeit. 14,
867 (1913); ibid, 15, 127, 180 (1914).
1 E. W. Montroll, loc. cit. (1943).
§ E. W. Montroll and D. C. Peasle, J. Chem. Phys. 12, 98 (1044).
|| M. Blackman, loc. cit. (1937).
1t P. C. Fino, Phys. Rev. 55, 355 (1939).
1t W. Brenig and M. Schrader, Zeit. f. Phys. 132, 312 (1952).
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moments p,, pg, and g, of (6.35) to the corresponding expressions for
these moments obtained from (6.28), one is able to determine v, vg,
and ay uniquely. A distribution function of the type (6.35) is obviously
more manageable for calculations of specific heats, etc., since it merely
represents the superposition of an Einstein term on the Debye spectrum.
If, however, there occur more than two maxima in the frequency
distribution, one will have to supecrpose several Einstein terms of
different frequencies vy, vg,,.... The determination of the various
constants v,; vg, ap ; vg,, og,... is then more complicated.

Montroll} has also made a very detailed analytical investigation of
the frequency distribution of a two-dimensional square lattice, whereby
he is able to obtain for f(v) closed expressions involving complete elliptic
integrals for certain values of the force constants. One theoretical result
of considerable interest in this investigation turns out to be that f(v) has
logarithmic singularities in this case (these singularities, unlike the
singularities obtained by Houston which are due to approximate methods
employed, are genuine). Thisresult hasbeen derived by a simpler method
and extended to the three-dimensional case by van Hove.}f A short
account of this work will be given here.

We consider the distribution function f;(v) for the jth branch of the

normal modes,
10y = 3 £0)

Then the integral corresponding to fi(v) on the right-hand side of (6.24)
obviously represents the volume enclosed between the two neighbouring
surfaces v;(¥,, ¥z, ¥3) = v and vy(y,, ¥s,¥3) = v-+Av. Hence if dS repre-
sents an element of area ot¥the surface of v,(y,,¥,,¥;) = v and An the -
element of the normal to it at d8, f;(v) can be written as§

1
fiv) = W-}lmom IJ. An dS = TV-}:...o J.f anis.
v< (YY) v+ Av

(8.36)

Now  Av = gradv(y,, ¥, ¥3) . Ay = —-Ay1+—AJz+@AJa (6.37)

oy
Av v Ay, , v Ay, , v Ay,
and An = 5y, An T oy, An Ty, An

1 E. W. Montroll, J, Chem. Phys. 15, 575 (1947).
t L. van Hove, Phys. Rev. 89, 1189 (1953).

§ For convenience the suffix j on the function v; in the remaining equations will be
omitted.
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But Ay,/An, Ay,[An, Ay,/An in the limit Ay or An — 0 are the direction
cosines of the normal to the surface v(y,,¥,,%;) = v. Since these are
proportional to &v/ey,, év/ey,, and dv[dy,, we have

dn 1

& = T e O .59
Hence (6.36) becomes '
vV dS

V) = — . .39
=5 || temrremrrema ¥

For the two-dimensional case f;(v) is obviously given by
fiv) = Y f ds , (6.40)

N ) J{(@v/oy,)*+(ov]0y,)%}

where ds now represents an element of arc of the curve v(y,,¥,) = v.

The diseussion of the analytic singularities in the frequency distribu-
tion f,(v) due to a particular branch j is now an easy matter. They
obviously occur at ‘critical’ points where all derivatives vy, vanish.
One can assume that the determinant '

o
Yo ayﬂ
at these points, as this could happen only for special values of the
dynamical constants. This implies that the critical points are isolated
and hence finite in number. In the neighbourhood of any critical point »,
one has an expansion of v which contains no linear terms; if it is broken
off after the quadratic terms, the dv/@y, are linear in the y, and the
integral for f;(v) can be evaluated by elementary methods. The result
is the following: Ior a two-dimensional crystal there is a finite dis-
continuity (jump) in the curve f;(v) at each maximum (jump downwards)
and minimum (jump upwards) and a logarithmic peak of the type
—log|l—v/v.| at a saddle point (i.e. when v = v 4-a(yi—y?)). For a
three-dimensional lattice the function f;(v) is continuous at a maximum
or minimum, but lias a discontinuous direction of the tangent, of the

type

-
-

et forv <,
Jiv) { 0 for v > v,

in the case of a maximum and vice versa in the case of a minimum;
the behaviour at saddle points is similar.

Tho singularities are therefore of a rather harmless type and do not
invalidate the numerical computations. It can further be shown (see
van Hove, loc. cit.) that owing to the periodicity of the lattice, a number
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of critical points must necessarily exist for each branch, though a
different number for the acoustical and optical branches.

In contrast to the work of Blackman, Montroll, Fine, and others
described above, where the forces are assumed to be of short range,
Lyddane and Herzfeld{ (NaCl), Kellermanni (NaCl), Iona§ (KCl), and
Helen Smith|| (diamond) have calculated frequency distributions without
assuming that the forces in the crystal are of a short range. Lyddane and
Herzfeld have calculated the frequencies only for relatively few isolated
values of y, from which a frequency distribution cannot be deduced.
In the following we quote some of the results obtained by Kellermann,
Iona, and Helen Smith, which represent the most accurate calculations
available. The frequency distribution was calculated by these workers
by using the numerical method of Blackman.

For his calculations on NaCl, Kellermann considers only the overlap
force between the nearest neighbours; as regards the Coulomb inter-
action, the ions are considered as equivalent to point-charges. The
overlap force is determined with the help of the observed lattice constant
and compressibility essentially as in § 3. Since in lattice vibrations the
ions are displaced from their symmetric positions, the.effect of the
polarization of the ions, which is ignored in Kellermann’s calculation,
can be quite considerable; we shall obtain some idea of the inaccuracy
from this source in the next section. The point-charge and overlap
interactions are two-body forces; to make use of the general formulae
given earlier in this section, we have only to replace ® by the sum of such
interactions between all pairs of ions in the lattice. Once the coefficients
Cugl,%) given by (6.15) are calculated, the frequencies can be determined
from (6.14). The principal difficulty in the calculation is that for the
Coulomb interaction the series in (6.15) converges very slowly. In §30
we shall see how such series can be converted into quickly convergent
expressions suitable for practical calculations.

Some of Kellermann’s results are represented graphically in Figs.
10-12. Fig. 10 gives the frequencies of the various branches of lattice
waves propagating in the direction of any cube-diagonal. As there are
two particles to each cell, there should be altogether six branches of
vibrations corresponding to the 3n solutions of the determinantal
equation (6.14). Owing, however, to the symmetry of the NaCl-structure,

T R. H. Lyddano and K. F. Herzfeld, Phys. Rev. 54, 846 (1938).

1 E. W. Kellormann, Phil. T'rans. Roy. Soc. 238, 613 (1940); Proc. Roy. Soe. A, 178,
17 (1941).

§ M. Iona, Jr., Phys. Rev. 60, 822 (1941).

| Helen M. J. Smith, Phil. Trans. Roy. Soc. 241, 105 (1948).
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all waves along the cube diagonals are either transverse or longitudinal,
all the former being double (corresponding to two independent choices
for the polarization vector). The acoustic and optical vibrations are
easily distinguished in the graph, as the former go through the origin.
Fig. 11 gives the frequency distribution function obtained in the way
described above. In the same figure the frequency distribution according
to the Debye model is also given for comparison (dotted line). The
" caleulated and experimental values of the Debye temperature Op given
in Fig. 12 are obtained in the same way as in the linear case, namely,
by equating the Debye formula (4.26) to the calculated and experimental
values of the specific heat for various temperatures.

Iona’s calculations for KCl are essentially similar. He has considered
the overlap forces between second neighbours as well, which are deter-
mined with the help of the infra-red dispersion frequency (see § 8, 9)
together with the elastic data. Since the masses of the K+ and Cl- ions
are not very different, Iona has assumed them equal in his calculations.
The frequency distribution function and the calculated (0, T') curve
are given respectively in Figs. 13 and 14. 'We notice that the Debye
distribution (thin line in Fig. 13) is much closer to the calculated
distribution according to the Jattice theory in this case. When the masses
of the ions are equal, the lattice behaves somewhat like a monatomic
solid with one atom to each cell; the optical branches join smoothly with
the acoustic branches so that we have apparently only three acoustic
branches, the upper halves of which correspond to the optical vibrations.
Such acoustic-like branches are obviously more closely approximated
by the Debye model than in the more general case where the optical
and acoustic vibrations form separated frequency-bands.

The nearest neighbours in the diamond lattice are joined by valence
bonds, which cannot be adequately approximated by central inter-
actions. In her considerations of the diamond lattice, Helen Smith
thus makes no assumption whatever about the second derivatives of @
correlating two nearest neighbours. She shows that all such derivatives
depend only on two independent constants on account of the symmetry
of the diamond structure. Besides the nearest neighbour interactions,
she finds that one should, on the evidence of experiments, consider also
the interaction between second neighbours, which she assumes to be
central. Thus there are altogether three independent constants under-
lying the potential in her treatment; these constants are determined
with the help of the Raman frequency and the elastic constants. Fig. 15
gives the frequencies for the waves travelling in the direction of any
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bube-'diagoiu_ii; a8 iil the case of NaCl, these vibrations are either trans-

verse or lohgitiidinal, the former being double. One difference between
Fig. 15 for dlaiﬁond and Fig. 10 for NaCl is particularly worth noticing,
namely, that all tiib optical branches in the diamond lattice converge to
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the same limit for A = co, whereas in the NaCl lattice the longitudinal
and transverse vibrations converge to different limits. As we shall see
in the next section, this difference is due to the fact that owing to the
ionic character of the NaCl lattice, there is an electric field associated
with the longitudinal vibrations, which raises the vibrational frequencies.
In Figs. 16 and 17 respectively are given the frequency distribution
function and the calculated curve and experimental values for the Debye
temperature @ as a function of temperature.
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We notice that in all cases there is a minimum in the (0, T') curve,
as predicted by Blackman, giving rise to a spurious 7'3-region. The

1
107"

8 e

4L

30x10%5ec

20 F A
!
w [ |
!
T !
1.0 '
!
!
|
T i
y=YfA (unita0{s,) 10 Z.T" 30  40x10%sec.
Fig. 15. Fia. 16.
2000 A
0 o]

v [

Op(T) 1800°f- 0°

1600‘4!44L|ll!1|1j4
0 £0Q° 1000°
—_—
T °K.
Fia. 17.

calculated values in the graphs also indicate that the true 7'3-region is

very narrow, appearing in the graphs merely as a horizontal approach
of the @, curve towards the axis 7' = 0. Clusiust has made extensive

t K. Clusius, Zeit. f. Naturforschung, 1, 79 (1946).
3505.87 G
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measurements on the specific heat at low temperatures for seven alkali
halides; he reports that in none of the cases has he been able to reach
the proper T"-region, although evidence of its existence is detected.

7. Long lattice vibrations of the optical branches”

We have seen that long acoustic lattice vibrations are identical with
elastic waves; the latter, of course, follow from the macroscopic equations
of the elasticity theory. Equally the optical lattice vibrations of large
wave-lengths can be considered on a macroscopic basis.t Such optical
vibrations are important chiefly in the ionie crystals owing to the strong
clectric moments associated with the motion. The macroscopic theory
is particularly simple for the diatomic crystals with optical isotropy; in
this category are included most of the commonly discussed simple ionic
crystals (structures: NaCl, CsCl, ZnS). In the following we shall discuss
this case in detail. & [z, Mt I e

In the linear chain example, we recall that, in contrast to the long
acoustic vibrations where atoms in a macroscopically s:anall section move
practically in unison, in a similar section of an optical vibration atoms
of one type move as a body against the atoms of the other type. Thus
to describe the long optical vibrations, we require a parameter specifying
the relative displacement between the positive and negative ions. For
an elastic motion, the effective inertial mass for a unit volume is the
density; for the optical type of motion, on the other hand, the corre-
sponding mass is the reduced mass of the positive and negative ions
M = {M_3_|(M 43 )} divided by the volume of a lattice cell. It has
been found that the most convenient parameter to choose for describing
the optical type of motion is the displacement of the positive relative to
the negative ions multiplied by the square root of this effective mass
per unit volume; we shall denote it by w. For the diatomic ionic crystals
under discussion, the macroscopic theory is fully embodied in the follow-
ing pair of equations:t

W= b, w+b,, E, (7.1)

P = b21 \V+b22E, (7.2)

where P and E are the dielectric polarization and electric field as defined
in the usual way in Maxwell’s theory. The precise interpretations of the
various terms in these equations will become apparent when we deduce
equations of this form from a special microscopic model in § 9; at present
we can regard them as purely phenomenological equations.

t K. Huang, E.R.A. Report L|T 239 (1950); Proc. Roy. Soc. A, 208, 332 (1951).
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As macroscopic relations, the above equations are rigorous, and thus
applicable whenever conditions are everywhere practically uniform over
regions containing many lattice cells. The linearity of the equations is
an assumption analogous to Hooke’s law in the theory of elasticity and
is here strictly equivalent to the usual approximation used in considering
lattice vibrations, whereby terms of orders higher than the second in the
potential functions are ignored. That the coefficients b,,, b,,, b5y, bsp are
scalars, not tensors, follows from the condition of isotropy:.

The coefficients in (7.1) and (7.2) are not all independent; it is shown
in Appendix V that

bia = by, ' (7.3)
Taking account of this general relation, we can express the b-coefficients
in terms of experimentally measurable quantities. It is known in the
electromagnetic theory of light that the square of the refractive index
is equal to the dielectric constant; the phenomenon of dispersion (the
dependence of the refraction of a monochromatic wave on its frequency)
follows directly from a frequency-dependent dielectric constant. For
the crystals under consideration, the dielectric constant for any par-
ticular frequency w (= 2mv) can be deduced directly from (7.1) and
(7.2) by considering periodic solutions:

E = Eo
W =W, }Xe-i
P=P,

Thus we obtain from these equations,
—w?w = b;, W+b, E,
P=2b,w+b,, E
When w is eliminated from these equations, it is seen that P and E are

related by b b
P = {b 12 V21 }E
22 + __ bn"‘ w? |
Comparing it with the definition of the dielectric displacement,
D = E+47P = ¢E,

wo obtain the dielectric constant
47'b12 bzt

€= l+4ﬂb22+—bu—w2 (7.4)
This dispersion formula is most conveniently written as follows:
€ = €x+ S0 (7.5)

1—(w/ewy)?
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The constants in this formula are directly measurable quantities:

(i) wy, the infra-red dispersion frequency (circular), is the frequency
at which the refractive index and the dielectric constant become infinitely
large. As we shall see later in § 10, in practice it is measured as the
absorption frequency of a thin film of the crystal.

(ii) ¢, the static dielectric constant, is the value of the dielectric constant
measured in a static field or an alternating field .of a frequency very low
compared with wy,.

(iii) €,, the high-freguency dielectric constant, is the value of the
dielectric constant deduced from the refraction of electromagn:tic waves
with frequencies high compared with w, so that the last term in (7.5)
can be ignored.

We shall discuss the experimental aspeet of the dispersion in a later
section. Here we need only remark that ¢, is a constant on!y for fre-
quencies small compared with the frequencies of electronic motion in
the crystal; in the following we shall always understand this to be the
case. This restricts the use of the above dispersion formula to the
infra-red region. However, as the frequencies of electronic motion are
generally several hundred times the infra-red dispersion frequency w,,
this restriction creates no practical difficulty in determining a constan
value for e. .

Using the general relation (7.3) and comparing (7.4) with (7.3), we can
express the b-coefficients in terms of the measurable constants wy, €, €,

as follows: by = —wd, (7.6)
blz = bal = (eo:ﬂe;w)%wo, (7.7)

w—1
b = & —. (7.8)

The empirical values of w,, €,, ¢, for a number of common crystals are
collected in Table 17, where for convenience of reference v, = «,/27, the
ordinary frequency, and A, = c/v,, the corresponding vacuum wave-
length, are given as well as w,.

The long optical vibrations can be obtained directly by considering
(7.1) and (7.2) in conjunction with the equation of electrostatics:

V.D =V (E4+4aP) =0, (7.9)
the electric field E being an irrotational vector. The interpretation of

the relative significance of the equations (7.1), (7.2), and (7.9) is plain:
(7.9) can be interpreted as the Poisson equation giving the electric field
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TasLe 17
Static and High-frequency Dielectric Constanis and Dispersion
Frequenciesy

Substance | Structure wg ¥ A € €
LiF NauCl 578 x 10¥/sec. | 9-20 % 10 /see, 32-06 microns | 927 1-92
NaF NaCl 464 740 40-6 60 | 1-74
NaCl NaCl 3-09 4:92 61-1 562| 225
NaBr NaCl 2.52 401 747 599 | 262
Nal NaCl 2:20 3:50 855 6-60| 2-91
Kcl NaCl 2.7 425 70-7 468 213
KBr NaCl 2-13 3:39 88-3 4-781 2-33
KI NaCl 1-85 2.94 1020 494 | 2:69
RbLCl NaCl 2.22 3-54 84-8 5 219
RbBr NaCl 1-65 2-64 1140 5 2:33
RbI NaCl 145 2-31 120-5 5 2-63
CsCl CsCl 1-85 2.95 102 720 | 2-60
CsBr CsCl 1-41 2.25 134 6:51| 278
TICI CsCl 1-61 2.58 117 319 | 510
TIBr CsCl (1-16) (1-85) (162) 20-8 | 510
CuCl ZnS 3:56 567 53 10 3-57
CuBr Zn$ 3-31 5:27 57 8 408
AgCl NaCl (1-04) (3-09) (97) 12:3 | 4-04
AgBr NaCl (1-44) (2-29) (131) 131 | 462
MgO NaCl |10 17-3 17-3 98 | 295
Ca0) NaCl 688 10:9 27-4 11-8 | 3-28
$r0 NaCl 3:01 635 47 13-3 | 3-31
Zn$ Zn$ 571 01 33 83 | 507

due to the charge density —V.P caused by dielectric polarization, the
value of which is given by (7.2). (7.1) is the equation of motion: apart
from a constant factor (M /t,)}, the first term on the right is the local
elastic restoring force, whereas the second term expresses the effect of
Coulomb interaction with the charges elsewhere. The use of the method
of electrostatics is equivalent to assuming a Coulomb interaction
between charges in the lattice. In reality, of course, the Coulomb inter-
action is retarded; the effect of retardation will be considered in the next
section.
Using the value of P given by (7.2) in (7.9), we find that

- _ —41rbg, .
V.E = T+4—wb22v""'

The solution for E is readily obtained as follows: Let w be split into its
solenoidal and irrotational parts,

(7.10)

W = W,{-W,,

t ¢ and ¢, from K. Hojendahl, K. Danske Vidensk. Sclskab, 16, No. 2 (1938); w, from
data collected by B. Szigeti, T'rans.Faraday Soc. 45, 155 (1949) : values given in brackets
are indirectly deduced from residual ray frequencies (sce § 10).
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where V.w; =0 (solenoidal) } (7.11)
. 7.
VAW, =0 (irrotational)
Thus (7.10) can be written as
—4nb
VE=—1LV.w, 7.12
1+4nb,, =~ ( oL )
An obvious solution for E is PR v o
» \ 14
—477621 4 A R4 |r'\‘.-_ i ’ R
E mw P . (7.13)

This solution is in fact unique, as E must be irrotational. Substituting
this expression in the equation of motion (7.1) and writing w as the
sum of w; and w;, we find that
47b,, b

[X) (X} —_ b — 12 21

‘v‘+wl { 11 l+47rb22
Since the division of a vector function into its solenoidal and irrotational
parts is unique, we can equate the solenoidal and irrotational parts on
the two sides of the equation separately:

]WH'bn Wi

W, = by, W, = —wiw, _
41"1)12 b"l Eo 2
-_— —Q_—- w — O | — [
™ [bn 1+47sz2} ' € “oWi

where we have expressed the b-coefficients in terms of w,, €, €0, With
the help of (7.6), (7.7), and (7.8). The respective general solutions of the
above equations can clearly be written as

W; = W(x)e!“!}-complex conj., (7.14)

w; = wi(x)ef@!+complex conj., (7.15)

where* ' w; = wy, (7.16)
wy = (El)%wo, K I (7.17)

and wi(x), w;(x) are arbitrary functions of the space coordinates satisfy-
ing ¢he conditions V.w(x) = 0, (7.18)
VAW(X) = 0. (7.19)

We notice that transverse and longitudinal plane waves are special
cases of w,(x) and w)(x), satisfying respectively (7.18) and (7.19); more-
over, any arbitrary functions w(x) and w;(x) satisfying (7.18), (7.19) can
be represented as linear superpositions of such plane waves of different
wave-numbers and dxrectlons of propagatxon Thus in the macroscopic
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theory the independent vibrational modes can be taken as transverse
and longitudinal plane waves of different wave-numbers and directions
of propagation: all the transverse waves vibrate with the infra-red
dispersion frequency w, and all the longitudinal waves vibrate with the
higher frequency ), given by (7.17). The reason for the difference in the
frequencies of the transverse and longitudinal waves is obvious: in a
transverse wave, the electric field E vanishes everywhere (see £7.13)) and
the vibration frequency is solely determined by the local elastic restoring
force represented by the first term on the right-hand side of (7.1); in a
longitudinal wave, there is an electric field (given by (7.13)) which con-
tributes an additional restoring force through the second term on the
right-hand side of (7.1). In a non-ionic crystal such as diamond, the
coefficient b,, vanishes and the motion is solely determined by the.elastic
restoring force, hence in the macroscopic theory all the vibrations have
the same frequency. As the macroscopic theory is rigorously applicable
only for wave-lengths long compared with the lattice constant, the above
solutions represent the long-wave limits of the actual lattice vibrations.
The difference in the long-wave limits of the optical vibrations between
the non-polar diamond lattice and the ionic NaCl has already been noted
in connexion with the results of Helen Smith and Kellermann, The
frequency difference between the longitudinal and transverse waves in
ionic crystals was first pointed out by Lyddane and Herzfeld{ and
Frohlich and Mott;} the rigorous value of the frequency ratio, (¢,/e,)},
was derived in the first place by Lyddane, Sachs, and Teller.§ The treat-
ment followed here by the systematic development of a macroscopic
theory for the optical type of motion is that given by Huang.||

A check on the accuracy of Kellermann’s results js obtained by calcu-
lating w; and w; for NaCl with the values of w,, €, €, given in Table 17:

w; = 309X 10'3/sec., w; = 4-87X 10'3/sec. (rigorous),
wy = 286X 1013[sec., ;= 602X 103/sec. (Kellermann).

The most obvious cause of the inaccuracy in Kellermann’s treatment is

the complete negleet of the polarization of the ions, which have been

considered as point charges. The second term on the right-hand side of

(7.2), for instance, is due entirely to the effect of the polarization of the

ions; for clearly if the ions were not themselves polarizable, the relative
+ R. H. Lyddano and K. F. Herzfeld, Phys. Rev. 54, 846 (1938).

3 H. Frohlich and N. F. Mott, Proc. Roy. Soc. A, 171, 496 (1939).
§ R. H. Lyddane, R. G. Sachs, and E, Teller, Phys. Rev. 59, 673 (1941).

I K. Huang, loc. cit., p. 82,

Coety
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displacement between the ions would completely fix the value of the
dielectric polarization P and the second term on the right-hand side of
(7.2) would in consequence be absent.

‘In numerous problems of practical interest, it is necessary to consider
the motion of chargesin ionic crystals. Such problems become practically
intractable, if the motion of the ions is treated rigorously. For semi-
quantitative purposes, it is thus useful to consider the lattice motion
approximately on the basis of the macroscopic theory. It is outside the
scope of the present book to consider explicitly such special problems;
we shall confine ourselves to deriving certain general formulae, which can
be used as the basis for treating special problems. In the following, we
shall consider first the formulae suited for classical considerations; the
quantum-mechanical case will be taken up in the next section.

Let us describe the charges present at any time ¢ by the charge density
function p(x,?). In the presence of the charges, the earlier equation
(7.9) for the charge-free case has to be replaced by

V.D = V.(E+447P) = 47p. (7.20)

“"We can follow the same method as used earlier in deriving the free lattice
vibrations. When P is eliminated from (7.20) with (7.2) and w(x) written
as the sum of its solenoidal and irrotational parts, we obtain

V.E = ﬁi}_':% (—byy V. W4 p(x, ). (7.21)
We can look upon it as the Poisson equation determining the electric
field. If we compare it with the equation (7.12) for the charge-free case,
we see that the solution of (7.21) must be equal to the sum of the solution
(7.13) for the charge-free case and 1/(1-+ 4wb,,) times the Coulomb field
that would be produced in vacuum by the charge density p(x,f). Hence
if we introduce the vacuum field due to p(x,¢?),

_ p(x'st) .. 9
E, (x,{) = —V f EE L dx, (7.22)
the solution of (7.21) can be written as
—4nb E 1 1\]3 1
E=___""w__Tvoc ___ — — .
1+4‘”bzzw' ’-1+4‘"b22 w,[41r(€w ‘o)] wx+€mE“°

(7.23)

Substituting this field in the equation of motion (7.1) and separating
the solenoidal and irrotational parts, we obtain the following equations
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(note that E,, is irrotational):

\"f’, = bll W, = —w%W,, (7.24)

_ 47rb12bzl blonvnc _ 2 1 —1- 1 é ]
W, = {bu— m} z+1+4 7hes — Wi Wit e ] Ecqc-
(7.25)

(7.24) and (7.25) are the classical equations of motion for the lattice,
when free charges are present. For any particular problem the corre-
sponding equations of motion for the charges can be readily written
down with the help of the electric ficld (7.23).

We notice that the solenoidal motions of the lattice are not affected
by the presence of the free charges. On the one hand (7.24) is free of both
w; and p(X,1), and, on the other hand, as the electric field (7.23) is inde-
pendent of w;, the latter does not enter the equations of motion of the
charges. (7.23) and (7.25) constitute the basic equations for the classical
treatment of the motion of charges in the lattice; (7.24) merely gives
rise to free transverse vibrations which are uncoupled to cither the
Jongitudinal vibrations or the charges.

To cite a simple example, one may, for instance, readily estimate the
energy loss by a charged particle to the lattice from (7.25), if one con-
siders the particle approximately as having a constant velocity.}

8. Infra-red dispersion and the retardation effect on lattice

vibrationsf (/. . icuaerpie trey on AR

The clectrostatic method used in the last section is equivalent to
describing the electric interaction between the ions by the Coulomb
force. Since the actual interaction does not operate instantaneously but
propagates with the finite velocity of light, the method is only approxi-
mate. Inarigoroustreatment, oneshould drop the irrotational condition
on E and introduce besides (7.9) the remaining Maxwell equations

Vioso V.H =0, (8.1)
VAE = '_%H, (8.2)
VAH = %(E+4n15). (8.3)

In using these equations of the electromagnetic theory, we do more
than take account of the retardation of the interaction forces. Consider

t Cf. H. Frohlich and H., Pelzer, E.R.A. Report L]T 184 (1948), whero a loss accurate
equation than (7.25) has been used; see, however, ibid. L/T 221,
1 K. Huang,l\alure, 167. 779 (1951); Proc. Roy. Soc. A, 208 352 (1951), *
"5‘1"."‘, i L - .\\.,;v.r-n

. | = .. AR S . o
(<3 ’\f" '-1/’64""» (”‘l~." AR '_,__.-'—_-'L_}-, 'I O S TS Te . Te- .y
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the case when the lattice motion is completely suppressed by holding
the ions fixed in the configuration w = 0. (7.1), the equation of motion
for the ions, is then to be discarded, and (7.2) reduces to

P = byE = (e”;l)E; | (8.4)

written alternatively as
D = E+4rP = ¢ E, (8.5)

the relation shows that the lattice merely functions as a normal refractive
medium with the refractive index ¢,. Therefore, in this case, the lattice
equations used in conjunction with the electromagnetic equations give
rise to transverse light waves with the constant phase velocity ¢/ve..
In Fig. 18a these light waves and the lattice vibrations obtained in the
last section are represented on the same (w, k) plot by dotted lines.
These two groups of solutions bofh represent certain approximate
solutions of the joint set of equations (7.1), (7.2) (lattice equations) and
(7.9), (8.1), (8.2), (8.3) (electromagnetic equations). In one case, we
effectively regard the ions as infinitely heavy and obtain then the
radiative waves (the light waves) without lattice motion; in the other
case, we ignore the retardation effect and obtain the lattice vibrations
discussed in the last section, which contain no radiative energy. The
two groups of diametrically opposite solutions together display the full
ground covered by the six equations.

In the rigorous treatment, the above approximate solutions are inter-
mixed. As we shall see, the transverse lattice vibrations (without
retardation) mix with the radiative waves (the light waves) and together
they become the observed optical waves (infra-red dispersion). Of these,
the waves immediately below the dispersion frequency w, are actually
predominantly mechanical oscillations of the lattice, only a small fraction
of their energy being radiative. If the small admixture of radiative
energy is ignored, these waves reduce to the transverse lattice vibrations
discussed in the last section. These vibrational modes thus play the dual
role of being optical waves as well as lattice vibrations; for these vibra-
tions, the electrostatic approximation is adequate. They are, as we shall
find, essentially transverse vibrations with phase velocities small com-
pared with ¢[+e,. For the transverse lattice vibrations which were found
in the last section as having phase velocities larger than ¢/ve,, (or wave-
length > 10-2 ecm.), the electrostatic method is invalid. The adwmixture
of radiative energy is in fact so large, that they can hardly be considered
as lattice vibrations.
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We shall also see that in the rigorous theory, we obtain the same
longitudinal vibrations as in the last section. In other words, the
retardation of the Coulomb force has no ‘effect on the longnt.udmal
vibrations of the lattice.



92 LATTICE VIBRATIONS 11,§8

Let us now proceed to consider the underlying mathematics. When
the obvious trial solutions

W =W,
P = P} xexp{i(k.x—wt)}
E == Eo

aresubstituted, the system of equations (7.1), (7.2), (7.9), (8.1), (8.2), (8 3)
reduces to the following:

—w?W = b,, w+b,,E, (8.6)
P = by, W+b,, E, | (8.7)
k.(E+47P) = 0, (8.8)

k.H=0, (8.9)
k/\E=§H, (8.10)
kAH = —%(E—i-‘krl’). (8.11)

To reach the physical conclusions outlined above, it is important that we
should take care to obtain the complete solutions.

In the first place, we notice that, in contrast to the electrostatic treat-
ment, the electric field can in no case vanish identically. For if E were
to vanish, it follows from (8.10) that the magnetic field H vanishes. On
account of (8.11), P also vanishes. Likewise w vanishes because of
(8.7) and the fact that E = P = 0. Thus vanishing E leads only to the
trivial casc that E=H =P =w = 0.

Let us now write (8.0) as

b, E

—_— e e 9
W= L (8.12)
When this relation is used (8.7) reduces to
_ byp by, "
P— {—bu—w“"+b22}n' (8.13)
With the help of (8.13) we find that (8.8) can be written as
(k.E){l+4nb22+ Anbiz by } =0, (8.14)
—by—w?

"This equation admits two alternative possibilities, namely, cither

dmrbya by
Y —

Case A: 1+45bg, + =0, (8.13)
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which also implies that (cf. (8.13))

€'y =
E+447P = 0; (8.16)
or
Case B: k.E =0,

but as E does not vanish, we must have in this case

E k. (8.17)

The discussions for the above two alternative types of solution in relation
to the remaining equations (8.9), (8.10), (8.11) have to be conducted
separately.

Consider first the case A. Owing to (8.16) the equation (8.11) reduces
to kAH = 0. (8.18)
This requires that H either vanishes or is parallel to k; (8.9), on the other
hand, requires that H either vanishes or is perpendicular to k. It follows

that H = 0. _ (8.19)
Now only (8.10) remains to be considered, which becomes in the present
case kAE = 0. (8.20)

As E does not vanish, E must be parallel to k.

Apart from being parallel to k, E is otherwise arbitrary. Once E is
chosen, w and P are given by (8.12) and (8.13). The solutions under
case A may thus be summarized as follows: the vectors are all longi-
tudinal, namely, w|P|E|k;

‘and the frequencies are given by the solution of (8.15):

1 \

ot = —by+ 8 — (©ug (= o),
which, we note, is independent of k. We recognizo that the solutions are
identical with the longitudinal lattice vibrations (the irrotational solu-
tions) obtained in the last section by the electrostatic method. The

retardation has thus no effect on the longitudinal lattice vibrations.

Consider next the case B. Since in this case E is perpendicular to k, it
follows from (8.10) that k, E, H form a right-handed system of orthogonal
vectors in the given order, and their scalar magnitudes satisfy the

following relation: ©
E =2H. (8.21)
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(8.9) is now automatically fulfilled. The only equation still to be con-
sidered is (8.11), which reduces to the scalar equation

kH = %’(E+4nP). (8.22)
After H and P are eliminated with (8.21) and (8.13), the equation
becomes
kzce — 4‘ﬂb12 bgl
()2 = (14 4mbat S )
Since £ does not vanish, we have
L et dnbyby | e Wi
< = —aTzf = l+4wb22+—b11-—w2 = €p wg—wz' (8.23)

Apart from being perpendicular to k, E is arbitrary. Thus to each k
there are two independent solutions corresponding to the two possible
independent choices for E (e.g. any two mutually perpendicular vectors,
both perpendicular to k); the corresponding values of w and P are
determined by (8.12) and (8.13). To summarize, all the solutions in
case B are transverse, namely,

k, (w|P||E), H,

are mutually perpendicular. The frequencies, given by the solutions of
(8.23), are in this case functions of k. For a given wave-number £,
(8.23) gives two solutions, each being, as noted above, doubly degenerate
(i.e. having two independent modes).

In Fig. 18a all the solutions are represented on the (w,%) plot by
solid curves.

Remembering that the refractive index is equal to the ratio of the
vacuum light velocity ¢ to the phase velocity of an optical wave, we find
that (8.23) is identical with the dispersion formula for optical waves
which we have already mentioned in the last section. Since the solutions
which we have obtained are complete, it follows that all the transverse
modes are optical waves.

In general, when two oscillatory systems are coupled, the vibrational
modes of the coupled system are mixtures of the original vibrations of
the two systems. If the frequencies of the original systems are close to
one another, their mutual perturbation is strong, and in the coupled
modes both systems take comparable parts. If the original systems have
equal frequencies, their interaction is described as being in resonance.
On the other hand, if the original frequencies are very different, the
mutual perturbation is small and the coupled modes are essentially like
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the original oscillation of one system, with a small admixture of the other,
orvice versa. In Fig. 18 a the transverse solutions (solid curves) represent
the coupled modes, which are mixtures of the approximate transverse
solutions (dotted lines) of the same wave-number k. The interaction
point marked as O corresponds to resonance between the two groups
of approximate solutions. The resonance effect tails off towards the
right, where the upper and lower branches of the solid curves approach
thedotted lines. The underlying physical interpretation is clear: towards
the right of the resonance point, the frequency of the upper branch
becomes so high that the ions cannot take part in the vibrations to an
appreciable extent owing to their large inertia; hence the approximate
solutions corresponding to fixed ions provide a good approximation.
Here the lower branch represents essentially lattice vibrations with
phase velocities small compared with c/ve,; by comparison, the propa-
gation velocity of the interaction force is so large as to make the retarda-
tion effect inappreciable. These modes are therefore closely approxi-
mated by the lattice vibration calculated with unretarded forces.

Using the expression for the energy density, to be established presently,
we can calculate the relative proportions of the radiative energy and
mechanical lattice vibrational energy in the transverse modes. Fig. 185
gives the proportion of mechanical lattice vibrational energy for both
branches of the transverse modes. We notice in particular that, towards-
the right of the resonance point, the lower branch of the optical waves
approaches practically pure mechanical lattice vibrations and the upper
branch, on the other hand, tends to purely radiative energy, both in
agreement with the above interpretation. There are no modes resembling
the pure mechanical transverse lattice vibrations for waves near or to the
left of the resonance point (k < (wgvVeo/c) ~ 10° cm.-1) as given by the
electrostatic method; for in this region (wave-lengths > 10-2 cm.) all
modes are seen to be mixtures of radiative and mechanical energies in
comparable proportions.

The essentially mechanical nature of the transverse modesimmediately
below the dispersion frequency w, has an important consequence on their
behaviour as optical waves. The mechanical vibrations conserve energy
only in the approximation where terms of third and higher order in the
potential energy are ignored (linearity of the lattice equation (7.1)).
In reality, each mechanical mode is coupled to the others through the
higher-order terms and there is thus a small energy leakage from the
mechanical vibrations. In the optical waves near w, the mechanical
energy density is so large in relation to the radiative energy flux that the



96 . LATTICE VIBRATIONS 1I,§8

small energy loss by the mechanical vibrations absorbs an abnormally
large fraction of the energy flux, resulting in a strong damping of the
waves. The experimental aspect of this phenomenon will be discussed
in § 10.

We now proceed to derive the energy density. We shall do so for the
more general case when free charges are present; the result can then be
used to construct the Hamiltonian for charges moving in a lattice. Let
the charges be represented by e; (¢ = 1, 2,...,7) and their position vectors
by x;. In the presence of the charges, the electromagnetic equations
(7.9), (8.1), (8.2), and (8.3) become

V.(E+47P) = 4x ; e; 3(x—x;), (8.24)
V.H=0, (8.25)

VAE = —%}'I, (8.26)

V/\ H = %(E+47TP+47? z ei*iS(x—x‘), (8.27)

where 8(x—x;) is the three-dimensional Dirac delta-function. (8.24) is

equivalent to (7.20) used in the last section; the delta-function gives the

charge density due to a unit charge concentrated at one point. Similarly,

e;X;3(x—x;) in (8.27) is equivalent to the more conventional form pv.
Using (8.26) and (8.27), we can write

L V.(EAH) =2 (H.VAE—E.VAH)
4 47

- _{%r(H.H+E.E)+E.P+ ) e,*t.Eé(x—x,)]. (8.28)

Integrating both sides over an arbitrary volume, we obtain

j{f;(EAH)}.ds

)

= — f {-4—17; (H.H+E.E)+E.P+ Z ei*f.ES(x—x‘-)} dr, (8.29)
4

where the volume integral on the left-hand side has been converted into
a surface integral over the bounding surface by Green’s theorem. We
recognize that (¢/47)(E A H) is the Poynting vector for electromagnetic
energy flux; thus the left-hand side of (8.29) represents the rate at which
electromagnetic energy flows out of the volume. (It is clear from the
lattice equations (7.1), (7.2) that different volume elements are coupled
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in the macroscopic theory only through their electric interaction; thus
the left-hand side of (8.29) also represents the rate of total energy out-
flow from the volume.)

The last term on the right-hand side of (8.29) can be written as

- g ei*i ' E(X,»), (8-30)

where the summation is extended over the charges contained in the
volume considered. Using the equations of motion for the charges:

. 7niii = e‘ E(xi), (8.31)
we find that
-’—-g—t{é'ﬂli)’{g = —"lti‘.i‘ = '—e‘*t.E(xi). (8.32)

The last term in (8.29) is thus equal to the rate of decrease of the kinetic
energy of the charges within the volume. Hence it follows from the
energy conscrvation requirement and (8.29) that

1 H.A4E.E)+E.P (8.33)
47

must be equal to the rate of change of the energy density (including the
kinetic energy of the lattice particles as well as all the electromagnetic
and potential energies in the system). If we denote the energy density
by U, then dU[dt must be equal to the above expression. The following
expression:

U = 3Wi—13b, W—b,yw.E—1by E2+E.P+-817r(E2+H2)
(8.34)
fulfils this condition. For differentialing (8.34) with respect to time, we
find that

SldL‘] b — ".V.W"'bll‘v.xv—blz‘.v.E—blgw.E—bzzE.E'*'E.P-l‘E.?-“

1 . . or
+4-(E.E+H.H). (8.5)

The last three terms are equal to (8.33). The rest of the terms can be
written as follows:

“V(W‘—"bll w—ble)"l“E(P—blz‘v_bzz E).
This expression vanishes because of (7.1), (7.2), and (7.3). Hence apart
from an arbitrary constant (equivalent to an arbitrary choice of the zero
for measuring the potential energy) (8.34) provides the requisite expres-

sion for the energy density. When P is eliminated by the use of (7.2) and
3595.87 H
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the b-coefficients are expressed in terms of w,, €,, €, the energy density
assumes the very simple form:

U= g(w=+mgw=)-|-§11-T(e°° E*+H?), (8.36)

For a transverse mode, the second term represents radiative energy and
the first term the mechanical lattice vibration energy. The curves in
Fig. 185 are calculated by substituting the transverse solution in the
respective expressions.f

The Hamiltonian of the system is obtained by integrating U over
space and adding the kinetic energies of the charges, namely,

H=3 jmii+ f {g(wz+w3w)+%r (e,,E’-i-H’)} dr. (8.37)

The Hamiltonian includes also the energy of electromagnetic radiation.
For problems where radiation effects are negligible, we can use the
electrostatic approximation. H may then be put equal to zero, and the
electric field E eliminated with the help of (7.23). If furthermore we
write w = w;+w,, we find that the Hamiltonian can be written as

H =73 jmi+ [ (Hwi+odwh+HWHofwh+

A tpetr-of 2 s

where we have made use of the fact that the mtegral of the scalar product
between a solenoidal vector (e.g. w, or W,) and an irrotational vector
(e.g. w;, W, or E_,.) vanishes identically.

The last term in (8.38) can be transformed as follows: E,,, is, we
remember, the electric field due to the charges, if they were in vacuum;
it is well known in electrostatics that

E2
B
is, apart from the electrostatic self-energies of the individual charges,
equal to the Coulomb interaction between the charges:
1S 64y
2 &4 X=X |

EE,.,,} dr, (8.38)

Therefore if we omit the electrostatic self-energies of the charges from
the Hamiltonian, the last term in (8.38) can be replaced by the Coulomb
interaction divided by ¢,,. Furthermore, since w} is equal to ¢, wj/e, (see

1 For details sce K. Huang, Proc. Roy. Soc. A, 208, 352 (1951).
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(7.17)) the two terms in (8.38) with w} can be combined, giving simply
}w?wi. The Hamiltonian (in the electrostatic approximation) can thus
be written as

H= Z«lm X} o— 2-—8—‘8-"—-+

+ [ AW+ wdwh)+ (Wit o} wh)} dr —

1{1 1

We have seen earlier that when the lattice particles are held fixed at

w = 0, the lattice behaves as a normal dielectric with the dielectric
constant e,; the first two terms in (8.39) represent the Hamiltonian of
the chargesinsucha mcdmm "The third term represents the Hamiltonian
for the lattice in the absence of free charges. The fourth term gives the
interaction between the system of charges and the lattice motions. Once
more we notice that only the irrotational lattice motion is coupled to the
charges present; this is true, however, only in the electrostatic approxi-
mation.

For quantum-mechanical applications it is necessary to describe the
lattice motion in terms of normal coordinates. Since the transverse
vibrations do not interact with the charges, and are thus of no interest
in the present connexion, we shall ignore w;, in the following considera-
tions. Let us considera finite volume V containing L X L x L = N lattice
cells by imposing the corresponding periodic boundary condition. Then
the normal coordinates can be introduced as follows (for genéral methods
see § 38). Lxpress w; as the Fourier series

Wy = o5 z (v/IyDQ(y)enir-=, (8.40)

where, owing to the periodic condition, y is restricted to the following
values:

Y = 7 (1Dl +hyb2+b2) (8.41)
hy, kg, kg being integers in the range
0 |y < L2 (i=1,2,3). (8.42)

The polarization vector, y/|y|, in (8.40) follows dircctly from the
irrotational character of w,. For w; to be real, we must have

Qy) = —Q*(—y)- (8.43)
Substituting (8.40) in the Hamiltonian (8.39) and carrying out the
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volume integral over the volume ¥V, we get (ignoring w,):

H=Zimits> S0 2 914" )+l AIQH)—

i2) 1%

SR S o ()t

The real normal coordinates q4(Y), ga(y) are introduced by writihg

V) = a1 +iny)} = —@*~y) (8.43)

fin the case y = 0, Q(0) is the normal cootdinate itself; fot the suke of
simplicity in the following we shall not represent explicitly terms in
@(0)}, where y can now be restricted to the values lying on one side of
an arbitrary plane through the origin of the y-space so that only one of
a pairy, —Yy is counted. In terms of the normal coordinates, the Hamil-
tonian then becomes

H=73imid+y > ot z > (O +etaw)+

2 lxi—le 2t

YT 0 [ B+

+ > ay) f [(E’I) E,,,sin 21ry.X] d'r}. (8.46)
y

This is the form in which the Hamiltoniah can be used directly for
quantum-mechanical considerations.

9. Atomic theory of long optical vibrations and infra-red dispert-
sion

Having discussed the long optical vibratiohs and the infra-red disper-
sion on a phenomenological basis with (7.1) and (7.2), we can now
establish the atomic theory of these phenomena simply by deducing
these equations from the general atomic theory.

For the present purpose, we have to take into atctount a feature
hitherto ignored in §§ 1 and 3, namely, that the ions are polarizable by
electric fields. As explained earlier in § 3, this effect can be ignored
when the ions occupy positions of symmetry, such as in many simple
crystals in the equilibrium state (or subject only to elastic strains).
This is no longer permissible if either a macroscopic electric field is
present or if the ions are displaced from their symmetric positions, for
then, as we shall see, they may experience a field even in the absence
of a macroscopic ficld. These are precisely the circumstances contem-
plated in the phenomenological equations. The polarization of the ions
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can be described as follows. When an ion is subject to an electric field E
its electron cloud is deformed and acquires an electric dipole moment ..
If the field is not excessively high the induced dipole moment is propor-
tional to the field, i = o, (9.1)

where « is the atomic polarizability of the ion. « is a constant as long
as the field does not vary appreciably within a period of the electronie
motion in the ion.

To derive the phenomenological equations, we have to find, for given
w and E, the forces acting on the ions and the dipole moment per unit
volume. The dipole moment is due partly to the displacements of the
ionic charges and partly to the induced clectric moments on the ions,
When an ionic charge Ze is displaced by u, the net effect is as though
a charge — Ze has been placed at the undisplaced position of the ion to
annihilate the original charge and a fresh charge Ze has been created at
the displaced position. The displacement is thus equivalent to the
addition of a dipole with the moment Zeu. The induced electric moment
on an ion, on the other hand, depends on the field aeting upon the ion,
In practice, this field is never altogether uniform as implied in the
formula (9.1); in the following considerations we shall always take the
value of the ficld at the centre of the ion. This field, which acts upon an
ion, will be designated as the effective field.

It is important to realize that the effective field is different from the
macroscopic electric field. The latter is not simply the total field, which
includes the field of the ion under consideration; it is the total field
averaged over the space occupied by a lattice cell. The effective field on
an ion, on the other hand, is the total field with the contribution of the
ion itself excluded and the value, as we haveo said, is taken at the centre
of the jon. Our first task is to calculate the value of the effective field.

The discrepancy between the effective field on an ion and the macro-
scopic field in the same neighbourhood is clearly due only to the con-
tributions to these fields of the matter in the close neighbourhood of the
ion. For, in the first place, the charge sources farther away are naturally
irrelevant for the exclusion of the field due to the ion itself. In the
second place, the fields due to such distant sources do not vary appre-
ciably in a neighbourhood of the dimensions of a lattice cell, as long as
the sources are located at distances away which are large compared
with the lattice constant a; thus the average value and the value at a
specific point need not be distinguished. Hence let us draw a sphere
around the ion under discussion with a radius R large compared with a
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and proceed to calculate the difference between the effective and the
macroscopic ficlds due to the matter contained within the sphere.

For convenience, we take an intermediate value for R such that it is
large compared with a, while the macroscopic quantities w, E, P do not
vary appreciably over the region of the sphere. This is possible, becauso
the lattice constant a is to be regarded as an infinitesimal in 2 macro-
scopic treatment. Macroscopically speaking, the matter within the
sphere is a uniformly polarized sphere. It is well known in electrostatics
that the uniform polarization P is equivalent to a surface charge distribu-
tion with a density everywhere equal to the component of P along the
outward normal to the surface. From the surface charge the macroscopic
field at the centre of the sphere can be easily calculated. It is obvious
from the symmetry that the resultant field must be parallel to P; thus
in considering the contributions due to different surface elements we need
only consider the component in this direction. If we introduce the polar
angles 8, ¢ with the polar axis in the dircction of P, the contribution due

to a surface element R%sin §dfd¢ is clearly
P )
(P °°89R1;'“9d0d‘f’)(—cos 6) = —Pcos®0sin0dodp.  (9.2)

Integration over the whole spherical surface gives immediately the
macroscopic field due to the matter contained in the sphere as

47
—-:—;-P. (9.3)

Next we have to consider microscopically the effective field on the
central ion due to all the other ions in the sphere. We are concerned, of
course, only with the field arising from the displacements of the ions and
their induced moments (the original field due to the undisplaced and
unpolarized ions vanishes for the highly symmetric structures under
consideration); we may thus imagine each ion site being occupied by a
dipole equal to the'sum of the displacement dipole Zeu and the induced
dipole .. Owing to the assumed uniformity over the spherical region, all
the dipoles on either the positive or negative ion sites are identical among
themselves. Unlike the macroscopic field, which depends only on the
macroscopic polarization, the effective field will depend on the detailed
geometrical arrangement of the dipoles. Here we are concerned only
with lattices in which every ion is in a surrounding with tetrahedral
symmetry, the meaning of which we shall presently explain. For such
lattices, as we shall find, the effective field due to the dipoles in the sphere
vanishes identically.
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The tetrahedral symmetry*about. an ion implies that there exist
Cartesian axes XY Z through the ion such that if there is an ion site
with the coordinates (a, b, ¢), there must be identical ion sites (i.e. sites
occupied by the samie kind of ion) at points (—a, —b,¢), (e, —b, —c¢),
(—a,b, —c) and the eight more points with coordinates obtained from
the above by cyclic permutations of a, b, c. (These points are generated
from (a,b,c) by the tetrahedral group of operations about the origin
which are rotations by = about the axes X, Y, Z and rotations either
way of 27/3 about the cube diagonals 4-X = +Y = 4+ Z. Tetrahedral
symmetry of a structure means that the geometrical arrangement is
completely unaltered, if the structure is rigidly subjected to the tetra-
hedral operations. The simultaneous existence of the group of twelve
points listed above clearly follows directly from this definition.) A dipole
p at x,(a, b, c) gives rise to a field at the origin equal to

3p. X1y U I
Rt R
Let x;, ¢ = 2, 3,..., 12 denote the other eleven points which are occupied
by identical dipoles; the contribution to the effective field due to the
group of twelve identical dipoles can thus be written as

— Z I_)%é_;_s z rx)ltgx‘

We notice that all twelve points are at the same distance (a®4-b5%+c?)t
from the origin. Thus when the explicit coordinates of the points are
substituted, one obtains:
p 3
~PErrran @i <
" a(ap,+bp,+cpg)—a(—ap,—bp,+cpy)+alap,—bp,—cpy)— 7
—a(—ap,+bp;—cps)+cyclic permutations of a, b, ¢
b(apl+bpg-}-cps)—b(—apl—bpz-l-Cpa)—b(ap,—bp2—0p3)+
+b(—ap,+bp,—cpy)+-cyclic permutations of a, b, ¢
c(apy+bp,+cps)+e(—ap,—bp,+-cps)—clap, —bp, —cp,) —
| —c(—ap,+bp,—cpy)+cyelic permutations of a, b, ¢_

5 [4a2p1+ eyclic perm.]

P
QT T

4b2p2+ 3] ”
4c?py+ o o

12p 12(a24b24c3)| Pr|
(a2+b2+cz)‘+ (@bt [pg] =0

D3
'
. . Ve / "' s -’.. ’ " ’ Jﬁll..l ,
’ ¢ S T Ao S Lo -
Les ¥ ‘. ‘4 T ) " ,g.,";’ -4
< tr .. an-t
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where we have displayed the three components of the second term in a
column, The effective field due to the ions in the sphere thus vanishes.

Since the difference between the effective and macroscopic fields is
due solely to the contributions of the matter contained within the sphere,

we can write
Eer—E = 0—(—7P),

or Eg = E-{-‘%"P, T(9.4)

which, we notice, is the same for either a positive or a negative ion site.

The effective field in more complex and less symmetric structures
cannot be calculated quite so simply. In Chapter V an expression for
the general case will be given in the form of a quickly convergent
series. In Appendm VI the above relation is alternatively derived from
the general expression by imposing the special tetrahedral symmetry
condition.

Onco the effective field is known, the rest of the task is straightforward.
Let u,, 4- Ze, and o, be respectively the displacements, the ionic charges,
and the atomic polarizabilities of the positive and negative ions. The
effective dipole moments on the two types of ions are thus

Zen, +o, B, (9.5)
—-Zell_+o¢_ Eeﬁ- (9.6)
Since there are 1/v, ion pairs per unit volume, the macroscopic polariza-
tion P is obtained by multiplying the sum of (9.5) and (9.6) by 1/v,:
. 1 ’
P= 5-[Ze(uJ(—u_)-}-(cz,,_-i—cz_)Eeﬂ.]. (9.7)

After the effective field E.q is eliminated with the relation (9.4), we find
that 1 u,—u I o
P = Ze + = + —)E}, 9.8
1—(4#/3) (°‘++“-)lva{ ( Vg )+( Vq %8)

u,—u_, which is the displacement of the positive ions relative to the
negative, is related to the parameter w used in the last two sections by

M = M A_
W= (va) (u,—u.) (M = M;}- M_)' (9.9)

On expressing (u,—u_) in (9.8) in terms of w, we obtain an equation
which is strictly comparable” with (7.2). The comparison of these
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equations leads directly to the following values for the coefficients
bay, bse in the phenomenological equation:

2(its) (<)
— g = > a v . .
b'.’l - ] _é’_’(a-}-'l'a—)’ b2! _ﬁ(a*_-}-a.) (9 10)
3\ v, 3\ v,

When the positive and negative ions are relatively displaced, the
overlap potential between them gives rise to a force on the ions, which
for small displacements can be taken as linearly proportional to the rela-
tive displacement (1, —u_) between the ions. Thus let'us write

—k(u,—u_) and k(u,—u.) (9.11)
as the corresponding forces acting on a positive ion and a negative ion
respectively. We note that the coefficient % is a simple scalar; this is a
consequence of the symmetry condition that every ion is surrounded
with the tetrahedral symmetry. (In general, the linear coefficient can
be a tensor of the second rank, but the only tensors of this kind con-
sistent with the tetrahedral symmetry are necessarily isotropic, in other
words, equivalent to a scalar, A proof of this fact is to be found in
Appendix VI.) That the forces on the two kinds of ions are equal and
opposed as shown, follows directly from Newton's reaction law. Later
we shall express & explicitly in terms of the overlap forces between
neighbours as discussed in § 3.

Taking into account, besides the overlap forces, the forces exerted
on the ions by the effective electric field E,;y we can write down the
equations of motion for the two types of ions as:

Moy, = —ku,—u_ )+ ZeEy, (9.12)

M_U_= k(u,—u_)—ZeE. (9.13)

Multiplying the equations respectively by M_ and A, subtracting and
dividing afterwards by (A +2L), we find that

M, —i_) = —k(u,—u_)4ZeEq. (9.14)
On eliminating E.q from this equation and (9.4), and afterwards ex-
pressing P in terms of (u,.—u_) and E with the help of (9.8), we obtain
the following:
M, —ii_)

‘f.Z (Ze)"j Ze
3 v,

= | —k+ 4ﬂ(a++a-) (u+—u_)+[1_‘%w(w:)]E. (9.15)

v
Vg @

3
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When the relative displacement (u, —u_) is expressed in terms of the
parameter w by (9.9), (9.15) becomes
4w (Ze)? Ze _
: 3 M Moy,
=+ Y w [ —2
M 41r(a++a ) 41r(a+—|-ot )

1—— 1——
v(’l va

E, (9.16)

W=

3 3
which is the phenomenological equation (7.1) as deduced from the
atomic theory. A comparison of these equations gives the following
values for the phenomenological coefficients b,;, b,,:

dm (Ze)?
3 .Mv
bu=—5+ (a++a )

137
vﬂ

(9.17)

3

Ze
(J‘Tva)*
=)
3 U,
In particular, we notice by comparing (9.18) with (9.10) that the general
relation b,y = b,, is fulfilled.

We shall next discuss in turn the values of b,,, b;,, b, given by the
microscopic theory as compared with the observed values given in the
relations (7.6), (7.7), and (7.8).

b,, is distinguished from the other coefficients by the fact that it is not
peculiar to the ionic crystals. For we remember that if the ionic motions
are suppressed, the lattice behaves like a normal dielectric substance;
the corresponding dielectric constant ¢, is related to by, by the relation

(7-8), nalne]y, €n = l+41’l’b22-

(9.18)

b12 =

The microscopic expression for b,, leads in fact to an expression for the
dielectric constant e,, which is typical of all substances consisting of
polarizable atoms. Thus using (9.10), we find that

%(ﬂ:)
— (::4_& ) (9.19)

3 v,

The above relation can be written alternatively as

Tt = (Z= 5. (9.20)

€ = 14
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Formulae of this type were obtained long agof by Clausius-Mosotti in
connexion with electrostatics, by Lorenz and Lorentz in connexion with
the electromagnetic theory. If we assume that the atomic polarizabilities
are not altered when the substance is compressed, then (e, —1)/(e.,+2) be-
comes inversely proportional to v, ordirectly proportional to the density.
Another feature of great interest is the additivity of the polarizabilities
expressed in (9.20). It is the usual practice to multiply both sides of the
equation by Avogadro’s number ¥; 47N«,/3 are known as the atom-
refractions of the corresponding particles, and V(e,—1)(e.+2) (V = Ny,
is the molar volume) as the mole-refraction of the compound. (9.20) is a
special form of the general result} that the mole-refraction of a composite
substance is equal to the sum of the atom-refractions of its constituents.
This result is significant, of course, only if the atomic polarizabilities of
the same particles in different compounds and mixtures remain essen-
tially unaltered so that the atom-refractions can be assigned unique
values; the additivity law of the refractions is in fact found closely
fulfilled in many chemical compounds as well as mixtures. For the
alkali halide crystals Shockley§ has determined the values of the atomic
polarizabilities of the alkali and halide ions so that the mean square
deviation of ¢, calculated with (9.19) from the observed values is a
minimum. In Table 18 his values are compared with the values for the
free ions as estimated by Pauling.

TABLE 18

Atomic Polarizabilities of the Alkali and Halide Ions
(Units 10-%* ¢m.?)

Lit* | Nat | K* | Rb* | Cs* | F~ | CI- | Br~ | I-

Crystal (Shockloy) | 0-045 | 0-28 | 1-13 | 1-70 | 285 | 086 | 202 | 412 | 641
Free (Pauling) 003 | 018 | 083 | 140 | 242 | 1-0¢ | 368 | 477 | 710

It appears from the above table that the positive ions become more
polarizable and the negative ions less polarizable in the crystal lattices.

The values of ¢, calculated from Shockley’s atomic polarizabilities are
compared with the empirical values in Table 19. The agreement is seen
to be remarkably close.||

t See H. A. Lorentz, Theory of Electrons (Teubner, 1009), pp. 137-50.

1 Seo o.g. H. A. Lorentz, loc. cit.; M. Born, Optik (Springer, 1933), pp. 341-5.

§ W. Shockley, Phys. Rev. 70, 105 (A) (1046).

Il Fajans and Joos (K. Fajans and G. Joos, Zeit. f. Phys. 23, 1 (1924)) had concluded

that the ndditivity law is not fulfilled in the alkali halide crystals; their argumont
appears, howover, to be fallacious.
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TABLE 19

The Calculated and Observed Valuest for the High-frequency
Dielectric Constant e, of the Alkali Halide Crystals

Lit | Nat | K+ | Rb* | Cst

p-[cal | 193 172 | 1-85 | 1.99 | 2.21
obs. [ 192 | }-74 | 1-85 | 103 | ..

c-fcale | 272 | 2:80 [ 213 | 218 | 2-59
obs. | 275 | 2.25 | 213 | 2:19 | 2-60

pe-feal | 320 [ 262 [ 234 | 234 | 276
obs. | 316 | 262 | 233 | 233 [ 2.78
i-[cal | 400 [ 313 | 200 | 2.62 | 3-08
obs. | 380 | 201 | 260 | 2:63 | 303

Later when we come to examine the coefficient b,, (or b,,) we shall
discover reason to believe that the second term in (9.17) has to be
modified. In fact, we shall find that the ionic charge Ze appearing in
all the coefficients should be replaced by an effective charge, which is
not a priori known. Hence for the moment we shall consider the value
of the first term in (9.17) alone by eliminating the second term as follows:
Combining (7.7) with the expression (9.18) for b,,, we find that

202
of€o—€=\ _ 12 My,
) gy

vﬂ

With its help, the expression (9.17) for b,, can be written as

k 4n —ey 4 -
bll = _ﬁ-l--s_wg(ﬂ,#)[l— g(a++a )].

v,

‘When the atomic polarizabilities are eliminated with (9.20), we obtain
the following expression for b,,:

b = = g+ 25%)

€x+2
After using the relation (7.6) that b;, = —w}, we can write the abovo
relation as one determining k:
—_— = = e tr o welelog o 9.21
M wo(€Q+2 ) Jgugﬂlnfﬁ;p( - (} )

Now let us relate k explicitly to the overlap potentials between the ions.
In a displacement of all the positive ions against the negative, the

t Empirical values taken from K. Hejendahl, K. Danske Vidensk. Selskab 16, No. 2
(1938).
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distance between second neighbours which, we note, are always ions of
the same kind, is not altered. Hence if overlap potentials between third
and higher neighbours are ignored, we heed only consider the overlap
forces between nearest neighbours for this type of displacemerit. Thus
in this approximation we may concentrate on a single positive ion, which
we may consider as situated at the origin surrounded by its nearest
neighbours x(¢) (¢t = 1, 2,...; M, M being as in § 3 the coordination
number) when the lattice is in the equilibrium state. The value of # may
then be found from the fact that if the positive ion is subject to a small
displacement x while its neighbours are held fixed, the force acting on
the positive ion is in this approximation given by

—kx. (9.22)

if we denote the overlap potential between a positive and a negative
ion by ¢, the potential of the positive ion at any position x due to its

neighbours is given by Y
2 ()

The a-component of the force acting on the ion is thus

Z g, BIX)—). (9.23)

For small x the bxpression can be expanded with respect to x and terms
of second and higher orders may be neglected; hence the above force
component becomes

M

3
—ZZ@%lmmﬂ%

whieli tan also be written as

= 12: i: {axa(,)a; (z)¢(lx I)}:tp (a_ff = — a(.)). (9.24)

It follows from the theorem already mentioned in connexion with the
tetrahedral symmetry that

2 ox, (z)@x (z)¢([ il)

must be an isotropic tensor; i.e. the expression vanishes for « 3= 8 and
has the same value for « = 8 = 1, 2, 3. In fact comparing (9.24) with
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(9.22) we see that the diagonal elements of the tensor must be equal to k;

thus we may write
M

Z o (z)ax e H1XO) = K

Putting « = B and summmg over a, we find that

> Z s X)) = 3

i=] a=
3
> (@*/ex2(s)) is the Laplacian operator in the coordinates x(z); since
-1

$(Ix(3)]) is only a function of the radial magnitude |x(¢)| we find imme-
diately on writing the Laplacian operators in polar coordinates that the
above relation reduces simply to

2. [# i+ g = o

As all the negative ions are equidistant from the origin, |x(i)| = 7,
r, being the nearest neighbour distance, all terms in the summation are

equal, and we have
b= {# 0+ 24 (9.25)
3 o

In § 3 we have seen that if only overlap potentials between nearest
neighbours are considered, they can be determined from the equilibrium
condition and the observed compressibility. Instead, however, of
calculating & from the potentials thus determined to compare with
(9.21), an equivalent and more direct procedure can be followed, namely,
by expressing k directly in terms of the compressibility with the help
of (9.25). Toshow that thisis possible let us rewrite some of the equations
used in § 3 with the overlap potential expressed as ¢ as we have done here.
Thus the energy per cell (3.10) is rewritten as

u(r) = — %1 + M(r), (9.26)

where the first term, we remember, is the Madelung energy. The equili-
brium condition becomes now

du A , °
0= (E;)o = G+ o). (9.27)

Moreover, remembering that dvfv = 3dr/r, we have for the compressi-
bility B

1 (d% rodfr du _rﬁdzu s 24 .
5= {w), = 5 2l 7)), = ) = | — o+ 4 00)
(9.28)
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where we have made use of the equilibrium condition (du/dr), = 0;
this relation clearly corresponds to (3.14) in § 3.
On eliminating the Madelung term in (8.28) with the help of (9.27) we

find that p
1 A, 24' (7o)
B"‘ 900{¢(°)+ o}

Comparing this relation with (9.25), we obtain the following simple
relation between the constant : and compressibility 8:

1_ M, (9:29)
B 3y,
Our intention is to test the validity of (9 21). Inview of (9. 29), we can
do so by verifying the relation (- <&. . . .1 M(j g g o o e Lorgs
1_ MMro €0t2) s (9.30)
ﬁ €2

whichis obtained by eliminating k between (9.21)and (9.29). Therelation
contains only measurable quantities and relates essentially the com-
pressibility and the dispersion frequency.} To indicate to what extent
it is fulfilled in actual cases, the ratios of the value of 8 calculated from
(9.30) to the observed value are given in Table 20 for a number of crystals.
The values are very close to unity for practically all the lighter alkali
halides. A variety of causes is probably responsible for the larger
discrepancies in the other cases. We notice that we have completely
ignored the van der Waals forces in the above considerations; and in
deducing (9.29) we have also left out the overlap forces between second
neighbours. Some genuine deviations from the ideal ionic structure
must also account for the discrepancies in some cases, such as those
near the bottom of the table. It is, however, difficult to ascertain the
predominant cause of error in individual cases.

1 Mistorically the first connexion between the infra.rod frequency w, and the com-
pressibility B was derived, from simple dimensional considerations, independently by
E. Madelung (Gott. Nachr. 48 (1910); Phya. Zeit. 11, 898 (1910)), W. Sutherland (Phil.
Mag. (6) 20, 657 (1910)), and A. Einstein (dnn. d. Phys. (4) 34, 170, 590; 35, 679
(1011)), in the form A, = €8N 1tpd, where Ay = c/uw, is the wave-length corresponding to
wy, M a certain mean mass of the ions, p the density, and € a constant, independent
of the material. W. Dehlinger (Phys. Zeit. 15, 276 (1914)) obtained the dispersion
formula for infra-red light for a special lattice, and M. Born (Berl. Ber. 604 (1918); Phyas.
Zeit. 19, 539 (1918); ‘Atomtheorie des feston Zustandes’, loe. cit. 620) incorporated this
in the general lattice theory and established the connexion with the compressibility ; in
the formula thus obtained, 1/8 = €Ar] w}/v,, the order of magnitude of the constant €
was determined, but no attempt was made to find its numorical value. The detormina-
tion of ¥ was tho object of modern investigations. An expression similar to that given
in (9.30) was derived by K. Hejendahl (K. Dansk. Vidensk. Selskab 16, No. 2 (1938));
the formula (9.30) itself was found by B. Szigeti (Proc. Roy. Soc. A, 204, 52 (1950)).
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To discuss the microscopic expression (9.18) for b,,, let us form the
ratio of the directly observable value as given by (7.7) to (9.18):

8 = wo(€0—€® %[l—ﬁr C¥++a_ (Jﬂ!}a)l.
4 3 va Ze
We can eliminate the atonuc polarizabilities with (9.20) and write the
ratio ¢ as .J. {ptlis (u 24y Pl Loy
R s= w eo—fm % 3 (ﬂ[va)l (9 31)
S e t3 Ze :
Tanie 20%

Cotnpressibility calculated from the Dispersion Frequency and
Distortion Factor s

Beate/Pous 8

LiF 1-0 0-87

val 0-83 0-93
NaCl 0-99 0-74
NaBr 1-13 0-69

val 1.05 0-71
KCl 0-96 0-80
KBr 093 0:78
KI 0-99 0-89
RbCl 0-89 0-84
RbBr 0-83 0-82
Rbl 0-66 089
CsCl 0-87 0-84
CsBr 0-87 079
TICl 0:61 1-08
CuCl 0-85 1:10
Cullr 0-72 1-00
MgO 0-47 0-88
CaO . 0-88
8r0 .. 0-58
ZnS 0-98 0-48

The values of s for a number of crystals calculated on the basis of (8.31)
are given in Table 20. Their deviations from the value unity are quite
pronounced for the lighteralkali halides, which should approximate most
closely the ideal ionic model. One cause for the deviations has been
particularly emphasized by Szigeti,} namely, the mutual distortions of
neighbouring ions owing to their overlap. This explanation of the
discrepancy is favoured by the fact that it will not affect (9.19) or (9.30),
which, as we have seen, are reasonably well fulfilled; this we shall see in
due course. Moreover, it is @ priori clear that some such distortion must

1 Valucs are taken from B. Szigeti, Proc. Roy. .Soc A 204. 51 (1950,

1 B. Szigeti, op. cit., p. 52 (1950), 7 7 Tiohy Fl e,
.. e ke ./ I'fd “I\’ ;' ‘. (. . :_ ,4—-.., -_.‘0' .'l_ ',j 'i v"(‘-c\y,’ 2 _" .'; T, -"“'!’
‘; }:'{., 2. . ‘.:-~. ) :, , Vg, :‘ v , h ;‘}.U\,t‘/ 'I.-’,a(:\ :(_{_457 -1- 4 ,,-.,f.;-_'.-/‘.- )
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accompany the overlap between ions, which is responsible for the
overlap forces. Thus we shall investigate how such distortions would
modify the microscopic expressions for the b-coefficients and in what
manner they are related to the deviation of s from unity.

Since distortions are merely rearrangements of the charge distribution,
the most important effect can be described by the dipole moment
associated with the rearrangement. Weshall consider only the distortions
oceurring between nearest neighbours. Let us denote by m(r) the distor-
tion dipole moment between a positive and a negative ion; m(r) is a
function of their separation » and the sign is chosen such that m is
counted positive if the moment is directed from the negative towards
the positive ion. Exactly as we have done for the overlap forces (p. 109),
we may again consider a positive ion at the origin surrounded by its
neighbours at x(¢). When the positive ion is in an arbitrary displaced
position x, the total distortion dipole moment surrounding it can clearly

be written as Y .
jz m(lx(i)——xl)[._. (_}_{_(_Q_x_)]’ (9.32)

=1 1x(2)—x|
where the vectors —{(x(i)—x)/(|x(¢)—x]|)} are unit vectors indicating
the directions of the various individual dipoles, which, according to our
sign convention, are directed inwards towards the positive ion at x.
We can immediately reduce our problem to the same considerations as
in the case of the overlap forces, if we introduce the integral function ¢

of —m(r), namely, W (r) = —m(r). (9.33)

It is easily verified that the a-component of the distortion moment

(9.32) can be written in terms of the function ¢ as
J‘I

- > 5——¢(lx(z>—x|) o (9.34)

ial
This is identical with tlie expression (9.23) for the total overlap force on
the ion, apart from the replacement of ¢ by . Therefore we can write

the distortion moment as —gx, (9.35)
in analogy with (9.22), where ¢ is given by
M { W o)+‘)¢, (r,,)} M {m (ro) +..m(ro) (9.36)

which is a direct transeription of (9.25) with ¢ now replaced by . qis
thus determined jointly by the distortion moment m(r,) already present
in the equilibrium state between neighbours and its rate of change with
the ion separation.

3595.87 1
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"In deriving the equation for the diclectric polarization P, 'we have to
consider now the further contribution due to the distortion dipoles. For
the relative displacement (u_—u_), the total distortion dipole moment
surrounding a positive ion is, according to (9.35),

—gq(u,—u.). (9.37)

Since the component dipoles are actually shared between the ion and
its neighbours, (9.37) gives directly the distortion dipole moment per cell.
Hence incorporating this contribution, we should replace (9.7) by

= vl {(Ze—g)(u,—u )+ (a,+«_)Een}. (9.38)

We notice that the only difference from the former equation is the
replacement of Ze by Ze—gq; the rest of the former treatment remains
completely unaffected. So the net effect of the distortion on the equation
for P is that Ze isreplaced by the effective charge Ze—gq in the expression
(9.10) for b,,.

As regards the derivation of the equation of motion (9.16), we note
that the forces exerted on the ions by the field E.q are no longer given
by the product of the respective ionic charges by the field. The actual
forces can be obtained by applying the principle of virtual work. When
a positive ion is displaced by x in the presence of a field E,g, the virtual
work involving the field is

—E.g.(Ze—q)x.
' The corresponding force is thus given by
(Ze—Q)EeR-

When a negative ion is displaced, the same considerations as used in
obtaining the distortion moment for the positive ion still apply, the only
difference being the sign convention for m(r); the distortion moment is
thus the same as in the case of the positive ion but for a reversal of sign,
i.e. gx. It follows from a similar application of the principle of virtual
work that the force exerted on a negative ion by the field Eq is given by

E.a(—Ze+q).
Once more we find that the effect of distortion is equivalent to the replace-
ment of the Ze by the effective charge Ze—q. Apart from this change,
the details of the derivation of (9.16) remain completely unaltered. The
net effect on the coefficients b,, and b,, consists thus only in the replace-
‘ment of Ze by Ze—gq.
Let us now assume that this effect alone is responsible for the deviation
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of the ratio s from unity. Under this assumption, when Ze is replaced
by Ze—q in (9.18), the formula should agree exactly with (7.7), i.e. (sce

. 108 .
p. 108) (Ze—q)
(]““)a)i _ [0 €= é‘w
l_:llr(a_,_—i-a-) “\ 4n o
3 v,

On eliminating the atomic polarizabilities with (9.205 and comparing
the resulting formula with (9.31), we find that

q = Ze(l—s). (9.39)

Using (9.36), we find the following relation between s—1 and the dis-
tortion moment m(r):
M, 2m(ry)
(s—1)Ze = T{m (o) +———}. (9.40)
* 0
It is important to note that m(r) refers only to the deformation due
to overlap; the deformations due to the Coulomb interactions are in the
above model taken into account by the atomic polarization. Thus m(r)
vanishes for r sufficiently large to correspend to separated ions. Hence
we have o

f m'(r) dr = m(r)|" = —m(r,). (9.41)
re To

There appears to be no reason to suppose that m’(r) should change sign
in the range r,, to co, hence it follows from (9.41) that the two terms in the
bracket of (9.40) are opposed in sign. However, it is reasonable to assume
that the distortion should vary roughly in the same manner as the overlap
forces, for instance, as e-"?, where p is of the order of a tenth of ,. In
that case, the m'(r,) term in (9.40) predominates and has thus the same
sign as s—1 (m(ry) has the opposite sign). Now Table 20 shows that for
all the alkali halides s—1 is negative, therefore m(r,) is positive and
m'(r,) is negative. Thus from the sign convention of m(r) follows the
interpretation that in the equilibrium configuration the electron cloud
of the negative ion is more strongly pushed back than that of the positive
ion, resulting in a dipole directed towards the positive ion (positive
m(ro)). The negative sign of m’(r,) merely means that the magnitude
of this dipole increases with decreasing r, or increasing overlap. This
is understandable, as the elcetron cloud of the negative ion is very loosely
held compared with that of the positive ion, so that the former will be
pressed out of the overlap region more readily than the latter. If, how-
ever, there is any degree of valence binding, no such simple pictures are
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available; this might explain the rather irregular values for s for the
crystals given near the bottom of Table 20.

In the above model, two approximations have been made in connexion
with the polarization of the ions. In the first place, E 4 has etfectively
been used as a uniform electric field over an ion; in the second place, the
Coulomb field due to a polarized ion has been taken as that of u suitable
point-dipole. Both approximations are unsatisfactory in describing the
mutual electric effect of closely situated ions. Thus, instead of consider-,
ing the distortion due to the overlap between ions, several authorst have
attempted to modify the method by introducing an additional factor to
the 47P/3 term in the effective field. Even a priori this does not seem
to be a reasonable procedure. For if the dipole approximation breaks
down owing to the electric interaction between closely situated ions,
there is no reason to suppose that the actual effect should still be propor-
tional to the value given by the dipole approximation. In fact the factor
introduced has to be assigned very different values, depending on which
of the three coeflicients b,,, b,,, or b,, is to be fitted. The reasonable
fulfilment of (9.19) and (9.30) seems to indicate that the model as
presented here is not very far from the truth.

10. Experimental aspect of infra-red dispersion by ionic crystals

By fitting the measured values of the refractive index in the wave-
length range A = 1,800 to 22 (1 = 10 A = 10-4em.), Fuchs and
Wolf} have constructed the following empirical dispersion formula for
the NaCl and KCl crystals:

2 G
n=e= 1+ Zif_—_'v? (10.1)

where the constants are (A\; = ¢/v,)

C, = 3-90x 10%, A = 3474,

C, = 7-68x 10%, A, = 1,085,

C; = 0-972 % 1030, A, = 1,681 A,

C; = 8-37x10% Ay = 61-6Tp
for NaCl, and

C, = 5066 % 10%, A = 520-14,

C, = 6-044 % 103, A, = 1,082:84,

C; = 0-7883 x 103, A; = 1,621:4A,

C, = 4-765x 10% Ay = 70-23

t G. Heckmann, Zeit. f. Kristal. 61, 254 (1925); K. Hojondahl, K. Danske Vidensk.
Selskab 16, No. 2 (1938); N. F. Mott and R. W. Gurney, Electronic Procesacs in Ionic
Crystals (Clarendon Press, Oxford, 1940), pp. 16-23.

1 O. Fuchs and K. L. Wolf, Zeit. f. Phys. 46, 506 (1928).
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for KCl. In the above formula, v,, v,, v; are absorption frequencies
related to the excitation of electrons; their values are very high compared
with the frequencies of infra-red radiations. The corresponding terms
in the formula thus do not vary appreciably with the frequency v in the
infra-red region and, for our purpose, may be replaced by their limiting
values for » = 0. The formula then reduces to exactly the form of the
infra-red dispersion formula (7.5) derived in § 7. Remembering that
now 2mv, = w,, we readily find from the above constants the following
values for ¢, €., and wy:

€= 58l, € =233,  w,=305x10%sec. (NaCl)
€ = 478, € = 2:18, wy = 2:68 X 103/sec. (KCl)

which are to be compared with the directly measured values quoted in
Table 17, p. 85. As the constants in Fuchs and Wolf’s formula are
determined on the basis of data far removed to the high-frequency side
of the dispersion frequency w,, the agreement with the directly measured
values is indeed very fair.

The best-known phenomenon in connexion with the infra-red disper-
sion by ionic crystals is the selective reflection of radiations with fre-
quencies in the neighbourhood of the dispersion frequency. This fact
forms the basis of the important residual ray (Reststrahlen) method
developed by Rubenst to obtain practically homogeneous infra-red
radiations, whereby an initially inhomogeneous beam is repeatedly
reflected from crystal plates so that in the residual beam only the
narrow range of the most strongly reflected frequencies remains.’

For an incident beam perpendicular to the surface of an optically

isotropic medium, the fraction R reflected (reflective power) is given by
the well-known formula:}

n_1p* (10.2)

n+1

where 7 is the refractive index (whether real or complex, see later) and
the vertical bars indicate the absolute magnitude. Now let us examine,
on the basis of the dispersion formula (7.5), how R should vary with the
frequency. According to (7.5), as w is raised from a zero value to the
dispersion frequency w,, the refractive index n = ve rises from +’, to
approach an infinite value. It thus follows from (10.2) that the reflection

t For references ree C. Schacffer and F. Matossi, Das Ultrarote Spektrum (Springer,

Berlin, 1930).
1 Sco M. Born, Optik, p. 265 (Springer, Berlin, 1933).
£ KoL |'_(-,\.,_ g - DY B P O e oy ) 0 /fh -0 d. '.,-f. / (L‘_‘ ¢
F, K . < ]
v Ca /-"'}' 0:4e ! e Al t0a !--;Lﬂg,_,’.,,,J . fe e
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should become perfect (B = 1) when w, is reached. Immediately w, is
exceeded, e switches from 400 to —oo and continues to have a negative
value on further increase of w from w, to the value of w satisfying the

equation €

0= ¢lw) = €°°+l——W' (10.3)
Within this range, the refractive index n = #e is purely imaginary
and, as follows from (10.2), there should be complete reflection. The
solution of (10.3), we note, is exactly the longitudinal lattice vibration
frequency w; = wy(€yfeo)}. Thus, according to the dispersion formula
(7.5), there is a band of perfect reflection located between the frequencies
wy and w;.. Above w;, R decreases once more and approaches eventually
the limiting value (Ve,—1)?%/(Veo+1)2

The dispersion formula (7.5) thus offers a natural explanation of the
observed selective reflection in the neighbourhood of the cispersion
frequency. The quantitative features predicted by the formula are, how-
ever, by no means correct; the observed reflection is, for instance, at
no frequency actually perfect. In Fig. 19, the percentage reflections by
LiF, NaF, NaCl, and KCl, as calculated from the dispersion formula (in
dotted lines) using the constants given in Table 17, are compared with
the experimental curves (solid lines) given by Czernyf and Hohls.i In
all the cases shown, the region within which the observed reflection is
large agrees well with the position of the theoretical band of perfect
reflection; within this region, however, there is no agreement between
thcory and experiment.

This discrepancy is not confined to the reflective power alone. The
corresponding effect is even more manifest in transmission experiments.
For frequencies within the theoretical reflection band, what remains of
the incident beam, after the strong reflection, is found to be strongly
absorbed by the crystal, whereas the dispersion formula (7.5) provides
for no such absorption. Whenever we have a real dielectric constant, as
in (7.5), the dielectric polarization P is in phase with the field. The work
done by the electromagnetic field on the medium is given by (E.P)/4r
per unit volurie per unit time. For a sinusoidal variation with time, it
is easily seen that P is #/2 out of phase with P, thus also with E. It
follows immediately on integrating E.P that the net energy loss by the
electromagnetic field vanishes over a period.

Thus we have to conclude that although (7.5) is correct for frequencies

t+ M. Czerny, Zcit. f. Phys. 65, 600 (1930).
1 H. \W. Hohls, Ann. d. Phys. 29, 433 (1937).
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removed from w, (as shown, for instance, by Fuchs and Wolf’s result),
it fails in the neighbourhood of w,. The cause for this has already been
indicated in § 8: the phenomenological equations (7.1), (7.2), from which
the dispersion formula is deduced, are approximate in that we have
ignored all but the linear terms. In ordinary circumstances, this is a
perfectly legitimate approximation; however, the optical experiments
in the neighbourhood of w, are, so to speak, inordinately sensitive to
the slight inaccuracy occasioned by the approximation. The linearity
of the equations (7.1) and (7.2) is responsible for the result that different
lattice waves are mutually independent. In reality they are coupled by
the small higher-order terms, which have been ignored. Owing to the
coupling the energy of a particular lattice wave slowly diffuses into the
numerous other lattice vibrations and appears eventually as heat. The
magnified importance of this small effect on optical waves near w, is, as
we have seen in § 8, due to the circumstance that the energy density in
such waves is lodged predominantly in the lattice particles as mechanical
energy of oscillation, rather than in the electromagnetic field. Thus the
energy of the lattice particles is abnormally high relative to the electro-
magnetic energy flux. In a steady state, whatever energy is lost by the
lattice vibration must be supplied by the electromagnetic energy flux.
Under the circumstances, a small percentage energy loss by the former
through the small coupling drastically reduces the latter. This means,
of course, a strong absorption of the optical wave by the medium. .

A detailed discussion of the dispersion in the neighbourhood of the
dispersion frequency is very complex, for we have to consider the bulk
of all the lattice vibrations, which are responsible for the energy dissipa-
tion. We shall return to this problem in the last chapter.

For the purpose of analysing the empirical data in the neighbourhood
of w,, it proves convenient to use a dispersion formula which takes
account of the energy dissipation in an ad hoc way. Namely, weintroduce
in the equation of motion (7.1) a simple damping term as follows:

W = b]l \’V-—‘y\’.V-}-bm E, (10.4)

where y is a positive constant with the dimension of frequency; the
additional term represents a force always opposed to the motion. For
complex periodic solutions of the type considered in § 7 and 8, (10.4)

reduces to —w?W = (by,+iwy)w-+by, E. (10.5)

The addition of the damping term is thus equivalent to the replacement
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of b,; by b,,+iwy. Hence the dispersion formula (7.4) now becomes

G((D) = l+4ﬂb22+ —b;tﬂ'—b;zwb;l—.wz = €y +

€o—€¢,

T— (w]awol—1(w]awe)y]wo)
(10.6)

and, for plane optical waves, we have now in place of (8.23) that k%?/w?
is equal to the above expression.
For a plane wave travelling in the z-direction, the phase factor is

given by eitkz-wl) — giwlkrica—t) — plwlvewizic—1) (10.7)

Exactly as for non-absorbing media (real dielectric constant), we define
e as the refractive index, which we denote by #u:

7t = n(l+4ix) = ve. (10.8)
7 is now complex, n, ni being its real and imaginary parts. (In the litera-
ture the refractive index is sometimes written as n(1 —i«); the alternative
choices depend on the convention as regards ¢, i.e. whether it goes with
the part exp(—iwt) (as here) or with the part exp(iwt). The meanings
of #» and « remain, however, the same for either of these conventions.)

Squaring (10.8) and comparing with the dispersion formula (10.6) we
see that

—_i) = (co—€w)[ 1 — (w/ewy)®]
P = ot o P wlolae” P
o2n?2 (fo—fao)(‘)’/“’o)(w/wo) (10. 10)

" T [T (@fwe* P+ (w/wePyfwg)?
The definition (10.8) for # leaves its sign still ambiguous; thus a simul-
taneous reversal of the signs of » and n«x does not affect (10.9) and
(10.10). (10.10) shows, however, that  and #x must have the same
sign (for ¢y > €,); the usual convention is to choose the sign of 7 such
that both » and « are positive.
Writing now e in (10.7) as n(1+ix), we have
efwinzie—=t) ¢ p—(nxwlc)r

With the above sign convention, the first factor represents a progressive
wave in the z-direction, the phase velocity being c/n. The second factor
represents an exponential diminution of the amplitude in the direction
of propagation. The fractional decrement of this factor in a length dx

is clearly oren da
™ 2nc/w).

As 2n¢jw is the vacuum wave-length, 2k gives thus the fractional
decrement of amplitude per unit vacuum wave-length. 2 and « are
known as the optical constants of an absorbing medium.
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Fig. 20 shows the typical behaviour of the optical constants. The
curves have been computed with the numerical values of ¢, €, y/w, for
the NaCl crystal; the value 0-045 for (y/w,) has been chosen so as to
reproduce as closely as possible the experimental curve for the reflective
power.

05 1 5 ;
Al =
Fi1c. 20. Optical constants for NaCl (y/w, = 0-045).

Replacing the refractive index in (10.2) by # = n(1-4-ix), we find that
the reflective power is given in terms of the optical constants by

R (n—1)24n%2
(n+1)2+ni?

The crosses in Fig. 19 ¢ represent the values calculated from this formula
for NaCl when the value y/w, = 0-045 is used. The general agree-
ment with the experimental curve is seen to be quite satisfactory; but
the theoretical values are too high on the immediate short-wave side of
the peak and do not reproduce the secondary maximum; which is very
distinet in all the experimental curves in Fig. 19.

Itis evident from Fig. 19 that the frequency w,, at which the maximum
reflection occurs does not coincide with the dispersion frequency w,
(= long-wave end of the theoretical reflection band). Using the optical
constants based on the dispersion formula (10.6), Havelock} has shown
that if y/w, is small, the ratio w,,/w, is approximately independent of the
damping constant y and given by

€o—€o\E Ag 2nc 2m¢
O _ (1+ ) ) (,\o_ % D _;_). (10.12)

wO 6€=D— 4 Am m

{ T. H. Havelock, Proc. Roy. Soc. A, 105, 488 (1924).

(10.11)
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Under ideal conditions the measured residual ray frequency should be
equal to w,. The measured residual ray wave-lengths for a number of
crystals are collected in Table 21 as A,,. In the next column are given
the corresponding values for A, calculated with the help of Havelock’s
formula and the values for ¢, ¢, quoted in Table 17. The agrcement
with the directly measured values of Aj, which are given in the last column,
is on the whole wery satisfactory. The only large deviation occurs in the
case of TICl. In this case the conversion factor deviates considerably
from unity; presumably Havelock’s formula is no longer a good approxi-
mation.
TABLE 21

Determination of A, from Residual Rays

Ao A ‘
Amt | (from (10.12)) | (measured, see-T'able 17)
NaCl 52 u 60 p ’ 61-1p
KCl 03-4 72 70-7
KBr 826 02 88-3
KI 740 103 102
RbCI1 740 85 84-8
TIC1 91-5 129 117
TIBr 117 162 ..
ZnS 30-9 33 33
AgCl 815 97 .
AgBr 1127 131

Apart from the complication involved in converting the residual ray
frequency to the dispersion frequency, the residual ray frequency may
at times differ appreciably from the frequency w,, for maximum reflective
power. . Owing to the rather flat nature of the reflection maximum (see
Fig. 19), it has been found that both the spectral distribution of the
initial beam and the absorption by moisture could modify the mean
frequency of the residual rays. A more desirable way of determining
the dispersion frequency is by transmission experiments. Such experi-
ments are, however, more difficult to perform, for the strong absorption
near w, requires the use of very thin specimens of the crystal. By the
use of evaporated films with a thickness of the order 0-1 to 1-0 2, Barnes
and Czerny} were the first to succeed in making accurate transmission
experiments throughout the absorption region for the NaCl and KCl
crystals. For sufficiently thin specimens, as we shall see, the results of
such experiments give directly the value of w,,.

t Frowmn C. Schacffer and F. Matossi, Das Ultrarote Spektrum, p. 308 (Springer, Berlin,

1930).
{ R. B. Barnes and M. Czerny, Zeit. f. Phys. 72, 447 (1931).
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To obtain the expression for the transmission coefficient, let us con-
sider linearly polarized light of a given frequency w incident normally
on a plate of thickness d. If z is the direction of incidence, the scalar
magnitude of the electric field (the part going with e-i!) can be written

a8 incident side  (Aefwzlc{ Be-twalc)p—twt
within plate  (Cefwizic|. De-twnzic)p-twt ]
far side Eeiwizic-1)

(10.13)

Part of the wave travels in the negative z-direction both on the incident
side and within the plate owing to the reflections at the two boundaries,
while on the far side only a wave in the z-direction emerges. The corre-
sponding magnetic fields are given in (10.14) (cf. (8.21), where & should

now be replaced by (w/c) X refractive index, i.e. (w/c) outside the plate
and (wit/c) within):

within plate  7i(Celenizlef De-iwiiric)g~twl
far side Eelwizie)-t]

incident side  (Aefw¥ic Be-iwzic)g~iwt
}. (10.14)

The requirement that the electric and magnetic fields should all be
continuous across the two boundaries gives four linear homogeneous
equations in the coefficients 4, B, C, D, E, from which one obtains
quite readily that

4n

E
a~ (147 %e-Twhdic— (1 —77)2efwindic’ (10.15)

For very thin plates such that 2ad €A = 2nc/w, we can expand the
exponential functions in the denominator:

E _ 1
A4~ 1=(Gwd2e)(1+70)F ...
The radiation intensity is proportional to the square of the electric (or

magnetic) field; thus the transmission coefficient, which is defined as the
intensity ratio of the emerging to the incident radiation, is given by

Ef 1
Al T 1+ (wd[2e)(@m*2—0%)+...”

(10.16)

D =

(10.17)

Hence for very thin plates the minimum transmission occurs at the
frequency for which
tw(ii*2—n2) = tw(e*—¢)

is a maximum. When the value for € given by (10.0) is substituted, the
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condition for maximum becomes

, { w? 2w (w4 w?)(wi—w?)

0 — "l— — 0 0 . 018
do [oi— P rya? — [wi—aPryanE = (019

The solution is clearly w = w,, showing that as d - 0, the minimum

transmission occurs exactly at the dispersion frequency. For films with
a thickness of the order 0-1 to 1-0 y, it is found experimentally that the
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I'1a. 21. Transmission curves for NaCl {Barnes and Czerny) for
films of various thickness.
transmission minimum does not any longer shift appreciably with the
thickness, giving thus directly the value of w,. In Fig. 21 are reproduced
the transmission curves for NaCl obtained by Barnes and Czernyf for
films of various thicknesses. The values for w, quoted in Table 17 were
obtained by transmission experiments by Barnes} and Parodi.§

As shown by Figs. 19 and 21, both the transmission and the reflection
reveal sccondary variations in the neighbourhood of w;, which are not
to be found in the dispersion formula (10.6). Part of the variations in
the transmission curves is, however, only apparent; namely, they have
been shown to be due to interference effects in accordance with (10.17),

1+ R. B. Barnes and M. Czerny, loc. cit.

1 R. B. Barnes, Zeit. f. Phys. 75, 723 (1032).

§ M. Parodi, C.R. Acad. Sci. (Paris), 204, 1111, 1636; 205, 906, 1224 (1937); 206,
1717 (1938). ’
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when the finite thickness d is taken into account. This is, for instance,
the case with the violent variations on the long wave-length side of the
curves; the irregularities on the short-wave side, however, correspond
to genuine secondary variations in the optical constants. As shown in
Fig. 22, these secondary variations are revealed as genuine minima in
transmission, when the effect of the finite slit width used in the experi-
ment is corrected for. Similar secondary structures in the dispersion

90%
80
10

0 1 1 ] ] 1 1

35 40 45 50 55 60p

Fio. 22. Dotted curve as in Fig. 21; solid curve after
correction for interference.

have been observed in all the alkali halides measured by Barnest and
in many oxides by Parodi} and Tolksdorf.§ Of the many oxides, MgO
in particular has been subject to careful experiments by Strong, by Fock,
and by Barnes, Brattain, Seitz, and Wilmot.|| Their measurements
show the existence of a strong secondary transmission minimum on the
long-wave side (~ 24pu) of the principal minimum (~ 17-3p). Less
distinct but still unmistakable maxima in the optical constant 2« on the
long-wave side of A, have also been observed by Cartwright and Czernyt}
in NaCl and KCl. Barnes and collaborators}{} have further reported

1 R. B. Barnes, loc. cit. 1 M. Parodi, loc. cit,

§ S. Tolksdorf, Zeit. f. Phys. Chem. 132, 161 (1928).

I J. Strong, Phys. Rev. 37, 72; 38, 1565 (1031); J. Fock, Zeit. f. Phys. 90, 44 (1934);
R. B. Barnes, R. Brattain, and F. Seitz, Phys. Rev. 48, 582 (1935); J. C. Wilmot, Proc.
Phys. Soc. 63, 389 (1950).

1t C. H. Cartwright and M. Czerny, Zeit. f. Phys. 90, 7, 457 (1934).
11 R. B. Barnes, R. Brattain, and F. Seitz, loc. cit.
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that on higher resolution many fine peaks are revealed in the trans-
mission curves of MgO (nearly 40 in number); their results do not
appear, however, to be confirmed by other investigators.

Apart from the above characteristic deviations from the dispersion
formula (10.6), Czerny and Mentzel{ have also observed that the value
of nx begins, somewhere removed to the short-wave side of A, to fall
away much more rapidly than is to be expected from the dispersion
formula (10.6).

As (10.8) is only an ad hoc formula designed to reproduce energy
absorption in the simplest manner, these deviations in details are hardly
surprising. When we develop the dispersion theory more properly by
taking into account the coupling between the lattice vibration modes,
we shall see that the presence of secondary structures in the optical
constants near the dispersion frequency is only to be expected. Owing,
however, to the excessive computational work that will be required, no
satisfactory theoretical results are as yet available for a quantitative
comparison with the experiments.

TABLE 22

Inner vibrations of CO3-%

NaCl.MgCO,.Na,CO, 682u | 11464 1414p
MgCO, 6-69 11-25 1378

CaCO, 6-56 11-38 1416

MnCO, iaxial 6-76 11:38 14-04

FeCO, uniaxia 8-77 11-53 13-64

ZnCO, 6-78 11-44 13-92

(Ca, Mg)CO, 6-90 11:45 14:70

CaCO, 6-64 1154 1440

8rCO, 6-78 11-62 1428

BaCO, biaxial 6-85 1161 14-48 _
PbCO, 7-06 12:00 14-92 and 152
Na,CO, 7-00 12:48 14-65

In more complex crystals the principal difference is the presence of a
number of dispersion frequencies, and a certain dependence on the polari-
zation due to anisotropy of the crystal. In chemical compounds, some
particles in the cell may form chemical radicals such as CO3~, SO3—, ete.;
such particles are more tightly bound to one another than to the lattice.
Therefore some branches of the lattice vibrations reduce essentially to

t M. Czerny, Zeit. f. PPhys. 65, 600 (1930) ; A. Montzel, ibid. 88, 178 (1934).
1 From C. Schacfler and F. Matossi, Das Ultrarote Spektrum, Table &4 (Springer,
Berlin, 1930).
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the internal vibrations within the radicals; the absorption lines corre-
sponding to such vibrations often persist even in solution. On the other
hand, the lattice type of vibration is due to relative motion between
the radicals and the metal ions; the corresponding absorption lines
disappear on the break-up of the lattice structure. Owing to the stronger
binding forces within the chemical radicals, the corresponding absorption
lines lie on the long-wave side of those of the lattice type, and are readily
distinguished by their characteristic frequencies, which are not much
affected by the binding to the lattice. In Table 22 are given the three
reflection maxima describing mainly the internal vibrations of the radical
COgs- in various erystals; their differences in different crystals are seen
to be relatively slight.



III
ELASTICITY AND STABILITY

11. Homogeneous deformation and the elastic constants
IF a lattice is deformed such that the resulting structure remains a
perfect lattice, the deformation is homogeneous.

A homogencous deformation can be built up as follows. First we
subject the coordinates of all particles in the lattice to a linear homo-
geneous transformation: namely, a particle initially at x is moved to x’,

whero %= oot Sty (0B =1,29) (L)

u,g being constants, which we shall call the deformation parameters.
We have written the linear transformation in the above form so that the
second term represents the displacement of the particle from x to x'.
If the lattice is composite, with n particles per cell labelled by

L=1,2,..,n, L

we may further displace all particles of each type by the same vector il(k).
A particle (}) (kth particle in l-cell) is thus subject to the total displace-

ment .. . talh) = walk)+ 3 wapzglh) (11.2)

where x(}) denotes the initial position vector of (}). Evidently x({) may
be decomposed as follows:

X(}) = x(1)+x(k), (11.3)
where x(I) is the simple Bravais lattice vector:

and x (k) is the position vector of the kth particle in the zero-cell (I = 0).
The decomposition (11.3) will be useful later on.

A general homogeneous deformation of a composite lattice is thus
characterized by the n vectors u(k) and the tensor u,g. Weare interested
in the case when the vectors u(k) are small compared with the interatomic
distances and the (dimensionless) tensor components u,g small compared
with unity. In this case, as we shall presently see, the energy density can
be expressed as a Taylor expansion and the terms of the second order
determine completely the elastic properties.

We shall assume that the lattice particles interact with central forces
(the general case will be considered in Part II). Mathematically it is
simpler to regard the potential energy between two particles as a function

3595.87 K
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of the square of their separation; a potential function regarded in this
way will be denoted by (r2), while ¢(r) will be retained to denote as
before the potential energy as a function of the distance . Consider the
displacement of two particles such that the position vector of one relative

to the other is changed from x to x4+ Ax; the change in the square of their
separation is given by

|Xx+AXP—|x2 =23 2z, Az, + > (Ax,)%

For Ax £ x, the corresponding change in the potential energy can be
expressed as a Taylor series in ascending powers of the components of Ax:

P2 3 2 Arpt T (A2 ] 42 ([T zade | (10.5)

For the present discussion, terms of the third and higher orders can be
ignored.

Since the lattice structure remains perfect in a homogencous deforma-
tion, all cells in the lattice are mutually equivalent. Accordingly the
energy change per cell may be calculated directly; namely, we consider
the change in the potential energy between (2) and all other lattice
particles, and then sum (J) over the zero-cell. Thus as the position
vector of ([) relative to (2) is changed from

x({)—x(9)
to X(E)—x(@)+u()—u(®),

we find readily with the help of (11.5) that the corresponding energy
change per cell is

% g ;k‘ {‘ﬁik(lx(i:’)—x(l?)lz)[g % (xa(ll:,‘)-xa(lg))(ua(i:’)—ua(g))'%'
+ 3 (ual)—a(®)] 20X () —x (@) 12) %
X[ 3 alb)—za®) (walf)— @)}, (11.6)

where ;. refers to the potential function between particles of the types
kand . In the summation over ({-) we need not explicitly exclude the
case (&) = () (which is clearly meaningless) if we understand that the
y-functions vanish for zero value of the argument. The factor } takes
account of the fact that the interaction energy between (%) and () must
be considered as being shared between them.

For a homogeneous deformation, we have from (11.2) that

g (F)—=ug(Y) = u (') —uy (k) + g'tcaﬂxﬂ(,ﬁ.), (11.7)
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where we have written for simplicity
xX(&4) = x(E)—x(D). (11.8)
When (11.7) is substituted in (11.6) and the products in the various

terms are worked out, we find that the energy density « due to the
deformation can be written as

) = vla{-—i’. E (ua(k)-}- E up(k)npa) g’[zﬁ'xa],(g:t)-l—
+ ?‘5 ("cﬁ"f'% g Uy uyﬂ) l‘%;k [')b'xa xﬁ]x(l;‘k)+
+3 % wa(R)ug(k) (e Bag 2 [ et =80 3 [ It +
28 2 [ zalaiy—2 3 [¥'2 2l —
— k i <(
4 g pzr o )“ﬂy z [z, g xy] (&)t )
+a%}\u°7um lgk[l/} Z, x},xpxa],(g:*)}, (11.9)

where the energy per cell has been multiplied by 1/v, to give the energy
density. The arguments for the functions enclosed in the square brackets
are indicated in the lower right corner in each case; moreover i is under-
stood to refer to i, if the argument indicated refers to the relative
position vector between particles of the types & and &’ such as x(;},.).

It is not altogether obvious by inspection that (11.9) follows from the
substitution of (11.7) in (11.6); our experience shows that it is a useful
exercise to verify this result in detail. In this connexion one should take
note of certain symmetry characters of the following sums:

(@) ? [ Tx( symmetric
(b) ; [P Jx(t) ' antisymmetric
(€) > [¥'rexglx(dy) symmetric
i 3 (11.10)
d) 3 [ r xg)eitn) symmetric
,.
(e) X [z xp2,]x(y) antisymmetric
&
(f) ‘Z [z 2, 222 ]x( ) symmetric

Take (b) as an example, which can be written explicitly as

}'F [z )xit) = IZ W (1) +x(k") —x(k) |2 Hra (') 2o (R') —2,(R)},
(I1.11)
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where we have split the vector X(;!;) = x(£)—x() in accordance with
(11.3). We may clearly replace x(!') in the summand on the right-hand
side by —x(!’), for as I’ goes over all integral values, —x(I'), exactly as
x(1'), goes through all points on the simple Bravais lattice. Thus we have

?; UEATIAES ; (| =) X (") —x(k) P — 2o () +25(R") — 24 (K)}
= — ;¢"(IX(l')+X(k)-X(k')12){:::“(1')+xa(k)—xa(k')}. (11.12)

Apart from the negative sign, the right-hand side is the same as (11.11)
with % and %’ interchanged; it follows thus that the sum (b) is antisym-
metric in % and k’. The same argument can be applied to all the sums
in (11.10); the result is obvious: a sum is symmetric or antisymmetric
in k and %’ according as whether there is an even or an odd number of
2-factors appearing in the sum. In (11.10) the symmetry characters of
the sums are indicated; they have been taken into account in writing
down (11.9).

If the lattice is initially in equilibrium, the corresponding energy
density is a minimum; the terms in (11.9) which are linear in u(k) and
,g must thus vanish. Hence we must have

Szt = 0, o (11.13)
2 [ Faplatl) = 0. SR ¢ § 8 7

These constitute the equilibrium conditions for a lattice free from
external forces. It follows from the antisymmetry of (11.10) (b) (in %
and k') that if we sum the right-hand side of (11.13) over all values of %,
the result vanishes identically, This shows that of tlie » equations
(11.13) for each given «, only (n—1) are mutually independent, so that
(11.13) gives altogether 3(n—1) independent equations. For a given
shape and size of the lattice cell, these equations determine the relative
positions of the n particles in a cell. In view of the symmetryin « and §,
(11.14) gives six independent equations, which exactly suffice to deter-
mine the shape and size of'a cell; for a cell is specified by six parameters,
which may for instance be taken as the lengths of the three edges and
the three angles between them.

Taking into account the equilibrium conditions, we can write the
energy density as

= % g ’gp{’&’b}ua(k)uﬂ(k')‘*‘ g ﬂz‘y {c,:s ﬂ'}'}ua(k)uﬂy'!"%apzyA{a}’ﬁA}“u? 'uﬁ)‘,
(11.13)
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where for brevity the coefficients are expressed in the form of the
brackets which are defined as follows:

) = o (Batr L0 hts—on T e+
+ 2 2 [V 0a gl —2 3 [ zgh(g). (11.16)

{{;,ﬁy} = —;- Z [z, xpx,],(;k), (11.17)
a Uk
{ayBA} = -'32- Z [z/:"xaxpzy:v,\],(&). (11.18)
3 ik

The brackets are subject to certain obvious symmetry relations and
identities. The first and third terms on the right of (11.16) are evidently
symmetric in k and 4. The same symmetry holds also for the second
and fourth terms; this follows directly from the symmetry characters of
the corresponding sumsin (11.10). Sinceevery term in (11.16)is obviously
also symmetric in the Cartesian indices « and 8, we have the double
symmetry in £, ' and «, 8:

ap} = {5} = () (11.19)
When we sum (11.16) over all values of &', we find that the first term on
the right is cancelled by the second and the third term by the fourth.
Thus we have the identities

St =o. (11.20)

The symmetry relations (11.19) reduce the maximum number of inde-

pendent coefficients of this type to 3n(n+-1). (11.20) provides 6n

independent identities which further reduce the number to 3n(n—1).
It is obvious from the definition (11,17) that

{%, By} is completely symmetric in all the Cartesian indices. (11.21)
Moreover it follows directly from the antisymmetry of the sum (11.10) (e)

that
o - 4 ” 5
SEe= > > [Wrazp )ity = 0. (11.22)
T

The number of independent coefficients consistent with (11.21) is 10%;

this number is reduced to 10(n—1) by the ten independent identical

relations (11.22).

From the definition (11.18) follows directly that

{xyBA} is completely symmetric in all four Cartesian indices. (11.23)

Vg
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—— e ————

pendent.

It is evident from the symmetry of all the coefficients in (11.15) with
respect to the Cartesian indices «, B,... that the energy density depends
only on the symmetrized parameters

uqﬂ'l‘“ﬁw
Following Voigtt we may thus introduce instead of u,g:
% = Vogt Ul BFa } (11.24)
af B=«a

where the indices p = 1, 2,..., 6 are related to the tensor indices «, B8
as follows:

p 1 2 3 4 5 6
(,B) 11 22 33 23(32) 31(13) 12(21)

We can express the energy density (11.15) in terms of s, as

u=1313 > {Blu,(k)ug(k’)+ g > & phun(k)s, -3 2 {pals, s,
b B d (11.26)

where the brackets are the same as before apart from a direct transerip-
tion of the tensor indices into the Voigt indices in accordance with (11.25).

The components 8y WE remember, describe the type of deformation
expressed in (11.1). They are identical with the elastic strains in the
classical elasticity theory. They specify to the first order (see later) the
size and shape of a macroscopic specimen as well as a lattice cell.

It follows from the identities (11.20) and (11.22) that the energy
density (11.26) is unaffected if an arbitrary vector is added to all the
vectors u(k). This shows that the energy density depénds only on the
differences between the vectors u(k); these differences represent the
relative shifts between the different component Bravais lattices. Such
shifts are microscopic in magnitude and do not affect the macroscopic

" dimensions of a specimen. We may thus describe the deformations due
respectively to u(k) and s, as the internal and external strains; the latter,
as we have seen, are identical with the elastic strains. ;

In the energy density, the internal and external strains are coupled

. together through the terms containing their products. Thus as a body
is elastically deformed a certain internal strain is in general induced; the
internal strain is such as to make the energy density a minimumn for the

(11.25)

t W. Voigt, Lehrbuch der Kristallphysik (Teubner, Berlin, 1910).
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given elastic strain components s,. Thus the u(k) are determined by the
condition for a stationary value of the energy density:

3,,8'&) Z {Kug(k")+ Z {& Pl (11.27)

Owing to the identities (11.20) and (11.22), the sum of the right-hand
side of this equation over all values of & vanishes identically; and only
3(n—1) of the equations are mutually independent. The solutions are
accordingly arbitrary in that an arbitrary vector can be added to all the
vectors u(k) without affecting the equations; in other words, the equa-
tions determine only the differences between the different vectors u(k).

The internal strains can be eliminated from the energy density
(11.26) with the equations (11.27). We remember that the energy
density depends only on the differences between the different u(k),
and (11.27) determine only these differences. Thus we may, without
loss of gencrality, put u(1) = 0in both (11.26) and (11.27) and eliminate
u(k) (k = 2, 3,..., n) from (11.26) with the 3(n— 1) independent equations
in (11.27) corresponding to k = 2, 3,..., n. When the internal strains are
eliminated, the energy density becomes a quadratic expression in s,
which we may write as

u=13¢,58, (Cg==C) (11.28)

This result is now strictly comparable with the strain energy function
in the classical elasticity theory; the elastic stresses S, are given by the
derivatives of the energy density with respect to the elastic strains:

ou
S, = ?s ; Cps So- (11.29)

This expresses the general Hooke’s law that the elastic stresses are linear
functions of the clastic strains, ¢,, being the clastic constants.

If it so happens that no mtemal strains are induced by the elastic
strains, the energy density (11.20) reduces directly to

=13 oy, ((poh— o) p—> i 0> 3, ).

In this special case the eclastic constants are thus given directly by the
brackets defined in (11.18):

Cpe = €5 = {po} ({po} — {aByA}, p —a,B; 0 — ¥, A). (11.30)

\We have seen that the maximum number of independent brackets of
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this kind is fifteen. It is easily verified that in this case the complete
symmetry of {ayBA} in the four tensor indices leads to the following
relations between the elastic constants (11.30):

Cogz = Cyy, €31 = Css» C12 = Cgg } (11 31)
C14 = Csg; Co5 = Cgy,s Cye = C45

These are known as the Cauchy relations. Asc,, = c,,, there are in the
general case twenty-one independent elastic constants; when the Cauchy
relations hold, the maximum number of independent elastic constants
is reduced to fifteen.

A lattice point P issaid to be a centre of symmetry, if all lattice particles
can be grouped into identical pairs such that the partners in a pair are
reflection images of one another through the point P. In other words,
an inversion operation applied to the lattice with respect to the point P
leaves the lattice invariant. Ifa lattice is such that every lattice particle
occupies a centre of symmetry, then no internal strain will be induced
by elastic deformations. Let us examine the coefficients {%, By} defined i in
(11.17). Since (D) is a centre of symmetry, the lattice pomts (£) can be
grouped into pairs occupied by identical particles, their position vectors
x(,};) from (D) being equal and opposite to one another. Owing to the
odd number of times the components of x(;};) occur in the summand C
of (11.17), the contributions due to a pair exactly cancel, so the coeffi-
cients {¥ By} vanish identically. Thus from (11.27) it follows that the
internal strain can be put equal to zero. This result is readily under-
standable in physical terms. Itisfairly evident that a particle at a centre
of symmetry can experience no net force from the totality of the other
particles. Moreover it is casily verified that a centre of symmetry
remains one if the lattice is subject to an external strain (cf. (11.1)).
This means that in the above type of lattice a pure external strain
automatically leaves all the lattice particles in equilibrium; hence no
internal strain occurs.

Therefore the Cauchy relations will be fulfilled if the lattice structure
is such that every lattice particle occupies a centre of symmetry and if
the particles interact with central forces.

The above treatment of the elastic properties cannot be applied to
ionic crystals, for the coefficients {£%} turn out to be essentially indeter-
minate. Thus corresponding to the Coulomb interaction between the
ions, we have

0 d [e,e;. 1e.¢.
e (r?) = ] ( ) -3 —,3--
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The value of the second term in (11.16) is

— E. Nty = l €kt
woer 2. Wi = 8usy. > rn
For large I, we can ignore x(k')—x(k) in comparison with x(}’) and
replace the summation by an integration:

fﬂ=%fam.

Hence for the part of the above sum due to [X(I')] > R > lattice con-
stant, we have approximately
ee d 4meye w0
bt [ = i
which is divergent. Similarly we find that the fourth term in (11.16) is
also divergent in this case for « = 8 and has a sign opposed to the above
term. The values of the coefficients {£§} are thus completely indeter-
minate.

This anomaly can be understood in physical terms as follows: {£g}
represents the force (x-component) on the ions % (per unit volume)
caused by a unit displacement of all the %’ ions in the B-direction. In
terms of Maxwell’s theory, the displacement of the %' ions produces a
uniform dielectric polarization. If we are considering a finite specimen,
the polarization creates a surface charge; the latter gives rise to a macro-
scopio electric field which exerts forces on the % ions. The electric field,
and thus also the forces exerted, depend essentially on the shape of the
specimen. In the above treatment, we have tacitly assumed that the
lattice is infinitely extended; in other words, we are considering formally
the limiting case of an infinite specimen. As the forces depend on the
shape of a specimen, they have no unique limiting value for an infinitely
large and arbitrary specimen.

However, in the special case when no internal strain is induced, the
above-mentioned difficulty no longer arises and the above theory may
then be applied. As we have seen, this is the case if the lattice structure
is such that every lattice particle is at a centre of symmetry.

It is obvious that in all alkali halide lattices, both the alkali and halide
ions are at centres of symmetry. Thus the above treatment applies; and
the Cauchy relations will be fulfilled, if the ions interact with central
forces. Owing to the cubic symmetry of the alkali halide crystals, the
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non-vanishing elastic constants are related as follows:

€11 == Cpp = Cg3
Cyp = Cp3 = Cgy ] (11.32)
C4g4 = C55 = Cqe
Thus the Cauchy relations reduce to the single relation

C12 = Cgq-
Experimental values for ¢,, and c,, are available for LiF, NaCl, KCl,
KBr; they are given in Table 23 together with the ratio c,/c,,. The
deviations of ¢,/¢,, from unity are seen to be fairly small except in the
case of LiF. As mentioned in § 1, Lowden finds by using a first-order
wave-mechanical perturbation method that a part of the lattice cohesive
energy cannot be ascribed to two-body interactions; in elastic deforma-
tions this part causes deviations from the Cauchy relations. However,
his theoretically calculated values for ¢,/c,4, though showing the correct
signs of the deviations from unity, differ in fact more strongly from the
experimental values than the latter from the value unity.

TABLE 23}
Deviations from Cauchy’s Relation
€13 Cse Cultys
LiF 4:04 X 10" dynesfem,?| 5-54 X 10" dynesfcm,?| 1-37
NaCl 1-23 (1-17) 126 (1:34) 1-03 (1-14)
KCl 0-60 (0-60) 0-03 (0-67) 1-05 (1-12)
KBr 0-54 0-508 0-94

Let us return once more to the general expression for the energy
density (11.9). In general, it refers to the lattice being initially under
strain. The corresponding stresses in the initial configuration are ob-
tained directly by differentiating (11.9); namely,

8,0 = — (5] = > W (11.39)

oK

ou 1 .
S, = (_) - "% g lx( — a, B). 11.34
= \as), =5 ;’; ['2ewglaity  (p B ( )
Sy (k) represents the external forces to be applied on the % ions per unit
volume to keep the lattice in this strained configuration; whereas S,

t The values given refer to room temperatures; for LiF, NaCl, KBr see H. B. Hunting-
ton, PPhys. Rev. 72, 321 (1947); for KCl seo M. Durand, ibid. 50, 449 (1936). The values
given in brackets are values extrapolated to the absolute zero of temperature by Durand
(loc. cit.).
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represents the elastic stress components in the lattice. The equilibrium
conditions (11.13) and (11.14) given earlier for a free crystal are seen to
be equivalent to the requirement that no external forces act on the ions
and the elastic stresses vanish. '

A general homogeneous deformation, as we have seen, is described by

' 3n4-9 parameters, namely, the three components of each of the n vectors

u(k) (k =1, 2,..., n) and the nine deformation parameters u,g. The
homogeneous deformations evidently include as special cases the transla-
tions and rotations of the lattice as a whole; these motions, which are
characteristic of rigid bodies and correspond to six degrees of freedom,
clearly do not affect the energy density. Thus it should be possible to
choose the 3n4-9 parameters suitably so that only 37243 of these express
genuine strains of the lattice; and the energy density will then be a
function of the latter only. In fact, we have seen above that the energy
density (11.26) depends only on the differences u(k)—u(l) (k= 2, 3,..., n)
and the six elastic strains s,; making in all exactly 3(n--1) parameters
as required.

s,and u(k)—u(1) (k = 2,3,...,n) are adequate strain parameters, how-
ever, only to the first order of approximation. Owing to the equilibrium
conditions, the strains only appear in (11.26) in the second-order terms.
Since the third- and higher-order terms have been ignored, we have thus
only been concerned with these quantities to the first order of approxima-
tion. It becomes evident that these parameters do not completely
describe the state of strain in the general case, if we return to the more
general expression for the energy density (11.9). For (11.9) no longer
depends only on the symmetrized parameters u,g-+ug, (= 3,).

The form of the first two terms in (11.9) suggests that we should
introduce in the general case as strain parameters the vectors {i(k) and
the symmetric tensor #,s = 1g,, defined as follows:

ﬂa(k) = uy(k)+ guﬁ(k)uﬁw (11.35)

g = tig, = H{ugg+upg,+ Z-ura“rﬂ}" (11.36)

It is easily verified that by adding terms of the third order only we can
write (11.9) as

2 1
= i () — — ’ (L - I__ ’ (F
n %: %, (k) o g: [¥'x,] (.».)} -+ ; u“Blv,, g [z, 5] (“)} +
+1 2 3 {laa(k)agk )+ 3 3 & ByYia(k)ag,+1 3 3 {ayBA}iy, Gp).
ko k'ﬂ ko By ay ﬂl (ll 37)
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Taking account of the antisymmetry of (11.10) (b) and the identities
(11.20), (11.22), we can show as before that the energy density is un-
affected by the addition of the same vector to all the vectors fi(k) and
may thus be considered as a function of the n—1 vectors Gi(k)—T(l)
(k = 2, 3,..., n). Therefore in this general case fi(k)—i(1) together with
%,g = g, constitute the 3(n--1) strain parameters.

The above considerations are, of course, still restricted by the fact that
higher-order terms in the energy density have been ignored; the above
strain parameters might, for instance, be correct only up to the second-
order terms. Later in § 36 we shall, however, find that these strain
parameters are in fact the adequate parameters in the general case.
We notice that the parameters u(k) and s, are merely the first-order
approximations to Gi(k) and %,g = g,

12, Mechanical stability of simple lattices

The equilibrium conditions (11.13) and (11.14) express only the
requirement that the energy density has a stationary value at equili-
brium. For a lattice to be stable, the energy density (11.15) must be a
positive definite quadratic form so that the energy is raised by any small
strains, Using the results of the last section, we shall present some
stability considerations for a few simple lattice types due to Born and
his collaborators.§ :

Consider first the three_cubic Bravais_lattices, namely, the simple
cubic, body-centred cubic, and the face-centred cubic lattices. All three
lattices can be described in terms of a common framework as follows.
Let a,, a,, a5 be three mutually perpendicular vectors of the samelengtha.
The lattice points in all three lattices can be expressed as

ha,+lha,+la,, (12.1)
where 1, 1,, I, are integers subject to the following conditions for the
three cases:

(i) s.c. 'mo restriction;
(ii) b.c.c. 1, I,, I, either all even or all odd ;
(iii) f.c.e. 41,41, even.
We note that the vectors a,, a,, a; are not basic lattice vectors for the
two latter lattices.
For simple lattices (11.1) represents the. only type of homogeneous
t M. Born, Proc. Camb. Phil. Soc. 36, 160 (1940); R. D. Misra, ibid. 36, 173 (1040);

8. C. Power, ibid. 38, 62 (1042); M. Born, ibid. 38, 82 (1942); ibid. 40, 262 (1944); and
also other papors in the series.
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deformation; thus only the last term remains in the energy density and
is equal directly to the strain-energy function

gz%,sps

the corresponding elastic constants are related to the brackets defined
in (11.18) by (11.30). If we arrange the coefficients in the above quadratic
form in the form of & matrix

n e m S s s
Cn | Ca  Cy Coy ey Cag
G |G [Gs Cw G G
R DT
Cor | C2 | Csa ! Css | Cs5  Cse
[ Cay i Caz | Ces | Coq i Cas | Cesl

then, accordingtoa well known theorem in algebra, the above quadratic
form is positive definite if the determinants of the matrices of successive
orders as marked out above (the principal minors) are all positive.

In the present case, the particle indices £, ¥', etc., can be omitted and
thesummationin (11.18) is over all lattice points as given by (12.1). Thus,
if the Cartesian axes are chosen parallel to the vectors a,, a,, a4, we find

that
(BN} = 21 lgl, by (@B +B+1D), (12.2)

where the summation over I(ll, l,, I5) is subject to the respective restric-
tions (i), (ii), (iii) for the three types of lattices. (12.2) vanishes identi-
cally if one of the indices differs from all the rest. Take the case when «
is different from 8, y, A. The terms withl, = 0in (12.2) obviously vanish.
The rest of the terms can always be grouped into pairs with indices /,, 4,
l,hand —I, Ig, 1., ), for such a pair will be either admitted or excluded
together in all the three cases (i), (ii), (iii). The contributions due to a
pair evidently cancel; and so (12.2) vanishes. Hence, for non-vanishing
coefficients, either all four indices are equal or they comprise two pairs
of equal indices; i.e. the coefficients must be of either of the two forms:

2@‘ ” T
@  {xff) == Z BEW(0+E4+E) « #pB
¢ (12.3)
)  foao}=—" Z By (a2(3+12+1)
Owing to the complete symmetry of the structures with respect to the

three Cartesian directions, the values of both () and (b) are independent
of the value of « or 8.
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The number of independent elastic constants for cubic Bravais lattices
is the same as in the case of the alkali halides. As already mentioned in
connexion with the latter, the cubic symmetry leads to only three inde-
pendent elastic constaiits (cf. (11.32)) which may be taken as cy,, ¢;5, €443
the Cauchy relations require further that ¢, = c¢;,. These facts can be
directly verified for the cubic Bravais lattices with the help of the above
result, namely, that the sums (a), (b) are independent of the Cartesian
indices and all other coefficients vanish. For the independent elastic
constants ¢,, and ¢,,, we have

4
oy = {1111 =2viZzg¢~(a2(z§+zg+zg)), (12.4)
a
o = (1122) = 255 nyr(ap+i3+) (12.5)
a

The matrix of the quadratic coefficients has the form
[ 6y € Cg O 0 0 7
Cig €3 Co O 0 0
Cia2 Ca € 0 0 0
0 0 0 ¢, 0 O
0 0 0 0 ¢, O
[0 0 0 0 0 .

The principal minors are
C12s Cfar s CRalrr Clalchi—cfa), cRalCry—C1a)*(C1n+2640)-
For these to be positive, only the two following conditions need be
fulfilled: 61 > O, ey —C1g > 0. (12.6)
In considering the summations in (12.4) and (12.5) let us group the
lattice points on the s.c. lattice according to their distances from the
origin; points in different groups lie on successive shells with radii
Ty Ty 73 €te. In the b.c.c. and f.c.c. lattices some of these shells are
completely excluded. It is easily verified that in the b.c.c. lattice the
first, second, fifth, sixth shells, etc., are missing and in the f.c.c.
lattice the first, third, fifth shells, etc., are missing. Given below are the
_values of ¢,,—c¢,; and ¢;, calculated from (12.4) and (12.5):
2 2 \
'E;q(cn—cm) _”_acm
se.  SYUDFIOF D+ OFEDFI 0D+ ) (12.7)
b.c.e.  04"(r3)4-1284"(r2)4-... 324" (r3)+-2664"(r3)+ ...
fe.c. 164"(r2)+1284"(r3) +... 1647 (r2)+288¢"(r2)+... |
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Bearing in mind that the innermost (non-vanishing) shells in the s.c.,
b.c.c., f.c.c. are respectively the first, the third, and the second shells, we
observe immediately a qualitative difference between the s.c. and the
b.c.c. lattices on the one hand and the f.c.c. on the other; namely, in the
two former lattices the innermost shell contributes nothing to one of the
two quantities ¢,,—c,, and ¢,,. Hence these lattices will be unstable if
y” turns out to be negative for all but the innermost shell. This is in
fact most likely to be the case.

3"0 i

£

pe 2p3 3p; r>

Fia. 23. A typical curve for the potential function ¢(r?).

A typical curve for the potential function ¢ is depicted in Fig. 28.
The potential function has & minimum —u, at r = p,, at which distance
the attractive and repulsive forces balance one another. The nearest
neighbour distance (equal to the radius of the innermost non-vanishing
shell) of a lattice in equilibrium is in general very close to p,, since the
lattice particles interact predominantly with their nearest neighbours.
From the figure we see that, from the point 72 = p} outward, the
» function soon passes through an inflexion point, where the second
derivative " changes from positive to negative values. Thus if the shell
next to the innermost one falls beyond the inflexion point, ¢,, in the
s.c. case and ¢,;—¢,, in the b.c.c. case will be negative, and the lattices
in consequence unstable. Since the region between p? and the inflexion
is very narrow, such lattices with particles interacting with central forces
are most likely to be unstable. In a case where the region between p?
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and the inflexion point is relatively wide, the b.c.c. structure has a much
better chance of being stable than the s.c. lattice; for the ratio of the
2 of the second non-vanishing shell to that of the innermost shell is

7‘2/1‘% = 4/3 (12'8)
in the b.c.c. lattice and r3ir? = 2 (12.9)

in the s.c. lattice. The separation between the two shells is thus much
narrower in the b.c.c. lattice.

Fia. 24, Projections of the atomic positions in the two hoxagonal lattices.

A similar analysis has been carried out by Bornt for two_hexagonal
lattices. Consider first the hexagonal Bravais lattice in which the lattice
particles form planes of hexagonal network and atoms in different planes
are directly aligned vertically. The atomic positions on a hexagonal
plane are indicated by small circles in Fig. 24. The basic vectors of the
lattice can be chosen as

8, = (2,0,0), 8= (éa. s 0). a5 = (0,0,7a), (12.10)
where the Cartesian components are indicated in the brackets. The
vectors a,, a, generate the plane of hexagonal network and a, displaces
the atoms in a perpendicular direction with the separation ya between
neighbouring planes.

t M. Born, Proc. Camb. Phil. Soc, 38, 82 (1942); ibid. 40, 262 (1944).
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For a simple lattice only the equilibrium conditions (11.14) remain.
The summation in (11.14) is in this case over the following lattice points:
V3
xX() = Lia,+la,+ 185 = (l1+ilz»§-laa ‘Yla)“-
The consideration of symmetry shows quite readily that for o« # 8
(11.14) is automatically fulfilled and for « = 8 we obtain only two
independent conditions:

@ FWotlo =3 Wallo=0
©) 3 Wtk =0 ]

As before, we group the lattice points into successive shells. If y is not
too far removed from unity, the first few shells have the following values
for the squares of their radii:

a?, y%?, (14-y%)a?, 3a?, 4a?, (3+y%)dd,....

When the contributions due to the different shells are worked out, the
equilibrium conditions are found to be

(@) #(@)+20 ((1-+7902)+ 3¢/ (30)+... = 0 | qean

(®) ¥'0%a?)+12'((1-+y%a%)+... = 0
For any value of y the first term given has the smallest argument in
both (a) and (b). For forces of short range, we need retain only this term
and thus obtain approximately

¥'(@®) =0, ¢'(ya? =0.

These conditions require that e = p,and y = 1, where p,, we remember,
denotes the distance at which  is a minimum. The condition thaty = 1
means that the atoms vertically above and below an atom are at the same
distance away as its neighbours in its hexagonal plane. We notice that
this is precisely the configuration of the atoms, if they behaved like rigid
spheres.

With the help of the Cauchy relations, which evidently hold in this
case, and the considerations of symmetry, it can be shown that the
energy density has the following form:

u = ey (s3+83+88) 8, +368) +ca3 83+ ¢4y (s5+ 55128, 53123, 85)}.
(12.13)
Clearly the lattice will be unstable if ¢, is negative; for the energy
density can then be lowered by a strain s, (or s;). When the contributions
to {2233} (cf. (11.18)) due to various shells are worked out, we find that

cu = (2209) = L(OW DO D), (1214)

3605.87 L

(12.11)
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where we have put in the values ¢ = p,, y =1, v, = (V3/2)p3. The
innermost shell which has the radius p, is seen to contribute nothing
to ¢y It follows from the same argument as before that most likely ¢,
is negative and the lattice is thus unstable. The ratio of the square of
the radius of the second non-vanishing shell to that of the innermaqst
shell in this case is 2. Comparing with (12.9), we may conclude that
the hexagonal Bravais lattice is as unlikely to be stable as the s.c. lattice.

Adding to each atom in the above lattice a similar atom at a vector

distance la,+}a,+ia, (12.15)

removed from the former, we obtain a composite lattice with two similar
atoms per cell. Using the notation of the last section, we can label the
originalatoms in the Bravaislattice and the additional atoms respectively
by k=1 and 2. The atoms designated as 2 form similar hexagonal
networks halfway between the hexagorial planes of the atoms designated
as 1. Their projections are indicated by crosses superimposed on Fig. 24.

About any lattice point & = 1 are shells of atoms 1 with the squares
of their radii given as before by

a®, y*a* (1+y%a® 3a® etc.; (12.16)

thesquares of the radii of the additional shells of atoms 2 have the values
2

L% ge (2 Vg2 (117 )ge
(3+ 4)(1 , (: + 4)(: , (3-{.-E a2, ete. (12.17)
(12.16) also gives the squares of the radii of the shells of atoms 2 about
an atom 2, and (12.17) gives the corresponding values for the shells of

atoms 1 about an atom 2.

It follows readily from the symmetry of the structure that the equili-
brium conditions (11.13) and the conditions (11.14) for « = B8 are
identically fulfilled in this case. Forx = 8(11.14) gives two independent

conditions:
. ol .. 202, fa* | yta® f[4a®  yPa?\ |
0= 3 Wethi = (W 5+ 0 )+ W () )
(12.18)

2a?(, ,, J[a®  y%a?
0= 2.tk = 2 Wil = ,,4:{ 3¢'(a) +4 (“3 +’if—) +

+4¢'(4_‘3‘f+”1“2)+...]. (12.19)

For relevant values of y (sec below) the first term given has the smallest
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argument in both of the above equations. Thus for forces of short range
we retain only this term and obtain approximately

fa? | YR 2| —
HE+e) =0 vE=o
These conditions require that a = p, and
s+ =1 or y=(8/3) = 1633,

It is easily verified that this value of y corresponds to the configuration
in which each atom has three atoms cach on the hexagonal planes above
and below it, all at the distance p, away. Thus every atom has twelve
nearest neighbours at the distance p,, six in its own hexagonal plane
and three each on the neighbouring planes. The structure is known as
the hexagonal close-packed structure, for it is an arrangement of hard
spheres in the closest packing.

Owing to the symmetry of the structure, a great number of the
brackets (11.16), (11.17), (11.18) vanish identically and many of the rest
are mutually related. It is found that the energy density (11.15) can
be expressed as :

u = {P(s3+83+§8, 5o+ §58) + Q3+ R(s§ 53+ 28, 83128, 85) +
+2U (8, uy—8, %9485 %)+ V(ud+ud)+ Wu3}, (12.20)
where u is the difference u(2)—u(1) describing the internal strain and

P = V2 pi{104"(p8)+164"(2p3)+ 81" (3p3)+ ...

~Q

@ = 2 pu{3207(pB)+320" 26+ 4 3D+ )
R = 22 puf80"(e8)+ 326 (24)+ 11203+ )
U = (26" (p)+ 1647208 — 404 (3p)+ ..}
V= 2108 2+

Po Po )

-(12.21)

W = 2164703+ 164"(268) 2 ¥ 260+
Po Po

In the above expressions we have put in the values y%? = 8/3, a = p,
and v, = yv3a3/2 = +2 p} for the close-packed structure.

We notice that the strains s,, s;, u; appear only in square terms. For
stability, the corresponding coefficients must be positive, i.e.

R >0, W > 0.
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The rest of the terms are in two groups, namely

Y3 Psi+2Usgu,+ Vui}
and

3{P(s3+s3-+ 85y 82)+ Q53+ R(28, 83128, 85) + 2U (8, uy— 85 ua) + V).

Apart from a constant factor, the corresponding quadratic coefficients

are (%P U ) (12.22)

........ PR . (12.23)

U -U 0 V
The principal minors of (12.22) and (12.23) are respectively
3P, 1PV —-U?3,
and P, 3P2, §P(3PQ—R?), 43 PQ—R*)(3PV-U?).

Considering only the interactions between the nearest neighbours, we
have, from (12.21),

and

, 22 .,
P= 102 d), @ =2 po (e,
2 242
R= %po'ﬁ"(p%), U= ——;/—‘,'/'"(Pg)» (12.24)
v=2pn, W =122y,
Po Po

and thus
JPV—U2 = 24(4"(p}))%,  §PQ—R? = 128(4"(o}))*.
All the stability conditions are evidently fulfilled for this case as
" (pd) > O (see Fig. 23).
The structure provides a simple example where internal strains are

induced by elastic deformations. For the determination of the internal
strain u we have in the present case:

ou
O0=—=U 7 ’
o, 8g+ Vu,
0=2" _ U(8,—85) - Vu, (12.25)
oy
o

0= 7, = Wu,.
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When the internal strains are eliminated from the energy density
(12.20) with the help of (12.25), we obtain the strain energy function

1 U Us
= 3{(P— )t red+2(3P+ et 0+ 2Ros ot
P U

+ R(s3-+85)+ I~V 33+2R'3383}'

(12.26)
The non-vanishing elastic constants are thus given by

U U
°n=cza=P—'7s ¢ = P+ =, Ca =@, .

2
C13 = Co3 = C¢q = G55 = R, Cos = }P-% = Hey—eys)-
(12.27)
We observe that all the Cauchy relations (11.31) except ¢, = ¢4 are
fulfilled in this case. Evidently if the latter relation is also to be fulfilled,
the constant U must vanish; in view of (12.25) this occurs only if no
internal strains are induced by elastic deformations.

If only the interactions between the nearest neighbours are considered,
we see from (12.24) that all the constants P, @, R, U, V, W, and hence
also all the elastic constants, are proportional to "(p3). In fact, on sub-
stituting (12.24) in the expressions (12.27) for the elastic constants, we
find that the elastic constants are in the following ratios to one another:

C33:C11:Cy3:Cy3 = 32:20:11:8.
The only non-metallic crystal of the correct symmetry for which the
complete set of elastic constantsis known seems to be beryl, Be;Al,(SiO,),.

It is interesting to observe that although it has a very complicated struc-
ture, the ratios between the elastic constants

c:'s:cll:clg:cls = 28'6:32’6: 11'6:8

are fairly close to the above calculated values and the Cauchy relation
Cy3 = €4y is very closely fulfilled, as in the above theoretical model.
The basis of the above considerations of stability is essentially qualita-
tive.f In view of the short range of the atomic forces it has been
assumed that the nearest neighbour interactions predominate, so that
in the equilibrium configuration the nearest neighbour distance is
practically equal to p,. Moreover, it has been supposed that the second
neighbours most probably lie beyond the inflexion point of the potential

1 A more elaborate calculation which takes account of the Fermi enorgy for metals
has been published by F. R. N. Nabarro and J. H. O, Varley, Proc. Camb. Phil. Soc.
48, 316 (1952).
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function ¢(r?). Such considerations have been verified quantitatively
by Misraf for the cubic Bravais lattices, using a potential function of

the following form:

P(r?) = qb(r)—A B (m > n), (12.28)

rm ,.n
where the first and second terms correspond respectively to the repulsive
and attractive forces. The potential function has the general form as
already depicted in Fig. 23. It is convenient to express the constants 4
and B in terms of the energy minimum —u,and the equilibrium distance
po; the latter are related to A and B by the following relations:

A B
%= = 12.29
o = ¥(pj) P ( )
A = B
. 0= ll’( 0) = p3|+2+§ P,o'_'_z‘ (12.30)
When 4 and B are eliminated from (12.28) with (12.29), (12.30), we find
the following: -
° 1 {po\™ l Po n
¢(r)—uom n[m( ) —n(r) } (12.31)
P'(r?), ¢"(r*) are thus given by
2) — ”o Po Po n+2
P'(r?) = 2(m_n) p (r) +(r) ] (12.32)

W(rt) = 2 Yo [( +2)(P°) (n+2)(§9)"+4}. (12.33)

4(m—n) p}

When (12.33) is substituted in the expressions (12.4), (12.5) for the
elastic constants c,; and ¢,, of the cubic Bravais lattices, we obtain

uy\ mn |, Po\™ i '
= (Tzl)m—n{""“ ’(E") 2. T e
_("+°)(Po) Z(zz+1=+zz><"“>'2} (234
__ [ mn P 1§
o= (a)mms{ 28 S e

n l2 l2
~e+25) S e (1299

1 R. D. Misra, Proc. Camb. Phil. Soc. 36, 173 (1940).
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The stability conditions (12.6) thus become

po\™ 3k p 53
(m+2)(30) z;: (l§+1?+12)<"'+4)2>(n+2)( 0) Z(lz+lz+12)‘"“"2’

(12.36)
p 1212
o +2)( 0) [Z (1:+12+12)<m+*”2 Z T+ +"*“‘}

1312
> ("’ +o)(po) {z (12+12+12)(nr4), Z (12+1 +ls)(u+4) 2} (12'37)

The parameter a specifying the dimension of the lattice cell is deter-
mined by the equilibrium conditions. Owing to the cubic symmetry of
the lattices, the equilibrium conditions (11.14) are identically fulfilled
forx #% Band, fora = B = 1, 2, 3, thesum in (11.14) has the same value.
Thus, putting « = 8 = 1 and using the expression (12.32) for §'(r?), we
obtain the single equilibrium condition

o mn "
(..t::,) (m—mn) ( ) Z([2+12+12)(m+")°+
P
( 0) Z (12+l"+12)(n+zwz} =0

p n p
or (Po) 2(1 +12+l Y2y (“) Z(l +lz+12)(n+z)2 (12.38)

Dividing the stability conditions (12.36) and (12.37) by (12.38), we find

122 2
on+2| 2 (zz+z=i12'§)<m+4’f°] (n-+2){ 2 R

o S e "
(12.39)
i 1213
(m +2’{ Z (BB Bymed2 Z (z;*+1§+z:=:)('"+*’f*}
‘ z (12+12+ls)""+°””}
H B2
- (7! +2){ Z (l-,l:___l_]:'._i_lz)(u-f-:);z— Z (1?+l§+1§)(ﬂ+4)/2’

{Z (13 —I—lz-{-l )(n+2)/2}
(12.40)
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which, we observe, depend now only on the exponents m, = in the force
law and are independent of the values of %, and p,.

In view of the cubic symmetry of the lattices we clearly have the
relations (p = any‘ number)

BHE+D 1 1
(z=+l2+z=)w2 32 G+ = 3 Z G B’

and

3213 (B4-B4-12)2—1 -1
2 BRI = ez B+ ETBE

62(12-{-1 —}-12)0’-")/2 Z([ +12+13)wz

Hence we can express all the lattice sums in (12.39) and (12.40) in terms
of lattice sums of the form

SO = Z(l +lz+12)ﬂf2’ S = 2(1 +gz+¢2)m°’ (12.41)
namely, we can write (12.39) and (12.40) as
2 S 2 S
(’"fz*' )(1_3 S“;;~‘)>(”;r )(1 3 S(f;;*) (12.42)
m-2 Sﬁ,‘, n42\(, 8¢,
) ) e

The values of the two expressions

1) D) (1)
s = o) 3 - 250
? ? T 12.44)
have been calculated by Misra for various values of p and for all three
cubic Bravais lattices. They are plotted against » in Ifig. 25. Since
m > n the stability conditions (12.42) and (12.43) are equivalent to the
requirement that the curves should increase monotonically with in-
creasing p. The curves given in Fig. 25 show that the f.c.c. lattice is
always stable and the s.c. lattice is always unstable. One of the curves
for the b.c.c. lattice is seen to decrease monotonically except for very
small p. Since the rapidly varying repulsive force in reality corresponds
to an exponent m ~ 10, the structure is thus very unlikely to be stable
for atoms interacting with central forces.
Of course, a structure may be stable with respect to homogeneous
deformations, yet unstable for other types of small deformations. It is
most convenient to consider the totality of all small deformations in




IIT, § 12 ELASTICITY AND STABILITY 153

terms of the normal coordinates. If it is found by solving the equations
of motion that the frequencies of all the normal modes are real, then
the lattice is stable for all small deformations; otherwise the lattice is
unstable.” For an imaginary frequency means that the system, subject
to a small displacement, will disrupt exponentially with time instead of
executing an oscillatory motion about the equilibrium configuration.
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Fi106. 26. The functions A(p), B(p) in (12.44).

We have alrecady seen that the long acoustic waves are essentially
determined by the elastic properties; the stability against homogeneous
deformations in fuct only ensures that the frequencies of the long lattice
waves will be real.

In § 6 we have quoted the result that the frequencies of the normal
vibrations are determined by the equation (6.14),

!Caﬁ(kyc’)—wzsaﬁ O] = 0.

In order that the solutions for w? should be positive, the condition is
that all the principal minors of the 3n x 3n matrix

[Cop%)]
should be positive. Ifthe lattice is to be stable for all small deformations,
the above condition must be fulfilled for all values of the wave-number

-
PN R

;'- -~
~ o~
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vector y. This problem has been considered by Bornt for the model of
a linear chain of identical particles. It is found that the stability for all
waves follows from the stability against homogeneous deformations, if
the second derivative of the interaction potential is positive between
nearest neighbours and negative between all other neighbours. As we
have seen, this latter provision is probably always fulfilled in reality.
A three-dimensional analogue has been developed by Power,f who
considers specifically the f.c.c. lattice. For this lattice she shows that
‘the stability against homogeneous deformation ensures also stability
against all deformations, if only the interactions between the nearest
neighbours are taken into account.

13. Relative stability and polymorphism

The consideration of mechanical stability alone cannot decide the
actual structure of a crystal. The actual structure is determined by the
Gibbs free energy (often called today free enthalpy)

= U4pV—-T8; Do (13.1)

the structure, which is thermodynamically the most stable, has the
lowest free energy. '

At zero pressure and the absolute zero of temperature, a solid thus
crystallizes in the structure with the lowest energy. As alternative
structures frequently have energies which are only slightly higher,
theoretical discussion of the relative stability between different strue-
tures is often subject to considerable uncertainty, and has not been
altogether successful in individual cases. Without attempting to give
a general survey§ of the subject, we shall discuss a few simple instances
to illustrate some factors which are important in determining the
structure of a crystal.

For structures with sufficient symmetry to suppress polarization
effects, the Madelung energy and the overlap energy are the most
important ‘energy terms. Hund| has thus considered the relative
stability between alternative coordinate lattices, taking into account
only these energy terms. As an.example, let us consider the relative
stability of the three structures CsCl, NaCl, and ZnS for ionic com-
pounds of the type X+Y"~ (the zinc blende and wurtzite structures of

t M. Born, Proc. Camb. Phil. Soc. 36, 160 (1940); Appendix.

1 8. C. Power, Proc. Camb. Phil. Soc. 38, 62 (1042).

§ For a more comprehensive survey see L. Pauling, The Nature of the Chemical Bond,
chap. x (2nd ed., Cornell Univ. Press (1948)).

I F. Hund, Zeit. f. Phys. 34, 833 (1925).

. . g .
D '}" e * . L] . - . 15t
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ZnS are essentially s0 little different that their difference may be ignored
in the following discussion). We shall present Hund'’s considerations in
a somewhat simplified manner. Thus we take into account only the
overlap energy between nearest neighbours; for the overlap energy we
use the inverse power expression (3.1 a). The energy per cell can be

written as o(ze)®  MA,
— + =

a = (13.2)

U =

b

where the Madelung constant, denoted here by «, and the coordination
number M have the following values for the three structures:

CsCl NaCl ZnSt

« | 1-7627 | 1-7476 | 1-6381
M 8 ] 4 (13.3)

Remembering the equilibrium condition

du .
(@)= (13.4)
we find that
n\1/{n-1) —1 2n7 1/(n-1)
u(ry) = _(;_I) {("'_n_) (:;i ] } (13.5)

Since the second factor is the same for all structures, the relative stability
depends only on the value of «®/Af; the structure having the highest
value for a™/M is the most stable. For very small values of n the value
of M predominates in determining the relative magnitude of a®/M, so
in this extreme case we have in the order of stability (from the most to
the least stable):

ZnS, NaCl, CsCl (small »).

For sufficiently large values of 7, on the other hand, the effect of «
preponderates and the above ordering is exactly reversed:

CsCl, NaCl, ZnS (large n).

Let a, M and o', M’ denote the constants for two alternative struec-
tures. Consider the number p defined by the following equation:

ol a'P

AT

Clearly, for » > p one structure is the more stable and for n < p the

(13.6)

A .o
t The values refer to the zinc blende structure; for the zincite structure
NHhorey s
a = 1-639, M =4,
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other is the more stable. Writing (13.6) as
__log(M/M')
— log(afa’)
we can immediately calculate the value of p for the three pairs of struc-
tures ZnS—NaCl, ZnS—CsCl, and NaCl—CsCl; the results are
ZnS—NaCl ZnS—CsCl NaCl—CsCl
P 63 9-5 33

"From these values and our knowledge of the relative stability for the
extreme values of # we can form the following table:

n < 63 ZnS, NaCl, CsCl;
63 <n<95 NaCl, ZnS, CsCl; (13.1)
95 <n <33 NaC(Cl, CsCl, ZnS;
B <n CsCl, NaCl, ZnS;

here the three structures are given in the order of decreasing stability.
We notice that, according to this simple theory, for » between 6-3 and 33
the NaCl structure is the most stable.

In Table 24 the actual structures of a number of diatomic salts are
indicated by the corresponding coordination numbers (8 for Cs(1, 6 for

TABLE 24
Crystal Structures of Diatomic Ionic Crystals

F|Cl |Br| I 0 S Se | Te
1-36 | 1-81 | 1-05 | 2-11 140 | 1-84 | 1-98 | 2-21
Lioeo| 6 | 6 | 6 | o Bo031| 4 [ 4 | 4 | 4
. 0-22 | 0-17 | 0-16 | 0-14
Na0OO5( 6 | 6 | 8 | 6 Mgoe6s| 6 | 6 | 6| 4
047 | 036 | 0-33 | 0-30
KI133| 6 6 6 6 Ca099| 6 6 6 ¢
0-71 | 0:54 | 0-50 | 0-45
Rb149| 6 | 6 | 6 | © Sr1-13| 6 | 6 | 6 | o
0-81 | 0-62 | 0-57 | 0-51
Cs160| 6 | 8 | 8 | 8 Bal35| 6 | 6 | 6 | ©
0-07 | 0:73 | 0-68 | 06}
Cu0o6| .. | 4| & | 4 ZnoTd| 4 | 4| 4 | 4
Agl26| ¢ | 6 | 8 | 4 cdo97| 6 | 4 | 4 | 4
Hglio| .. | 4 | 4 | 4

.. |..| 8| 8| 8 Ma.. | 6 |[6()]|6(4)

Fe .. 6 .o .o

Co .. 6 . .-
Ni .. 6 . . ..
Pb .. .o 6 6 ¢

Pauling’s crystal radii are given besido tho ions and, for tho alkali-carth compounds,
tho radius ratio (r,/r_) is given under the coordination number.
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Na(l, 4 for ZnS). The preponderance of the NaCl structure is evidently
related to the fact that the exponent » is generally in the neighbourhood
of 10 (cf. § 3).

Although in a general way the above theory is confirmed by the
observed structures quoted in Table 24, it is by no means adequate to
account for the structures in all individual cases. It is clearly out of the
question to consider the salts with the CsCl structure on the above basis;
for the required value of » would have to be greater than 30. Norindeed,
as we shall presently see, are the ZnS structures to be generally inter-
preted as due to small values of =.

The overlap energy between second neighbours can no longer be
ignored if the negative ions are large compared with the positive ions.
The most important effect of the interaction between second neighbours
can be crudely reproduced by considering the ions as rigid spheres. In
this crude model the energy is simply equal to the Madelung term

a(ze)?,

r ’

the radii of the ions effectively take over the function of the overlap
forces in that the radii determine the value of the nearest neighbour
distance r and hence also the energy. In order to see how the values
of the radii affect the energy, let us imagine that, starting with r, = r_,
7, is progressively reduced while r_ is kept fixed (., r_ being respec-
tively the radii of the positive and negative ions). For each particular
structure there is a critical ratio p = 7, /r_ of the radii, at which the
negative ions that are second neighbours come into contact. Evidently
before this critical ratio is reached the nearest neighbour distance is
r = r,+r_; the corresponding energy
__ofze)?

(rotr.)
thus decreases with decreasing r,. Once, however, r, is reduced below
the value pr_ the lattice dimension becomes a constant which is deter-
mined by the distance 2r_ between the second neighbours. Accordingly,
the energy remains at the constant value

__ofze)?
. r_(14+p)’
Let us now compare the energies of the above three strictures. The
values for the critical ratio of the three structures are readily found to be

CsCl NaCl ZnS
p V3—1=0732 +2—1=041¢ +j—1=0225
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For r, > (v¥3—1)r_ the second neighbours are not in contact and the
nearest. neighbour distance is equal to r,-4-r_ in all three structures.
The corresponding values of the lattice energy are thus proportional to
the Madelung constants; hence we have, in the order of decreasing

tabilit '
siabity. CsCl, NaCl, ZnS.

For r, < (¥3—1)r_ the energy of the CsCl structure remains at the

constant value
1-7627(ze)?

T17821 (13.8)
whereas the energies of the NaCl and ZnS structures, given by
. 2
_ 17476(ze) (13.9)
e tro
1-6381(ze)?
—_ 13.10
Y (13.10)

continue to decrease with decreasing r,. Equating (13.8) and (13.9), we

find that
r, 17321 17476

Cro 17627

—1 = 0-717. (13.11)

For a ratio of the radii smaller than this value, the NaCl structure

becomes more stable than the CsCl structure. Similarly by equating
(13.8) and (13.10) we find that for a radius ratio smaller than

r, _ 1-6381x1-7321

s = —1=0 13.12
r_ 17627 L= 0009, (13.12)

the ZnS structure becomes also more stable than the CsCl structure.
For r, < (¥2—1)r_ the energy of the NaCl structure ceases to decrease
so that the ZnS structure becomes eventually the most stable. Using
the same argument as before, we find that the ZnS structure becomes
more stable than the NaCl structure for a radius ratio smaller than

Ty 1-6381xX1-4142
r_ 1-7476

—1 = 0-325. (13.13)

Using (13.11), (13.12), and (13.13), we find that for various values of the
radius ratio we can arrange the structures in the order of decreasing
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stability as follows:

0-717 < ;t CsCl, NaCl, ZnS;

0-609 < :_+ < 0717 NaCl, CsCl, ZnS;
- (13.14)
0325 < :_" < 0609 NaCl, ZnS, CsCl:

"> < 0325 ZnS, NaCl, CsCl.

In Table 24 Pauling’s crystal radii for the ions are quoted. The
corresponding values for the radius ratio are given for the compounds
of the alkali-earth ions. The strict correlation between the appearance
of the ZnS structure and the rule (13.14) shows clearly that for these
compounds the stability of the ZnS structure must be largely due to
the strong repulsion between second neighbours.

Clearly (13.7) and (13.14) each cover only one special factor which
is important for the consideration of relative stability. Nor indeed, by
considering both of these factors together, can we hope to account for
the observed crystal structure in all individual cases. In fact, all theoreti-
cal calculations carried cut so far have failed to account for the stability
of the CsCl structure of the three caesium salts! In particular Mayf has
carried out such calculations for the CsCl crystal, using the energy
expression due to Born, Mayer, and Huggins; the energy expression, we
remember (see § 3), includes the dipole and quadrupole van der Waals
potentials as well as the overlap energy between second neighbours.
Yet he found an energy for the NaCl structure 1 per cent. lower as
compared with the CsCl structure. At 718°K, the CsCl crystal undergoes
a phase transition from the CsCl structure to the NaCl ‘structure.
Assuming that the energy difference between the two structures is
approximately equal to the latent heat at the transition, May found that
the van der Waals potentials as estimated by Mayer have to be raised by
at least a factor 3-5 in order to reproduce correctly the energy difference.
Since Mayer’'s estimates are not expected to be so seriously in error,
May’s results show that further physical factors will have to be taken
into consideration before we can hope to account for the stability of the
CsCl structure.

The caesium salts are by no means the only instances for which
elaborate theoretical calculations have failed to account for the observed

t A. May, Phys. Rev. 52, 339 (1037); Phys. Rev. 54, 629 (1938).
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crystal structure. Mayer} has calculated the lattice energies for the
halides of Ag and TI both for the observed structure and for a hypo-
thetical structure. It was found that for Agl, TICl, and T1Br the calcu-
lated energy is lower for the hypothetical structure. In the case of Agl
the calculated values for the lattice constant and the cohesive energy
are in such marked disagreement with the empirical values that Mayer
considered the results as a clear indication of the partial formation of
valence bonds. Such possibilities make it very difficult to predict
theoretically the stable structure with certainty.

The structure most stable at the absolute zero of temperature and
zero pressure need not, of course, be stable under varied conditions of
temperature and pressure. Bridgman’s extensive investigations} on
high pressure phenomena have in fact shown that polymorphic transi-
tion (phase transition involving change of structure) is of common
occurrence; of 150-odd substances examined up to 1931 such transitions
were detected in approximately 40 within the temperature range 20—
200° C. and under pressures up to 12,000 kg./em.2 (1-033 kg./em.2 =1
atmosphere). Let us consider the possibility of polymorphism under
high pressure, at the absolute zero of temperature. The Gibbs free energy
(13.1) reduces at 7' = 0° K. to the quantity (enthalpy)

U+pV. (13.15)
If there is a polymorphic transition to an alternative structure at p the

two structures are in thermodynamical equilibrium at this pressure and
the corresponding free energies must thus be equal:

U+-pV = U4V, (13.16)
where U’, V' denote the energy and volume of the second structure.
Let us write (13.16) as U—_U 4

, p — —It—]/' . (13.17)

The right-hand side of (13.17) is, of course, a function of pressure.
However, as a first approximation, we can simply ignore the pressure
dependence of the expression on the right and use its value corresponding
to zero pressure: U,—U,

&~ 13.18
p—%_lto’ (3 )

where the suffix 0 signifies the value at-zero pressure. Later we shall
see that (13.18) is a crude but usable approximation.
t J. E. Mayer, Journ. Chem. Phys. 1, 327 (1933),

t P. W. Bridgman, The Physics of High Pressure, chap. vili (Boll & Sons, London
(1949)).
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Let us once more take the diatomic compounds X+Y - as an example
and use the simple energy expression (13.2). It follows immediately
from the equilibrium condition and (13.2) that the nearest neighbour
distance at zero pressure is given by

_ [nMA,_\Yr-D
ro = (—a(z_e)_) (13.19)
and the energy per cell can be written as
_ ofze)? —1y
u(ry). = — . ( W ) (13.20)

Since the volume per cell is proportiondl to the third power of the
nearest neighbour distance, let us denote the volume per cell by sr3 and
s'r'3 respectively for the two structures. Thus using (13.19) and (13.20)
in (13.18), we obtain the following approximate expression for the
transition pressure:

. o(ze)?
= o (18.21)

I Ot' nfin-1) M 1n-1)
-6 )

18 (M 'a)a«n—v ’

with F, defined by

s\ Mo’

where the quantities with and without prime refer respectively to the
high and low pressure modifications of the crystal.

We have scen that it follows from the simple energy expression
(13.2) that practically all ionic compounds X+Y - should have the NaCl
structure at p = 0.. Thus (13.21), which is based on (13.2), is at best
only applicable to cases where the actual structure at p = 7' = 0 is of
the NaCl type. Hence let us consider possible polymorphic transitions
to the ZnS and CsCl structures. The values of F, for such transitions
are given in Table 25 for a few values of the exponent n. It follows from
the negative values of F,, for the transition NaCl — ZnS that the corre-
sponding transition pressure is negative. In other words, a erystal with
the NaCl structure at zero pressure will undergo a polymorphiec transition
into the ZnS structure only under tension. On the other hand the
positive values of ¥, for the NaCl - CsCl transition show that such
transitions will occur under pressure,

Using the values of # and ry, given in Table 9 (remember that
n = ro/p—1, p. 27) and the corresponding values of F, obtained by

3605.87 M
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interpolation from Table 25, we can calculate readily the pressure for
the transition NaCl - CsCl with (13.21) for the alkali halides. The
transition pressures calculated in this way are given in Table 26.

TABLE 25
Values of F,
(See (13.21))

Transitions 8 s n=17 8 9 10 11
NaCl— ZnS 2 16/3v3 | —0-022 | —0-043 |—0-065 |—0064 [—0-070
NaCl - CsCl 2 8/3V3 0-28 0-:20 016 0-13 0-11

TABLE 26

Pressure for Polymorphic Transition in the Alkali Halides

(Pressure in kg./cm.3)

Li* Na+ K+ Rb+ Cs+

F- (13.21) 310,000 | 200,000 | 88,000 | 68,000 | 35,000
Cl- (13.21) 140,000 74,000 | 36,000 | 31,000
exp. . 20,000 | 20,000 5,500
Jacobs .. .. 74,000 | 39,000
Br- (13.21) 105,000 63,000 | 29,000 | 25,000
exp. .. . 19,000 5,000
) Jacobs .o .o §9,000 | 30,000
I- (13.2]) 68,000 39,000 | 21,000 | 15,000
exp. .. .o 18,000 4,000
Jacobs .o | .o 49,000 | 22,000

In the pressure range so far achieved (up to 100,000 kg./cm.2) poly-
morphic transition has been found only in six of the alkali halide crystals.
The experiments have been carried out in the temperature range 20~
200° C. The transition pressures were found to be practically indepen-
‘dent of temperature (this is usually not the case with other crystals).
It is thus fairly safe to assume that the transition pressures at the
absolute zero of temperature are not appreciably different from the
room-temperature values: The experimentally measured values for the
transition pressure are also given in Table 26. We see that there is no
quantitative agreement between the theoretical and the experimental
values. From the fact that CsCl, CsBr, and CsI actually crystallize in
the CsCl structure at low temperatures (whereas theory predicts the
NaCl structure), we may infer that the NaCl-CsCl transition actually
occurs in these salts under negative pressures. In other words, for these
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salts the theoretical transition pressures are too high (algebraically).
Table 26 shows that this is still the case with the rubidium salts. For
the potassium salts the theoretical and experimental values are in rough
agreement. Kxperimentally no transition has been found in the case of
Nal up to a pressure of 100,000 kg./em.?, so it is almost certain that
none of the salts of Na and Li has a transition in this range. The theoreti-
cal transition pressures are thus too low for these salts. These facts bring
into evidence a systematic tendency for the theoretical transition pres-
sures to be too high for the salts of the heavier metallic elements and
too low for the salts of the lighter metallic elements.

We should expect the consideration of the van der Waals potentials
to correct the theoretical results in the right direction. For the van der
Waals potentials favour the CsCl structure as compared with the NaCl
structure, as is evident from May’s results. As the van der Waals
potentials increase rapidly from the lithium to the caesium salts, they
should thus lower the transition pressures of the salts of the heavier
metallic clements as compared with the salts of the lighter metallic
elements. This anticipation was borne out by the calculations made by
Jacobs,{ who used the energy expression of Born, Mayer, and Huggins
for his calculations. His results are also given in Table 26. His values
are in no better agreement with the observed values, but they do in fact
display a more marked increase of the transition pressure from the
caesium to the lithium salts. In particular, he found that no transition
should occur in Nal. Transition pressures for the alkali halide crystals
have also been calculated by Lowdgn, who used direct wave-mechanical
methods in a fow instances and the exponential overlap potential for the
rest. His results are practically the same as the values calculated above
with (13.21). The close agreement is clearly due to the fact that the
overlap energy between second neighbours and the van der Waals
potentials have been neglected in both treatments.

We can casily verify that the approximation involved in (13.21) is not
responsible for the discrepancy between the theoretical and experimental
results. A second approximation for the transition pressure can be
obtained by taking into account, to the first order, the pressure depen-
dence of the right-hand side of (13.17). Thus expanding

2):—_

dv

T R. B. Jacobs, Phys. Rev. 54, 468 (1938),
$ Per-Olav Liwden, Univ. Uppsala Diss. (Almqvist und Wiksells Boktryckeri, A.B.,
Uppsala, 1948), Theoretical Investigation into Some Properties of Ionic Crystuls.
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with respect to the volume difference v—u,, We obtdin to the first order

p=— (3 ) (r—b0)

b = py——P 13,
o b= vy . (13.22)
Similarly, by etpanding the energy u, we find that
1{d?u p?
4 = + S 13.23
Uy (d 2) (v vO) Uy 2 (dgu/dvz) ( 3 )

Where v—v, has been eliminated wnth the help of (13.22). Differentiating
(13.2), we obtaih

(dzu) 3 {_2a(ze)2 BIA+_n(1z+1)}

dv? 9v? 73 1p+e
After A,_ is eliminated by means of (13.19) a compauson with (13.20)
shows that
dd N
£ = B 13.24
(d02)0 v} ( )
Using (13.22), (13.23) in (13.17), we obtain
82’2 2
= 9 9 13.25
¥ vo—th— 22 [”32 ’03] (13.25)
0 0 1 7
nlug U,
If we write Kuy = dg—1u,, Avy = vy—v,,

We have approximately
v{,” vy _ 20,80, 4} Auo

g U, % ug

Hence (13.25) can be rewritten as

-2

Au, n | ug \Au,/ ud 1
— 3.26
P (—Avo) ) +9p[2vo o é'z_z_q] (13.26)
u, u\Avy,
Since in the present notation the first approximation 2° is given by
- Au
O s 13.2
= (L) (13.27)

we see that the second approximation differs from the first by the second
factor in (13.26). In this correction factor, let us replace p by the first
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approximation p° = —(Au,/Av,); thus we find that the correction factor
is given approximately by

1+45 °Pn”a+(1’o”o)]

Ug Ug

~lo 45 [2370'”0 + (pn ”0)2] ]

20V \°] [ — %
142 [Poo (p;oo)] (4 0 Uy
Comparing (13.20) and (13.21), we find that
Dot _ _ nF, ’
g n—1
Hence the correction factor can be written as

-on

L+ oy TR

From the values of F, given in Table 25 we see that the first approxima-
tion may involve an error of 10-30 per cent.; the inaccuracy is certainly
not sufficiently large to account for the discrepancy between the theoreti-
cal and experimental values given in Table 26.



PART II
GENERAL THEORIES

IV
QUANTUM MECHANICAL FOUNDATION

14, Quantum mechanics of molecular systemst

LET us consider a system of nuclei and electrons and denote the proper-
ties of the former by capital letters (mass M coordinates X, and momenta
P), and of the latter by small letters (m, 2, p). The kinetic energy of
the nuclei is the operator

° 7
Tv= m” m(é‘ﬁ) (14.1)
and that of the electrons '
1 fit { 92
Tg= > 5Pt = — > E%z(é}?) (14.2)

The total Coulomb energy of nuclei and electrons will be represented
by U(z,X). We further introduce the abbreviation

To+U = Ho(x,%,X). (14.3)

H,, we note, does not contain the momenta P of the nuclei and can be
considered as the Hamiltonian of the electrons for fixed nuclei. Since
the kinetic energy of the nuclei is usually small owing to their large
masses, H, can be taken as the zeroth approximation for the actual
Hamiltonian of the system:

H =T+ U+1Ty = H+1y, (14.4)

from which the solutions may be found by the method of perturbation
theory, regarding 7, as small.

The expansion parameter must clearly be some power of the mass
ratio m/2f,, where 1/, can be taken as any one of the nuclear masses or
their mean. It has been found that the correct choice is

K= (%i;-n)’*' (14.5)

1 M. Born and R. Oppenheimer, Ann. d. Phys. 84, 457 (1927).
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Thus we write

2\ 5 AL
= 1M L[ ) Lo\ (9"
Ty "”’(ax)’ H‘(ax) Z(M) 2m(ax=)' (14.6)

I1;, however, is not of the same order of magnitude as H,, as we shall
presently see.

Now the total Hamiltonian (14.4) has the form

H = Hy+-«d, (14.7)
and the Schrédinger equation is
(H—E)(z, X) = 0. (14.8)

Let us assume that the equation for the electronic motion, with the
nuclei in arbitrary fixed positions,

(Hy— EV)p(z, X) = 0, (14.9)
is solved. Both the eigenvalues and eigenfunctions depend on the
nuclear coordinates as parameters. Thus we denote them as

E° = @, (X); ¢ = ¢(z, X), (14.10)

where n is the electronic quantum number. Considering the functions
(14.10) to be known for a certain nuclear configuration X° and all
neighbouring configurations, we shall try to solve the exact equation
(14.8) under the. assumption that the nuclear motion is confined to a
small vicinity of X9, so that X—X° can be considered as small. We
express this supposition by writing

X—X0=xu (14.11)

and using u as the nuclear coordinate. Weshall see that the perturbation
method can be consistently carried out only if the primary configuration
X0 is properly chosen. Expanding the functions (14.10), we obtain

©,(X) = (X0t ru) = OV kDD + 2O +-...
¢n(x’ X) = ¢n(x’ X°+K‘lt) = ¢$'0)+K¢£1”+K2¢§12)+"'

We notice that ®©, ¢ are independent of u, ®{}, ¢!V linear in u,

O, $ quadratic in u, ete. Similarly we can write
Hy(x,8/o%, X) = Hy(x,8/ax, XO+xu) = HO +HP 2P+ ..,
(14.13)

where H{? are operators with respect to 2 and homogencous functions
(degree indicated by the superseript) of u. Substituting (14.12) and

(14.12)
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(14.18) in (14.9), we obtain the following series of equations by equating
the coefficients of different powers of « to zero:

@) (HO— 00O =0,

(0) (HP—P) = —(HN—dP)$0,

() (HP—0M$P = —(HP— D) —(HP— D),

L[ ] L] L] [ ] L] [ ] L] ' [] [} L] (] 3 (14.14)
o 1

it follows from (14.1) that the kinetic energy of the nuclei consists of
only one term of the order «*, namely

Ty = lh = CHP;  HP = — (‘" ) ,m(a_u_). (14.16)

Combining (14.16) with (14.13), we obtain for the exact Hamiltonian
of the system
H = HO+4cHD - x2(HP+ HP)4- 30 P +-.... (14.17)
Different coefficients in an expansion with respect to « can be con-
sidered to be of the same order of magnitude if the wave function
P(z, ) is essentially different from zero only in a domain which extends
roughly as far in « as in 2. We shall suppose this to be the case and
proceed to solve the exact wave equation (14.8) by the usual perturba-
tion method. Thus we write
E = 004 kEN+2EP ...
b = YO D YD ..
Using (14.17) and (14.18) in the wave equation, we obtain the successive
equations:
(@) (HP—OPWD = o,
(6) (HP—POWD = —(HP—EDWD,
(©) (HP—DOWP = —(HP—EPW—(HP+HP— EPWD,
(14.19)
It follows from (14.14) (a) that ¢!®(x) = ¢,(x, X°) is a solution of the
zero-order equation (14.19) (a). But cvidently we can multiply ¢© by
an arbitrary function in u. Hence we have
P, u) = xM(u)pPHx), (14.20)

where y¥(u) is as yet completely arbitrary;.but, as we shall see, it will be
determined by the higher-order equations.

(14.18)
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Consider next the first-order equation (14.19) (b). The equation is a
linear inhomogeneous differential equation with respect to x; the
solubility condition is that the inhomogeneous part (the right-hand
side of the equation) must be orthogonal to the solution ¢{’ of the
homogeneous equation. Thus we must have

[ D @NHP— BEOWOz, v) dz
= XO(u) [ $PENHP— BP)P (@) dzx = 0. (14.21)

On the other hand, multiplying (14.14) (b) by ¢{? and integrating over z,
we find that

- J’ PO(HD—PW)gO dy = J‘ SO (HO — PO)SD dz = 0,

(14.22)
Comparing (14.21) with (14.22), we obtain

oM = EY, (14.23)

The eigenvalue E, hence also E(®, E},..., must be constants independent
of u, whereas ®!!) is a linear homogeneous function of u. Thus(14.23)can
be fulfilled only if ®{’ vanishes identically:

oM = z (3"; lgf)) w=o.

In other words, X? must be an equilibrium configuration where

20,(X)) _
( 7X ) =0 (14.24)
With this required choice of X?,
EY = 0. (14.25)

After putting E®) = OQ) = 0 in (14.19) (b) and (14.14) (b), we find by
comparing these equations that x(®(u)¢{}(x,u) is a solution of the in-
homogeneous equation (14.19)(b). To this solution we may add any
solution of the corresponding homogeneous equation. Hence we have

D = YOz, u)+ X)), (14.26)
where ¥V is an arbitrary function of u.

When (14.23) and (14.26) are substituted, the second-order equation
(14.19) (c) becomes

(HP — OPWP = —HP O — (HP+ HP— BP0 — H gD,
(14.27)
From this equation we subtract ¥ times (14.14)(b) and ¥® times
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(14.14) (¢). Remembering that H{” does not operate on u, we can write .
the resulting equation as

(H — )i — 04D —xO4P} = — (P -+ OP— ED)X040.

(14.28)
The solubility condition for this equation is

[ $OHP+ O — ED)Y0pD dz = o,
or, since (H{?4- PP — E2)5 ig indcpendenf; of z,

(HP 4+ 0P — E2)O(x) = 0, (14.29)

If the approximation is broken off at this point (14.29) is the equation
determining the nuclear motion. When the equation is multiplied by «?2,
xk2H{® represents the kinetic energy of the nuclei and «*®{?(u) acts as a
potential function for the nuclcar niotion. «2E{? is the corresponding
eigenvalue. Since ®{?(u) is a homogeneous quadratic function of the
nuclear coordinates, the equation leads to harmonic vibrations of the
nuclei, which we shall discuss explicitly in the next section. We shall
call this approximation the harmonic approximation. In the harmonic
approximation the wave function of the system is determined only to
the zero order; this zero-order wave function is given by the product
of the nuclear wave function y%(x) and the electronic wave function
¢(z, X0). The eigenvalue is the sum of the eigenvalue ®,(X°) for the
electronic motion (with nuclei at X°) and the energy of nuclear vibration
in the effective potential ®{)(u).

Many important crystal properties are, however, directly at variance
with the supposition that the nuclei move in a harmonic potential. To
discuss such properties one has to consider the higher approximations.
The harmonic approximation presents us with a very simple description
of the motion of the system; namely, the nuclei move in accordance with
an effective potential function, and the electrons move as though the
nuclei remain fixed at X and they affect the nuclei only in so far as the
effective potential function (for the nuclei) is dependent on the electronie
quantum number n. In developing the higher approximations, we have
particularly in mind the question as to how much of the simplicity of the
harmonic approximation will still be preserved.

The mathematical consideration of the higher approximations is given
Jin Appendix VII, It is shown there that the second-order term of the
wave function has the form

PPz, 1) = XD (1) + V), 1)+ )P (). (14.30)
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The functions ¥V and x® satisfy the differential equations
(HD 4+ 0P — E@)O(u) = —(OP— ED)yOu),  (14.31)
(HP+OP— B () = — (DR —EP)xV(u)—(DF+C— ELY) ¥ (u),
(14.32)

where C is a constant. Thus if the approximation is broken off after the
second-order term, the wave function is given by

hn(®, 1) = PP s k2P
= XO(u)$O(z)+ ki (x, w)+ kP (2, u)}+-
+ ey u){ Pl x) + P (z, w)}+ 2 P(u){piO(x)}. (14.33)

Adding terms of higher orders, we can write the above wave function to
the same order of accuracy in the modified form

Palz, 1) = (xOw)+xx () + 3P (u))d,(x, X). (14.34)

This wave function has a simple interpretation. The first factor describes
the nuclear motion and the second factor shows that during the nuclear
motion the electrons move as though the nuclei were fixed in their
instantaneous positions. We say that the electrons follow the nuclear
motion adiabatically. In an adiabatic motion, an electron does not make
transitions from one state to others; instead, an electronic state itself is
deformed progressively by the nuclear displacements. If we proceed to
an even higher approximation than the above, the electronic motion
will no longer be adiabatic; thus we shall call the above approximation
the adiabatic approximation.

In the adiabatic approximation, as in the harmonic approximation,
an effective potential function exists for the nuclear motion. An inspee-
tion of (14.29), together with (14.31) and (14.32), shows that these
equations are identical with the equations which would be obtained if
the perturbation method is applied to a system with the Hamiltonian

H{P(8[ou)+ 0P