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PREFACE 

The first edition of this book, published in 1977. included an extended discussion of aerosol 
dynamics, the study of the factors that detennine the distribution of aerosol properties with 
respect to particle size. The distributions change with position and time in both natural and 
industrial processes. The ability 10 predict and measure changes in the distribution function 
are of cenlraJ importance in many applications from air pollution \0 thecommercial synthesis 
of powdered materials. The aerosol dynamics approach makes it possible to integrate a broad 
sel of topics in aerosol science usually treated in an unconnected manner. These include 
stochastic processes. aerosol transport, coagulation. format ion of agglomerates, classical 
nucleation theory, and the synthesis of ultrafine solid particles. 

I had started writing the first edition after participating in ACHEX, the first large 
scale atmospheric aerosol characterization experiment which took place in California in the 
early seventies. K. T. Whitby had shown the power of the new in~lruments that had been 
developed for the rapid determination of particle size distributions including the si ngle 
particle optical counter and electrical mobility analyzer. I realized thai this instrumentation 
provided enough information to warrant a new treatment of aerosol dynamics linked to 
improved experimental capabilities. (An earlier ground-breaking book on The Dynllmics of 
Aerocolloidaf Systems had been published in 1971 by G. M. Hidy and J. R. Brock.) 

In the approach adopted in my fir~t edition, the derivation and use of the general 
dynamic equalion for the particle size distribution played acentral role. This special form of a 
population balance equalion incorpor.ned the Smoluchowsk.i theory of coagulation and gas
to-particle conversion through a Liouville term with a set of special growth laws; coagulation 
and gas-to-particle conversion are processes that take place within an elemental gas volume. 
Brownian diffusion and external force fields transport particles across the boundaries of 
the elemental volume. A major limitation on the formu lation was the assumption that the 
particles were liquid droplets that coalesced instantaneously after collision. 

In the second edition, I have sharpened the focus on aerosol dynamics. The field 
has grown rapidly since its original applications to the atmospheric aerosol for which 
the assumption of particle sphericity is usually adequate, especially for the accumulation 
mode. Major advances in the eighties and nineties came about when we learned how to 
deal with (i) the formation of solid primary particles. the smallest individual particles 
that compose agglomerates and (ii) the formation of agglomerate structures by collisions. 
These phenomena, which have important industrial applications, are covered in two new 
chapters. One chapter describes the extension of classical coagulation theory for coalescing 

xv 



xvi Preface 

particles to fractal-like (power law) agglomerates. The other new chapter includes a 
discussion of the collision-coalescence mechanism that controls primary particle fonna tion 
in high temperature processes. This phenomenon. first recogni zed by G. Ulrich, was later 
incorporated in the general dynamic equation by W. Koch and mysel f. Al so included is 
an introduction to the fundamentals of aerosol reactors for the synthesis of submic ron 
solid particles. I.n aerosol reactor design, I have bene fited from the work of S. E. Pratsi nis 
(University o f Cincinnati and ETH , Zurich) and his students who have pioneered the 
industrial applications of aerosol dynamics. 

Several ulher r.:ilaplt": rs have been substantially rewrinen to reftect the sharpened focus 
on aerosol dynamics_ Fo r example, the chapter o n optical properties has been expanded to 
include more applications to polydisperse aerosols. It helps support the chapter that follows 
on experimental methods in which coverage of instrumentation for rapid size distribution 
measurements has been augmented. Methods for the rapid on-line measure ment of aerosol 
chemical characteristics are discussed in the chapters on optical propen ies and experimental 
methods. This chapter has been strongly influenced by the work of the Minnesota group 
(B. Y. H. Liu, D. Y. H. Pui. P. McMurry, and their colleagues and students) who continue 
to invent and perfect advanced aerosol instrumentation. Discussions of the e ffects o f 
turbulence have been substantially expanded in chapters on coagulation and gas-to-panicle 
conversion. 

The chapteron atmospheric aerosols in the fi rst edition has been updated and completely 
rewri tten within an aerosol dynamics framework. This imponant fi eld has implications 
for the eanh 's radiation balance and global climate change. J. H. Sei nfeld. R. C. Flag:m 
(Caitech). and other members of the aerosol dynamics community are acti ve in this area. 

Theory and related experimental measurements are discussed throughout the text. 
Microcontamination in the semiconductor industry. visibili ty degradation. manufacture of 
pyrogenic silica, filtrat ion. and many other applications are used as illustrat ive examples. 
The emphasis is on physical explanations of the pheno mena of interest. keeping the 
mathematical analysis to a re latively simple level. Extensive use is made of scaling concepts. 
d imensional analysis. and similari ty theories. These approaches are natural to aerosol 
dynamics because of the wide range in particle sizes. going from molecules to the stable 
nuclei o f homogeneous nucleation, to primary nanometer and ultrafine solid particles and 
the ir aggregates. In keeping with the sharpened focus on dynamics, the book subti tle has 
been changed to Fu"damel//a/s of Aerosol DYllamics. 

Coupling between chemical kinetics and aerosol dynamics is importam for the atmo
spheric aerosol, the commercial production of fi ne panicles and aerosol emissions fro m 
combustion processes. In many cases. the link between Ihe aerosol dynamics and chemical 
processes can be established in a general way as shown in the text. However the chem ical 
processes must often be treated si multaneously for the specific appl ications; this is beyond 
Ihe scope o f this book. 

Unsolved fundamenta l problems of great practical imponance remain in aerosol dy
namics. In addilion to the need for rapid che mical measurement methods mentioned above. 
much more research is required on the effects of turbulence on coagulation and nucleation: 
the general dynamic equation must be extended to incl ude factors that determine the crystal 
state of primary particles. We also need to continue e ffons to link aerogel forotation and 
aerosol dynamics as initiated by A. A. Lushnikov (Karpov Institute). Experimental and 
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theoretical research in these and other are,lS should keep researchers in the aerosol field 
busy for the next few years. 

1 have used the notes on which the book is based as a text for a one quarter (ten weeks) 
course on aerosol science and technology. taken by seniors and graduate students. Most ohhe 
students were from chemical engi neering with a smaller number from atmospheric sciences, 
envi ronmental engineering and public health. I cover about eight chapters dependi ng on 
student interests. in the ten weeks. There is curren lly an interest in developing undergraduate 
engineering programs in particle technology. Lectures based on this text could serve as part 
of a suite of courses in particle tcchnology. 

1 wish to express my appreciation to B. Scarlett and J. Marijnissen of the Chemical 
Engineeri ng Department at Delft University (TIle Netherlunds). Several ye:lrs ago they 
invited me to offer a series oflcctures on aerosol reliction engineering in thcir comprehensive 
course on pan icle technology. Those lectures served as the launching pad for this book. My 
discussion with the Delft group made me appreciate even more the importanceofi mproving 
measurement methods in our field. 

Much of Ihe research on aerosol science and technology in my Laboratory has been 
sponsored over the years by EPA, NSF and through the Parsons Chair in Chemical 
Engineering at UCLA thai I hold. For this support, I express my thanks and appreciation. 

The preparntion of the manuscript which went through countless revisions was ac
complished with extraord inary patience by Ms. Phyllis Gi lbert . Finally. I thank my wife 
Marjorie and our children for their forbeara nce during the course of the writi ng. 

Los Allgeles. S. K. FRIEDLANDER 
DlIIllI Poim, Ctllijomia 



PREFACE TO THE FIRST EDITION 

Over the last ten years I have taught a course in part iculate pollution to seniors and first-year 
graduate students in envi ronmental and chemical engineering. A course in thi s field has now 
become essential to the training of engineers and uppl ied scientists working in the field of air 
pollution. The subject mailer is sufficiently distincti ve to require separate coverage: at the 
same time. it is inadequately treated in most courses in engineering or chemistry. Allhough 
there arc a few good reference works coveri ng different pans of the field. 1 have felt the 
need for a lext: this onc is biased on my own course notes. 

There are three main types of practical problems to which the contents of this book can 
be applied: How are aerosols fonned at pollution sources? How can we remove particles 
from gaseous emissions to prevent them from becoming an air pollution problem? How 
can wc rel ate air quality to emission sources and thereby devise effective pollution control 
stratcgies? The fundamentals of aerosol behavior necessal)' to deal with these problems are 
developed in this text. Although fundamentals are stressed. examples of practical problems 
are included throughout . 

The treatment that I have given the subject assumes some background in fluid mechanics 
and physical chemistI)'. A student wi th good preparation in either of these fields should, with 
d iligence. be able to master the fundamental s of the subject. This has been my experience 
in tellchi ng fi rst-year graduate students with undergraduate majors in almost all branches 
of engineering. chemistry. and physics. 

The first half of the text is concerned primarily with the transport of part icles and thei r 
optical properties. It is this part of the field that. unti l recently, had been the most developed. 
Particle transport Iheol)' has application to the design of gas-cleaning devices, such as filters 
and electrical precipitators, and this is pointed out in the text. However, I have not dealt 
with the details of equipment design: in most cases, direct appl ication of the theory to 
design is difficult because of the complexity of gas-cleaning equipment. This leads to the 
use of methods that arc more empirical than otherwise employed in th is tex\. With a good 
understanding of particle transport. the student will be able to read the specialized works 
on equipment design intelligently and critically. 

Once the student has mastered the concepts of particle transport and optical behavior. he 
will also find it easy to understand aerosol measurement methods. A chapter on Ihis subject 
ends the first half of the text on an experimental note; progress in aerosol science is heavi ly 
dependent on experimental advances, and it is important to get Ihis across to the student 
early in his studies. Indeed. throughoulthe text. theol)' and experiment are closely linked. 

xix 



xx Preface 

[n the second half of the book, the dynamics of the size distribution function are 
discussed. It is this theory that gives the field of small particle behavior its di stinctive 
theoretical character. The organization of this material is completely new. so far as coverage 
in book fornl is concerned. It begins with a chapter on coagulation, and is followed by 
chapters on thernlOdynamics and gas-to-part icle conversion. Next, the deri vation of the 
general dynamic equation for the size distribution function and its appl ication to emission 
sources and plumes are discussed. This leads to the fi nal chapter on the relationshi p of air 
quali ty to emission sources for particulate pollution . This chapter is based in part on the 
precedi ng theory. However, the power of the theory has not yet been full y exploited. and 
the next few years shQuld see signi ficant advances. 

One of my goals in writing the book was to introduce the use of Ihe equation for the 
dynamics of the particle size di stributi on function lit the level of advanced undergraduate 
and introductory graduate instruction. This equation is relatively new in applied science, 
but has many applications in air and water pollution and the atmospheric sciences. 

I have also taken a step toward the linking of aerosol physics and chemistry in the 
last few chapters. Chemistry enters into the general dynamic equation through the teml for 
gas-to-particle conversion. This turns out to have many importllllt air pollution applications 
as shown in the last four chapters. 

To keep the subject m:ltter to manageable proportlons, I have omitted interesting 
problems of a specialized nature, such as photophoresis and diffusiophoresis. which are 
seldom of controlling importance in appl ied problems. Detai ls of the kinetic theory of 
aerosols have also been omitted. Although of major importance, they usually enter full y 
developed, so to speak. in appl ications. Besides. their derivation is covered in other books 
on aerosol science. 

The resuspension of particles from surfaces and the break-up of agglomerates, impor
tant practical problems, arc not well understood; the methods of calculation are largely 
empirical and not conveniently subsumed into the broad categories covered in the book. 

Before I began writing. I considered the possibil ity of a general text covering small 
particle behavior in both gases and liquids. Much of the theory of physical behavior is 
the same or very similar for both aerosols and hydrosols. almost as much as in thc fluid 
mechanics of air and water. The differences include double layer theory in the case of 
aqueous solutions and mean free path effects in gases. There are other important, specifica lly 
chemical differences. 

After some thought, I decided against the general approach. Since I wanled to write a 
book closely linked to applications, I thought it best to limit it to the air field in which I can 
claim expertise. Incl uding topics from water poll ution would have unduly lengthened the 
book. However, the students who take my course are often interested in water pollution, 
and I frequent ly point out both si milarities and differences between Ihe air and water fields. 

Special thanks are due C. I. Davidson and P. H. McMurry who served as teaching 
assistants and helped prepare some of the figures and tables. D. L. Roberts assisted in 
reviewing the manuscript for clarity and consistency. Professor R. B. Husar of Washi ngton 
University made a number of useful wggestions on the text. 

Pasadel/a. Clili/omitl 
November 1976 

S. K . FRIEDLANDER 
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And Moses brought forth the people out of the camp to meet 
with God: and they placed themselves at the fool oflhe mount. 

And 1110unt Sinai smoked in every part. because the Lord had 
descended upon it in fire ; and the smoke thereof ascended 
as the smoke of the furnace, and the whole mount quaked 
greatly. 

Erodlls 19: 17, 18 



Chapter 1 

Aerosol Characterization 

A erosols are SUSI>C llsions ofsrnal1 part icles in gases. They are formed by the conver
sion of gases to part icles or by the disintegration of liquids or solids. They may also 
result from the rcsuspcnsion of powdered material or the breakup of agglomerates. 

Formotion from the gas phase lends to produce much finer panicles than do disintegration 
processes (except when condensation takes place directly on existing particles). Particles 
formed d irectly from the gas are usually smaller than 1 Jim in diameter ( I micron = I 
micrometer = 1()-4 e rn, des ignated by the symbol 1 11m). 

The many words employed 10 describe particulate systems attest to their ubiquity and 
to the impression they have made on humans from early times. Smoke, dust. haze. fume. 
mist. and soot are all terms in common use with somewhat different popular meanings. 
Thus (/It.ft usually refers to solid part icles produced by di sintegration processes. while 
smoke and jilllle particles are generally smaller and fonned from the gas phase. Mi.w. are 
composed of liqu id droplets. 5001 usually refers to small carbon particles generated in fue l 
combustion but is now frequently used to describe very fine solid particles of silica and 
other inorganic oxides generated intentionally in industrial processes. In th is text. however. 
we will rare ly empl oy these special terms because of the diffi culty of exact definition ,lI1d 
the complexity of many real systems composed of mixtures of particles. Instead. we employ 
the generic tenn llelVso/ to describe all such systellls of small particles suspended in air o r 
another gas. 

Aerosol science plays a key role in many different fi elds including (a) atmospheric 
sciences and air pollution. (b) industrial production of pigments, fillers. and specialty metal 
powders. (c) fabrication of optical fibers. (d) industrial hygiene. and (c) contamination 
control in the microelectronics and pharmaceuticals industries. Aerosols present in such 
applications can uswllly be considered as desi rable or undesirable. but the same basic 
concepts apply to both types. Specialists in the various applied fields increasingly make usc 
of simi lar theoretical concepts and experimenta l techniques in solvi ng aerosol problems. 
These common approaches are the focus of this book. 

Early advances in aerosol science were closely tied to the development of certain fun
damental physical concepts. For example. aerosol transport theo ry is based on Stokes' law 
including semiempirical corrections made by Millikan in hi s measurements of the electronic 
charge. Einstein's theory of the Brownian motion plays a celltral role in aerosol diffusion 
which is discussed in the next chapter. The Brownian motion results in coagulation fi rst 
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explained thcoretically by Smoluchowski and discussed at length in the second half of this 
text. Aerosol optic:11 properties are based on the thcories of Rayleigh and Mie for scanering 
by spherical particles. Aerosol formation by gas-ta-particle conversion (nucleation) was 
first studied qu:mtit:l.ti vely by C. T. R. Wilson with his clomt chamher at the end of the 
19th century. 

Modem aerosol scientists have extended these basic theoretical conccpts and introduced 
new ones to describe aerosol behavior morc complctely. Theorctical advances have been ac
companied by major advances in the instrumcntation needcd to measure aerosol properties. 
Aerosol science is a broad field . involving many branches of physics and chemistry and even 
biology. The fi rs t few chapters in this tcxt review aerosol transport processes and optical 
properties. This is necessary to understand aerosol instrumentation. covered next. The rest of 
the book focuses on aerosol dynamics. the study ofthc factors thaI dctermine the dislribmiOIl 
of aerosol propertie.f with respect to part icle size. Distributed aerosol properties of interest 
include (but are not limited to) the number and mass densities. chemical concentrations 
and light scanering. Accurate predictions and measurements o f changes in the distributions 
are essential in the applications mentioned above. Moreovcr. aerosol dynamics provides an 
intcgrat ing framework for the transport and optical properties discussed in the first pan of 
thc text. The reader will find a list of basic re ferences to thc aerosol literature at the end of 
this chapter. 

PARAMETERS DETERMINING AEROSOL BEHAVIOR 

Particle size. concentratio n. and chemical composition are usually the aerosol properties of 
most interest. Also important in certain applications are particle charge. crysta l structure 
nnd optical properties. In industry. particlcs are collected to recover:l tie.<: imhle product or 
rcduce emissions and occupational exposures. Thc efficiency of filters, scrubbers and other 
such devices depends primarily on panicle size. As sho wn in Chapter 3. a minimum is 
often found when the e ffi ciency of panicle removal is plolted as a function o f panicle size. 
The effic iency minimum or "window" occurs in the pan icle size range near a few tenths 
of a micron for reasons that differ depending on the mechanisms of panicle collection. A 
similar e ffi ciency minimum is observed for panicle deposition in the lung as a function of 
particle si7..e. The explanations for the effi c iency min ima in the lung :md certain types of 
filters are simi lar. 

The interaction of small panicles with light is also a sensitive function of particle size 
and the optical propenies. The light scattered per unit mass of aerosol often passes through 
a maximum as a function of panicle size for incident radiation with wavelengths in the 
visiblc rangc. Atmospheric che mical and physical processes leading to the :tccumu latioll of 
particles in the size range of the light scattering maximum produce the most se"ere visibility 
degradation. In the manufacture of ti tani a pigments. the industrial process is operated to 
produce particles with the maximum surface II/di llg power-that is. ability to scalter visible 
light per unit mass of material. This occurs usually in the size range around 0.2 Mm. 

Partic le chemical composition is of tox icological concern. and this is refl ected in limits 
on occupational exposures. air pollut ion emi ssion standards. and ambient air quality stan
dards. Careful contro l of aerosol chemical properties is also a central feature in commercial 
processes such as the fabrication o f optical fibers in which a silica aerosol produced by the 
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oxidation of SiCI" is doped with germanium diox ide and deposited in a quartz prefab to 
serve as the core of the optical fiber. 

In the sections that follow, mathematical methods for characterizing aerosol size lind 
chemical properties are discussed. These are primarily of a definitional nature and are 
needed to provide a common basis for di scussing the broad range of aerosol propert ies and 
behavior. However. aerosol c/wracteriZlltiOIl does not provide. directly, information on the 
mechani sms of uerosol fomllll ion, or tempornl and spatial changes in the aerosol- that is, 
aerosol trallsport processes and aerosol {IYllamic.\· . These and related topi cs are covered in 
later chapters. Ad vances in aerosol instrumentation have made it possible to measure many 
of the most important pal".lmeters necessary to char:lcterize lIerosols (Chapter 6). However, 
much remai ns to be done in developing aerosol inslrUmentation for research as well as 
industrial and atmospheric applications. 

PARTICLE SIZE 

General 

With occasional exceptions as noted. particle size refers to diameter in this text. This is 
usu:tlly the case in the modern aerosol1iterature. but part icle radius is also employed from 
time to time. Both particle volume and area are also used in some applications. The particle 
diameters of interest in aerosol behavior range from molecul ar cl usters of 10 A (10 A. = 1 
nanometer = 10-9 meters) to cloud droplets and dust particles as large as 100 /.Lm (Fig. I. I). 
This represents a variation of lOS in size and lOt S in mass. In air pollution applications. 
particles larger than I /.L m arc called coarse particles. Submicron particles can be divided 
(somewhat arbitrarily) into various subranges. The acculIlulatiol1 mode, important in air 
pollution , refers roughly to the range 0.1 < dp < 2.0 l.Lm. Panicles smaller than 100 nm 
(0. I /.Lm) are called IIltrajille. The nanometer (nm) range refers to particles from 10 to 50 
down to I nm. 

For spherical liquid droplets. the diameter (dp ) is an unequivocal measure of particle 
size. Spherical particles are frequently encountered in polluted atmospheres because of the 
growth of nuclei by condensation of liquid from the gas phase. For nonspherical particles 
such as crystal fragments, fibers, or agglomerates. a characteristic size is more difficult to 
define. In the special case of geometric similarity, particles of different size have the same 
shape so that a single length parameter serves to characterize any size class. An ellipsoid 
with fixed ratio of major to minor axes is an example. Sizes of irregular panicles such as 
agglomerates can be defined in temlS of an equivalent particle diameter as disc ussed in the 
next section. 

Part icle beh'lvior often depends on the rat io of particle size to some other churacteristic 
length. The mechanisms of heat. mass, and momentum transfer between particle lmd carrier < 
gas depend on the Knudsen number, 2/"fdp ' where Ie is the mean fr~p.MlLoL1he gas 
molecules. The mean free path or mean distance traveled by a molecule between successive 
collisions can be calcul ated from the kinetic theory of gases. A good approximation for a 
single-component gas composed of molecu les that act like rigid elastic spheres is 

( I. I) 
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Figure 1.1 Examples of aerosol panicle si7.c rJnges. 

where 11 m is the molecular density and u the molecular diameter. For nonnaltemperalUres 
and pressures, the mean free path in air is about 0.065 j1m . It depends on the pressure and 
temperature through the ideal gas relationship 

II", = p / kT ( 1.2) 

where k is Boltzmann's constant and T is the absolute temperature. Because the molecular 
diameters of low-molecular-weight gases arc all of the same order, the mean free path in 
most gases at standard temperature and pressure is of order 10-s em. 

According to (1 . 1). the mean free path of a gas is inversely proportional to the molecular 
density. In a high ly rarefied gas. say 0.0 I torr, the free path is of order I cm. Consider the 
case of a spheric:.l p:.rticle moving at constant velocity through a gas. When the particle 
diameter is much smaller than the mean free path (/p/tlp » I), molecules bouncing from 
the surface rarely collide with the mainstream molecules until far from the sphere. Most of 
the molecules striking the surface of the sphere come from the main body of the gas and 
are essentially unaffected by the presence of the sphere. The rate of exchange of heat. mass, 
and momentum between particle and gas can be estimated from molecular collision theory. 
Appropriately, this mnge (/l'jdl' » I) is known as the free molecular range. 

When the particle diameter is much greater than the mean free path (/pjllp « I) . 
molecules striking the surface are strongly affected by those leaving. The gas behaves as 
a continuum with a zero velocity boundary condition at the surface when the gas moves 
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relative to a fixed particle. Forcontinuum flow the drag of a gas on a fixed spherical partic le 
can be calculated from the Navier- Stokes equations of fluid motion. The cont inuum drag 
is much larger at the same relative velocity than for gas flow in the free molecu le range. 
Hence, for a pilrticle of given size, decreasing gas pressure while keeping constant relative 
velocity between partic le and gas reduces drag. The transition between the continuum and 
free molecule ranges takes place continuously, bllt the transition theory poses formidable 
difficulties. 

Light scattering by small particles depends on the ratio of diumeter to the wavelength 
of the incident light, dp/A . Forti,,/A» I. geometric optics apply and the scattering cross 
section is proportional to the cross-sectional area of the pan icle. When d,,/A « I. the 
scattering is calculatcd from the theory of the oscil lat ion of a dipole in an oscillating electric 
fie ld. For I ight in the vis ible range, A is of the order of 0.5 J-Lm and the transition between 
the two scattering regimes takes place over the range from 0.05 to 5 /-tm . Light scatteri ng 
in the transition range can be calculated from classical clcctromagnetic theory, bill the 
computations are complex (Chapter 5). 

Equivalent Particle Diameter 

For irregular (nonspherical) sol id particlcs. the usual method of particle characterization 
is to introduce an "equivalent diamcter"-that is, the diameter of a spherical particle that 
would give the same behavior in the experimental system of interest. 

The aerodynamic diameter is one of the most common equi valent diameters. It can be 
defined as the diameter of a unit density sphere with the same temlinal sett ling velocity as 
the particle being meilsured. The aerodynamic diameter is common ly used to describe the 
motion of part icles in collection devices such as cyclone separalor:; and impactors. However. 
in shear nows. the mot ion of irregular particles may not be characterized accurately by the 
equivalent diameter alone because of the complex rotational and trans lational motion of 
irregu lar particles compared with spheres. That is, the path of the irregu lar particle may not 
follow thllt of a panicle of the same aerodynamic diameter. It is of course possible thilt there 
may be a sphere of a certain diameter and unit density that deposits at the same point: th is 
could be an average point of deposition because of the effects of turbulence or the stochastic 
behavior of irregular particles. 

Agglomerates of ul trafine solid particles may grow to dimensions of the order of a 
few microns. The individulll particles that compose the agglomerates are called prill/my 
particles. It is usually assumed thilt the prhnary particles are of uniform size. although this 
is often not a good assumption . The agglomerate structure can sometimes be characterized 
by theJmetal dimellsion (Chapters 2 and 8). The behavior of an agglomerate differs from 
a sphere of the same mass, and agglomerate structure has significant effects all rates of 
collision and depos ition from gas streams. Agglomerate particle sizes are often measured 
using an electrical mobil ity analyzer: the equ ivalent agglomerate size measured in this 
way is the mobility (iiall1cter. Thc mobil ity is the ratio of the particle velocity to the force 
producing the motion. Hence the mobility diameter is the diameter of a sphere with the 
same mobil ity as the agglomerate. 

In addition to particle motion. other properties can be characterized by an equivalent 
diameter. For example. lighH;cauering instruments are often calibrated using spherical 
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polystyrene latex (PSL) particles. Hence for the given optical configuration of the instru
ment, a partic le that gives the same optical signal would be said to have a diameterequivalem 
to that of a PSL particle which produces the same signal. 

PARTICLE CONCENTRATION 

Aerosol concentrations are defined in diffe rent ways depending on the application. For 
e.'(ample. particle qumber concenrrations (particles per unit volume of gas) are used to 
characterize clean rooms and atmospheric cloud condensation nuclei: federal air pollution 
standards both for the atmosphere and for industrial emissions are usually stated in terms 
of aerosol mass per IIn il volume of gaj;. Effect!' o f particle.<; on viscm;ity depend on the 
ratio of the vol ume of particulate mailer per unit volume of gas. For aerosols composed of 
particles all the same size, it is easy to relate the different methods of characterizing the 
concentration. For aerosols of mixed sizes. concentration measures are easily related only 
in certain cases as discussed belo w. 

Number Concentration 

Particle concentration at a point-expressed as the number of particles per unit volume of 
gas-is defined in a manner similar to gas density: Let 8N be the number of panicles in an 
initially rather large volume 8 V surrounding the point P in the gas (Fig. 1.2) at a given lime. 
[Excluded from consideration are the molecular clusters that play an importam role in the 
theory of homogeneous nucleation (Chapter 10).1 Then the ratio 8N /8 V iscalled the average 
(number) concemration of the particles within the volume 8V . As the volume 8V shrinks 
toward the point P , the average concentration can either increase or decrease depending on 
the concentration gradient in 8 V ; in general. however. it will approach a constant value over 
a range of values of 8 V in which the gradient is small but many p:l.rt icles are still present 
(Fig. 1.3). This constant value is the particle concentration at the point P. As the volume 
continues to shrink, the numberof particle. .. becomes so small that the average concentration 
fluctuates markedly as shown in Fig. 1.3. 

-- ------------... ,- ..... , , , \ , 
\ \ 
, Volume OSV \ 

, ~ Number f:,N \ I . p \ 
\ ' , ' , , , , , , , , , , , , , , 

' ---- ... _--- -

Figure 1.2 The volume &V c(ln r ~ining liN 

particles shrinks toward point P. 
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Figure 1.3 Variation of the average part icle concentration with size of region. For large values of ~ V. 
the lwcrage conccntr.llion may be larger or smaller thun the conccntmtion defined locally, depending 
on the concentration gradient. For small values o f ~ V, large positive or negative deviations from the 
average may occur beClLUse small numbers of particles are involved. 

Clean rooms used in the manufacture o f microelectronic devices are maintained at 
various levels of particle number concentration, depending on product requirements. For 
example. for a Class I clean room , number concentrations ofO. I-llm particles must be kept 
below I ()3 m-3 (Wilteke and Baron, 1993, Chapter 34). Particle number concentrations (all 
sizes) in a polluted urban atmosphere may be of the order of 105 per cubic centimeter or 
higher, while concentrations in less polluted regions arc more likely to be 1()4 to 5 x 1()4 
per cubic centimeter. 

Mass Concentrations 

Aerosol mass concentrations are usually detennined by filtering a known volume of gas 
and weighing the collected particulate matter. The mass concentration, p. averaged over 
the measuring time is found by dividing the measured mass by the volume of gas filtered. 
Atmospheric aerosol mass concentrations.range from about 20 J.Lglm3 for unpolluted air to 
200 J.Lglm3 for polluted air (I J.Lglm3 = 1Q-6 g1mJ ). Federal standards for atmospheric air 
and. in some cases. for industrial emi ssions are expressed in terms of mass concentrations. 
There is no simple relationship between the mass and number concentrations unless all 
panicles are the same size. 

Volumetric Concentration 

The viscosity of a suspension or nonsettling spherical particles larger man {he mean rree 
path of a gas increases linearly with the volumetric concentraTion. ¢. expressed as volume 
fraction of the particles according to a relation first given by Einstein : 
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JL = Ilo (I + ~¢ ) (~« I ) (13) 

where J1 is the aerosol viscosity and Ilo is the gas viscosity. This expression holds for small 
values of ¢ and does not depend on whether the particles are mixed in size. The increase in 
viscosity is less than I % for ¢ < 0.004. This limit is much higher than the concentrations 
normally obscrvcd in the atmosphere or even in many process gases such as the products of 
pulverized coal combustion at the entrance to an electrostatic precipitator. Hence in many 
cases of practical interest the effect of panicles on the gas viscosity can be neglected. 

Coagulation 

Suspensions of small panicles in gases are inherently unstable; the particles coll ide as a 
result of the Brownian motion and adhere because of attractive forces. the process known 
as coagUlation. The larger panides limy :'>ell Ie out or deposit because or incrtial effects. 
The time to reduce the particle concentration to one-tenth its original value by coagu lation, 
II / LO, can be calcul ated from theory (Chapter 7). For coalescing particles with Kn « 1./1 / 10 

is independent of particle size and vol umetric concentration to a first approximation. It is 
inversely proportional to the initial particle concentration (Table 1.1), and it depends also on 
gas viscosity and temperature. Table 1.1 can be used to make a rough estimate of the stabili ty 
with respect to coagulation of an aerosol by comparing 11/ 10 with the residence time. For 
example, a process gas concentration of IQ9 particles per cubic centimeter wou ld change 
lillie during an equipment residence time of a second. For 11 / 10 = 3.5 hr. the corresponding 
concentration is 1()6 per cubic centimeter. the upper li mit of the concentration usually 
observed in polluted urban atmospheres. 

TABLE 1.1 
Time to Reduce the Concentration of a Monodiiperse 
Aerosol to One-Tenth the Original Value, 
No(dp = 0. I Ilm, T = 20°C)a 

1010 

10' 
10' 
10' 
,0' 
Ill' 

• Sec .1", ChaplCf 7. 

11 /10 (approximate) 

1.2 sa: 

t2 stC 

2 min 
20 min 

3.5 hr 

3'", 

Example: At a certain location. the mass concentration of particles in air (20°C and 
I atm) is 240 Ilglm3. Detennine the corresponding mass ratio of particles to gas. If 
the local 502 concentration is 0.1 ppm on a volume basis, determi ne the mass ratio 
of particles to 502• 
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SOLUTION: The density of dry air at 20°C is 1.2 g/1i tcr. Hence the mass ratio 
of panicles to gas is 240 x 10- 6/ 1.2 x loJ = 2 X 10- 7• Despite the small value 
of this ratio, an atmospheric concentration of 240 /-Lglm) usually results in severe 
visibility degradation. 

The ratio of the particle mass to the mass of S02 present at a concentralion of 
0 .1 ppm is 

240 x 10-6 x 106(29) _ 0 
3 -.9 

0.1(1.2) x 10 (64) 

Particle mass concentrations in process gases may be many orders of magnitude 
higher than those in atmospheric air. Such concentrations are often expressed in 
the engineering literature in grains per standard cubic foot (grISCF): process gas 
concentrations in these units usually range from I to 10 at the entrance to gas cleaning 
units. Because I grlSCF = 2.288 glmJ, the mass ratio of particles to gas for a mass 
loading of 10 grlSCF is about 2 x 10-2• taking the air density to be 1.2 g/1i ter. 

The volumetric concentration. ¢, of particles at a mass loading of 10 grlSCF is 
about Io-s for a particle density of 2.3 glcm3. For such small values of ¢. the effects 
of the particles on the viscosity of the gas can be neglected according to (1.4). 

Example: An aerosol is composed of particles randomly distributed in space with 
an average concentration Noo particles per unit volume. Let r be the center-to-center 
distance between two particles that are nearest neighbors. Values of r vary among 
the particle pairs. that is. there is a distribution of r values. Detennine the frequency 
distribution function for r and calculate the average value of r (Chandrasekhar. 1943). 

SOLUTION: lei per ) be the probabi lity that the nearest neighborto a panicle is 
a distance r 10 r + (ir away. The separation di stance r can take values between zero 
and infinity. That is. the fraction of the particles with nearest neighbors a distance r 
apart is 

df = p(r)dr 

,nd 

10
1 

df = .1 = 10
00 

p(r)dr 

The probubility per) is cqual to the proouct or the probability that no particles are 
present in the region interior to r and the probability that a particle is present in the 
spherical shell between rand r +dr. Writing each probability in brackets, we obtain 

per) = [I-lor p(r )dr] [411"r2Noo] 

Dividing both sides by 411"r2Noo and differentiating with respect to r gives 

d, , - = - 411"r z 
d, 
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with 

: = p/ 4;rr2 

Integrating with the boundary condition that IJ(r) -+ 4;rr2Noo. that is. : -+ 1 as 
r -+ O--we obtain 

per) = exp( - 4;rr3Noo/3)4;rr2Noo 

which satisfies ro p(r) dr = I . The average distance between the particles is given 
by integrating over all possible values of the distance r separating the particles 

i = for rp (r)(/r 

= 10
00 

4m·2 Noo exp( _41rr3 Noo /3) dr 

= e- J: xt /3 tlx I /,~ 
(4;rNoo/3)1 /3 0 

~ r(4/3)/ (4rrN~/3)' /3 

= 0.55396N,;I/3 

Except for the constant. the dependence of r on N,;I /3 could have been predicted 
on dimensional grounds without the analysis. For a particle concentration of 1012 

cm-3• the average separation disllU1ce is about 0.55 J.tlll. Thi s result is of inte rest for 
evaluating part icle intcr-Jctions-for example. when heat and mass transfer occurs 
between indi vidual particles and the gas. 

SIZE DISTRIBUTION FUNCTION 

By taking special precautions. it is possible to generate aerosols composed of p.lrt icles that 
are all the same size. These are called lIIol/oliisperse or homogel/eolls aerosols. In most 
practical cases both at emission sources and in the atmosphere. aerosols are composed of 
pllrticles of many different sizes. These arc called IJO/ydisperse or heterodislJerSe aerosols. 

The most important physical characteristic of polydisperse systems is their particle 
size distribution. This di stribution can take two forms: The first is the discrete lJistriblllioli 
in which only certai n "allowed" particle sizes are considered. Consider a suspension that 
consists of aggreg:ttes of uni tary part icles formed by coagulation. Al l particles will then be 
composed of integrnl numbers of these unitary particles, and the size distribution can be 
defined by the quantity tl" where g = I , 2 .... , k represents the number of unitary particles 
composing the aggregates. 

Usually more useful. however, is the concept of the C:Oll1illllOlI,~ size tlistribmioll. Let d N 
be the number of p:trticles per unit volume of gas at a given position in space, represented 
by r , and at a given time in the particle diameter rnnge ti" to til' + tI(dp ): 
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dN = nt/(dp , r , t)d(dp ) 0.4) 

This expression defines the particle size distribution function lit/Cd,,, r , t) where the 
particle diameter may be some equivalent size parameter for nonspherical particles. In 
theoretical applications, especially coagulation (Chapter 7), it is convenient to introduce a 
size distribution with particle volume as the size parameter 

dN=II(v , r,t)dv ( 1.5) 

where d N is the concentration of particles in the size range v to v + d v. This distribution 
is useful because total particle volume is conserved when two particles collide and adhere 
as in coagulation processes. 

Dimensional Considerations 

The dimensions of the size distributions defined by (1.4) and (1.5) are given by 

II" = L -3t-1 

and 

( 1.6) 

( l.7 ) 

where the symbol = is used to denote "has dimensions of." The symbols Land l refer to 
a length dimension for the gas and for the particle size, respectively. Gas volume units are 
usually m3, cm3, or ft3, and units of particle diameter are microns or nanometers. Although 
distribution functions can have many different and complex fonns (a few examples are 
discussed later in this chapter). the dimensions of the fu nction are invariant. It should be 
noted that the length dimensions L and I are not interchangeable. In dimensional analyses 
of equations involving the size distribution function, both characterist ic lengths should be 
treated independently. Dimensionality plays an important role in the derivation of scaling 
laws for the distribution fu nction as discussed later in this chapter. 

When there is a direct physical interaction between the particulate and gas phases, the 
two length dimensions become interchangeable. An example is the increase in viscosity of 
a fluid due to the presence of suspended particles. Equation (1 .3) shows the dependence of 
the aerosol viscosity on the aerosol volum.etric concentration, 11, which in this case is truly 
dimensionless (partic le volume/gas volume) . 

Relationships Among Distribution Functions 

The two distribution functions II and fld are not equal but are related as follows: For a 
spherical particle, the volume and particle diameter are related by the expression 

Hence 

rrd' 
"~ --' 6 

(1.8) 
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Substituting in (I .S), we obtain 

crr-,-d£.~n-,-("";-)d,--(,,d!.:,) dN =-
2 

( 1.8a) 

( \.9) 

where we have dropped the dependence on position and time. Equating to ( 1.4) for the same 
increment of particle diameter, we have 

(1.10) 

In a similar way. a particle size distribution function can be defined wi th surface area as the 
distributed varinble. 

In displaying size distribution d3ta. it is orten convenient to employ a log scale for 
l i p which may range over several orders of magnitude. For example. in the meteorological 
literature it is common to plot log lid versus log dp(= 10gIO dp ). This highlights power law 
relationships between li d and dp which appear as straight lines. Another way of presenting 
the data is in the form elV Id logdp versus log dp • where the cumulative aerosol volumetric 
concentration is given by V = J~ II udu. The area under curves plolted in this way is 
proportional to the mass ur aerusol over a given size runge provided that the particle density 
is a constant, independent of size. The rollowing re lalionship holds for the aerosol vol ume 
distribution for spherical particles with u = 7rd~/6: 

dV 2.37r 2d:"(v} 
-

12 lf log dp 
( 1.11) 

The mass distribution is related to the volume distribution by 

dm dV 
-p 

d log dp - P d log dp 

( 1.IIa) 

where Pp is the particle density. 
Examples of size di stribution fu nctions areshuwlI ill Figs. 1.4 and 1.5. Figure 1.4 shows 

number distributions of commercially produced silica particles in terms of the fraction of 
particles in the size range around dp • dN I Ncod(dp ) = II d(dp )/Nco• where Noo is the total 
particle concentration. The total particle surface area corresponding to each size distribution 
is shown. Commercial silica manufactured by the oxidation of SiCI4 is used as a fill er 
(additive) in rubber. Both coordinate axes in Fig. 1.4 are linear, and the area under each 
curve should be normalized to unity. A bimodal volume distribution with a minimum ncar 
a particle size of I ~m is shown in Fig. 1.5. Distributions of this type are often observed 
for atmospheric aerosols (Chapter 13): the volume of aerosol material per unit volume 
of gas above and below a micron is about the same as shown by the area under the 
curve. Bimodal distributions arc also orten observed in aerosols from industrial sources 
as discussed below. 

The cumulative number distribution is defined by the expression 

(1.12) 
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figure 1.4 Unimod <lJ number distributions for different grades of commercia lly produced silica 
particles. The fmetion of the particles in the sir.e range between any two diameters, (/1'1 [0 d1'2. is 
proport ional to the aTca under the c urve. Also shown for each distribution is the lotal particle surface 
arca per gram of material. (After Ettlinger CI aI., 199 1.) 
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Figure 1.5 Bimodal volume distribution of a type frequently found for atmospheric and combustion 
aerosols. Such distributions usually resu lt from two differe nt generation processes: The smal ler mode 
is a result of molecular condensation. while the larger one is a result of breakup or redispcrsion. 
Unimodal number distributions may conceal bimodal volume distributions. 

and is the concentration of particles of diameter less than or equal to dl'. Because li d = 
tl N (tlp )( d(dp ), the distribution function can be detennined by differentiating the cumulative 
function with respect 10 dp. However, the inaccuracies that often accompany differentiation 
of curves representing experimental data are large. 
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Averaging of Size Distributions 

When several aerosols are mixed at constant pressure, the resulting s ize distribution. in the 
absence of coagu lation, is given by the volume average: 

n~ 
LiniQi 

( 1.13) 
LiQi 

where 11 ; is the size distribution and Qi is the volume of gas corresponding to the ith aerosol. 
The time average distribution function at a fixed point is 

iid(dp • r) = ~ l' " d(dp , r. t' ) dt ' ( Ll4) 
I , 

where the average is taken over the interval from 0 to 1. Most experimental observations 
report data time-averaged over a period of a few minutes or more. 

Example: During the combustion of pulverized coal. after bum-off of the carbona
ceous material, most of the inorganic ash does not volatilize but is left behind as 
individual particles in the particle size range larger than a few microns (Aagan and 
Friedlander, 1978). Assume that coal particles in a given size range break up to fonn 
p times as many new particles of equal size, where p is independent of particle size. 
What is the relation of the new size distribution function 1/' (v' ) to the original coal 
particle size distribution n (v)? 

SOLUTION: In the size range v to v +dv. there are originally n(v)dv particles. 
As a result of combustion, plI(V)(JV form from this original group. Only a fraction 
a of the original volume of the particle remains (as ftyash). Thus the volume of the 
final group of particles is v' = av/ p. The number of particles in the new size range. 
(Iv' = adv/p. is 

I/ ' (v ' )dv' = pn (v)dv 

Substituting for dv'. we obtain 
, 

" Ir II (v) = -n(v) 
• 

and 

v' = aV/ I) 

MOMENTS OF THE DISTRIBUTION FUNCTION 

The general moment of the particle size distribution function can be defined by the 
expression 

( L IS) 
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where v represents the order of the moment. The parameter v does not have to be an integer. 
Many of the moments appear in expressions for the aerosol physical or optical properties. 
or transport rates. The moments are also used in numerical calculations of the dynamics of 
size distribution functio ns. In this section. physical interpretations of the fi rst six integral 
moments are discussed. 

The zeroth moment. 

Mo = 100 

IIdd(dp ) = Noo (1.16) 

is the total concentration of particles in the aerosol at a given point and time. 
The first moment. 

MJ = 100 

IIddpd(dp ) (J.17) 

when divided by the zeroth moment, gives the number average particle diameter. 

_ fooo IIdlipli(dp) MJ 
dp = 00 = - (1.l7a) fo IIdd (dp ) Mo 

The secollt! moment is proportional to the surface area of the particles composing the 
aerosol: 

7r M2 = 7r £00 IIdd;d(dp ) = A (1.18) 

where A is the total surface area per unit volume of fluid in the disperse system. The 
average surface area per particle is given by 7r M2 1 Mo = AI Noo • The turbidity of coarse 
aerosols composed of part icles much larger than the wavelength of the incident light is also 
proportional to this moment. 

The thini moment is proportional 10 the total volume of the particles per unit volume 
of gas: 

7T MJ 7r t '" 
-6- = "6 10 Ildtl;d(dp ) = ¢ (1.19) 

where ¢ is the volume frac tion of dispersed material in the fluid---cubic centimeters of 
material per cubic centimeters fluid , for example. If the particle density is independent of 
size, the third moment is proportional to the mass concentration of particulate matter. The 
average volume of a particle is defined by 

_ ¢ 7r M3 
"~~~--

Noo 6Mo 
(1.20) 

The!ollrth moment is proportional 10 the lolal projected area of the material sedimenting 
from a stationary fluid. For spherical particles larger than I ~m, the terminal settling velocity 
based on Stokes law and neglecting the buoyant force when the gas density is small is 
given by 

( J.21) 
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where Pp is the particle density. g is the gravitational constant. and JJ. is the gas viscosity. 
Hcnce the rate at which a huri.wlltal surface is covered by settling particulate matter is 
given by 

(1.22) 

with cgs units of s- !. 
Thefiftll moment is proportional to Ihe mass flux of malerial sedimenting from a fluid 

(g/cm2 sec in cgs units): 

(1.23) 

The sixth momcnt is proportional to the lotal light scattering by particles when they 
are much smaller than the wavelenglh of the incident light. The scalterin£ efficiency of a 
small si ngle spherical particle-that is, the fraction of the lighl incident on the particle Ihat 
is scattered-is given by 

K =~(Hd')' l m'- I I' seal 3 )" 11/2+ 2 (1.24) 

where m is the refractive index of the particle . and )" is the wavelength of incident light 
(Chapter 5). This is known as Rayleigh scattering. Then the tOlal scattering by an aerosol 
composed of very small particles (dp « ),.) is given by 

211"S (11/
2 ~ I)' L~ , bscn l = - 4 ~ I 1I" dpd (d/,) '" M 6 

3)" Iw + 2 0 
( 1.25) 

where I is the intensity of the incident light beam. Rayleigh scattering usually does nOI 
contribute significantly to light scattering by small p:micles in the atlllosphere. Most of the 
scattering by mmospheric particles occurs in the size mnge tip """ ),.. for which lIluch more 
complex scauering laws (Mie theory) must be used (Chapter 5). 

Different parts of the particle size distribution function make controlling contributions 
to the various moments. In a pol luted urban atmosphere, the number concentration or zeroth 
moment is often dominated by the 0.0 1- to O. I-J.Lm Si7.e range, and the surface area is often 
dominated by the 0.1- to 1.0-JJ.m range; contributions to the volumetric concentration come 
from both the 0. 1- to I.D- and 1.0- to I O-JJ. m size mnges (Chapter 13). Muments of fractional 
order appear in the theory of aerosol convective diffusion (Chapter 3). 

EXAMPLES OF SIZE DISTRIBUTION FUNCTIONS 

In this section we di scuss briefly several size distribution func tions that can be used to 
fit experimental data for aerosols or to estimate average particle Si7.c or the effects of 
aerosols on light scattering. The examples discussed arellorl/wl.p0lI'er-faw. and self-similar 
distributions. Selecting a distribution function depends on the specific application. In some 
cases. fragmentary informatioll lIIi1 y be aVililablc on certain moments or on sections of the 
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size distribution. Such information can often be used 10 help select a suitable distribution 
for interpolation and extrapolation . In nil cases. the dimensions of the distribution function 
must confornl to the limil;!tions imposed by the definitions (1.6) and (1.7). 

Normal Distributions 

The nonnal or Gaussian di stribution is 

( J.26) 

where 

This form is employed in aerosol technology to characteri ze particles that are ne'lfly 
monodisperse such as the polystyrene latex spheres used in laboratory studies and in 
instrument cal ibration. The val ue of a" can be calculated using the moment equation ( I . [5). 
In integrating. it is necessary to set a lower limit at tip -+ 0 and to assume that the distribution 
(1.27) can be truncated with negligible particle loss, over the range in which ti" is negative. 

Aerosol size distributions often have large standard deviations caused by a long upper 
"tail" for particles larger than the peak in the distribution. Such distributions can be 
represented approximate ly by the lognormal distribution func tion: 

where 

Nro [ (In (/" - In dpg )2 ] 
1I,,(d,,) :: (2 )1 /2d I exp ? I ' rr I' n ag _ n ag 

In d"g :: ~ = 100 

In dplld(d,,)d(llp) 

In2 crg = (In (/" - In tipgF = variance of logs of diameter 

crg = geometric standard deviation 

(L27) 

( L27a) 

( L27b) 

( 1.270;;) 

The geometric mean diameter, tip!;, is defined by ( 1.27a), The lognormal di stribution is 
thus a nomlal distribution in which the distributed function is log tip/dp<>' where d,m is (\ 
reference size often taken to be til'g . The median is the 50th percentile particle size and 
the geometric standard deviation U"g is the ratio of the 50th percentile size (median) to the 
16th percentile size, or the ratio of the 84th percentile size to the median. The lognormal 
distribution is probably the one mosl frequently utilized in the fitting of aerosol data. For 
lognormal distributions, the general moment of the size distribution function (1.15) is gi ven 
by (Hinds, 1982) 

(L28) 
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The lognormal distribution function can be interpreted physically as the result of a 
process of breakup of larger particles at rates that are normally distributed with respect 
to particle size (Aitchison and Brown, 1957). Approximately lognormal distributions also 
result when the aerosol size distribution is controlled by coagulation (Chapter 7). In this 
case the value of the standard deviation is determined by the fonn of the particle collision 
frequency fu nction. Muhimodal aerosols may result when particles from several different 
types of sources are mixed. Such distributions are often approximated by adding lognormal 
distributions. each of which corresponds to a mode in the observed distribution and to a 
particular type of source. 

Power Law Distributions 

The power law form can be represented by the relation 

nd(d,,) = Ad;' ( 1.29) 

where A is a constant whose dimensions depend on the exponent m which is usually 
negative. This form is often employed over a limited size range that includes the particle 
sizes of interest in some panicular application . Clearly there must be a lower cutoff in 
panicle size for this function because IId(dp ) -). 00 for dp -). 0 with III negative. The 
power law form is widely used in meteorological applications to approximate ponions of 
the panicle size distribution of the atmospheric aerosol. For III :::::: -4, (1.29) is called the 
Junge distribution aft er the pioneering work of its originator (Junge, 1963). 

In the microcontamination field , a power law is used to describe panicle size dis
tributions in clean rooms (Cooper, 1993). The cumulative distribution for the power law 
form is 

(1.30) 

and in clean room appl ications, it has been found that 11/ + I ::::::: - 2.2, that is, III::::::: - 3.2. 

Self-Similar Distribution Functions 

Size d istributions measured at different locations and/or ti mes, either in the atmosphere or in 
processes gases, can sometimes be scaled by introducing a characteristic particle diameter 
based on moments of the distributioo function. For example, suppose the distribution 
function depends only on two of its moments, say Noo and ,p, in addition 10 the particle 
diameter: 

( I.3t ) 

The fou r quamities-lId, NOQ,,p, and dp-that appear in (1.3 1) have two dimensions, Land 
" corresponding to the coordinate space and particle size. Thus on dimensional grounds. 
there are two dimensionless groups that can be formed from these quanti ties. The groups 
can be expressed as follows: 

( I.J2) 



where 

'I = til,It/I' 
dp = I6tPIJfNooJI

/
3 
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( 1.323) 

(1.32b) 

The dimensionless runction 1/tJ(II> depends only on the ratio o r the particle d iameter to the 
average particle diameter. Hence d istribUl ion fllncl ion~ plolled in the foml IIJ¢I/3/ N:f,3 
versus 'I should rail on the same curve fo r different locations and/or time. Distributions 
that behave in this way are said to be self-.\·imilar. The form of 1/td(II) depends on the 
physicochemical processes that control the particle size d istribution. These concepts are 
discussed in fu rther detai l in Chapter 7 for the case of coagulation. 

CHEM1CAL COMPOSITION 

Aero~o l s are frequemly mul ticomponent, that is. they are composed of many different 
chemical species. This is often the case for aerosols inadvertently generated in industrial 
processes such as coal combustion and incineration. The atmospheric aerosol (Chapter 13) 
is another example. Aerosols intentionally produced in industry are often multicomponent 
as well. An example is the fabrication of optical fibers in which Si0 2 aerosols produced by 
the burni ng of SiCI" are doped with optically active agents such as Oe0 2. 

A sing le aerosol partic le may be composed of many chemical compounds. and the entire 
aerosol Illay consist of mixed part icles of differing composition. l \vo limiting cases arc 
sometimes considered for multicomponent aerosols. If all particles have the same chem ical 
composition. the aerosol is said to be illlerlllllly mixed. If the chemical components are 
segregated so that the particles are chemically different depending on their sources. the 
aerosol is said to be extemally mixed. The two limiting cases can be distingu ished by 
measuring the chemical compositions of the individual particles. Whether the aerosol is 
internally or extemally mixed has important implications for aerosol behavior, including the 
optical properties of clouds of part icles, health effects. and basic physicochemical properties 
orpowdercd material s manufactured by aerosol processes. 

Sizc--Composition Probability Density Function 

More generally. an infin ite number of intermediate cases ,Ire possible between the intcflllIl 
and external mi xtu re models. To take into account variations in chemical composition from 
part icle to part icle, the particle size d istribution function must be generalized, and for that 
purpose the size-<ompositioll probability de1l!iityfimctioll has been introduced (Friedlander, 
1970). LeI d N be the number of panicles per unit volume of gas containing lI10lar 4UUlltilics 
of each chemical species in the range between II; and II; + dll; with i = 1.2 .... , k where k 
is the lotal nu mber of chemical species. It is assumed that in each size range v to v +lJV, the 
chemical composition o r the particles is distributed continuously. Then the size--composition 
probabil ity densi ty function (p.d.f.), g, is dcfi ned by (Friedlander. 1970, 1971 ): 

( 1.33) 
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This is an example of a )oilll or simulllllleolls distribution func tion (Cramer. 1955). It is 
not necessary to include " 1 as one of the independent variables because o f the relationship 
between u and 11;: 

u = L "iii,. ( 1.34) 

where ii; is the partial molar volume of species i. Thi s description is adequate so far as 
chemical composition is concerned. However. it does 110t account for structural effects. 
such as particle surface layers and the morpholog ical characteristics of agglomc mtes. 

Because the integral of d N over all u and 11; is equnlto Noo• we obtain 

[ ... [ g(U.1I2"'''ko l' ,t)dudIl2 ... dtlt= I . ". 
(1.35) 

Also. the size distribution function can be found from g by integrating over nil o f the 
chemical cons1ituents of the aerosol: 

II(V , 1'. r) = Noo [ ... [ g(v. " 2 ., .lIk. r, t)dIl2 ... dl1~ 
"! "t 

(! .36) 

Average Chemical Composition 

High-efficiency filtration is the most commo n method o f collecting particulate matter for 
the detennination o f chemical composition. Chemical analysis of filter samples provides 
information on the composition of the aerosol uveruged over all particle sizes and over 
the time interval of sampling. For a con~ tant gas-sampling rate, the mass concentration of 
species i averuged over particle size and time is related to the size-composition probability 
density funct ion as follows: 

PI = ~I lot N oo 10
00 
[/ ... / gllllI1/2 ... ll ll ; ... dllkJ l l v dr ' (1.37) 

where Pi is the instantancous mass concentration o f species i per unit volume o f gas 
averaged over particle sizes, and M, is the molccular weight of species i. The instantaneous 
concentration of specics i in the part iculate phase is given by the mass frac tion 

Cj=Pi!P (1.38) 

where P is the total mass of p:lrticu late matter per unit vol uille of gas. The time avcmged 
value of C, can in principle be obtained by averaging over the instantaneous values of 
C, measured during thc sampling period. However. instantaneous values of C; cannot be 
obtained in thc usual filtration mcasurements. Instead. thc a\cragc mass fr:lction is usuully 
reported as the ratio of thc averagc values of PI and p. p;! p. As an example. over a certain 
time period the average concentration of particulate sul fur in the Los Angeles atmosphere 
was 15 Jlg/m3, reportcd as sulfatc. :lnd the :lverage total mass of particulate mailer was 125 
Jlg/m3• Thus csu~ = 0. 12. Information on PI and p is routinely reported for nmHy dll:mit:lIl 

components of the atmospheric aerosol (EPA. 1996) . 

• 
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There are instruments capable of measuring the composition of indi vidual particles (Chap
ter 6), and eventllally it will be possible to determine the size--composition p.d.f. Currently. 
such measurements are made on a research basis: in practice the average composi tion of the 
particles in a discrete size interval is detemlined by collecting an aerosol sample over a period 
of several hours using a cascade impactor (Chapter 6) and analyzing the material on each 
stage chemically. The concentration measured in this way is re lated to g(u. "2 ... .. lib r . t) 
as follows: 

!:J.p, = ~' l' Nco 1:'2 [/ ... / gll;dll2 ... dll; ... dllt] dvdr' (1.39) 

where fiPi is the mass of species i per unit volume of air in the size range VI 10 tIz. For 
VI ~ 0 and tIz ~ 00, !:J.Pi becomes the concentration that would be measured by a total 
filter. The discrete mass distribution can be ploued in the fonn t1Pil t1 log dl' versus log d". 
An example of distributions of this type is shown in Fig. 1.6 for aerosol emissions from a 
municipal wastewater sludge incinerator equipped with a cyclone-type scrubber. The area 
under the histogram between two values of dp is proport ional to the mass of the chemical 
species (or tolal mass) in that size range. Figure 1.6a shows the distribution of particle mass 
as a function of particle size at the inlet and outlet of the scrubber. The mass distribution at 
the scrubber inlet coming from the incinerator is bimodal. The smaller (in mass) fi ne mode 
near 0.2 p:m probably results from the condensation of gaseous components volatilized 
during combustion. The coarser mode, greater than 5 to 50 p:m. is probably the residual 
ash from the sludge feed particles. The size distribution at the scrubber our ler ['Ieab in the 
size range between 0.2 and 0.5 p:m, indicating that the coarse mode at the scrubber inlet is 
preferentially removed in the scrubber. 

Figure 1.6b shows that the elements cadmium and calcium are distributed with respect 
to particle size in diffe rent ways in the incinerator emission gases at the scrubber inlet. The 
cadmium fonns more volatile compounds in locally reducing atmospheres in the incinerator. 
These vapors then react to fonn condensable products. probably oxides and/or sulfates. The 
resulting particles are very small and grow by coagulation: the cadmium peaks at about 0.2 
p:m and the size distribution is unimodal. Theca1cium. on the other hand. was bimodal with 
a small submicron peak. also near 0.2 p:m. and a large coarse mode. 

These results illustrate that emissions from combustion facilities tend to be enhanced 
in certain e lements, some toxic , relative to the original composition of the feed . This has 
been documented both for emissions from incineralOrs and for coal cumbustiun (Tauk 1.2). 
It probably holds for smelting and other high-temperature processes involving multicom
ponent feedstocks. 

Average concentrations for a given size range may give a misleading impression of 
particulate effects, however. In the case of lung deposit ion, for example, the local dosage 
to tissue may depend on the composition of individual part icles. The nucleating properties 
of a particle for the condensation of water and other vapors also depends on the chem ical 
nature of the individual particles. 
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Figure 1.6 (II) Paniculate mass as a function of particle Si1,c at the inlet aod outlet of a scrubber 
treating emissions from a municipal wastewater sludge incinerator. Note the difference in the scales 
for the inlet and outlet. The frac tion of the mass present as fine panicles is much higher in the 
scrubber out let gases. Because the data were collected with a cascade impactor. they arc: represcnted 
in a histogram format. (After Bennelt and Knapp. 1982.) (b) Chemical species may be distributed 
with respect 10 particle size in different ways dependi ng on the physicochemical processes during 
panicle formation and the properties of the chemical components. The fi gure compares cadmium size 
distributions in waste incinenllor emissions wi th calcium. Both elements were probably present as 
o1tides and/or sul fates. The cadmium was concentrated in much smaller panicles than the calcium. 
1be calcium distribution was bimodal. (After Bennett and Knapp. 1982.) 
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TABLE 1.2 
Elements in Airborne Coal Flyash Particles That Show Pronounced Concentration Trends 
with Respect to Particle Size (Davison et al., 1974) 

Particle Pb TI 'b Cd Se A. N' C. z" , 
Diameter 
(Ilm) .gI, wi " 
> 11.3 11 00 29 17 J3 13 680 460 740 8100 8.' 
7.3- 11.3 1200 40 27 15 II '00 400 290 9000 
4.7_7.3 

1 "'" 62 " " " 1000 44il 460 6600 7.0 
3.3-4.7 1550 67 " 22 " 900 540 470 3800 
2. 1- 3.3 

1 "'" " 31 27 19 1200 900 1500 15.000 25.0 
1.1 - 2.1 1600 76 " " 59 1700 1600 3300 13.000 
0.65-1 . 1 48.8 

AEROSOL DYNAMICS: RELATION TO CHARACTERIZATION 

Aerosol characterization as discussed in this chapter provides a snapshot of the aerosol at 
a given position and time. The snapshot gives information on particle size and chemical 
properties that determine many of the effects of aerosols. both desirable and undesirable. 
However, the size distribution and chemical properties usual ly change with time and position 
in industrial process gases or in the atmosphere. 

Consider a small volume of gas and associated particles and follow its motion through 
the system-that is. the atmosphere or an industrial process. The physical and chemical 
processes shaping the size distribution are summarized in Fig. 1.7. The change in II(V, r , t) 

with time can be expressed as the sum of two tenns: 

till = [d"] +[d"] ( 1.40) 
til til ; til e 

The first term on the right represents processes occurring inside the element including 
gas-to-particle conversion and coagulation. The second term represents transport across 

Diffusion 
Nucleationl..-<------,;."--'" 

.. 
". 

o 

'>& '" ft o ,------ --------
?' ">/ (> . . 

• 
//- : Coagulation 

Condensation Sedimentation 

Fjgure 1.7 Processes shaping the particle size distribu· 
tion function in a small volume e lement of ga£. Diffusion 
and sedimentation involve transport across the walls of 
the elemellt. Coagulation. nucleation. and growth take 
place within the element. 
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the boundaries of the element by processes such as diffusion and sedimentation. Transport 
processes are discussed in the first half of the text: the internal processes. coagulation and 
gas-to-particle conversion. are covered in the second half. A general dynamic equation 
for n(u, r . t ) incorporating both internal and external processes is set up and d iscussed in 
Chapter II. By the end o f the book. the reader should be able to analyze a problem related 
to the dynamics o f aerosol behavior and identi fy the principal processes that affect the s ize 
distribution fun ction. In some cases, il may be possible 10 obtain s imple solutions, often 
approximate. In others, numerical methods will be necessary. 

PROBLEMS 

1.1 Plot the number of molecu les as a function of particle size for silica nanoparticles (d" < 50 
nm). On the same figure. plot the fraction of the moleeil le.~ that appear in the surf:u.:e of the 
particles. This will require cenain assumptions that you should stale. 

1.2 Derive an expression for the rate at wh ich the panicles of a polydisperse aerosol settle on a 
horizontal plate from a stagnant gas. Dimensions are number per uni t time per unit area. Assume 
that Stokes law holds for the tenninal settl ing velocity. and express your answer in tenns of the 
appropriate moments. 

1.3 Lei tJ be the surface area of a spherical panicle of diameter d,.. Define an area dis tribution 
fu nction IIg for the particles in an aerosol by the re lationship 

dN = '1 ~(tJ)ll(l 

where dN IS the number of particles per unit volume of gas with surface area between () and 
a + (/a. Derive a relat ionship between /1 ,,((1 ) and 11,/((/,,) in terms of d". 

1.4 Consider an aerosol composed of very small particles in the size range I 0 to 100 nm such 
as might be produced during a welding process. The average velocity with which panicles of 
mass 11/ coll ide with a stationary surface exposed to the gas due to the themml (Brownian) motion 
is (based on the L;inetic theory of gases) given by 

C = (2::J 1/2 

wherc k is Boltzmann 's constant and T is the absolutc temperature. The particlcs produced 
during the welding process havc a size distribution fun ction /I,!Cd,,). Derive an expression ror 
the total partic lc nux across a given surface (particles per unit time per unit area) due to the 
thermal motion. What is the moment of the particle size distribution. bascd on panicle diameter, 
to which the partidc nux is proportional? 

1.5 An aerosol initially has a number distribution function lI o(dp ). 

(a) The volume of the aerosol is changed (increased or decreased) by a factor cr. What is 
the new size dist ribution fu nction? 

(b) The original acrosol is mixed with a volume of fi ltered air q times the origi nal volume. 
What is the dist ribution fu nction of the resu lt ing aerosol? 
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(c) The original aerosol is composed of sea salt droplets that are 3.5% salt by weight. After 
mixing with equal volumes of dry. fi ltered ai r. all of the water evaporates. What is Ihc 
new distribution func lion? (Neglect thc gas volume of thc water evaporated.) 

(d) The original aerosol loses particles from each size range at a ra te proportional to thc 
particle surface area. Derive an expression for the distribution fu nction as a function 
of lime and particle diameter. In all cases, express your answer in lenns of the initial 
distribution and any other variables that may be necessary. Define al l such variables. 

1.6 The size distribution of atmospheric aerosols will some times follow a power law of the 
ronn 

" lId (dl') = const"4 
ti" 

where II> is the volume fraction of dispersed material (volume aerosol per unit volume ai r). When 
applicable. this form usually holds for panicles ranging in size from about 0.1 to 5 /.1- 111. Show 
that when aerosols that follow this law are mixed, the resulti ng size dist ribution obeys a law of 
the same form. Before m ixi ng. the aerosols have different volume fractions. 

1.7 A certain chemical species i.~ adsorbed by the panicles of an aerosol. The mass adsorbed 
is proponional to the surface area of the part icle. Derive an expression for the distribution of 
the species with respect to particle s ize expressed as mass of the species per unit volume of gas 
in the size range Ii to u + du. Express your answer in terms of u and II(V). Define any constants 
you introduce. 

1.8 Verify that the nomlal and lognormal distribution functions defined in the text in equations 
(1.26) and ( 1.27) arc dimensionally correct. 

1.9 Referring to Fig. 1.00. plot the collection efficiency of the scrubber as a func tion of panicle 
diameter. The collection efficiency is the frac tion of the mass in a given size range entering the 
scrubber that is removed in the scrubber. 

REFERENCES 

Bennett , R. T.. and Knapp, K. T. (1982) Ellviron. Sci. Technol., 16,83 1. 
Chandrasekhar. S. (1 943) Stochas tic Problems in Physics and Astronomy in Reviews of Modem 

Physics. 15 (repri nted in N. Wax (Ed.) (1954) Noise lind Stochastic Processes. Dover. New 
York). 

Davison. R. L .. Natusch, D. F. S .• Wallace. J. R. , and Evans, C. A., Jr. (1974) Environ. Sci. 
Technol. , 8, 11 07. 

Ettl inger, M. , Ferch. H., and Koth, D. (1991) AEROSIL*, Aluminum Oxide C and Titanium 
Diox ide P25 for Catal ysts. Degussa Technical Bul letin Pigments, No. 72. Frankfurt, Gennany: 
see also (1980) Chem. Illg. Teclll1 .. 52, 628. 

EPA ( 1996) Air Qual ity Criteria for Particulate Malter, Volume 1, National Center for Environ
mental Assessment, O ffice of Research and Development. U.S. Environmental Protection 
Agency, Research Triangle Park. NC. 

Ragan. R. C , and Friedlander. S. K. (1978) Partic le Formation in Pulverized Coal Combustion
A Review. in Shaw. D . T. (Ed.), Rece1l/ Del'eiopmenls ill Aerosol Science, Wiley. New York. 



26 Aerosol Characterization 

See also Flagan, R. C, and Seinfeld, J. H. ( 1988) Fundamel!fals of Air PoUlltion El/gil1eering, 
Prentice-Hall. Englewood Cliffs, N1. 

Forrest, S. R., and Witten, T. A., Jr. (1979) J. Phys. A: M(ltli., Gen., 12, LI09. 
Friedlander, S. K. ( 1970) J. Aerosol Sci., 1,295. 
Friedlander. S. K. ( 1971) 1. Aerosol Sci., 2, 331. 
Wu. M. K. , and Friedlander. S. K. ( 1993) J. Cofloid alld lnte/juce Sci., 159, 246. 

Basic Aerosol Referellces 

Davies, C N. (Ed.) ( 1966) Aerosol Science, Academic Press. New York. 
Fuchs. N. A. (1964) Thft Mechanics of Aerosols. Pergamon, Oxford. republished by Dover. New 

York ( 1989). A classic. the first text to treat aerosol phenomena as a scientific discipline. 
Hidy. G. M., and Brock, J. R. (1971) The Dyn(lmic.~ of Aerocofloidal Systems. Pergamon. Oxford, 

UK. Extensive applications of kinetic theory of gases to aerosols. 
Hinds, W. C. (1982) Aerosol Technology. Wi ley. New York. A comprehensive overview of 

aerosol behavior including applications to industrial hygiene and inhalation toxicology. 
Junge. C. ( 1963) Air Chemistry (111(1 R(ldioaclillity. Academic Press. New York. This classic text 

established air chemistry as a scientific discipline. It reviews what was known up to the lime 
on the behavior of aerosols and trace gllses in Ihe 1I11ll0sphere. 

SeinfcJd. J. H .. and Pandis. S. N. (1998) Atmo,wheric Chemistry (JI1l1 Physic.f, Wi ley. New York. 
Includes a discussion of basic aerosol phenomena with atmospheric applications. 

Williams. M. M. R" and Loyalka, S. K. ( 1991) Aerosol Sciellce Theory Clnd Practice with Special 
Applications to the Nllclear 'ndll.I·lly. Pergamon, Oxford, UK. Emphasis on theory including 
many detai led derivations. 

Willeke. K.,and Baron. P. A. (I993)Aeroso/ Measliremelll, Van Nostrand Reinhold, New York. A 
very good ovcrview of aerosol sampl ing and instrumentation with basic underlying principles. 

Mathematics of Distributioll FUlIctiolls 

Aitchison. 1. , and Brown. J . A. C (1957) Tile Logl/ormal Distribution Functiol/. Cambridge 
University Press, Cambridge. UK. 

Cooper. D. W. (1993) Methods of Size Distribution Data Analysis and Presentat ion, in Wilteke, 
K., and Baron. P. A. (Eds.), Aerosol Meamrement, Van Nostrand Rei nhold, New York. 

Cramer, H. (1955) The Elements of Prob(lbility TheOlY, Wi ley, New York. A good introductory 
discussion of the mathematical properties of distribution functions. 



Chapter 2 

Particle Transport Properties 

A n unclerslllllding of panicle transport or movement from onc poi nt to another in a gas 
is basic to !.he design of gas cleaning equipment and lIerosol sampling instruments. 
The s(,: avcll~i llg o f particulate malter from the utmosphcrc by dry and wet deposition 

processes is also detcnnined by particle tmnsport processes. 
The classic:l! problems of particle transport were studied by well-known physicists in 

Ihe late ni netcenth and early twentieth centuries. Stokes. Einstein , lmd Millikan investi gated 
the motion of small spherical part icles under applied forces primarily because of application 
to (at thai time) unsolved problems in physics. They deri ved relatively simple relationships 
for spherical particles that ellll be considered as ideal cases: irregular particles arc usually 
discussed in terms o f their deviat ions from spherical behavior. 

In th is chapler. we consider Brownian diffusion. sedimentation. migration in an e lec
tric field. and themlOphoresis. The lasl term refers to particle movement produced by a 
temperature gradient in the gas. We consider also the Londo n-van der Waals forces that arc 
impo rtant when a partic le approaches a surface. The 1I1l:llysis is limi ted 10 particle transport 
in stationary-that is, nonfl owing-gascs. Transport in fl ow systems is discussed in tlH': 
chaplers which fo llow. 

The ra te o f transport of particles across a surface at a point. expressed as number per 
ull it time per ullit area. is c'l lIed the ftl/.r at the point. Common d imensions for the flu x arc 
particleslcm2 sec. Expressions for the diffusion flux and d iffusion coeffi cient that apply 
to submicron part icles are derived from first princi ples in this chapter. The presence o f 
an external force field acting on the particles leads to an additional ternl in the flu x. The 
transport of part icles larger than about a micron is analyzed by solving a mome ntum balance 
thll t incorporates the external force fi elds. 

Aerosollfilnsport processes. including heat, mass. momentum. and charge transfer, take 
place at two diffe rent (but interacting) scales. At the indi vidual particle scale. exchange of 
mllss. heat. momentum. and charge may take place between the p.lrt icles and the surrounding 
gas. On a larger scale, clouds of particles move under the influence of concentratio n. 
temperature and electric fie ld grad ients at rates which depend on the partide size and 
properties. As explained in this chapter. there may be strong coupl ing bet\\ee n the two 
SCliles because the particle flu x is proportional to the product of the llirge-scale gradient and 
a coefficient that depends on particle scale transport processes. 

27 



28 Particle Trallsport PrOIJerties 

As noted by Fuchs and Sutugin (1971 ). the analysis of panicle scale transport is 
relatively simple in the limiting cases corresponding to very large and very small Knudsen 
numbers. For small Knudsen numbers (large particles). the transfer processes are described 
by the equations of d iffusion, heal transfer. and fluid mechanics of continuous media. 
At large Knudsen numbers (small p:uticlcs) the transfer processes take place in the free 
molecule regime in which the presence of the particles does not affect the velocity d istri
bution of Ihe molecules moving toward Ihe surface. For molecules Illovin~ in the reverse 
direction from the surface, the distribution function depends on the laws of reflection or 
evaporation of molecules from the surface of the particle. Intennediate Knudsen number 
ranges are usually treated by semiempirical interpolation fomlliias. 

EQUATION OF DIFFUSION 

Small particles suspended in a fluid exhibit a hnphazard dancing Illotion resulting from the 
fluctuating forces exerted on them by the surrounding molecules. The motion was reported 
in 1827 by the botanist Robert Brown. who rllnde the first detailed studies. Brown first 
ohserverl Ihe phenomenon in aqueous suspensions of pollen and then with particles of 
mineral origin. showing that the motion was a general property of matter independent of 
its origin---organic or not. As a result of the ir random motion. there is a net migration 
of panicles from regions of high to low concentration. a process known as diffusion . An 
equation that describes the ra te of diffusion can be deri ved in the following way: 

A fluid, which is not flowing, contains sm:11I particles in Brownian motion. Gradients 
exist in the concentration of particles, all o f which are of the same size. Concentrations 
are snlllll . however, so that any small fl ows that accompany diffusion can be neglected. 
A balance can be carried OUI on the number of particles in an elemental vol ume of fluid 
oxeyez. fi xed in space (Fig. 2. 1). as follows: The rate at which particles e nter the elemental 
volume across the face A IJC 0 is 

[
1 _ (JJ" OX ]&Y& _ 

.r ax 2 ... 

where J .. the flux of panicles across the face with e.g.s. units of panicles/cm2 sec and J1" j J:c 
is the gradient of J" in the x direction at the centroid of the elemental volume. The rate at 
which particles leave the e lemental vol ume across the opposite face A' B'C' 0 ' is 

A ~ ____ --,.!'A' Figure 2.1 An elemental volumc of 
t1uid. fix ed in Sp :ICC, through which 

&, 
aj~ &.f ----1---> i , - aJ. 2 

8 diffusion is occurring in all di rec-
'l!!...--t----='" 8 ' lions. Allhe centroid of Ihe clement. 

, , , 
D --------- ' 0 ' -- ---_.",'. 

the panicle tlu" in the x direction is 
gh'cn by JJ.. The flu," acros.~one face. 
ABC D. is shown. 

"""" 

':'----,---"" c' 
C ~h 
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[ aJ.8X] 
i " - ax 2 &y&z 

The net rate of tmnsport into the element for these two faces is obtained by summi ng the 
two previous expressions to give 

a i~, 
- &x&y&z 

ih 

For the &x&z faces. the corresponding tenn is 

and for the &x&y faces 

oj 
- h&)'8,-' oy 

aJ, 
-&x&y&z-' a, 

The rate of change of the number of particles in the elemental vol ume &x&y&z is given by 

.a,c.' .::8,::-,8,,),,'8.::, [ a i.: a i y a i _] - - - - + - + -- &x&y&z at ax oy az 

Dividing both sides by &x&y&z. the result is 

an = _[aJ.: + aJy + ai~ ] = -v. J 
at ax ay az 

(2 . 1) 

which is the equation of conservation of species in temlS of the flux vector. J, with 
components i .•. i y • i : . 

The relationship between the flux and the concentmtion gradient depends on an 
experimental observation: A one-dimensional gradient in the particle concentration is set 
up in a fluid by fixing the concentration at twO parallel planes. The fluid is isothermal and 
stationary. It is observed that the rate at which part icles are transported from the high to the 
low concentration (pa.rticleslcm2 sec) is proportional 10 the local concentration gradient, 
an / ax: 

an 
1;,. = -D-

ax 
(2.2a) 

where D. the diffusion coefficient. is a 'proportionality factor. In general, the diffusion 
coefficient is a vari able dependi ng on the particle size, temperature, and concentration; its 
concenlration dependence can often be neglected. 

If the properties of the fluid are the same in al l directions, it is said to be isotropic. This 
is the usual case, and D then has the same value for diffusion in any direction. 

an 
i =-D-, ay (2.2b) 

an 
i_ = - D -
- az 

(2.k) 

When we substitute in (2. 1), the result for constant D is 
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a" [a2
11 a2

11 a2
11] , 

- ~ D -+-+- = D V-II 
at ax! ay2 az2 (2.3) 

which is known as Fick's second law of diffusion, the fi rst law being the linear relationship 
between flu x and gmdient. 

As :,;hown in later sections. the coeffi c ient of diffusion is a function of panicle size. 
with small panicles diffusing more rapidly than larger ones. For a polydisperse aerosol, 
the concentration variable can be set equal to l1 (/(d". r . t )d(dp ) or 11(1.'. r . t) d uo and both 
sides of (2.3) can be divided by (J(dp ) or duo Hence the equation of diffusion describes 
the changes in the pan icle size diSlribllliOl1 with time and position as a resull of diffusive 
processes. Solutions to the diffusion equation for many different boundary conditions in 
the absence of fl ow have been collected by Carslaw and Jaeger ( 1959) and Cmnk ( 1975). 

COEFFICIENT OF DIFFUSION 

The coeffi cient of diffusion. D . with di mensions of square centimeters per second is one of 
the important tmnsport propen ies of the pan icles in an aerosol. An expression for D can 
be deri ved as a function of the size of the p:micle and the propenies of the gas. 

We consider diffusion in one dimension alone. Suppose that a cloud of fine pan icles. all 
the same size. is released over a narrow region around the plane corresponding to x = O. The 
concenlmtion everywhere else in the gas is zero. With increasing time. the panicles diffuse 
as a result of the Brownian motion. The spread around the plane x = 0 is symmetrical (Fig. 
2.2) in the absence of an external force fi eld acting on the panicles. 

The spread of the pan icles with time can be detennined by solving the one-dimensional 
equation of diffusion. 

all a211 
-~Da, ax! 

The solution for the concentration distribution is given by the Gaussian fonn 

I/ (x. r)= 2(1I"~:)t /2 exp(;~:) 

(2.4) 

(2.5) 

where No is the number of panicles released at x = 0 per unit cross-sectional area. The 
mean square displacement of the panicles from x = 0 at time 1 is 

x2 = _'_ J oo x 2// (x. 
No - 00 

t ) dx (2.6) 

When we substitute (2.5) in (2 .6). the result is 

.t 2 = 2Dt (2.1) 

Thus the mcan squarc displacement of the diffus ing panicles is proportional to the elapsed 
time. 

An ex pression for x 2 can also be deri ved fro m a force balance on a panicle in Brownian 
motion, which for one di mension takes the fonn 
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Figure 2.2 The spread of Brownian particles originally concentrated at the di fferential clement around 
x=O. 

d" 
m- = -/11 + F(r ) 

dr 
(2.8) 

where m is the particle mass. II is its velocity. and r is the time. According to (2.8), the force 
acting on the particle is divided into two parts. The first term on the right is the frictional 
resistanceofthe fluid and is assumed to be proportional to the particle velocity. For spherical 
particles much larger than the gas mean free path. the friction coefficient / based on Stokes 
law is 

(2.9) 

Other forms for the frict ion coefficient are discussed in the next section. The tenn F (I) 
represents a fluctuating force resulting from the thermal motion of molecules of the ambient 
fluid . F(r) is assumed 10 be independent of 1/ and its mean value. F(t). over a large number 
of si milar but independent particles vanishes at any given time. Finally, it is assumed that 
F(I) fluctuates much more rapidly with time than II . Thus over some interval. 0.1. /I will be 
practically unchanged while there will be practically no correlation between the values of 
F(I) at the beginning and end of the imerval . These are rather draslic assumptions. but they 
have been justified by resort to models based on molecular theory (see the review by Green, 
1952. p. 151 ff.). The conceptual difficulties attendant upon the use of (2.8) are discussed 
by Chandrasekhar ( 1943). 

We now consider the group of small particles originally located near the plane x = 0 
at t = 0 (Fig. 2.2). At a later time. these particles have wandered off as a result of the 
Brownian motion to form a cloud, symmetrical around x = 0, as shown in the figure. 
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Leuing A (t ) = F(r)l m and multiplying both sides of (2.8) by x , the displacement from 
the plane x = O. the resul t for a single pan icle is 

du 
x - + {JIIX = xA 

d, 

where a = /1 111 . Re.manging. we obtai n 

dllx ~ -- + {JII X = 11 · +x A 
d, 

because tlxl (/I = II. When we integmte between t = 0 and I. the result is 

. [' [' 
/IX = e~~' 10 11

2eft"tlt' + e-~' 10 Axe"" tlt' 

(2. IO) 

(2. IOa) 

(2.lt ) 

where t ' is a variable of integration that represents the time. We have made use of the fact 
thatllx = 0 at I = O. Avemging over all of the panicles in the fi eld. one finds 

(2.12) 

because 1/2 is constant by assumption and Ax = 0 because there is no correlation between 
the instantaneous force and the pan icle displacement. The fo llowing re lationships also hold: 

_ x tlx dx2 I (/lx2 ) 
IIX= -- ~ - ~ ---

dl 2dr 2 dt 
(2.13) 

because the derivative of the mean taken over panicles with respect to time is equal to the 
mean of the derivative wi th respect to time. blu3ling (2 .1 2) and (2.13) and integrating once 
more from I = 0 to t gives 

(2.t 4) 

For r » a- I. this becomes 

2 ~ 
(2.15) 

We now introduce an imponant physical assumpt ion. fi rst made by Einstein ( 1905). that 
relates the observable Browni an movement of the small panicles to the molecular 1110tion 
of the gas molecules: Because the partic les share the l11olecular- themml motion of the fluid. 
the principle of equipanition of energy is assumed to appl y 10 the tr.1nslational energy of 
the panicles: 

2 2 
(2.16) 

When we combi ne the equipanition princi ple with (2.1) and (2.15), the result is 

x 2 kT 
D =-=-

2t / 
(2.17) 

• 
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This is the Stokes-Einstein expression for the coefficient of diffusion. It relates 0 to the 
properties of the fluid and the particle through the fric tion coefficient discussed in the next 
section. 

A careful experimental test o f the theory was carried out by Perrin (1910). Emu lsions 
composed of droplets about 0.4 tLm in diameter were observed under an optical microscope 
and the positions of the particles were noted at regular time intervals. The Stokes-Einstein 
equation was checked by writi ng it in the fo nn 

2t RT 
Nav = 

3]f tLd"X2 
(2.18) 

where R is the gas constant and Avogadro's number N. v was calculated from the quantities 
on the right-hand side o f the equation all of which were measured or known. The average 
value o f Avogadro's number calculated this way was about 7.0 x 16B in good agreement 
with the val ues determined in other ways at that ti me. T he accepted modem value. however, 
is 6.023 x 1023 . 

FRICTION COEFFICIENT 

The fric tion coefficient is a quantity fu ndamental 10 most particle Lransport processes. The 
Stokes law fonn. f = 3Jr tLtip. holds fora rigid sphere that moves through a fluid at constant 
velocity with a Reynolds number. dpU Iv. much less than unity. Here U is the velocity. and 
11 is the kinematic viscosity. The part icle must be many diameters away from any surfaces 
and much largen han the mean free path of the gas molecules, i p. which is about 0.065 /-I.m 
at 25°C. 

As particle size is decreased to the point where ell' '"" i I" the drag for a given velocity 
becomes less than predicted from Stokes law and continues to decrease with particle size. 
In the range dp « lp, the free molecule range (Chapter 1), an expression for the fric tion 
coefficient can be derived from kinetic theory (Epstei n, 1924): 

f = ~d2 p (2:rrkT) 1/ 2 [1 + JrC1] (2. 19) 
31' 111 8 

where p is the gas density and 111 is the molecular mass of the gas molecules. 
T he accommodation coefficient C1 represents the fraction of the gas molecules that 

leave the surface in equi librium with the surface. The fraction I - a is specularly reflected 
such that the velocity normal 10 the surface is reversed. As in the Case of Stokes law, the 
drag is proportional to the velocity of the spheres. However, for the free molecule range, 
the friction coefficient is proportional to d,; , whereas in the conti nuum regime (dl' » £1') ' 
it is proportional to dp . The coefficient C1 must, in general . be evaluated experimentally but 
is usually near 0.9 for momentu m transfer (values differ for heat and mass transfer) . The 
friction coefficient calculated from (2.19) is only I % of that fro m Stokes law for a 2D-A 

panicle. 
An interpolation formula is often used to cover the entire range of values of the Knudsen 

number (Up/tip) fro m the continuum to the free molecule regimes. It is introduced as a 
correction to the Stokes friction coefficient: 
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f = ",3rr:..;M",d.." 
C 

(2.20) 

where the slip correction factor C is given by 

C = 1 + U p (AI + A2exp -AJdp) 
dp tp 

(2.2 t) 

and A I , A2. and A3 are constants. The correction factor C is essentially an interpolation 
formula that shows the proper limiting forms. For dp » lp, C --+ I and f approaches 
(2. 11 ), whereas fordp <<;: ep • f approaches the (onn of the kinetic lheoryex pression (2.19). 

Values of the constants A I, A2 • and A) are based on experimental measurements of 
tin.: !.lIag UIL small particles. Such measurements were made by Millikan and his co-workers 
in thei r oil droplet experiments carried out to determine the electronic charge. A later 
compilation of experimental data (Davies, 1945) led to the following resul t: A I = 1.257, 
A2 = 0.400. AJ = 0.55. This corresponds to a val ue of CI in (2. 19) of 0.84. Values 
for the diffusion coefficient and settling velocity of spherical particles can be calculated 
over the entire particle size range using (2. 17). (2.20), and (2.2 1). They are shown in 
Table 2.1 together with values of the slip correction and Schmidt number discussed in 
Chapter 3. 

As noted above, Stokes' law is derived for the steady-state resistance to the motion of 
a particle. Why should it apply to the Brownian motion in which the part icle is continually 
accelerated? The explanation is that the acceleration is always very small so that at each 

TA8LE 2.1 
Aerosol Transport Properties: 
Spherical Particles in Air at 20"( , 1 atm 

dp (/!In) C J) (cm1/sec) 

0.001 2 16. 5.14 x 10- 1 

0 .002 lOS. 1.29 x 10- 1 

0 .005 43.6 2 .07 x IO- J 

0.01 22.2 5.24 x IO-~ 
0.02 11.4 1.)4 x 10-l 

0.05 4.95 2.35)( 10- ' 

0.1 2.85 6.75 )( 10- 6 

0.2 1.865 2.22)( 10- 6 

O.S 1.326 6.32)( 10- 7 

1.0 1.164 2.77 x 10- 7 

2.0 1.082 

S.O 1.032 

10.0 1.016 
20.0 1.0011 
50.0 1.003 

100.0 1.0016 

Schmidt 
Number, 

' IV 

2.92 
1.16 X 101 

7.25 X 101 

2 .87 x I~ 
1.1 2 x loJ 
6 .39 x loJ 
2.22 x 10"' 

6 .76 x 10"' 

2.32 x lOS 
5,42 )( lOS 

c, (em/sec) 
(~ = tg/cm.l) 

8.62 )( 10- ' 
2.26 X to-4 
1.00 x 10- 3 

3.52 x 10- 1 

1.31 x 10- 1 

7.80)( IO-~ 

3.07 )( 10- 1 

1.22 
7.58 
30.3 



Agglomerate Diffusion Coefficients 35 

instan!. a quasi-steady state can be assumed to exist. 
For nonspherical particles. the drag depends on the orientation of the particle as it 

moves through the gas. When dp » lv , the drag can be calculated by solving the Stokes 
or "creeping flow" fonn of the Navier- Stokes equations for bodies of various shapes. In 
calculating the diffusion coefficient. it is necessary to average over all possible orientations 
because of the stochastic nature of the Brownian motion. This calculation has been carried 
out by Perrin ( 1936) for ellipsoids of revolution. These are bodies generated by rotating an 
ellipse around one of its axes. We consider an ellipse with semiaxes a and b rotated around 
the a axis. 

For z = bl a < I (prolate or "cigar-shaped" ellipsoid), the diffusion coefficient is 

o <:2/3 I + ( I _ Z2)1 12 
- = 'I' In Do (1- 22)- 2 

(2.22<1) 

and for z > I (oblate ellipsoid) we obtain 

D 7
2/3 ' I' - - , (' 1) -If'> tan z- -

(2'- 1) -
(2.22b) 

Do 

where 0 0 is the diffusion coeffi cient of a sphere of the same volume as the ellipsoid. If 00 

is the radius of the sphere, then 00 = OZ2/3 . 

The diffusion coefficient of the ellipsoid is always less than that of a sphere of equal 
volume. However, over the range 10 > z > 0.1 , the coefficient for the ell ipsoid is always 
greater than 60% of the value for the sphere. These results are not directly applicable to the 
diffusion of particles suspended in a shear field. because all orientations of the particle are 
no longer eq ually likely. 

AGGLOMERATE DIFFUSION COEFFICIENTS 

Consider an aerosol composed of agglomerates of primary particles of radius lIpo. Any given 
agglomerate incorporates Np primary particles and values of Np vary from agglomerate to 
agglomerate. The group of agglomerates which have the same number of primary particles 
Np constitutes a subset of the lotal aerosol. This subset may have agglomerates of many 
different structures. The structure refers to how the primary particles are arranged with 
respect to each other. It has been found experimentally (Chapter 8) that by averaging over 
many agglomerates, a power law relationship can often be used to correlate the data: 

( 
R )D' 

Np = A lIpo (2.23) 

where R is the agglomerate radius, apo is the primary particle radius. A is a dimensionless 
constant of order unity, and the exponent Of known as the fractal dimension is a measure 
of the "stringiness" of the agglomerate. For example, Of -)0 3 corresponds to a compact 
nearly spherical aggregate while Of -)0 I corresponds to a chainlike structure. For compact 
agglomerates (Of -)0 3). very little gas flo ws through the pores of the agglomerate as it 
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executes its Brownian motion: the diffusion coefficient can be estimated from the Stokes
Einstein re lation with the particle I"'.Jdius given by (2.23). The :lgglomerates become more 
open and extended as D, decreases. and some of the gas outsidc the agglomerate can fl ow 
through its pores. This increases the drag and decre:lscs the agglomerate diffusion coefficient 
for a given val ue of N

"
. Tandon :lnd Rosner (J 995) have estimated the drag on agglomerates. 

hence D. by treating thcm as porous bodies with spatially nonunifonn porosity. They 
solve the Siokes form of the Navier-$ tokes equ:.tions outside the agglomerate. and the 
Bri nkman equation for the interior flow field and match the fl ow fi elds at the surface. 
Val ues of D as a function of NI' calculated in this way for various values of D, are shown 
in Fig. 2.3. 

The results of Fig: 2.3 apply to the continuum regime in which both the agglomerate 
and primary part icle radius are larger than the mean free path of the gas. In the free molecule 
rcgime whcn the agglomcrates are smaller than the mean free pi. th of the gas and D, < 2. 
most of the primary pan icles in the agglomerates arc exposcd tocollision with gas molecules. 
In this case. the agglomerate fric tion coeffi cient can be estimated by summing over alt 
of the Np primary pan icles composing thc agglomerate using the free molecule fri ction 
coefficient (2. 19). 

11>- ' 

to-2 

10 10' 10' ,," 10' ",. 
Figure 2.3 CJlcul~ted diffusion coefficients for power-hlw (fr.lc [~I - like) ~gg lomerates nonn~lized by 
the Stokes-Einstein diffusion coefficient for ~ primary p~rtic le. The lotal number of primary panicles 
in the aggregate is Np • and D, is thc fractal dimension. The resul ts hold for the cont inuum regime. 
(/(10» i". (AftcrTulldon and Rosner. 1995.) 
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PATH LENGTH OF A BROWNIAN PARTICLE 

For molecules that behave like rigid elastic spheres, the mean free path is 11 well-defined 
quantity that can be calculated from classical ki netic theory (Chapman and Cowling, 1952). 
Between collisions. the motion of the molecules consists of strnight line segments. To 
estimate the average path length of a particle in Brownian motion in a gas. our first inclination 
might be to use the mean free path of the particle calculated, for example, from the kinetic 
theory model for mixtures of rigid ehlstic spheres. When we make this calculmion for 100 
A part icles present in vanishing concentrntions in air at nomlaltemperature and pressure. 
it is found that the distance between colli sions with gas molecules is only a few angstroms. 
(Vanishing particle concentn'llion is the proper assumption because the aerosol particle 
concentrations are generally ex tremely low compared with that of the gus molecules.) 
However, the distance calculated in this way does not take into account the tendency of 
heavypurticles (compared with gas molecules) to move in a directed fashion over adistance 
much larger than the distance between the collisions of a particle with molecules. This effect 
is known in kinetic theory as the persistence of velocities (Chapman and Cowling, 1952). 

A beuer estimate of the length scale of the particles can be obtained by assuming that 
the motion of the panicles is almost continuous: The change resul ting from colli sion with 
a molecule of the surrounding gas is so small thaI the particle motion depends only on 
the integrated effects of a large number of collisions with molecules. Then one can use the 
theory of diffusion by continuous movements (Taylor, 1922) to obtain the length scale of the 
particle motion. Even though the theory was originally developed for application to turbulent 
diffusion, the mathematical relation between the diffusion coeffi cient, the length scale of 
the particle. and r.m.s. velocity holds for any continuous diffusive process . According to 
the Taylor theory, the particle diffusion coeffi cient is 

D = jIP~::' (2.24) 

where Ii"! is gi ven by the equipartit ion relation (2.1 6). The plLrticie length scale, epa, is 
defined by the relationship 

epa = R 1 <>:> R«() dB (2.25) 

where R«() is the Lagrangian velocity correl ation coefficient for the particle motion and B 
is a time variable for the motion of the particle. Thus the length scale e pa is the distance over 
which there is significant correlation between the movement of the particle at () = 0 and 
some later time. Setting (2.24) equal to the Stokes-Einstein relation (2. 17), /i2 = kT/ m 
and solving for epa gives 

where m is the particle mass. 

(mkT)1 /2 
epa = f (2.26) 

Path lengths for particle diameters ranging from 10 A to I /.tm were calculated from 
(2.26) and are shown in Fig. 2.4 for particles of density I g cm-3. Particle path length 
passes through a minimum near 0.2 /.tm, but is generally of the order of 10 nm. This can 
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Figure 2.4 Panicle path lengthS in air at 298 K ami I aIm . TI le miuilllUlll occuu at about 0.2 Jl- m. 
significantly larger than the mean free path of the gas. For small values of dp , we ha\Oe lp ..... d;;lflo 

and for large values we have tp ..... d;ll. 

be compared with the mean free path of gas molecules at NTP which is about ten times 
greater. Calculations o f epa by Fuchs (1964) and Hidy and Brock (1970) based on a d ifferent 
method of analysis also show a minimum in the path length at about the same particle size, 
but their values o f e~ are about twice the value calculated from the theory of diffusion by 
continuous movements. 

MIGRATIOI'i IN AN EXTERNAL FORCE FIELD 

The force fi elds of most interest in particle transport are gravitational, electrical, and thenna!' 
with the last fi eld produced by temperature gradients in the gas. if a balance exists locally in 
the gas between the force field and the drag on the particle. the two can be equated to g ive 

F 
c= -

f 
(2.27) 

where c is the migration or drift velocity in the field. F is the force, and f is the fric tion 
coeffi cient. For the gravitational field. 
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~d' 
F = --t (pp - p) 8 (2.28) 

where p and Pp are the gas and particle densities. respectively. and g is the acceleration due 
to gravity: the migration velocity in this case is called the lerm;nal.~ellling ve/ocity: 

Cr = Pp8(J~C [I -~l 
18j1. P" 

(2.29) 

Usually pI Pp can be neglected in this equation. Values of Cs are given in Table 2. 1. 
The particle flu x resulting from simultaneous diffusion and migration in an external 

force fie ld can be obtained by summing the two effects to give 

an 
l x = -D- + Cx" ax 

for the one-dimensional case. In the vector foml. we obtain 

J = -D'i111 + CII 

(2.30) 

(2.303) 

The same result is obtained from the theory of the Brownian motion taking into account 
the external force field . When the external force field F can be derived from the gradient of 
a potential ¢l 

F = -'i1<P (2.3 1) 

Substituting (2.31) in (2.30a) with the Stokes-Einstein relation (2.17) gives the flux in tenns 
of the potential gmdient 

J = -Dl'i1n + ('i1 ¢l)lIj (2.32) 

When we substitute (2.32) in (2.1), the equation of conservation of species in the presence 
of an external fo rce fie ld becomes 

a" - = 'i1 . D'i111 - 'i1 . CII at (2.33) 

Solulions to this equation for constant D and c are given by Carslaw and Jaeger (1959) and 
Chandrasekhar (1943) for many special applications. 

Example: Particles are transported through a thin layer of stationary gas to the 
surface of a horizontal flat plate. Derive an expression for the deposition mle in the 
steady state if diffusion and sedimentation are both opemtive. 

SOLUTION. Let :: be the distance from the plate measured from the surface. 
The one-dimensional part icle transport rate is given by 

d" 
1 = -D- - Cr ll 

d, 

where C$ is given by (2.29). The negative sign appears because the flux, J ... is posi tive 
in the direction or increas ing z and l.·s is positiyt:. IlIlht: stt:i.IfJy statt:. J .. is I:UIlStuUI. 
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When we imegrate the first-order linear equation across the gas film with the boundary 
conditions n = li b at Z = b (the edge of the film) and /I = 0 at Z = O. the result is 

For c$b » D. J -+ C$ II b. the flux is due to sedimentation alone. For csb « D . 
it is fou nd that J -+ - Dllbl b. the flux due to diffusion alone, by expanding the 
exponential in the denominato r. 

In the sedimemmion range. the flu x increases with increasing particle size 
because the larger panicles settle more rapidly. In the diffusion range. the flux 
increases with decre,asing particle size because the smaller particles have a larger 
d iffus ion coefficient. 

As a result. there is a minimum in the deposition flux at an intennediate panicle 
size between the sedimentation and diffusion ranges. The particle size at which the 
minimum occurs can be found by sett ing dJ / Id(dp)l = O. As an approximation. 
the particle size at the minimum can be estimated by equatin g the sedimentation and 
d iffusion fl uxes and solving for dp : 

We expect the minimum to occur approximately at the particle diameter for which 
csb/ D = 1. For b = I mm. this occurs when DIes = I mm . From Table 2.1. 
dp R::O.I 11m. 

ELECTRICAL MIGRATION 

General Concepts 

The force on a particle carrying i elementary uni ts o f charge in an e lectric field of intensity 
E is given by 

F = ieE (2 .34) 

where e is the electronic charge. When the electrical force is balanced by the drag. a steady 
migration velocity is obtained: 

i eE 
Cr = --

I 
It is sometimes convenient to employ the electrical mobility. 

Cr ie z= - = -
E I 

(2.35) 

(2.36) 

which is the coeffi cient of proportionality between the migration veloci ty and the field 
intensity. 
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Particle charging can occur by ( I) attachment of small ions. (2) static electri fication. (3) 
therm ionic chargi ng c.lUsed by heating to the point where particles emit ions or electrons. 
and (4) self-charging due to mdioactive decnyofpa rticlccornponcnts (Yeh. 1993). The most 
common method. small ion attachment. is discussed in thi s section. Ion attachment depends 
in a complex way on the ionic atmosphere. the electric field. and the panicle size. In gas 
cleaning by electrostatic pri..-c ipitation and in certain types of e lectrical mobility analyzers 
(Chapter 6). particles are charged by exposure to ions gener.tted in a COrolll1 discharge. In 
industrial electrostmic precipitators. the corona is produced by discharge from a negmively 
charged wire. Electrons fro m the corona attach themselves to molecu les of oxygen and 
other electronegati ve gases to form ions. 

Charging by exposure to iOlls of one sign is called IInipollirchlirging. In the atmosphere. 
both posi ti ve and negative iOlls are geiler-lied by cosmic rays and radioactive decay 
processes. Exposure to mixed ions leads to bi/JOlar chargillg of particles. We consider 
first unipolar charging under conditions that produce multiply charged part icles, then the 
formation of singly ch.uged ultrafine particles. The section concludes with a discussion of 
bi l>olar charging. 

Field Charging 

When a dielectric or conducting pan icle is placed in an electric field, the lines of force 
tend to concentrate in the neighborhood of the particle (Fig. 2.5). P:lrticles become charged 
by collision wi th ions moving along lines of force that intersect the particle surface. This 
process is known :IS jieltl chargil1g. As the particle becomes charged, it tends to repel 
additional ions of the same sign. and the distribution of electric fie ld and equipotential li nes 
changes. The field distribution can be calculated from electrostatic theory for the region 
surroundi ng:l charged spherical particle. From the field distribution , the current flow toward 
the particle at any instant can be calculated. The number of electron ic charges accumulated 
by the panicle, 11 ~ . found by integrating the current up to any time I. is 

. [7TeZjl1iOO I ] [ F:p - I] E{/~ 
1 = 1+2--

7TeZil1iool + I tp + 2 4e 
(2.37) 

Here Zj is the mobility of the ions. 11;00 is the ion concentration far from the particle. Ep is 
the dielectric constant of the particle. and 1 is the time of exposure of the panicle to the field. 

For suffic iently long times. the charge on the particle approaches a saturation value: 

• [ Ep - I] Ed~ 
100 = 1+ 2 -- (1 -+ 00) (2.38) 

F: p +2 4e 

Under normal opemting conditions. the limiting charge is appro'lched after a time small 
compared with the time of gas lreatment in a precipitator. When we combine (2.38) with 
(2.35). it is found that the migration velocity for fie ld charging increases linearly with 
particle size when f is given by Stokes law. 

The fac tor II + 2(ep - I) /(Ep + 2)1 is a measure of the distort ion of the electrostatic 
fi eld produced by the p:lrticle. For E" = I, there is no distortion, whi le for F:p -+ 00. the 
factor approaches 3, the value for conducting panicles. For the usual dielectric materials. 
Ep is less than 10. about 2.3 for benzene and 4.3 for quartz. 
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Figure 2.5 Electric force(--)and equipotential (--- --) lines around (a ) an uncharged conducting 
sphere in a unifonn field and (b) a part ially charged conducting sphcre in a unifonn field . Ions prescnt 
in the fie ld migr:ue along the electric force lines: those moving along lines that intersect the surface 
tend to collide with the sphere. As the particle Dccomes charged. the field lines become distorted in 
such a way that the charging process slows (White. 1963). 

Unipolar Diffusion Charging: Free Molecule Range 

In the previous seclion. we discussed panicle charging by the flow of ions along the lines of 
force in an electric fie ld . Even in the absence of an applied electric fie ld. panicles exposed 
to an ion cloud become charged. Ion/panicle coll isions result from the thennal motion of 
the ions: the particle thennal motion can be neglected by comparison. This mechanism is 
called (/iffusion c1wrging. Expressions for the panicle charge acquired by this mechanism 
have been deri ved for the limiting cases of pan icles much smaller or much larger than the 
mean free path of the ions. (Ion mean rree paths range from about 10to60 nm in gases at one 
atmosphere in the usual applicat ions.) White (1963) derived an ex pression for the particle 
charge in the free molecule limit (tip. « ion mean rree path) based on kinetic theory. He 
assumed that the ion distribution in the neighborhood of the panicle can be approx imated 
by the Boltz.man n equil ibrium law. For singly charged ions we have 

[-,¢] 
II i = " ioo exp --

kT 
(2.39) 

where e is the electronic charge (for negative chargi ng). ¢ is the electrostatic potential in 
the gas surrounding the panicle, and lIioo is the concentration of ions rar from the panicle 
in a region where ¢ = O. Because the part icle and ion cloud have the same charge. the ion 
concentration is reduced near the panicle/gas interface and then rises to its maximum value 
lI ioo. The potential in the gas is determined by Poi sson's equation 'il2¢ = - 4Jrp. where p 
is the charge density. The usual practice is to neglect p in the region outside the particle 
but not inside the panicle. The resul t is that for an external point. the effect of a conducting 
sphere is the same as though the entire charge were concentrated at its center. Hence for the 
region exterior to the panicle we have 
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i e1 

~ ~ - (2.40a) , 
where i e is the charge on the particle. Thus the electrostatic potential in the region near the 
particle surface is 

2ie2 

f/>" = --
d, 

(2.4Uo) 

With (2.39). this expression determines Ihe ion concentration at the particle surf:lce. The 
change in Ihe part icle charge is given by the rate of collision of ions with the surface of the 
particle. assuming that every ion that strikes the surface is captured: 

(Ii = 1I;oon (t2 [~l lf2 exp[-2e2il 
til p 2nm, tlpkT 

(2.41 ) 

Here 11/ , is the ionic mass and IkT / 21f Ill , J 1/2 is the kinetic theory expression for the mean 
velocity with which ions strike the panicle surface. When we integrate with the init iul 
condition i = 0 at I = O. the result is 

d kT [ (2.) 'I' ] i = -?" 2 In I + - '- tI"e2 /1,ool 
_e m;kT 

(2 .42) 

The charge acquired by a particle of given size depends on the 11 ;001 product and is 
independent of the physicochemical properties of the particles. For I --+ 00. i approaches 
infinity logarithmically. On physical grounds this cannot be true. because there arc limits 
on the charge that a particle can carry. However. for values of 11 ;001 encountered in 
practice (- 108 ion sec cm3). (2.42) gives results in qualitative agreement with lIvailable 
experimental data. 

Unipolar Diffusion Charging: Continuum Range 

When Ihe particle diameter is significantly larger than the mean free path of the ions. the 
charging rate is controlled by continuum diffusion of the ions to the particle surface. This 
mechanism is likely 10 be most important for ell' > 0. 1 J.l m. Assuming radial symmetry. the 
flux of ions to a spherical particle is 

.[d'" dq, 1 J , = - Dr dr + til" II ; (2.43) 

where D, is the diffusion coefficient of the ions and II ; and ¢ have been defined above. The 
particle Brownian motion can be neglecled in comparison with ion diffusion . The boundary 
conditions are II i = 11,00 for r --+ 00 and 1/, = 0 at r = lip , the surface of the particle. In 
the quasi~steady state, the rate of ion transport to the particles is independent of 1"; that is. 
Fi = 41fr21; (r ) = constant. Multiplying both sides of (2.43) by 41fr2 and integrating the 
resulting linear equation with the boundary conditions stated above gives 

.",4"H~D""7""·oor,-,F, = --; 
L; ~ exp[~] dr 

(2.44) 
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Substituting (2.4030) in (2.44) and sett ing F; = di / dt . the rate of accumulation of charge 
on the par1icles is given by 

di 

dt 
kT { exp [ ;::~] - I' (2.45) 

Integrating with the initial condition i = 0 at t = 0 gives i as an implicit funcdon of t: 

(2.46) 

Calculations by Aagan and Seinfeld (1988) show that (2.46) gives almost the same 
relationship between i and t as White's equation (2.42) for 0.1 < dp < 1.0 J1m and 
107 < nicot < 108 ion sec cm- 3. Hence in this range of variables which are of in
terest in industrial electrostatic precipitation . the simpler explicit equation (2.42) can be 
used for both free molecule and continuum transport (provided that i > I as discussed 
below). 

Example: Detennine the migration velocity of a conducting I-J.l.m particle in an 
electric fie ld with an intensity of I kV/cm. The ion concentration is lOB cm- 3 and 
ion mobi lity 2(cmlsec)l(Vlcm). These conditions approximate those in an electrical 
precipitator. 

SOUITION. The main points of interest are the mixed electrical and mechanical 
units. Following the customary practice in the field, (2.38) and (2.42) are based on 
electrostatic (esu) units. Thus when E is expressed in statvoltslcm and the mechanical 
parameters are ex pressed in cgs units, the charge ie is in statcoulombs. Moreover, 

I coulomb = 3 x 109 statcoulombs 

300V = I statvolt 

The electronic charge is 1.6 x 10- 19 coulomb = 4.8 x 10- 10 st:ucoulomb. When 
we substitute in (2.38) for field charging (dp = 10- 4 cm. E = 3.3 statvoltslcm. 
e = 4.8 x 10- 10 statcoulombs). it is found that i = 50 electronic charges. When we 
substi tute in (2.42) for diffusion charging [dp = 10- " cm, k = 1.38 X 10- 16 ergslK. 
T = 300 K, e = 4.8 x 10-10 statcou lombs, lI;co = 108cc- 3. and 111 ; = 5.3 x 10- 23 

g (Ihe mass of an oxygen molecule)], the result is 

i = 9lnrl + 3.9( 10)3 , J electronic charges 

For t = I sec, i = 75 electronic charges. 
The migration veloci ty is given by (2.35). When we substi tute e = 4.8 x 10- 10 

statcoulombs. £ = 3.33 slatvoltsicm. and f = 31rJ1dp / C. with the appropriate 
value for i. it is found that 

Ct ;:::: 0.5cm/sec for fie ld charging 

:0::: 0.8cm/sec for diffusion charging 
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Field and diffusion charging are of comparable imponance in this Cllse. Theories that 
account for both effects simultaneously have been proposed, requiring numerical 
computations. Agreement of the calculated charge with some of the limited exper· 
imental data is fair (Sm ith and McDonald. 1975). Adding the charges calculated 
separately for field and diffusion charging gives somewhat poorer agreement. The 
total charge calculated by addition is usually less than the measured charge. 

Calculated particle migration velocities are shown in Fig. 2.6. based on (2.38) and 
(2.42) with (2 .35). The conditions approximate those in industrial electrostatic precipitation. 
Field charging is the controlling mechanism for larger particles. whereas diffusion charging 
controls for smaller panicles even in the presence of an applied field. For field charging 
the migration velocity increases linearly with particle diameter. For diffusion charging 
the mobility increases as particle diameter decreases because of the form of the slip 
correction C (2.2 1). The lransition between the mechanisms usually occurs in the 0.1· to 
I·j.tm range. More exact theories for diffusion chargi ng take into account the image forces 
between ions and particles but require more extensive numerical computations (Marlow 
and Brock, 1975). 

10r----.------r----.----r---~,_----

£ = 2 kVlcm 

£ = I kVlcm 

0. 1 L-__ ~ ____ ~ ____ ...L __ ~ ______ ~ __ ___,J 

0.1 I 10 

dp(p.m) 

Figure2.6 Calculated migration velocities fOTII;""t = 108 sec cm- J and T = 300 K. based on (2.38) 
and (2.42). For an electric field intensity of 2 kY/cm. the transition from diffusion to field charging 
occurs near 0.75 J.Lm under these conditions. 
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Unipolar Diffusion Charging: Stochastic Theory 

For particles smaller than about 0.05 tlm, the diffusion charging theory discussed above 
breaks down: the calculated number of charges per particle decreases to a value less than 
unity which is physically unacceptable. Instead, only a fraction of such particles acquire unit 
charge for values of the l1 ;oot product in the range usually of interest in such applications 
as electrostatic precipi tation and aerosol instrumentation « I 08 ions sec cm- J ). 

The limiting case or very small particles only a few of which become charged is easiest 
to treat using a kinetic theory analysis. The rate of successful collisions between ions of 
unit charge and concentration with uncharged particles of concentration No is 

dNo - -- = /3Nfjll;oo 
tlr 

where 13 is the collision frequency function. Imegrating from No -
No = No(1) at I = t gives the fraction charged: 

r = No(1) = I _ e - fjll;",,1 

" No(D) 

(2 .47a) 

No(O) at I = 0 to 

(2.47b) 

Several theoretical models have been proposed for 13: Pui et al. (1988) conducted exper
iments designed to test them. They generated monodisperse sil ver and sodium chloride 
aerosols in the size range 4 to 75 nm and mixed the particles with positive ions produced 
by a corona discharge from a 25-11-111 tungsten wire . The /I ;,x'! product was varied between 
3 x 106 and 107 ion sec cm- 3. The resulting charged fraction of the aerosol W:.LS measured 
and the results are shown in Fig. 2.7. Over the /I ;oot product range investigated, the chargi ng 
efficiency falls from near unity for 50-nm particles to 5-15% for 5-nm particles. Values 
of fJ calculated from the measured Ie and (2.47b) were in good agreement with values 
calculated from the theory of Marlow and Brock (1975) fo r partic les smaller than about 10 
nm. With increasing values of dp, the measured values of 13 fall between the Marlow and 
Brock (1975) theory and an earlier theory due to Fuchs (1 963). Both theories take image 
forces into account. 

The results of Fig. 2.7 indicate that a significant fraction of particles in the nanometer 
size range will escape from electrostatic precipitators for 11 ;001 values of the order of 
107 ion sec cm- 3. Such particles tend to foml in high-temperature processes such as 
coal combustion. incineration, and the smelting of ores. Data are lacking on nanopllrticle 
emissions from industrial electrostatic precipitators tre3ting gases from coal-fired power 
plants or smelters. 

Bipolar Charging 

An important example of bipolar charging is the <ltmosphcric aerosol that is exposed \0 
both positi ve and negative ions. These ions arc generated in the atmosphere by cosmic 
rays and the radioactive decay of radon lind thoron gases emanating from the soil. Air ion 
concentrations normally range around 500 per cc lI t grou nd level. The ions lire be lieved to 
consist of si ngly charged molecules surrounded by a cluster of a few neutral molecules. 
The ratio of the concentrations of the positive to negative ions is about 1.2: negative ion 
mobil ities are somewhat higher than the positive ion mobilities. Of special interest are 
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Figure 2.7 Fraction of panicles wi th unit charge after expo.~urc to unipolar air ion sourccs 
for various /If products. (Based 011 Pui et aJ.. 1988.) 

(a) the number o r charges assumed by part icles in the presence or the bipolar ions. as a 
runction or particle size, and (b) the rraction or the particles that become charged. These 
are calculated in the analysis that rollows. which has application not on ly to atmospheric 
particles but also to aerosol instrumentation. 

To simpliry the calcu lations. it is assumed that the concentrations, mobilities, and other 
properties or the positi ve and negative ions are eqUll1 and that the concentrations or the ions 
and charged particles have reached a steady state. We consider a group or particles of uniform 
size: no coagulation occurs. so a polydisperse aerosol can be treated as a set of uncoupled 
monodisperse particles. The rates at which ions of both signs auach to particles are assumed 
to be independent o r each other. In the steady state. ions are generated and destroyed at the 
same rate by attachment to particles. Calcu lations indicate that ion recombination is not an 
important mechanism for ion loss in the atmosphere (Bricard and ?radel, 1966). 

Lei Ni be the concentration or particles carrying i charges, all of like sign. and let No 
be the concentration of e lectrical ly neutral particles. The symmetry orthe problem requi res 
that the concentration of particles with charge - ; is also Ni . Particles carrying a charge i 
increase their charge to i + I at a rate f3i Ni, where f3i is the rate of successful collisions of 
positively charged ions with particles carrying; charges. Particles of charge i + I collide 
with negative ions to jo in the i class at a rate f3J~ Ni+l . The steady-state assumption is satisfi ed 
by equating the two rates. lead ing to the following series of equations: 

(2.48) 

where Ni is the steady-state concentration o r particles with i charges. Equations (2.48) have 
the form of the detailed balance relationships that appear in classical equilibrium theory. 
However, this is not an equi librium syste m because the process is driven by the rate that 
ions are generated by cosmic rays and radon decay. 
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In the continuum regime (dp » 0.1 JLm ), the ion fluxes fJi and fJ; can be estimated 
from steady-state sol utions to the ion diffusion equation (2.43) in the presence of a Coulomb 
force field surrounding the particles: image forces are neglected (Fuchs and Sutugin, 1971 ): 

2;rr DdpAiniOO 
fJi = 

expAi - I 

fJ ~ = 2;rr DdpA;n;oo 
, 1 - exp(-Ai) 

fJo = 2;rr Dtlpnioo 

(2.49a) 

(2A9b) 

(2.49c) 

where D is the ion diffusion coefficient, nioa is the concentration of ions in the gas, and 
A; = 12ie2ldpkTI. It follows from these relationships that 

fJ;/ 13; = exp( -Ai) 

Multiplying the equalities (2.48) and rearranging 

~ Po (P,) (P,-,) ... (~) No 
13; 13; 13:-1 fJ; 

Substituting (2.50) in (2.51 b). we obtain 

N; = No eXPA~i I exp ( - ~ AI;) 

and substituting for A;, we obtain 

exp [ - t ).,] = exp ( - 2~' t,) 
I dpkT I 

Noting that Li k = i(i + 1)/2 and substituting in (2.52a) gives 

exp ( - t ,,) ~ exp ( _ e';' ) exp (-~) 
I tlpkT dpkT 

~ exp ( _ e';' ) exp ( _ ).,) 
dpkT 2 

Substituting (2.53b) in (2.52) gives 

N ; = No exp (_i 2e2Idp kT) 

(2.50) 

(2.5Ja) 

(2.5Ib) 

(2.52) 

(2.52a) 

(2.53a) 

(2.53b) 

(2.54) 

Thus, the particle charge distribution is approximated by the Boltzmann equation. This 
expression holds best for particles larger than about I Mm. For smaller particles, the flux 
temlS (2.49) based on continuum transport theory must be modified semiempirically. The 
results of calculations of the fraction of charged particles are given in Table 2.2. The fraction 
refers to particles of charge of a given sign. 
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TABLE 2.2 
Steady-State Particle Charge Distribution in a Bipolar Ionized Atmosphere. 
(Fuchs and Sutugin, 1971, p. 45) 

Particle Radius (nm) 3 10 30 100 

Fraction of unch:trged particles 0.99 0.95 0.76 0.51 0.29 
Fraction of particles with 1 charge 0.01 0.05 0.24 0.45 0.44 
Fraction of p:tnicles with 2 charges 0.04 0.20 
Fraction of panicles with 3 charges 0.06 
Fraction of pmiclcs with 4 charges 0.01 

The steady-slate distribution is independent of the ionic concentration . However, the 
rate of approach 10 the steady state depends on the ionic concentrations and other properties 
of the system. The net result can be summarized as follo ws for the atmosphere. Ions 
are steadily generated by cosmic rays and radioactive decay processes. These attach to 
particle surfaces where they are neutralized at a rate equal to their rate of fonnation. The 
particle charge distribution is detemlined by the steady state relationship between particles 
separated by one charge. In the atmosphere, the equilibration process takes about 30 min . 
The rate of equilibration can be increased by increasing the ion concentration using a 
bipolar ion generator. Radioactive ion sources such as 85 Kr, are often used in electrical 
aerosol instrumentation (Chapter 6). 

Experimental resul ts fo r spherical particles and agglomerates arc compared w ith a 
modified version of the Fuchs theory in Fig . 2.8. For the spherical particles, the charged 

lOO '-~~~==~~==~~ --Kousaka et at. ( 1985) 

80 

20 

• Spherical panicles (Zn(N03/Z) 
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Figure 2.8 Fraction of particles 
with uni t charge after exposure to 
bipolar ions in a 85 Kr charger. The 
solid line represents Fuchs' theory 
for spherical particles using the cor
re lation of Kousaka et at. (1985). 
The theory agrees well with the data 
for agglomerates and for spherical 
particles (Matsoukas and Friedlan
der. 1991 ). 
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fraction is in good agreement with the theoretical prediction. The data points for the 
agglomerates (fractal dimension of about 2.5) are more scattered. Within experimental error, 
however. the charged frac tion for the agglomerates behaves approximately like the charged 
fraction of spherical particles of the same mobility. The agreement between the two types 
of panicles extends from the free molecule range to the transition regime, and it indicates 
that diffusion charging of agglomerates can be correlated with their mobility diameter. A 
more stringent test sho uld involve measurement of the complete distribution of charges. 

THERMOPHORESIS 

Small particles in a temperature gradient are driven from the high- to low-temperature 
regions. This effect was first observed in the nineteenth century when it was discovered 
that a dust-free or dark space surrounded a hot body, suitably illum inated. Particle transpon 
in a temperature gradient has been given the name thennophoresis. which means "being 
carried by heaL" Thermophoresis is closely related to the molecular phenomenon thermal 
diffusion, transpon produced by a temperature gradient in a multicomponent system. 

Deposition by thennophoresis causes problems in process appl ications when hot gases 
contai ning small suspended panicles How over cool surfaces. For example. in petroleum 
refin ing. hot gases from fluidi zed beds carry particles produced by catalyst attrition and, 
perhaps. by condensation. When these gases pass through a heat exchanger, particles deposit 
on the cold surface. causing scale fonnation and reduction of the heat transfer coefficient. 
Thennophoresis finds application in the sampling of small panicles from gases. By choosing 
a proper flow geometry, the particles can be deposited on a surface for subsequent study. 

For dp « ep the mechanism of panicle transpon in a temperature gradient is easy 
to understand: Particles are bombarded by higher-energy molecules on their "hot" side 
and lhus driven toward the lower temperature zone. Their thennophoretic velocity can be 
calculated from the kinetic theory of gases (Waldmann and Schmitt. 1966): 

-3vVT 
Cr = 4(1 + rra /8) T 

(2.55) 

where the negative sign indicates that the motion is in the direction of decreasing temper
ature. v is the kinemaLic viscosity. and a the lLccommodation coefficient. is usually about 
0.9. The thennophoretic velocity for dp « ell is independent of particle size. It depends to 
some extent on physiCOChemical properties through the accommodation coefficient a. 

It is more difficult to explain the mOlion of particles that are larger than the mean free 
path. The explanation is based on the tangential slip veloci ty that develops at the surface 
of a particle in a temperature gradient (Kennard. 1938). This creep velocity is directed 
toward the high-temperature side. propell ing the particle in the direction of lower temper
ature. An expression for the themlophoretic velocity based on Ihe continuum equations 
of fluid mechanics with slip-corrected boundary cond itions was derived by Brock (1962). 
Talbot et al. (1980) proposed an interpolntion formula for the thermophoretic velocity 
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thai approaches (2.55) in the free molecule limit and approaches the Brock equation for 
lp / dl> < 0.1: 

?C ,(~ + C ~) CJTIJz -s., ' Jp To 
C, = ,_----~~,_-"~--~~, 

( I +3C &) (I +2~ +2C~) "'4p I:p ' 4, 

(2.56) 

where C is given by (2.2 1): Cs • C/. and Cm are dimensionless coefficients that can be 
calculaled from kinetic theory: and kg and kp arc the thermal conductivities of the gas and 
particle. respectively. Suggested values for the kinetic theory coefficients are Cs = 1.17 for 
complete thermal accommodation. C, = 2.18. and Cm = I. 14. The mean gas temperature 
in the vicinity of the particle is To. 

Values of the dimensionless thermophoretlc velocity are shown in Fig. 2.9 as a funct ion 
of the Knudsen number with kg/ kp as a parameter. For Knudsen numbers larger than unity. 
the dependence of the dimensionless themlOphoretic velocity on particle size and chemical 
nature is small. Particle sampling by thermophoresis in this r.lIlge offers the advantage thai 
panicles are 1I0t selectively deposited according to size. 

Thennophorelic velocities have been measured for s ingle particles suspended in a 
Millikan-type cell with controll ed electrical pOiential and tempemture gmdicms. Particle 
diameters are usually larger than about 0.8 j.Lm. for converlient optical observation. 
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Figure 2.9 Dimensionless thcrnlOphoretk velocity calculatcd from (2.56). an in tcrpolation fonnula 
that closely approaches Iheoreticalli mils for large and small Kn. For Kn > I (panicles smaller than 
the mean free path). the velocity becomes nearly independent of the panicle material. 
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LONDON-VAN DER WAALS FORCES 

Gravitational, electrical, and thennophoretic forces act over distances large compared with 
particle size. London-van der Waals forces, which are attractive in nature, act over shorter 
distances falling rapidly to zero away from a surface. These are the forces responsible for 
the effects of surface tension and fordeviations from the ideal gas law (Chu, 1967). vun der 
Waals forces result because electrically neutral atoms (or molecules) develop instantaneous 
dipoles caused by fluctuations in the electron clouds surroundi ng the nuclei. These instan
taneous dipoles induce dipoles in neighboring atoms or molecules. The resu lting energy of 
attraction between the molecules calculated from quantum theory is of the foml 

(2.51) 

where C. is a constant that depends on the material and,. is the distance separating the 
atoms. For this pair potential energy function, it is possible to derive the van der Waals 
interaction energ ies in vacuum (or, approximately, gases at normal pressures) for pairs of 
bodies of different shapes. As a first approximation, thi s can be done by summing the 
energies of interaction of the atoms (or molecules) in one body with the lltoms in the other 
body (Jsraelachvili, 1992). For a spherical particle in the neighborhood of an infin ite mass 
bounded by a Hat surface (Fig. 2. 10). the interaction energy is (Chu. 1967, p. 52) 

1$ = _~ (~ + _ 1_ +2 In -"-) 
12 s 1 + s 1 + s 

(2.58) 

where A = Hamaker conStllnt (tabulated by Israelachvili. 1992, pp. 186-7) with dimensions 
of energy. s = x /dp ' and x is the dislllncc of closest approach of the particle to the surface. 
The negative sign indicates that the energy is attractive. As the particle approaches the 
surface. x -+ 0 and the interaction energy (2.58) becomes 

~---" 

Adp 1$= --
12x 

(x -+ 0) (2.59) 

"-Igure 2.10 Interaction of a spherical 
particle wi th a large body bounded by a 
flat surface. 
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Thus the energy of attraction becomes infinite as the particle approaches a flat surface. For 
this reason, it is usually assumed that a surface acts as a perfect si nk in the theory of aerosol 
diffusion: that is, when a particle penetrates 10 3 distance one radius from the surface, 
the particles adhere, This holds best for submicron particl es moving at thermal velocities. 
Rebound occurs for larger particles moving at high velocities (Chapter 4). This analysis 
does not take into account the effects of surface roughness of the scale of the particle size or 
of layers or patches of adsorbed gases or liquids, Such factors may be important in practical 
applications. 

BOUNDARY CONDITION FOR PARTICLE DIFFUSION 

We consider pan icle transport from a gas to a body with a flat bounding surface by Brownian 
diffusion under the influence of van der Waals forces exened by the body. The relative 
conlributions of the two mechanisms can be estimated as follows: The total flux normal to 
the surface is gi ven by the x component of the flux 

J~ = - D [ d1l + d<l> .!:..] 
dx dx kT 

(2.60) 

The solution for the concentration distribution assuming J~ is constant near the surface is 
(Spie lman and Friedlander, 1974) 

11 = _ Jx e - 4>/ tT f X e4>/ tT dx' 
o 10 (2.61) 

where n is assumed to vanish for x = O. Selling the ratio of the force field term to the 
diffusion tenn in (2.60) equal to y. we obtain 

Y __ d"' _" jd" 
dx kT dx 

(2.62) 

and substituting from (2.6 1), we obtain 

- 4>I I<T 1 d¢l /." 4>l kT d ,_ y e -- e x ---
kT dx 0 I + y 

(2.63) 

When we use (2.59) for <I> and rearrange. the result is 

1
00 .e- m' y 

e"'m2 
--2 dm' = --

m ", ' I +y 
(2.64) 

where '" = Adp / 12kTx. For m = I we have y :0:::: 1; that is, the diffusional and dispersion 
force contributions to the fl ux are about equal. Setting m = I, we obtain ' 

<I> Adp 

kT = 12kTx 
(2.65) 

Values of A often range between 10- 13 and 10- 12 ergs. For T = 25°C and taking the smaller 
value of A, we obtain 

Ad, 
x=--= 

12kT 

1O- 13d 
12( 1.38 x lOP 16)298 = O.Up (2.66) 
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which salisfies the requi remem xJdp ~ 0 on which (2.59) is based. For dp = 0. 1 1J.m we 
have x = 200 A; that is, the two flux terms contribute about equally at a location 200 A 
from the surface. As part icle size decreases. this distance decre;tses correspondingly. 

Because the dispersion forces are attractive. they tend to increase the rate of particle 
transport to the surface. When the diffusion path is long compared with the rangeof operation 
of the d ispersion forces. the atlractive e ffects on diffusion can be neglected (Fig. 2. 11 ). The 
si nk boundary condition is retained, however. and the panicle flu x can be calculated by 
solving the d iffusion equation in the absence of an external force fie ld with the condition 
11 = 0 at a distance l/pJ2 from the surface. The panicle flu x is 

j , ~ - D -[a" 1 
ax x=<l, / 2 

(2.61) 

Finally, when dp is also much smaller than the d iffusion path. these conditions become 

fI =Oatx = 0 (on the wall) 

and the particle flu x is 

J --D -[a" 1 .. - ax x=O 
(2.68) 

This is the usual boundary condition for molecular diffusion to surfaces in gases and liquids 
for a perfectly absorbing surface. Hence the results of experiment and theory for molecular 
diffusion in the absence of a force fi eld can often be directly applied to particle diffusion. 
However, the effect of finite particle size is very imponant when diffusion boundary layers 
are present as di scussed in the next chapter. 

Range of 
dispersion 
forces 

Concentr:J.tion 
distribution 

11 = Qatx = dp /2 

--------<> ,,~ 

" 

""igure 2.11 Diffusiun path or distance from mainstream of the gas is much greater than the r.mge of 
the dispersion forces . 

• 
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PROBLEMS 

2. J Show that equation (2.5) in the text. 

N, [-x' ] 
n(.r. I) = 2(trOI )l fl exp 401 

satisfie s the one-dimensional diffusion equation. Here No is the number of panicles released 
ncar the plane x = 0 at I = 0 per unit cross-sectional area perpendicular to x. Show thaI the 10lal 
number of punicles in the gas per unil cross section parallel to Ihe plane of release is conserved 
as I increases. 

2.2 The first approximation to the coefficient of diffusion for a binary mixture of molecules 
Ihat act as rigid elastic spheres is given by [Chapman and Cowlong ( 1952). p. 2451 

'" 0 - 3kT I kT (1II1 + 111 2) 1 " 
- 2p(d1 +d2)2 2 1t1ll11ll2 

where I and 2 refer to the components of the mixture. d is the molecular diameter, and //I is 
the mass. Under what circumstances does this expression reduce to tTl! with ! the fri ction 
coefficient in the free molecule r.mge (dp « l,), equation (2. 19)1 

2.3 Estimate the order of magnitude of the time required for a panicle in translational and 
rotational Brownian motion to tum through un angle of order It around its ax is [Landau and 
Lifshitz (1987). p. 237: Einstein 's papers in Funh ( 1956). p. 331. The rotational Brownian 
motion of nonsphericul panicles results in twinkling when the panicles are illuminated from 
the side. 

2.4 The potential energy of an ion (point charge t') in the field of a spherical conducting panicle 
carrying i elementary charges is 

where r is the radial position with respect to Ihe panicle center and (I I' is the panicle radius. The 
assumption that the panicle is a conductor is usually justified for very small panicles. The first 
term on the right-hand side corresponds to the Coulomb force. and the second term refe rs to the 
image force . It is assumed that i » I. Show that the charged panicle will repel the ion as it is 
moved from a great distance along a radius toward the center of the panicle, until it reaches u 
distunce !(Ip i - I /~ from the panicle surface. Near this point. Ihe repulsive force f"r = -(dq, ldr ) 
exened by the panicle on the ion becomes attractive as the image force takes over. [Based on 
Problem 9, p. 287 of Jeans (1925). where olher problems of this type eun be found.J 

2.5 Derive an expression relating applied electric ficld potential. E , and panicle diameter for 
which the charge acquired by field and diffusion churging are equal. Plot panicle diameter as a 
function of E over the rnnge I to 102 kV/cm for Nf = 101 ion sec/cm] at T = 20°C and I atm. 
The ion mobility is 2.2 cm2N sec, und the dielectric constant of Ihe panicles is 8.0. 

2.6 In diffusion charging, decreasing panicle diameter decreases the churge acquired by a 
panicle for a fixed 11 ;"",1 product. Assume that a ll panicles of a given size acquire the same 



56 Particle Transport Properties 

charge andestimate dl' for a particle which j ust acquires unit charge (i = I) under the conditions 
111001 = lOS ion sec cm- J when T = 300 K and 0 2 ions serve as charge carriers. 

2.7 An aerosol containing I-I'm particles with a density of2 glcm3 and a thennal conductivity 
of 3.5 x 10-1 caUcm sec K flows over a surface. Calculate the minimum temperature gradient 
at the surface necessary 10 prevent particle deposit ion by sedimentation. Neglect diffusion and 
assume that the air flow is parallel to the surface. which is maintained at 20"C. 
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3 

Convective Diffusion 
Effects of Finite Particle Diameter 
and External Force Fields 

D
iffusio nal transport in fl ow ing fl uids is called convective diffusion . Particle deposi
tion on surfaces by this mechanism is of fundamenta l importance to the functioning 
of gas-cleaning equipment. such as scrubbers and filters, as well as acrosol mea

surement systems, such us the diffusion battery and certain types of fillers. Convective 
diffusion contributes to the scavengi ng of small atmospheric particles by raindrops, as well 
as removal by vegetation and other surfaces, and is a significant mechanism of deposition 
in the lung. The particle size at which convecti ve diffusion is effective depends on velocity 
and external force fields, but is usually in the submicron range. 

The intensity of the Brownian motion increases as particle size decreases (Chapter 2). 
As a result, the efficiency of collection by diffusio n for particles sma[1er than about 0.5 
Jim increases wi th decreasing particle size; as shown in this chapter. certain ga'i-clean ing 
devices are most efficient for the removal of very small particles. 

In what foll o ws. the equation of diffusion deri ved in Chapter 2 is generalized to take into 
account the effect of Row. For point particles (dp = 0). rates of convective diffusio n can often 
be predicted from theory or from experiment with aqueous sol utions because the Schmidt 
numbers are of the same order o f magnitude. There is an extensive li terature on this subject 
to which the reader is directed. For part icle diffusion, there is a difference from the usual 
theory of convective diffusion because of the special boundary condit ion: The concentration 
vanishes at a di stance of one particle radi us from the surface. This has a very large effect on 
particle deposition rates and causes considerable difficulty in the mathematical theory. As 
discussed in this chapter. the theory can be simplified by incorporating the particle radius 
in the diffus ion boundary condition. 

Particle diffusion coeffici ents arc small compared with the kinematic viscosity of a gas 
(large Schmidt numbers), so the region of the gas flow near the surface from which particles 
are depleted is usually very narrow. Th is narrow region. the concentration boundary layer. 
is very important to part icle transport and is di scussed in detail. 

The presence of an ex ternal force field has a major effect o n part icle transporl. Important 
practical examples involving thermophoresis and electrical transporl combined with flow 
and diffusion are reviewed in this chapter. 
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EQUATION OF CONVECTIVE DIFFUSION 

It is sometimes possible to predict rates of deposition by diffusion from flowing nuids 
by analysis of the equat ion of convecti ve diffu sion. This equation is derived by making 
a material balance on an elemental volume fixed in space wi th respect to laboratory 
coordinates (Fig. 2.1 ). Through this volume fl ows a gas carrying small particles in Brownian 
motion. 

The rate at which particles are carried by the fl ow into the volume element across the 
face ABCD is given by 

[ ~xa(",,)] o yOl. 1111 - - ---
2 ax 

where" is the particle concentration (number per unit volume) and II is the velocity in the x 
direction. The rate at which particles leave the volume across the opposite face is given by 

[
OX a(IIII)] 

oyOl. I/!I + 2 ---a:;-
The net rate of particle accumulation for the flow in the x direction is given by subtracting 
the rate leavi ng from the rate enlering: 

a llll 
- OXO),~,--- ax 

Analogous expressions are obtained for the other four faces: summing up for all three pairs. 
the result for the net accumulation of particles in the volume element is given by 

[
a llll a"lJ a"w] - oxoyo.: -, - + - + -,- = -oxo)'o:V ' IIV aX uy i.lz 

The rate of particle accumulation in the volume o.\'oyo: taking into account the flow, 
diffusion, and external force fi e lds (Chapter 2) is obtained by summ ing the three effects: 

onoxoyoz ""''-7'"'''' = -o.\'o)'ozV . /IV + o.\'J)'ozV . (DV" - ell ) a, 
where D is the coefficient of diffusion and c is the particle migrat ion velocity resulting from 
the external force fie ld . Di viding both sides by the volume o.\'o)'oz and noting that V · v = 0 
for an incompressible fluid , the equation becomes 

a" ' 2 - + v · V" = DV ,, - V· ell a, (3. 1) 

when the diffusion coefficient is constant. As in Chapter 2, this result holds both for 
monodisperse and polydisperse aerosols. In the polydisperse case, II is the size distribution 
func tion, and both D and e depend on particle size. Coagulation and growth or evaporation 
are not taken into account: these are discussed in later chapters. 

Values of D and care detennined by the factors discussed in Chapter 2. The new 
quantity entering (3. 1) is the gas velocity di stribution, v, which is determined by the 
fluid mechanical regime. In some cases, v is obtained by solving the equations of fluid 
motion (Navier-Stokes equations) for which an extensive literature is available (Landau 



60 Convective Diffllsion 

and Lifshitz, 1987; Schlichting, 1979). In many cases, such as atmospheric trallsport and 
in complex gas-cleaning devices, experimental data may be necessary for the gas velocity 
distribution. In th is chapter, ve locity distributions arc introduced without derivation but 
with reference to the literature. In all cases, it is assumed that particle concentration has no 
effect on the velocity distr ibution. This is true for the low aerosol concentrations usually 
considered. 

There is an extensive literature on solutions 10 (3 .1 ) for various geometries and flow 
regimes. Many results are given by Lev ich ( 1962). Results for heat transfer, such as those 
discussed by Schlichting ( 1979) for boundary layer flows, are applicable to mass transfer 
or diffusion if the diffusion coefficient, D. is substituted for the coefficient of thermal 
diffusivity. /( / pC,,, where /( is the thermal conductivity. p is the gas density. and Cp is the 
heat capacity of the gas. The results life directly applicable to aerosols for "point" particles, 
that is. til' = O. 

srMILITUDE CONSIDERATIONS FOR AEROSOL DrFFUSION 

Consider the flow of an incompressible gas, infinite in extent, over a body of a given shape 
placed at a given orienHn iOI1 to the How. This is called an external flow. Bodies of a given 
shape are said to be geometrically similar when they can be obtained from one another by 
changi ng the linear dimensions in the same mtio. Hence, it suffices to fix one characteristic 
length, L , to spec ify the dimensions of the body. Thi s would most conveniently be the 
diameter for a cy li nder or sphere, but any dimension will do for a body of arbitrary shape. 
Similar considerations apply for illfernal flows through pipes or ducts. 

For an external flow. it is assumed that the fluid has a uniform velocity, V. except in 
the region disturbed by the body. If the concentration in the mainstream of the fluid is no:>, 
a dimensionless concentration can be defined as fo llows: 

" 111 = -
"00 

(3.2) 

Limiting consideration to the steady state, the equation of convective diffusion in the absence 
of nn external force field can be expressed in dimensionless form as follows 

I , 
~ - Vjfll 

Pe 
(3.3) 

where VI = V / V and VI = L V. The dimensionless group LV / D is known as the Peclet 
number (Pc) (or mass tr:ln.o;(e r. 

In many cases, the velocity fi eld Clln be assumed to be independent of the diffusional 
field. Thestendy isothermal now ofa viscous nuid, such as air, in a system of given geometry 
depends only on the Reynolds number when the velocity is small compared with the speed 
of sound. 

The boundary condition for particle diffusion differs from the condit ion for molecular 
dilTusioll bec3use of the fin ite diameter of the particle. For cert:lin classes of problems, such 
as flows around cylinders llild spheres. the particle concentration is assumed to vanish at 
one particle r:ldius from the su rface: 

• 
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11=0 at ex = up = R 
L L 

(3.4) 

where ex is a coordinate measured from the surface of the body. The dimensionless ratio 
R = apl L is known as the interception parameter; particles within a dis tance (ii' of the 
surface would be intercepted even if diffusional effects were absent. 

Hence the dimensionless concentration distribution can be expressed in the follow-
Ing way: 

III = il (~ . Re. Pe . R) (3.5) 

Two COlIl'eCI;\'e diffllsiol/ regimes are similar if the ReYllolds. Peeler. alld illterceptioll 
/llImbers are Ihe same. 

The local rate of particle transfer by diffusion to the surface of the body is 

J = - 0 (::)o=a
p 
= - °2~ (::: )OI=R (3.6) 

Setting the local mass transfer coeffi cient k = J 11100 and rearranging, the result is 

kL 
D = heRe. Pe. R) (3.7) 

The particle transfer coeffi c ient k has dimensions of velocity and is often called the depo
sition velocity. At a given location on the collector surface the dimensionless group kL I O. 
known as the Sherwood number, is a function of the Reynolds, Peclet. and interception 
numbers. Rates of particle deposition measured in one fluid over a range of values of Pe. 
Re, and R can be used to predict deposition rates from another fluid at the same values of 
the dimensionless groups. In some cases, it is convenient to work with the Schmidt number 
Sc = vi 0 = PelRe in place of Pe as one of the three groups, because Sc depends only on 
the nature of the fluid and the suspended particles. 

For R -+ 0 ('·poi nt" particles), theories of particle and molecular diffusion are 
equivalent. Schmidt numbe rs for particle diffusion are much larger than unity, oft en of the 
same order of magnitude as for molecular diffusion in liquids. The principle of dimensional 
similitude tel ls us that the results of diffusion experiments with liquids can be used to predict 
rates of diffusion of point particles in gases, at the same Reynolds number. 

For certain flow regimes, it is possible to reduce the number of dimensionless groups 
necessary to characterize a system by properly combining them. This further simplifies data 
collection and interpretation in several caSes of considerable practical importance as shown 
in the sections that follow. 

CONCENTRATION BOUNDARY LAYER 

R ow nonnal to a right circular cylinder is the basic model for the theory of aerosol filLralion 
by fibrous and cloth filters. and of particle collection by pipes and rods in a flow (Fig. 3. 1). 
The aerosol concentration at large distances from the surface is unifonn: at one particle 
radius from the surface. the concentration vanishes. 
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Referring to the nondimensional equation of convective diffusion (3.3). it is of interest 
to examine the conditions under which the diffusion tenn. on the one hand, orconvection , on 
the other, is the controlling mode o f transport. The Peclet number. d U / D , for fl ow around 
a cylinder of diameter d is a measure of the relati ve importance of the twO lenns. For Pe 
« I, transport by the flow c;m be neg lected. and the deposition rate can be determined 
approximate ly by solving the equation of diffusion in a non fl owing fl uid with appropriate 
boundary conditions (Carslaw and Jaeger. 1959: Crank, 1975) . 

When the Peclet number is large, the physical situation is quite different. The main
stream fl ow then carries most o f the particles past the cylinder. In the immediate neigh
borhood of the cylinder. the diffusional process is important since the cylinder acts as a 
particle sink. Thus at high Pe, there arc two different transport regions: Away from the 
immediate vic inity of the cylinder. convective transport by the bulk flow predomi nates 
and carries the part icles further downstream. Near the surface. the concentration drops 
sharply from its value in Ihe mai nstream to zero at one panicle radius from the surface 
(Fig . 3. 1). The region over which the particle concentration fall s from its value in the 
main fl ow to zero near the surface is known as the cOl/cell/ratioll (or diffllsion) bOlllu/ary 
layer. It is in many W;IYS analogous to the velocity boundary layer that I(mns around the 
cy linder at hi gh Reynolds numbers. with the Peclet nu mber serving as a criterion similar 
to the Reynolds number. The role of the concentration boundary hlyer is fundamental to 
understanding and predicting the rate of transport o f Brown ian particles to surfaces. The 
usefulness of this concept is not lim ited to flows aro und cylinders. It ilpp lies 10 flows 
around o ther bodies such as spheres and wedges and to fl ows inside channels under 
certain conditions as well. Concentration boundary layers may develop in either low- or 
high-speed flows around collecting objects. Both cases are discussed in the sections that 
follow. 

Auid streamlines 

-u 

)' 

, 

" 

2t11' 

Concemr.lIion ~;r
boundary layer 

Figure 3.1 Schematic diagr,un showi ng concentl".,ltion boundary laycr surrounding a cyl inder (or 
sphere) placed in ,L flow carrying diffusing small particles. Curvilinear coordinate.r. taken pamllcl to 
the surface, is measured from the forward stagnation point A. I>article concentmtion rises from 7.ero 
at r = {I + {II' almost to the mainstream concentration (for esample, to 99% of the mainstre3111 va lue) 
at the edge of the bound3ry layer. 
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DWFUSION TO CYLINDERS AT LOW REYNOLDS NUMBERS: 
CONCENTRATION BOUNDARY LAYER EQUATION 

We consider fi rst the case of a single cylinder set nonnalto a low-Reynolds-number aerosol 
fl ow (Fig. 3.1). Thi s confi guration is of central importance to the fu nctioning of high
efficiency fibrous filte rs for gas cleaning. Fibrous filte rs are highly porous mats of fine 
fibe rs usually containing less than 10% solid material. The spacing between the indi vidual 
fibers is much greater than the diameters of the part icles fi ltered. In the absence of electrical 
effeclS, small particles are collected by diffusion to the fibers: larger particles are removed 
by inertial deposition. When the fiber diameter is much larger than the mean free path of 
the air. continuum theory applies to the gas flow over the fibers. The equation of convecti ve 
diffusion for the steady s tate takes the following fonn in cylindrical coordinates: 

a" an [ a
2

1/ I a" a
2/1] 

",- +"- ~D -+--+--r ao r 8r 8r2 r ar r2802 (3.8) 

where V/l and Ur are the tangential and radial components of the velocity. For particles of 
radi us. ap diffusing to a cylinder of radius, a. the boundary conditions are 

r = a + ap ' /I = 0 (3.&1) 

r = 00 " = 1100 

For fiber diameters smaller than 10 11 m and air velocities less than 10 em/sec. the 
Reynolds number is much less than uni ty. For isolated cylinders, the stream funclion for 
the ai r flow can be approximated by 

'" = AUa sin f} [~(2 In ~ - I) +;] (3.9) 

where to a close approximation A = r2(2 - In Re)J- 1 (Rosenhead, 1963. p. 180). More 
approximate relations ("cell models") are usually used to take into account interactions 
among the fibers in developing correlations for filtrat ion. 

Even though the Reynolds number is small . there are many practical si tuations in 
which Pe = Re·Sc is large because the Schmidt number. Sc, for aerosols is very large. For 
Pe » I, two important si mplifications can be made in the equation of convective diffusion. 
First, diffusion in the tangential direction can be neglected in comparison with convecti ve 
transport: 

a2
11 11/l 8 1/ D--«--r 2 iJ(P ,. 8f} 

In addition. a concentration boundary layer develops over the surface of the cylinder with its 
thinnest portion near the forward stagnation point. When the thickness of (he concentration 
boundary layer is much less than the radius of the cylinder. the equation of convective 
diffusion simplifies to the familiar form for rectangular coordinates (Schlichting, 1979, 
Chapler XlI): 

(3. 10) 
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where x and y are orthogonal curvilinear coordinates. The x coordinate is taken parallel 
to the surface of the cy linder and measured from the forward stagnation point. The y axis 
is perpendicu lar to x and measured from the surface. The velocity components u and v 
correspond to the coordinates x and y (Fig. 3.1). When the concentration boundary layer is 
thin, most of it fa lls within a region where the stream function (3.9) can be approximated 
by the first term in its expansion with respect to y: 

(Y)' (,.) 1/1 = 2AaU -;; sin ~ 

The componenls of the veloci ty are related to the stream function as follows: 

a" a" 11= -. v=--ay ax 
Substituting 1/1 from (3 .11) gives 

1/ = 4AU (~) sin (~) 

u = - 2A U (~f cos (~) 

DIFFUSION TO CYLINDERS AT LOW REYNOLDS 
NUMBERS: POINT PARTICLES 

(3. 11) 

(3. 12) 

(3. 13a) 

(3.J3b) 

For the diffusion of point particles (R --i' 0). the appropriate boundary conditions on 
(3. 10) are 

'I y = O. 1/ = 0 

y = 00. 11 = 11 00 

(3. 14a) 

(3.14b) 

The concentration boundary condition" = "00 is set at y = 00. even though the boundary 
layer fonn of the equation of convective diffu sion (3. 10) is valid only near the surface of 
the cylinder. This can be justified by noting that the concentration approaches 1100 very near 
the surface for high Pc. 

If x and if! are taken as independent variables instead of x and y. (3.26) can be 
transfonned into the following equation: 

(::) . = 0 [a~ (u :~ ) 1 (3.IS) 

The x component of the velocity is 

/I = a1/l = (8AU)l fl sin L/2xl1/I1{2 
ay a 

(3.16) 

where XI = xl'l. Substitution in (3. 15) gives 

all D a ( 1/2 all ) 
ax = aAU a1/l1 1/11 a1/l1 (3.17) 
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where 

;md 

The boundary conditions in the transformed coord inates become 

"' >/11 = 0 (surface of cylinder). 1/ = 0 (3.1 8) 

>/11 = 00. II = 11 <» 

By inspection of(3. 17), we assume as a trial solution that 11 is a functio n only of the variable 
~ = l/I1/X2/3 . This :lssumption must be checked by substitution of the expressions 

and 

all 2 ~ dl1 

ax =-3x d~ 

A" (/" 
al/l1 - X2/3 d~ 

in (3. 17). The result of the substitution is an ordinary d ifferen tial equation: 

_ A;e<~~ = ~~ (~ 1 /2 ~~) 

(3. 19.1) 

(3. 190) 

(3.20) 

with the boundary condit ion 11 = 0 at ~ = 0 and 11 = 11 00 at ~ --+ 00. This supports the 
assumption that II is a function only of the variable ~ . Integration of (3 .20) g ives 

ll oo fo~ !fl exp(-~ A Pez3) dz 
11= 00 ., 10 exp(-9 APez3) dz 

(3.2t) 

where Pe = dU / D with (/ the diameter of the cyl inder. The integral in the denomillator can 
be expressed in terms of a gamma function, r , as 

(9) '" I (') "2 3r 3 (APe)- 1/3 = 1.45(APe) - I/3 (3.22) 

The rate of diffusional deposition per unit length of cyli nder is 

2 0 [" (:1,1) tiXI = k,vlrtlll oo 10 )1 w"o 
(3.23) 

which defines the average mass transfer coefficient. kav' for the cyli nder. The concentration 
gradient at the surface is obtained by differentiating (3.2 1) with respect to y . The result is 

(APe) I!3 l1oosin l/2 Xl 

1.45X 1/3 
(3.24) 

Substituting in (3.23) and eval uati ng the integral with respect to XI gives (Natanson, 1957) 

ka,·d 1/3 0 = 1.I 7(APe) (3.25) 
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The concentration gradient at the surface can be expressed in terms of an effective 
boundary layer thickness, 0.,. as follows: 

substitute (3.24), the result is 

Oc '" (APe) - 1/3 
d 

(3.26) 

(3.27) 

with a proponionality constant of order unity near the fo rward stagnation point. Hence 
the thickness of the concentration boundary layer is inversely proportional to Pe l /3 ; large 
Peclet numbers lead to thin concentration boundary layers as discussed in the previous 
section. 

The theoretical expression (3.25) is in good agreement with data for diffusion in aqueous 
solutions over the high Pe range of interest in aerosol deposition. Recalling that Pe = Sc · Re, 
(3.25) can be rearranged 10 give 

kavd/(")1 /3 1/3 D D = 1.I7(ARe) (3.28) 

for this low-Reynolds- number case. At higher Reynolds numbers, a different functional 
form is found for the Reynolds number dependence, but the general relationship 

k~d / G) ' /3 ~ f(Re) (3.29) 

holds over a wide range of Reynolds numbers. The form of the function is shown in Fig. 
3.2 over both low- and high-Reynolds-n untber ranges. 

The efficiency o f removal, 'Ill, is defined as the fract ion o f the particles collected from 
the fluid volume swept by the cyli nder: 

t}R = k,vJrd ll OQ = 3.68A 1/3 Pe-2/3 
Il OQ Ud 

(3.30) 

Because A is a relat ively slowly varying function of Reynolds number. the efficiency varies 
approximately as d- 2/3 • which means that fine fibers arc more efficient aerosol collectors 
than coarse ones, Because Pe = dUjD, t}/l '" d;;2/3 and d;;4/3 for the continuum and 
free molecu le ranges, respecti vely, Hence small panicles are more e ffi cientl y removed by 
diffusion than larger particles in the range lip < 0.5 /.tm. The use of single filter fiber 
collection efficiencies to test this theory is discussed in a later section. 

DIFFUSION AT LOW REYNOLDS NUMBERS: SIMILITUDE 
LAW FOR PARTICLES OF FINITE DIAMETER 

For panicles of finite d iameter, the interception effect becomes important. A useful simil i
tude law that takes both diffusion and interception into account can be derived as fo llows 
(Friedlander. 1967): It is assumed that the concentration bou ndary layer is thin and falls 
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Figure 3.2 Diffusion of point particles (R -+ 0) to single cylinders placed nonnalto:m air flow. 
The theoretical curve for low Reynolds numbers is in good agreemellt with experimental data for 
diffusion in aqueous solution (Dobry and Finn, 1956). The curve for high Reynolds numbers i~ ba~ed 
011 data for heattmnsfer to air (Schlichting, 1979. p. 311 ) corrected by dividing the Nusselt number 
by (1.1/ D )I /3. This is equivalent to assuming that laminar boundary layer theory is applicable. 

within the region where the velocity distribution func tion is given by (3.13a.b). Substituting 
(3. I 3a,b) in (3. 10) gives the following equation for convective diffusion: 

Y . (X) an (Y)' (X) an D 02/1 4 - SIO - - - 2 - cos - - ~ , 
II II ax 1I a ay AUa~y 

We now introduce the following dimensionless variables: 

y 
Yl= - , 

a, 
X 

Xl =
a 

(3.3 t) 

(3 .32) 

where lip is the particle radius and a is the cylinder radius. Note that the curvilinear 
coordinates normal and parallel to the cylinder surface are nondimensionalized by different 
characteristic lengths. Then (3.31 ) becomtfs 

. 0/1 1 ~ an] (Da
2

) 0
2

11] 
4 )' t Sill Xt - -2)'i"cos Xl- = - -, --, 

aX1 0Yl AUap oy! 
(3.33) 

with boundary conditions 

Y l = I. 

Yl = 00, III = I 

Taking R = a,, /a, only one dimensionless group that we take for convenience to be 

n = R(PeA )I/3 '" (Da2/ AUa; r
1
/3 (3.34) 
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appears in (3.33). and the boundary conditions are pure numbers. Hence the concentration 
ciisTrihLllinn i ~ 

(3.35) 

[n the boundary layer approx imation, the particle deposition nile perunit length of cylinder is 

(3.36) 

[ntraducing (3.35) in (3.36) gives the following functiona l relationship: 

JTkovdp 
1/ R RPe = D = hen) (3.37) 

This is the similitude law for the ditTusion of part icles of finite diameter but with R < I 
in low-speed Hows. For fillcd Rc, the group 'If( RPc should be a single-valued function 
of RPe l /3 over the range in which the theory is applicable (Pc» I , Re < I , R « I). 
Experimental data collected for ditTerent particle and cyli nder diameters and gas velocities 
and viscosities shou ld all fall on the same curve when plotted in the form of (3.37). 

In the limiting case. R --jo 0, 'IR is independent of the interception parameter R. By 
inspection of(3.37). this result is obtained if the func tion h is linear in its argument 12 - n 
such that 

(3.38) 

The constant CIJr = 3.68 according to (3.25). In the limiting case Pe _ 00. particles 
follow the fluid and deposit when a streamline passes within onc radius of the surface. This 
effect is called direct imercepriofl. The efficiency is obtaincd by integrating (3.1 3b) for the 
nonnal velocity cOllll>oncnt over the front half of the cylindcr surface: 

rrr /2 
Jo vY""p dx 2 

'IR = = 2AR 
Va 

(3.39) 

A result of Ihis form can be obtained from (3.37) by noting that for Pc --jo 00. 'IR is 
independent of Pe. Then the function h must be proportional to the cube of its argument. 
n (3.34). 

Equations (3.38) and (3.39) are the limiting laws for the ranges in which diffusion 
and direct interception control. respectively. They show that for fixed velocity and fiber 
diametcr. the efficiency til first decreases as dp increases because of the decrease ill the 
diffusion coefficient (3.38); further increases in dp lead to an increase in 'lR as R = lipid 
increases in (3.39). The result is :1 min imum in the plot of efficiency as a function of particle 
diameter. In the part icle size range above the min imum. interception eventually gives way 
to impaction and/or sedimentalion as dominant mechanisms of particle deposition. 

The dimensionless group n = R(PeA) I/3 is proponional to the ratio of the particle 
diameter to the concenlr.ltion boundary layerthickncss given by (3.27) 

dplo~ ..... R(PeA)I /J 

So long as thi s ratio is small. deposition is controlled by diffusion. For partieles large 
compared with the difrusion boundary layer thickness. interception controls . 

• 
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An analytical solution to (3.33) does not seem possible, but a sol ution can be obtained 
for the region near the forward stagnat ion point (Fig. 3. 1). Near the streamline in the plane 
of symmetry which leads to the stagnation point. sin Xl vanishes and cos X , approaches 
unity so (3 .50) becomes 

(3.40) 

with the boundary conditions 

Yl = I. 111 = 0 
(3.403) 

Y I =00, 111 = I 

The solution to (3 .40) with these boundary conditions gives the following express ion for 
the coeffi cient of mass transfer at the forward stagnation point: 

_-,D"(",d,,",,i d:o),,' )"'''' '-c' ko = 
"ro 

- It'" exp( -A RJPezJ 13) dz 

(3.4la) 

(3.41 b) 

Although this resu lt applies only at Xl = O. the deposition rate is greatest at this point and 
illustrates the general functional dependence on Pe and Re over the entire cylinder. 

LOW RE DEPOSITION: COMPARISON OF THEORY WITH EXPERIMENT 

Figure 3.3 shows the deposition of 1.305-I.Lm particles on an 8.7-lLm fiber as a function 
of time. The deposition process was probably dominated by direct interception. Although 
these photos are instruct ive. a direct experimental test of the theory of particle deposition 
for aerosol fl ow around single cylinders is difficult . However. the theory has been used 
10 correlate fil tration data for an effecti ve single-fiber removal efficiency. which can be 
determined by measuring the fraction of particles collected in a bed of fibers. The link 
between theory and experiment can be made as follows. In a regular array of fi bers with 
unifonn diameter. d. and a fraction solids, ex, let the average concentration of particles of 
size, dp • at a distance, Z. from the filter e'ntrance be N (Fig. 3.4). For a single fiber, the 
removal efficiency is defined as 

b 
'IR = d (3 .42) 

where b is the width that corresponds to a region of flow completely cleared of all particles 
by the cylinder. In a differential distance, dz, in the fl ow direction. there are ex dzl(nd2 14) 
fibers per unit width nonnal to the flow direction: the removal over this distance by each 
fiber is 

/ 

ad, 
- (I N ~ = bN = (1} Rd)N 

n d- / 4 
(3.43) 
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Figure 3,3 Deposits of I J-J-! m polystyrene latex panicles on an 8. 7'J-!lll glass fiber lllounted nom1al 
to an aerosol flow and exposed for increasing periods of time. The air velocity was 13.8 cnl/sec, 
and the panicle conCCllIralion was about 1000 cm-3. Photos by C. E. Billings (1966). The principal 
mechanism of deposi tion was probably direct interception. Fractal,like structures develop as the 

panicles deposit. 
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Figure 3.4 Schematic diagram of fibrous filter. 
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Rearranging and integrating from z = 0 10 Z = L. the thickness of the filler is g ivcn by 

Jrd NI 
'lk = -- 1,, -

40' L N2 
(3.44) 

Bec:lUse the tiber diamcters arc usua lly not all equa[ and the fibe rs are arr:mgcd in :1 more 
or less random fashion, '1 k shou ld be intcrpretcd as :111 effective fiber efficiency that can be 
calcul:tted from (3 .44) and based on an avemge diameter. el, usually the arithmetic averagc. 
In an experimental dctermination of 'IN, the pmctice is to mellsure NI lind N2, the inlet and 
out [et concentration of a monodisperse aerosol passed through the filter. The :lVerage fiber 
diameter, el , can be determined by microscopic exam ination. 

Chen ([ 955) and Wong et al. ( 1956) measured single-fiber effi ciencies in experiments 
with fiber mats and monodisperse liquid aerosols. The filter mats used by both sets of 
investigator.~ were composed of glass fibers. distributed in size. The datu extrapolated to 
zero Ibetion solids have been recalculated and plolted in Fig. 3.5 in the form based on the 
simi[ itudeanalysis (3.37). Thed:1I110fChencovered the ranges 62 < Pc < 2.8x 104 .0.06 < 
R < 0.29. [.4 x 10- 3 < Re < 7.7 x 10- 2 , and 5.2 x IO-~ < Stk < 0.37. The Stokes 
nUlIlber. Stk = II1U /a/, where 111 is the particle lIlass. is a measurc of the strength of the 
inertial effects and must be small for the diffusion- intercept ion theory to apply. For this 
data set, the analysis was sat isfactory for Stk < 0.37. 

Most of the data fell in the range [0- 3 < Re < 10- 1• and theoretical curves for 
the forward stllgnation point (3 .4I b) are shown for the limiting vulues of the Reynolds 
number. Rough agreement between experiment and theory is evident . One would expect the 
experimental data. based on the :lVemge deposition over the fiber surface. to fall sornewhat 
below the theoretical cu rves for the forward stagnation point. Thi s is true over the whole 
range for Chen's data but not for those of Wong et u1. 

In later studies. Lee and Liu (l982a.b) used submicron DOP aerosols and dacron 
fiber filte rs with 0.035 < (il> < 1.3 lim. I < U < 30 cm/sec and fiber diame.ters of 
1l.0 and 12.9 }tm. The dependence of 'IR on ex WllS studied systematically, and the data 

were correlated using the simil arity transformmion (3 .37). As expected from theory, 'iN 
passes through a minimum wi th increasing panicle di ameter corresponding to the transi tion 
from the diffusional regime (3.38) to removal by direct interception (3.39) (Fig. 3.6). They 
proposed the fo llowing correlation for the single-fiber collection efficiency: 

Pe- 2/ 3 R2 
"fJR;;::O 1.6(l_O')2/J KI /3 +0.6 K (l + R) (3 .45) 

where K(O') = - ~ In a - ~ + 0'- ia2 and a is the fraction sol ids. This has the expected 
limit ing forms for the dependence on Pe and R given by (3 .38) and (3.39). 

The success of the analysis in correlating experimental data fo r clean filters offers 
convincing suppon for the theory of convective diffusion of panicles of finite diameter to 
surfaces . As panicles acc umulate in the filter, both the efficiency of removal and the pressure 
drop increase, and the analysis no longer holds. Some data on this effect arc available in 
the literature. Care must be taken in the practical application of these results because of 
pinhole leaks in the filters or leaks around the frames. 
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. ' jgurc 3.5 Comparison of clIpcrimentully observed deposition rates on glass fibe r mats for dioc
typhlhalate (Chen. 1955) and sulfuric acid (Wong et al .. 1956) aerosols wi th theory for the forward 
stagnation point o f single cylinders (Friedlander. 1967). The theoret ical curves for Re = 10- 1 and 10- 3 

were calculllled from (3.41 b). For all data points the Stokes number was less than 0.5. Agreement wi th 
the data o f Chen is panicularly good. Theory forthe forwllrd stagnation point should fall higher than the 
ellpcrimentaltmnsfer rlltes. which areavemged over the fiber surfacc. l1tc heavy line is an approllimate 
best fit with the correct limiting behavior. The figure suppons the use o f the simi lliri ty transfomlation 
(3.37). Similar results have been reponed by Lee and Liu ( 1982a.b). The lower ponion of the curve 
corresponds to the range in which diffusion is controll ing lind the upper ponion corresponds to the 
direct interception , ,,nge. 
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Figure 3.6 Efficiency minimum for single fiber removal efficienc), for particles of fin ite diameter. 
For very small panicles. diffusion controls according to (3.38) and 'IR - 0 2/1. The di fferent curves 
result from the effects o f velocily. In the imcrception range according to (3.39), 'II! - d:. and is 
practically independent of gas velocity (data of Lee and Liu. 1982a). 

SINGLE·ELEMENT PARTICLE CAPTURE BY DIFFUSION AND 
INTERCEPTION AT HIGH REYNOLDS NUMBERS 

An analysis si milar to the one for pallicle deposition from low-speed flows can be made 
for high Reynolds number flows around blunt objecls such as cylinders and spheres (de la 
Mora and Fried lander. 1982). In this case. an aerodynamic boundary layer develops around 
the object. Within the aerodynamic bound~ry layer. a thin concentration boundary layer lies 
near the surface. The analysis takes into account both diffusion and direct interception
that is, the finite diameter of the panicles. The results arc imponant for panicle deposition 
to e ither (a) cylinders with diameters much larger than those that compose high-efficiency 
filters , such as coarse wire filters or meshes. or (b) heat exchanger tubes perpendicular 
to an aerosol flow. Another impon am application is to deposi tion from the atmosphere 
(dry depositioll) to the Eanh 's surface which is aerodyamically rough (Monin and Yaglom, 
1971). The individual roughness elements such as grass blades and gravel can be treated as 
collecting elements as discussed in the following section and Chapter 13. 

For simplicity we choose a two-dimensional geometry corresponding to the fl ow normal 
to a bluff body of arbitrary shape. The origi n of coordinates is taken at the stagnation 
point, and the y axis is normal to the surface at every point, y being zero at the surface. 
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Generalization to three-dimensional geometries is ~tra igh tforward , and leaves the mai n 
conclusions unchanged. 

The high Reynolds number velocity field in the inviscid region close to the stagnation 
point is given by Schlichting (1979, pp. 96-98) 

(II . v) = (wx. - wy ) 

and within the viscous layer 

u = WX/' ('l) 

v = _ (vW)I /2 [ ( '1) 

(3.46) 

(3.47a, 

(3.47b) 

where w is a constant whose value depends on the shape of the object (ri bbon or cylinder), 
v is the kinematic viscosity and '1 is the boundary layer coordinate 

' I = y (w l v) l/2 

and the near wall behavior of the function [ is 

I , 
f (. ) ~ 2~ " -

with 

'I « I 

~ ~ 1"(0) ~ 1.2326 

Therefore. sufficiently close to the stagnation point 

u = wx fJ,1 

v = _ ~ (vw) I /2 ,B'1 2 
2 

(3.48) 

(3.49a) 

(3.49b) 

(J .SO) 

(3.51a) 

(3.5 lb) 

In the region close to the wall. provided the fl ow has not separated and before transition 
to turbulence. (3.5 1a) and (3.5 1b) can be generalized away from the stagnation point as 
follows 

1/ = waK (x tl '1 (3.52a) 

v = - ~(Vw)I/2 K' (XI) ,,2 (3.S2b) 

where we have nondimens ionalized x wi th the obstacle characteristic length a as in the 
analysis for low-speed fl ows 

and also 

X I = xla 

, d K 
K ~ 

d x, 

(3.53) 

(3.54) 



Sillgle-Element Particle Caplllre by Diffllsion (md IlIferceprion ar High Reynolds Nllmbel's 75 

For large Reynolds numbers, the fu nction K depends on the panicular shape of the 
obstacle and can be calculated by standard methods of boundary layer theory (Schlichting, 
1979, Chapter IX). Then, the equation of convective diffusion is. in the boundary layer 
approximation. 

aZn a" I I 1/2 an 
- D - +wKIJ- - - K ( IIW) - = 0 

ay2 ax] 2 oy 
(J.55) 

When we define the nondimensional dis tance from the surface in the same way as for 
low-speed fl ows 

Yl = Y/(Ip (3.56) 

(3 .55) becomes 

n-3 a2
" a" I 2 all 

--- 2KYI - +K YI-= O 
3 0YI aXI 0Y1 

(3.57) 

where n is a dimensionless group for particle deposition from high-Reynolds-number nows: 

n3 = ~~(/J (w/v)3/2 
6D ' 

This equation must be solved with the diffusion-i nterception boundary conditions 

II = ll eo for Y1 -+ 00 

n=O at Y1= 1 

The solution for any given obstacle [K(X l) fixedJ is 

and by (3 .36) and (3 .37) 

k~Vllp 
IJRRPe = D = F2( n ) 

(3.58) 

(3.59a) 

(3 .59b) 

(3.60) 

(3.61 ) 

where IJR is the removal efficiency for a single cylinder. Also. the Reynolds number in this 
case is 

Re ...... wal/v (3.62) 

Substitution in (3.58) gives 

(3.63) 

where R = apia. The parameter n is related to the corresponding low-Reynolds-number 
parameter 

nRc.: 1 = R(PeA)I /3 

through the weakly varying function of the Reynolds number Re1/6 / A: 

nRc»d nRco:l '" Re l
/
6/ A 

(3.64) 

(3.65) 
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As in the case of low-Reynolds-number flows (3.34), the corresponding dimensionless 
group for high Reynolds numbers (velocity boundary layers) is related to the ratio of the 
particle diameter 10 the concenlration boundary layer thickness 

dp /o~ ..... RPe l
/
3Rel

/
6 

For dp/o~ « L deposition is diffusion conlrolled~ for dp/oc » 1, interception controls. 
Approximate expressions for the removal efficiencies of single cylinders and spheres based 
on this analysis have been given by Pamas and Friedlander (1984). For cylinders 

(3.66) 

and for spheres 

(3.67) 

The recommended range of application is 102 < Re < 104
, and Stokes numbers less 

than the critical values for impaction, 1/8 and 1/ 12 for cylinders and spheres, respectively 
(Chapter 4). 

HIGH RE DEPOSITION: APPLICATION TO 
DEPOSITION ON ROUGH SURFACES 

The results of the high-Reynolds~number analysis discussed in the previous section have 
not been directly tested for flows over single cyl inders. However, they have been applied 10 

the substantial body of experimental data from wind tunnel experiments on the deposition 
of particles from gases to rough surfaces composed of grass blades, gravel, and similar 
roughness elements. The data were collected for application to atmospheric dry deposition. 
Much of the area available for mass transport to the walls covered with closely packed 
roughness elements is not near the bottom surface that anchors the roughness e lements, but 
at the protrusions themselves. Because the convective motion is much more intense around 
them than further down in the roughness layer, a large fraction of the transfer of matter (gas 
molecules or particles) wou ld be expected to occur at the roughness elements . Accordingly, 
they may be viewed as mass "sinks" volumetrically distributed within the flow field. and the 
transport process can be modeled as in gas filtration discussed in previous sections. With this 
idea in mind. de la Mora and Friedlander ( 1982) correlated the data ofChambcrlain ( 1966) 
on particle deposition from flows over the blades composing an artificial grass using (3 .61 ) 
and plotting k3V{/p/D versus RPe l/ 3Re J/6 as shown in Fig. 3.7. The measured deposition 
velocity Vd was used in place of kay. 

In applying the analysis of the previous section, it was necessary to assume a value 
for the coefficient w thai appears in (3.46) for the inviscid flow on an individual roughness 
element: 

w = bUoo/ a (3.68) 

where the dimension less constant b depends on the body geometry. Uoo is the free stream 
vdocily. and (/ i5 a !.:h<U'acteristic It:llgth of the colleClOr. In Fig. 3.7. b = 2. corresponding 
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Figure 3.7 Nondimensional panicle deposi tion velocity to artificial grolss as a function of the 
deposition parameter (3.63). Datil from Chamberlain ( 1966). corrected for gravi tation:11 settling. Two 
brok.en lines (_ - _) with slopes 3 and I (cnr=~pnnding tn the interception and diffusion asymptot ic 
regions) are drawn through the data. The solid line (-) shows the single element collection efficiency 
at the stagnation point of an infinite strip namml to the unseparated potential flow. The dalll fall 
significantly higher than the theory for Ihe single element perhaps because of the effects of the 
neighboring blades present in the wind tunnel measurement.~. (After de la Mom and Friedlander. 
1982.) 

This fi gure suppons the hypothesis that deposition to rough surfaces (including almospneric dry 
deposition) is a fi ltration-type process wi th the roughness elements serving as panicle collectors. The 
measurements were made with roughness elements composed of anificial (tefl on) grass blades of the 
same size and shape. Data for roughness elements of other types including gravel have been correlated 
in a similar manner by Schack et al. ( 1985). 
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to a flat strip nonnallO the incident (unseparated) stream. though any value of order unity 
would be reasonable. In preparing the correlation. the characteristic velocity Uoo was taken 
to be 2.311 ., the value measured at the top of the simulated blades. where II, is the fric tion 
velocity. The characteristic length chosen for the collector was the transverse dimension of 
the strips fonning the art ificial grass elements. II = 0.5 cm. Figure 3.7 shows that the data 
can be represented by a curve with two branches, one corresponding to the diffusion range 
and the other 10 the interception range. The data include six different panicle diameters 
(32. 19,5,2, I, and 0.08 j.Lm) and two molecu lar species. Also shown for comparison is 
the theoretical curve corresponding to deposition at the stagnation point where the function 
K (Xl) is 

(3.69) 

and XI is close to zero. Then the function F2 in (3.6 1) can be obtained analytically to yield 

ka,.ap exp(-nJ} 
-- = F, = (3.70) o - 1100 exp( _ n3~J} (/~ 

The asymptotic behavior of F2 is given by 

n -+o, F2 -+n 

n -+ 00, F2 -+ n3 

(diffusion limit) 

(interception limit) 

(3.7ta) 

(3.7Ib) 

The asymptotic behavior for large n requires a slope of three on a log-log plot, in 
agreement with the data. The expected slope for lower values of n is unity: Ihis is also 
followed reasonably well . The correlation works beyond the expected limit of validity 
because significant inert ial effects are likely at the larger pan icle sizes. 

As in the case of low-Reynolds-n umber flows. the individual element removal effi 
ciency passes through a minimum as particle size increases from Ihe small subm icron range 
to the micron sizes. However. for dry deposi tion from Ihe atmosphere. collecting objects 
(gmss IIludes. other vcgctation, rocks. ctc.) come in various sizes and shapes; this probably 
results in a broad minimum with respect to particle size compared to the case for unifon11 
collectors. 

DIFFUSION FROM A LAMINAR PIPE FLOW 

In thi s section and the next. we discU'>s panicle deposition by diffusion from laminar and 
turbulent flows through a smoOlh-walled pipe. The panicle diameter is assumed to be much 
sm:1l1er Ihan the tube diameter (or viscous sublayer thic kness for turbulent flow), so the 
interception parameter that was important in the previous discussions does not playa role. 

When a gas enters a smooth pipe from a large reservoir through a well-faired entry. 
a laminar boundary layer forms along the walls. The velocity profile in the main body of 
the fl ow remains flat. The velocity boundary layer thicke ns with d istance downstream from 
the entry until it eventually fills the pipe. If the Reynolds number based on pipe diameter 
is less than 2 100. the pipe boundary layer remains laminar. The fl ow is said to be fully 
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developed when the velocity profile no longer changes with distance in the direction of 
now. The profil e becomes nearly full y developed after a distance from the entry of about 
O.04i/(Re). For example. for Re = 1000 the entry length extends over 40 pipe di ameters 
from the pipe entry. 

Small particles present in the gas stream diffuse to the walls as a result of their Brownian 
motion. Because the Schmidt number. 171 D. is much greater than unity. the diffusion 
boundary layer is thinner than the velocity boundary layer and the concentration profile 
tends to remai n nat perpendicul ar to the now for much greater distances downstream from 
the emry than the velocity profile. As a reasonable approximation for mathematical analysis. 
it can be assumed that at the pipe entry. the concentration profile is flat while the velocity 
profile is already full y developed- that is, parabolic. 

The problem of diffusion to the walls of a channel (pipe or duct) from a laminar How is 
formally identical with the corresponding heat transfer (Graetz) problem when the partiele 
size is small compared with the channel size (R -+ 0). For a fu lly developed parabolic 
velocity profile. the steady-state equation of convective diffusion (3. 1) takes the following 
form in cylindrical coordinates: 

an [8(r(onIJr» a2n] 
n-=D + -, ax ror ox- (3.72) 

where 1/ = 2Va,·11 - (r/a)21 and Va" is the average velocity. As boundary cond i tion s. it 
is assumed that the concentration is constant across the tube inlet and vanishes at the pipe 
wall , r = a: 

at x = O. 11=111 forr < a (3.73) 

r =lI. 11 =0 

When Pe > 100, diffu sion in the axial direction can be neglected. Solutions to this 
expression with these boundary conditions have been given by many investigators. and the 
analysis will not be repeated here. For short distances from the tube inlet. a concentration 
boundary layer deve lops for the particle distribution. An analytical solution to the equation 
of convective diffusion gives the following expression for the fraction of the particles 
passing through a tube of length L without depositing: 

P = ~ = I - 2.56 n 2/3 + 1.2n + 0.1767n 4/J +... (3.74) 
n, 

with n = 1r DL I Q < 0.02 where Q is the volumetric flow of airthrough the tube. At long 
distances from the lube inlet, the frJ.ction penetrating is obtained by solving (3.72) using 
separation of variables: 

'" p = ~ = 0.8lgexp(~3.66n ) + 0.0975exp(22.3n) (3.75) 
n, 

+ 0.0325 exp(-57.0n ) + 
for n > 0.02. Original references for these results and !.he corresponding expressions for 
flow between fi at plates are given by Cheng ( 1993). 

These resul ts can be applied to deposition in sampling tubes and to the design of the 
diffusion battery. a device used to measure the particle size of submicron aerosols. The 
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bauery may consist of a bundle of capillary tubes, or of a set of closely spaced. parallel 
flat plates, through which the aerosol passes in laminar flow, The particle concentrations 
entering and leaving the diffusion battery are measured with a condensation particle counter. 
From the measured value of the reduction in concentration, the value of n can be detennined 
from (3.74) or (3.75) or their equivalent for flat plates. The va1ue of D. hence dp • can be 
calculated because x, a. and U are known for the system. For polydisperse aerosols, the 
usual case, the method yields an average particle diameter that depends on the particle size 
distribution. The theory also has application to efficiency calculations for certain classes of 
filters (S pumy et al.. 1969) composed of a sheet of polymeric material penetrated by many 
small cylindrical pores. 

DIFFUSION FROM A TURBULENT PIPE FLOW 

When the pipe Reynolds number is greater than about 2100. the velocity boundary layer 
that fonns in the entry region eventually turns turbulent as the gas passes down the pipe. 
The velocity profile becomes fully developed: that is, the shape of the distribution ceases 
to change at about 25 to 50 pipe diameters from the entry. Small particles in such a flow are 
transported by turbulent and Brownian diffusion to the wall. In the sampling of atmospheric 
air through long pipes. wall losses result from turbulent diffusion. Accumulated layers of 
particles will affect heat transfer between the gas and pipe walls. 

In analyzing turbulent transport. it is convenient to divide the pipe flow into three 
different zones along a distance perpendicular to the wall (Fig. 3.8). The core of the pipe is 
a highly turbulent region in which molecular diffusion is negligible compared with transport 
by the turbulent eddies. Closer to the wall there is a transition region where both molecular 
and eddy diffusion are important. Next to the wall itself. there is a thin sublayer in which 
the transfer of momentl/III is dominated by viscous forces. and the effect of weak turbulent 
fluctuations can be neglected. This applies also to heat and mass transfer for gases: the 
Schmidt and Prandtl number are near unity, which means that heat and mass are transported 
at about the same rates as momentum. 

The situation is quite different for particle diffusion. In this case. v/ D » I and even 
weak fluctuations in the viscous sublayer contribute significantly to transport. Consider a 
turbulent pipe flow. In the regions near the wall . the curvature can be neglected and the 
instantaneous particle flux can be written as follows: 

a" 1, = -D- +/ZV 
ay 

(3.76) 

where y is the distance measured nonnalto the surface and u is the velocity in the y direction. 
In analyzing turbulent pipe flows. it is assumed that the velocity and the concentmtion 

can be separated into mean and fiuctualing components: 

v = v' (because v = 0) (3.na) 

aod 

11 =;;+11' (J .77b) 
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Figure 3.8 Schematic diagram showing the structure of turbulent pipe flow. Forconvenience, the now 
is divided into three regions. Most of the pipe is filled with the turbulent core. with the velocity rising 
rapidly over the viscous sublayer. The concentration drops more sharply than the velocity because 
D « 1> and turbulent diffusion brings the panicles close 10 the wall before Brownian diffusion can 
act effectively. 

where the bar and prime refer to the mean and fluctuating quantities, respectively. Substi
tuting in (3.76) and taking the time average gives 

_ aii __ 
J = ~D- + /1 '1)' (3.78 ) 

aJ' 

The eddy diffusion coefficient. € , is defined by 

aii 
/1 ' 1)' = ~€a, (3.79) 

Based on experimental data for diffusion controlled electrochemical reactions in aqueous 
solution, the following expression was proposed by Lin et al. ( 1953) for the eddy diffusion 
coefficient in the viscous sublayer: 

€ = vC:~5Y (3.80) 

where y+ = (y UUI2)t /2J/ v , with U thi? average velocity, / the Fanning friction factor, 
and II the kinematic viscosity. This expression fore holds when y+ < 5. A similar form was 
found by analyzing the results of a variety of measurements by other investigators (Monin 
and Yaglom, 197 1). 

Substituting (3.79) in (3.78), the general expression for the diffusion flux is 

_ ail 
J = - (D + €) -

OJ' 
(3.81) 

For particle diffusion, vi D » I. Compared with momentum transfer, particles penetrate 
closer to the wall by turbu lent diffusion before Brownian diffusion becomes important. The 
particle concentration, which vanishes at the wall, rises rapidly practically reaching the 
mainstream concentration, 1100 , within the viscous sub\ayer in which € is given by (3 .80). 
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The concentration distribution and deposition flux can be obtained by integrating (3 .81) 
and assuming that j is a function only of x and not of y. the di~ tance from the surface. 

The boundary conditions are 

at y = 0 

II = 1100 at y=oo 

The result of the integration is 

kd = O.042Refl /2Sc l/ 3 

D 

(3.8ta) 

(3.8tb) 

(3.82) 

where the mass transfer coefficient (or particle deposition velocity) is defined by the 
relationship k = -(01 iioo )((Jii I a y) , =o. This result holds for a smooth-walled tube. Higher 
values would be expected for rough surfaces-for example, when particle layers have 
already accumulated. This will be important in electrostatic precipitation as discussed below. 

PARTICLE DEPOSITION FROM RISING BUBBLES 

When an aerosol bubble rises through a liquid. submicron pmticles diffuse to the gaslliquid 
interface where Iheydeposit. However, this is usually not a very effective way of gas cleaning 
for several reasons as explained in the following discussion. Bubbles smaller than about 
0.0 1 em behave like rig id spheres and follow Stokes law as they rise with Reynolds numbers 
less than I . Larger bubbles remain spherical but the resistance to their motion is higher than 
predicted by Stokes law. As the Reynolds numbers increase to about 500. corresponding 
to bubble diameters of about I mm. the bubbles begin to defonn, acquiring the shape of 
an oblHle ellipsoid. The path of bubble rise ceases to be rectilinear and becomes spiral. 
The resistance law for spherical-bubble rise follows that of a solid sphere; under nonnal 
circumstances. bubble surfaces become contaminated by substances dissolved in the liquid 
which migrate to the high free energy interface. The presence of contaminants tends to 
stabilize the interface. preventing relative motion and suppressing internal circulation in 
the bubble. For a noncirculating bubble, the rate of aerosol deposition can be calculated 
from well-known solutions to the diffusion equation with spherical symmetry : 

(3.S3) 

The aerosol concentration in the bubble at the time t = 0 is uniform and has the value 
II = 11 0 . For t > 0." = 0 at the bubble surface r = a. The appropriate solution to the 
diffusion equation is (Carslaw and Jaeger. 1959) 

2(1110 ~ (- I)p+l ( ~ rr2Dt). prrr 
I/(T. t) = --~ exp -p---, - SO" - -

rrr fJ {/ (/ 
1,,,, 1 

(3.84) 

The total number of particles in the bubble at time I is obtained by integrating over r; 

( " 
N(I) = 10 1141tr

3 
dr (3.85) 
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whi le the original number in the bubble is 

(3.86) 

When we substitute (3.84) in (3.85) and integrate term by ternt with (3.86), the ratio of the 
aerosol mass remaining in the bubble at any time t to the original mass is 

(3.87) 

The time for the concentration to fall to lie of its original value is f J = 0.05a2 I D. The 
center and average concentrations for bubbles are shown in Fig. 3.9. 

If special precautions are taken to avoid contamination of the bubbl e surface. panic le 
deposition by diffusion to the water surface is enhanced by internal circulation. The 
internal fl ow can be calcul ated for very low bubble Reynolds numbers in the creeping flow 
approximation (Lamb. 1953). A solution has been obtained to the equation of convective 

1.0 

A\'erage 'L 
/ / 

Center 

/ I 

0.' 

0.6 

'lI 
> 

~ • 0.' c 

•• ] 

0.2 

) 
o 0.2 0.4 0.6 0.8 

DIJa"! 

Figure 3.9 Fraction of particles removed from a bubble at center and on average. Initial particle 
number in bubble N(O). bubble surface concentration zero. Case of noncirculating bubble (3.87). 
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diffusion in which the streamli nes for the internal circulation correspond to surfaces of 
constant concentration inside the bubble. In this way, the equation of convective di ffusion 
is reduced to a fo m1 similar to the unsteady d iffus ion equation without flow. The sol ution 
for the residual number of particles in the bubble is (Kronig and Brink, 1950) 

(3.88) 

where J.L1 :::: 1.678, J.L2 :::: 9.83 , and A I = 1.32, A2 :::: 0.73. The time for the aerosol 
concentration in the bubble to fall to J Ie of its original value is . ; :::: 0.022{/~ I O-that is, 
40% of the value fo r the case of the nonci rculati ng bubble. 

Example: A I-mm bubble carrying submicron aerosol part icles rises through a 
column of water at 25°C. How higb must the column be to remove 90% of the 0.1-
IA,m particles? The velocity of rise of a I-nun bubble that behaves li ke a rigid sphere 
is about 10 cm/sec. Assume the aerosol in the bubble is ini tially uni fonnly mixed. 

SOLUTION: From Fig. 3.9, Of / al :::: 0.18 for 90% removal. Hence I :::: 

0.1 8(25 x 10- 4 )/ 6.75 x 10- 6 = 67 sec. With a bubble rise velocity of 10 cm/sec. 
this would require a scrubber 22 feet high for only 90% removal: panicles in the size 
range 0 .1 to 1.0 J.L m diffuse too slowly in stagnant gases even over distances as smal l 
as I mm (the bubble diameter) to achieve high bubbler removal efficiencies. 

CONVECTIVE DIFFUSION IN AN EXTERNAL 
FORCE FIELD: ELECTRICAL PRECIPITATION 

Electrical precipitation is widely used for removing particles from power plant stack gases. 
In the most common type of industrial precipitator. the dusty gas fl ows between parallel 
plate e lectrodes that. however. may havequite complex geometries to hel p trap the deposited 
particles and min imize reentr:linmenl. The particles are charged by ions generated in a 
corona discharge that surrounds rods or wires suspended between the plates. Near the wire. 
the potential grad ient is very high, and electron discharge and gas ionization take place. 
At some distance from the wire, the potential gradient drops below the value necessary to 
maintain the discharge. The system is usually run with the discharge e lectrode negative, 
because th is permi ts greater stabi lity of operation 11l1d higher vol t:lge before breakdown. The 
cloud of negati ve ions and electrons formed in the discharge moves toward the collecting 
electrodes. Panicles arc charged by fie ld or diffus ion charging depending on their size 
(Chapler 2). 

With typical plate spacings of 6 to 15 in. and gas velocities of 3 to 10 ftlsec. corre
sponding to Reynolds numbers or 104 and greater, precipitator flows are turbulent. The 
instantaneous particle fl ux in the direction normal to the collecti ng plate is 
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a" J = - D - + VII - C~II (3.119) ay 
where C~ is a posilive quantity for migration toward the plate. Taking the time average and 
substituting (3.79) gives 

- aii 
J = -CD +E)ay -c~;; (3.90) 

The e lectrical migration velocity, assumed constant to simplify the analysis, actually varies 
because it depends on th e fi eld strength. which is a func tion of position. and on the charging 
time (Chapter 2). We next assume that ii increases from zero on the collector surface to i;oo. 
the mainstream concentration, over a narrow region near the surface. For a given value of x 
in the direction of now. the flux 1 can be assumed constant over the wall reg ion. and (3.90) 
can be integrated to give 

- -Cr" oo 

J~) _ I - I l - exp -Crio dy / (D+E ) 
(3.91) 

The particle flux is negative for deposition on the surface. The integral Va = [1000 dy/(D + 
E)] represents a particle migration velocity resulting from combined Brownian and turbulent 
d iffusion. The value of Va can be calculated from (3.82) for turbulent flow over a smooth 
surface. For Va » Cr. [l] = vaiioo and diffu sion controls the transpon process. In e lectrical 
preci pitator design calcu lations, it is usually assumed that electrical migration is much 
faslerthan diffusional transport : that is, cr » V,I. The exponential term in the denominator 
can then be neglected with the result II I = Cr/loo• and the precipitator e fficiency can be 
calculated from a material balance on a differential element of the precipitator (Fig. 3.10). 
The result is 

(iiool - 1'002) [ -2C~L] _ = l -exp 
11 00 1 Vb 

(3.92) 

where L is the length of the precipitator, b is the plate spacing, and V is the average gas 
velocity. Thi s is the expression customarily used in precipitator design calculations. 

The migration velocity passes through a minimum corresponding to a particle size in the 
transition region between d iffusion and field charging (Chapler 2, Fig. 6). By d ifferentiating 
(3.92), we see that the efficiency must also pass through a minimum al the same panicle 

~ 
-----> U 
-----> 

t 
b 

Collecting 
platcs 

~(-------------L------------->' 

Figure 3.10 Materiat balance on an element of precipitator -U bdiioo = 2ii,,<;Ced:c. 
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Figun.' 3.11 Effic iency as a function of particle si1.c for a pilot-scale electrical precipitator treating 
:l side stream of nue ga.~ from a ut ili ty boiler burning a low-sulfur coal (McCain et al. . 1975). The 
minimum ncar 0 .5 I-tm probably results from the transi tion from diffusion to lield ch:lrging. The 
decrease in dliciency for part icles larger than 3 J-Im may result from rccntra inmcnt. 

diameter. Indeed. a minimum has been observed experimentally in studies with a plant
scale precipitator (Fig. 3.1 1). in the particle size mnge corresponding to the minimum in 
the migration velocity. 

In practice. it is nOi possible to make accurate calculations of Cr fro m fi rst principles 
because of the complex ity of the interaction between the particles and the corona discharge. 
The mechanical ;Uld electrical behavior of the deposited dust layer are also difficult to 
characterize. Thus theory provides gu idelines for precipitator design but in practice. design 
is based 10 a great extent on empiricism. 

Example: For part icles smaller than about 50 nm (0.05/Lm) the fmction of charged 
particles decreases sharply (Chapter 2). Discuss the effect of the fall -off in part icle 
charging on precipitator collection efficiency. 

SOLUTION: The reduction in charging e ffi ciency will have a negligible effect 
on the precipi tator lI/a .H collection efficiency because the mass of particles in the 
ultrafine size runge is negligible for emi ssions from high -~emperalure processes like 
coal combustion or smelting. 

There is good evidence for the presence of particles in the size range 0. 1 < 
dp < I J-LRI in high-temperature process gases fonned by gas-Io-particle cooversion. 
but reliable dala on the emissions of particles in the size mnge below l()() nm are 
not available. Recent studies indicate thaI ultrafine particles may cause adverse 
health efrects (Ferin et al.. 1992), so it i§ of interest to estimate their penetration 
through electrostatic precipitators to see whether fi eld studies of emissions from 
such installa tions are warranted. 
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If electrostutic forces fail for uncharged ultrafine particles. there arc at least two 
other possible remova l mechanisms. Ultra/inc particles can diffuse to the collecting 
plutes or can coagulate with charged coarser particles that then deposi t. Coagu lat ion 
is discussed in Chapter 7. The other mechanism, diffusional tr.tnsport. appears with 
electrostatic precipitat ion in the combined flux expression (3.9 1), which, for UJ » c~. 

reduces to Ijl = U,/Il oo ' 
Estimating the diffusional deposit ion velocity Vd for precipitator flows is very 

di fficul t. Given the complex structure of the pl ates and the accumulated dust load, it is 
reasonable to assume that the flow iscompletcly rough. aerodynamically (Monin and 
Yaglom. 197.1). Then the particle tr.tnsport process is of the type studied in the wind 
tunnel experiments of Chamberlain (1966) for application to dry deposition fro lll 
the atmosphere and also discussed carl ier in this chapter. Suppose the aerodynamics 
for the flow between a given set of plates is equivalent to flow over the natural and 
artificial grass blades used in Chamberla in's experiments discussed above. In th ese 
experimellls.the measured deposition velocities for O.081Jm (80 nm) particles fall 
in the range 0.02 to 0.08 clTi/sec for friction velocities in the range 35 to 140 cm/sec. 
These values are significantl y small er thun electrical migration velocities which gen
erally fall in the range I to 10 cm/sec for charged particles in electrical precipitators. 
Because the collection efficiency for ultrafine particles may be signifi cantly less than 
that of the charged part icles. we conclude that field llleaSUremelllS of nanopanicle 
emissions from electrostatic precipitators are warranted. 

THERMOPHORESIS: "DUST-FREE SPACE" 

When a heated body such as a horizontal cylinder or a vertical plate is placed in a chamber 
containing an aerosol and su itably illuminnted. a region apparently free of particles appears 
around the body (Watson. 1936). Thi s "dust-free space" develops as a result of the balance 
between the gas fl ow carrying part icles toward the surface and the thennophoretic force 
dri vi ng part icles away. The thickness of the dust-free space can be estimated by equating the 
drag force carryi ng the particles toward the wall to the thermophoretic force in the opposite 
direction. Thi s analysis has been carried out for at least three different geometries, namely 
the vertical fla t plate and horizontal cylinder (Zcmi k, 1957) and stagnation flow (Stratmann 
et al .. 1988; Ye et at. 199 1). 

For the heated vertical plate and hori zontal cylinder. the fl ow results from natural 
convection. The stagnation configuration i~ a forced fl ow. In each case the fl ow is of the 
boundary layer type. Simple 'lIlalytical solutions can be obtained when the thickness of the 
dust-free space is much smaller than that of the boundary layer. In this case the gas veloci ty 
distribution can be approxi mated by the fi rst tenn in an expansion in the distance normal to 
the surface. Expressions for the thickness of the dust-free space for a heated vertical surface 
and a plane stagnation fl ow are derived below. 
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Vertical Plate 

It is assumed thaI the vert ical plate is mounted in a large (effectively infinite) volume of 
air containing small particles. The plate is healed, and a layer of wann air near the surface 
rises. The air velocity component parallel 10 the surface increases from zero at the surface 
to a maltimum value and then falls to zero, the value far from the plate. 

An important dimension less parameter for this type of fl ow is the Grashof number 

g L3(Tw - Too) 
G = ~ T. (3.93) ,- ~ 

where g is the gravitational constant, L is the length of the platc, and T If} and Too refer 10 the 
temperature at the wall and at large distances from the wall. respectively. For air over the 
range lit < G < IDs, the flow is of the laminar boundary layer type. At higher values of G 
the flow becomes turbulent. and for lower values the layer becomes too thick for boundary 
layer theory to apply. 

A mathematical analysis has been carried out for the laminar boundary layer on a 
vertical flat plate wi th gas properties independent of temperature. and the results have been 
verified experimentally (Schlichting, 1979, pp. 3 15 ft). The temperature gradient at the 
wall is 

where 

( &T) = -O.508(Tw _ Too)Cx - I," 
&y , 

x = distance from the bottom of the plate 

C ~ [g(Tw - T~)Jl/' 
4v2Too 

(J .94) 

The velocity component nonnal to the plate , vI" is directed toward the surface. Near the 
surface, this component can be represented by the first term in its expansion : 

(l.9S) 

where the negative sign indicates that the fl ow is toward the plate. Thedistance y is measured 
nonnal to the surface of the plme. Neglecting diffusion and particle inertia. we can equate 
the thennophoretic force on the particles to the Stokes drag to find the locus of the surface 
over which the particle velocity normal to the surface vanishes-that is, the dust-free space 
(Zemik, 1957): 

K (aT) f(vy - Vfy) = -1.1/ - -
T ay y=o 

(3.96) 

where aT l ay is evaluated at the surface. The particle velocity vanishes at the edge of the 
dust-free space. When we substitute (3.95) for Vly and (3.94) for (aT l ay)y.{) , the locus of 
the dust-free space found by setting Vy = 0 is given by 

(
T. T. )1 /2 114 

odf =I.23 oQ~1II XC K1 /2 (3.97) 

• 



Thennophoresis: "Dust-Free Space" 89 

The thickness of the dust-free space increases with distance from the bottom edge of the 
vertical plate. The value of K can be obtained from (2.56). 

Stagnation Flow 

It was proposed by the author (Stratmann et al .. 1988) that thennophoresis could be used to 
suppress particle deposi tion on wafers during clean room operations in the microelectronics 
industry. To estimate the effect of an applied temperature gradient on particle deposition, 
the flow of fillered air over the surface of a horizontal wafer can be approximated by a 
stagnation fl ow (Fig. 3. 12). For both the plane and axially symmetric stagnation flows, the 
gas velocity component normal to the surface and the temperature fields depend only on 
the distance from the surface. In the absence of natural convection. the gas velocity normal 
to the surface in the neighborhood of the plane stagnation flow is 

VI:= _0.6 163ja
v

3 
i (3.98) 

The temperature gradient at the wall is (Schlichting, 1979. p. 291) 

( dT) ~ -0.495 E (T. - Trol 
dy y=o V~ 

(3.99) 

for air (Prandtl number:= 0.7). For plane flow over an infinite ribbon normal to the fl ow, 
a = U / R . where U is the gas velocity normal to the surface. far from the surface, and R is 
the hal f-width of the ribbon. Equating the drag force on the particle to the thermophoretic 
force (neglecting particle acceleration) 

[ 1 
' / 2 

Odf = 0.9 (~y/2 KI /2 (T", ~,Too) (3 .100) 

Thus Odf is proportional to the square root of the thennophoretic coeffici ent. the tem perature 

Temperature 
boundary layer 

t t t t t t t t ! ! ! ! ! ! ! ! • Uy = Uoo 

T:= Too 

Dust-free~,?p",~c;~~_~_~~i_~_~_;'_~_;?'_i_~Y -;' ~~~-~-~-i-;-~-~-~_~;~~T(Y) x, " 
r T", 

Figure 3.12 Temperature and velocity distribution in plane stagnation flow showing the thickness of 
the dust-free space and the boundary layer. (After Stmtmann et al .. 1988.) 
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difference, and the square root of the gas viscosity. It is inversely proportional to the square 
root of the gas velocity. 

Values of Odf based on the first tenn of the expansion of the velocity near the surface 
compare well with numerically computed values based on the complete velocity and 
temperature distributions. Calculations of Odf for alumina and copper particles (0.5 < dp < 
2 j.Lm) indicate that for temperature differences as small as 10°C the dust-free space would 
be thick enough 10 prevent particle deposition. 

Effects of Brownian Diffusion on Deposition 

So far, the analysis Has not taken into uccount the effects of the Brownian motion which 
allows diffusive leakage through the "dust free space" to the heated surface. This effect has 
also been studied in some detail in conneclion with wafer contamination (Friedlander el ai. , 
1988; Ye et al. 199 1). The equation for simultaneous convection. diffusion. thennophoresis 
and sedimentation for the one-dimensional stagnation now configuration is 

dn (/2/1 d(cs + c,)n 
"- - D - + '-'-"-;'--""-dy - dy2 dy 

(3. 101 ) 

where Cs and c, refer to the sedimentation and thennophoretic velocities, respectively. The 
results of a numerical solution for an axisymmetric flow around a wafer are compared 
with experimental duta for latex purticles in Fig. 3. 13. For a given velocity' and surface 
temperature, there exists a particle size range in which there is negligible deposition. For 
example. for a lODe temperature difference. this "clean zone" extends between 0.03 and 
1.0 j.Lm. Particles smaller than 0.03 I'm can diffuse through the thennophorelic barrier. 
Particles larger than about 1.0 JLm can penetrate by gravitational sedimentation. As the 
surface temperature is incre.ased, the width of the clean zone broadens. 

Finally. we wish to note that themlOphoresis is the controll ing mechanism of particle 
transport in the fabrication of optical fibers by the modified chemical vapor deposition 
process. In this application, submicron silica particles and associated trace amounts of 
dopant aerosol oxides are deposited on the inside of a quartz tube. Experiment and theory 
are discussed by Simpkins et al. (1979). 

PROBLEMS 

3.1 The stream fu nction and radial velocity distribution function for a low-Reynolds-number 
now around a sphere are given by the followi ng expressions due to Stokes: 

( 
J" ,, ' ) 

II , = UcosO 1- 2r + 2
r

l 

(a) Show that the effi ciency of particle removal by direct interception for a droplet fa lling 
at low Reynolds numbers through an aerosol is given by 



Figure 3. 13 Comparison of experiment and theory for the deposition of monodispcrse latex particles 
on a free-standing wafer 4 in. in diameter. The air mainstream velocity nomlill to the wafer was 
30 em/sec. typical of microelectronics clean room openllions. The diffusion equation wa.~ solved 
numerically us ing calculaled velocity and temperature distributions. The curves show that a small 
increa.'IC in surface temperature effectively suppresses deposition over a wide intermediate panicle 
size range. Larger particles deposit by sedimentation; smaller ones break through the themlal barrier 
by Brownian diffusion. (Afler Ye e\ al.. 1991.) 

I)I)[ = (I + R)2 [I - 2(1 ~ R) + 2(1 ~ R)3 ] 

(b) Show that the mass transfer coefficient for particles of finite diameter at the forward 
stagnation point (in the concentration boundary layer approximation) is given by 
(Friedlander, 1967) 

kod 2e- il 
- ~ 

D R II"'" e-~:J dz 

where {3 = RJpc/4 and Pc = dU / D. This system represents a model for diffusional collection 
by small raindrops and fog droplets. 

3.2 Estimate the collection efficiency of a filter mat (a = 0.0057) composed of glass fibers 4 
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JIm in diameter for 0.08- and 0.17-llm panicles. The filter thickness is 0.8 cm. the air velocity 
is 13 cm/sec. and the temperature is 20°C. 

3.3 It is pro~ to build a diffusion bauery composed of a bundle of capillary tubes to 
detemline the average panicle size of an aerosol. For a tube diameter of I mm and a length of 
20 cm. detennine the velocity at which panicles of d,. = 0.05 11m are 90% removed. Check to 
be sure the flow is laminar. The temperature is 20"C. and the gas is air. 

3.4 As a very crude model for ai r flow in the trachea. assume fully developed laminar pipe 
fl ow at a Reynolds number of 1000. The diameter is 2.0 em. 

(a) Estimate the relative rates of removllI of S02 and sulfuric acid droplets per unit length 
of trachea. You 'may lIssume thllt the mucous layer is a perfect sink for S02 as well as 
panicles. Express your answer in percent per cemimeter as a Function of panicle sizc 
for the range d,. < O.5ltm. 

(b) Discuss the implication of your result in explai ning the effects of sulfur dioxide and 
its oxidation products (sul furic acid. for example) on the lung. 

Make such assumptions as you deem necessary. but state all assumptions clearly . . 

3.5 Outsidc air is delivc.·cd tu LIn;: i ll ~ trul1Lcl1lS of an air monitoring stal ion through a 2-in. duct 
at a velocity of 10 fllsec. The duel is 12 n long. Calculate the correction factor that must be 
applicd for submicron panicles as a result of diffusion to the walls of the duct. Express your 
answcr in terms of the percentage by which the mellsurcd concentration must be multipl ied 10 
give the truc concentration as a function of panicle size. Assume T = 20"C. 

3.6 For the panicle size mnge of Fig. 2.6. Chapter 2 and E = 2 kVJcm. determine the collection 
efficiency of a plate-type electrical precipitator. taking into account diffusionaltranspon. 1lle 
plate splicing is 12 in .. and the plate length in the di rection of fl ow is 5 ft. Make Yo;J r calculations 
for velocities of J and 10 fllsec. and plot efficiency as a func tion of panicle diameter. Assume 
nat collecting plates and a fu lly developed turbulent flow. 
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4 

Inertial Transport and Deposition 

S
uspended particles may nol be able 10 fo llow the motion of an accelerating sas 
because of their inertia. This effect is most important for particles larger than [ /.L1ll. 
It may lead to particle deposition on surfaces. a process known as ill/mia! deposifioll . 

Inertial deposition is often the controlling mechan ism for the removal of larger particles in 
gas+cleani ng devices. such :IS fille rs. scrubbers, and cyclone separators. In fil ters. inertial 
deposition occurs when the gas flows around the individual fibers or grains composing 
the filter. The particles that cannot follow the air stream impact on Ihe col lecting element. 
In scrubbers. Ihe collecting clements are water droplets. whereas in cyclone separators. 
it is the rotating gas stream that deposits the particles on the wall. In each case. it is 
the acceleration of the gas that leads to deposi tion. Inert ial effects also play a role in 
atmospheric processes such as rain scavenging and deposition on vegetat ion and man· mude 
structures. 

Unlike diffusion, which is a stochastic process, parti cle Illa tion in the inertiul range is 
deterministic, except for the very important C:Lse of turbulent transport. The cuiculation of 
inertial deposition rates is usually based either on a force h:l ];mce on a particle or on a d irect 
analysis of the equations of Iluid motion in the case of colliding spheres. Few si mple. exact 
solutions of the fundamental equations are avail:lble. and it is usual ly necessary to resort 
to dimensional analysis undlor numerical computat ions. For a detailed review of eurlier 
experimenl:l l and theoretical studies of the behavior of particles in the inertial r:mge. the 
reader is referred 10 Fuchs ( 1964). 

Particle transport and deposi tion from turbulent fl ows by inertial forces are not well 
understood and has been the subject of considerable experimental and theoretical study. 
Correlations for nltes of particle deposi tion from turbu lent pipe Ilow are discussed in this 
chapter. The concentmt ions are assumed to be sufficiently 5111al1to neglect the effects of 
the p:Lrticles on the turbu lence. lnertiul effects can also be used to foc us beal11s of aerosol 
particles. This effect can be produced for submicron and even ultrafine part icles as described 
at the end of the chapter. 

For particles smaller than about I /.tI11. diffusion bccome.~ increasingly important and 
the methods of calculation of Chapter 3 become lIpplicable. Rigorous theoretical trelltmcnt 
of the part icle size range in which both diffusion and inertial erfects arc important is 
d ifficult . 

• 
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PARTICLE-SURFACE INTERACTIONS: LOW SPEEDS 

As two surfaces npproach each other, the fluid between them must be displaced. First, we 
consider the cnse of two plane pamllel circular disks of radius a approaching each other 
along their common axis (Fig. 4.1). The disks are immersed in n fluid in which the pressure 
is PO. Without loss of genernl ity, it is possible to assume that one of the disks is fixed and 
that the other is in relative motion. The motion is sufficiently slow to neglect the inertial 
and unsteady tenns in the equations of fluid motion . 

The flow is axisymmetric, and for low velocities the pressure gradient across the gap 
in the z direction, ap/az, can be neglected. Hence the pressure is a function only of r. The 
applicable equations are the r component of the equation of motion 

"' (a2v; + ~ aVr _ Vr + 02V, ) = dp 
Jr- ,. ar r2 az2 dr 

(4. t) 

and the continuity relation 

I a,. v, avz 
-- + - ~O 
r a,. Jz 

(4.2) 

with the boundary conditions 

z= o Vr = tlz =0 

z = II tI, = 0, tI~ = -u (4.2a) 

,. =0 P = Po 

where II is the distance between the disks and Po is the pressure in the external region. 
We now make the follow ing "educated guesses" for the forms of the velocity and 

pressure di stributions: 

u 

/' 

~ 

Po 

,"------1 
h 

/" 

l i 

tI,=rZ(z) 

, 

l? , , " , , , 
, 
, , 

" 

-----.. 

--;;; 
.) 

~Fluid 
-----!isPlaced 

(4.3) 

Figure 4.1 Outward radial flow between two flat disks of radius a. BOllom disk is fix ed, and top 
advances with velocity U. which can change slowly with time. 



96 Inertial Transport and Deposition 

d" - = 8r 
d, 

(4.4) 

where 8 is a constant. These assumed forms are tested by substitution in the equation of 
fluid motion (4.1): 

d2Z 
J1. d~2 = 8 (4.5) 

When we integrate with the boundary conditions (4.2a) to obtain Z (z) , the following 
expression is found for the radial velocity: . 

I tip 
Vr = --z{z - II) (4.6) 

2J1. tlr 

If the continuity relation (4.2) is integrated with respect to ~ across the gap between the 
disks. making use of the boundary conditions on v~ . the resu lt is 

U =~!!... r rVr tI~ = _~~ (r (If)) 
,. dr 10 12f.Lr tI,. tlr 

(4.7) 

When we integrate twice and remember that U is not a function of r. the result for the 
variation of the pressure with radial position is 

3/tU ~ "J 

P = f>O + 7(a- - r -) (4.8) 

which is consistent with the assumption (4.4) for the pressure distribution. The drag force 
on the moving disk is calculated by integrating the pressure differcncc inside and outside 
the gap over the surface: 

1" 3rr J1.U 0 4 

F = (p - 1>o)21Tr tlr = 3 
o 211 

(4.9) 

which is the result obtained by Reynolds in 1886. (See Landau and Lifshitz. 1987. p. 67.) 
The resistance becomes infin itely great as the disks approach each other. 

How. then. can two flat surfaces ever approach dose enough to stick? In part. the 
explanation lies in the London- van der Waals forces that are altractive in nature. For the 
interaction belween two flat plates. an approximate form can be derived for the attractive 
force per unit area (Chu . 1967. p. 55): 

A 
F •. 'I~I = - 61T 113 (4.10) 

where the Hamaker constant A is discussed in Chapter 2. Equating the resistance to the disk 
motion to the attractive force. the following result is obtained for the velocity: 

A 
U = 911" ItO"! 

(4.11) 

The resulting velocity is constant. and the twO disks come in contact in a finite time period. 
The drag on a sphere approaching a flat plate has been computed by so lving the 

equat ions of fluid motion without inertiu. Thc result oCthe calculation (which is considerably 
morc complex thun for the case of the two disks given above) can be expressed in the form 

F = 31TJ.uJ"UG (~) (4.12) 
d, 

• 
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TABLE 4.1 
Stokes law Correction for Motion 
Perpendicular to a Flat Plane 
(Happel and Brenner, 1965) 

(It + (1 p )/ tlp G 

00 

1.1 28 9.25 
1.543 3,04 
2.35 1.837 
3.76 1.413 
6.13 1.221 

10.07 1.125 

00 I 

where the drag has dimensions of force and" is the minimum separation between sphere 
and plate. The dimensionless function G (h leip ). which acts as a correction factor for Stokes 
law is shown in Table 4.1. As the sphere approaches the surface, the drag increases to an 
infinite value on contact. To test the theory. experiments have been carried out with nylon 
spheres falling through sil icone oil. Good agreement between theory and experiment was 
found up to distances close to the wall (Fig. 4.2). 

For hi d,> « I, the drag on a sphere approaches the fonn (Charles and Mason, 1960) 

3 7T I.ul;U 
F ~ ---'--,-!'-

2 II 
(4.13) 

In the case of a gas, when the particle arrives at a poin! of the order of ,I mean free path from 
the surface. the continuum theory on which the calculation of resistance is bnscd no longer 
applies. van der Waals forces contribute to adhesion. provided that the rebound effects 
discussed in the next section do not intervene. There are also thin layers of adsorbed liquids 

o 
0.6 

• 

0.2 

0~--~~--~---7,'-~ 1.0 2.0 3.0 4.0 5.0 
(II + (l p)la " 

Figure 4.2 Test of theoretical relation 
for the correction to Stokes law 
[l j G(h j (ip )] = 37T/-IdI'U j F for the 
approach of a sphere 10 a fixed plme as 
a function of the distance, Ii. frolll the 
plate. Data for nylon spheres of r~dii 
{II' = 0.[588 em (open points) illld 
0.2769 Clll (solid points) falling through 
silicone oi l of viscosity 1040 poi~. The 
line is calculated from the equations of 
fluid motion (MacKay e t a1.. [963). 



98 Inertial Transport and Deposition 

present on most solid surfaces unless special precautions are taken . These layers help (nip 
small particles when they hit a surface. 

PARTICLE-SURFACE INTERACTIONS: REBOUND 

At low impact velocities. particles striking a surface adhere, but as the veloci ty increases, 
rebound may occur. For ~implicity, we consider the case of a spherical particle moving 
nonnal to the surface of a semi-infinite target through a vacuum (Dahneke, 197 1). In Ihis 
way. fluid mechanical effects are eliminated. Bounce occurs when the kinetic energy of the 
rebounding panicles is sufficient to escape al1ractive forces at the surface. Let 1)] 00 be the 
particle approach velocity at large di stances from the surface (away from the immediate 
neighborhood of the attracli ve forces), and leI $1 (z) be the potential energy function for 
the particle surface interaction where z is the distance normal to Ihe surface. The kinetic 
energy of the panicle near the surface just before contact is given by IIl VrooJ2 + $ 10, and 
Ihe velocity of rebound 1)20 just after impact is given by 

ml)~o 2 (m l)foo ) -- ~, - -+¢IO 
2 2 

(4.14) 

where ¢ IO = ¢ I (0) and e is the coeffic ient of reslitulion. The velocity at large di stances 
fro m the surface away from the interfacial force field, 1)200. is given by 

, ' 
III 1)200 111 1)20 -- + <1>'0 ~ --2 - 2 

(4.tS) 

When we substitute, the result for 1)200 is 

(4.16) 

When 1)200 = 0, a particle cannot escape the surface force field because all of the rebound 
energy is required 10 lifl il oul of the attractive fi eld of the surface. The critical approach 
velocity corresponding to 1)200 = 0 is given by 

(4.17) 

Particlesofhigher velocilY bounce, whereas those of lower velocity stick. For $1 0 = $ 20 = 
$ 0, this becomes 
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It = [2<1>0 (l _e2)]1 /2 (4. 18) 
100 III e2 

The coefficient of restitution depends on the mechanical properties of the particle and 
surface. For perfectly elastic coll isions, e = I and the particle energy is conserved after 
colli sion. Deviations from unity result from dissipative processes, including internal friction, 
that lead to the genenttion of heat and the radiation of compressive waves into the surface 
materiaL 

Studies of particle-surface interactions in a vacuum can be carried out by means of 
the particle beam apparatus (Dahneke, 1975). Particle beams are sel up by expanding an 
aerosollhrough a nozzle or capillary into a vacuum chamber. Because of their inertia, Ihe 
particles tend to continue in their original direction through the chamber where the gas 
is pumped ofr. A well-defined particle beam can be extracted into a second low-pressure 
chamber through a small collimating hole. The beam can then be directed against a target 
to study the rebound process (Fig. 4.3). 

In his experiments, Dahneke studied the bouncing of pol~tyrene latex spheres about 
I <em in diameter from polished quartz and other surfaces. Using a laser light source, he 
measured the velocities of the incident and reflected particles. The velocity of the incident 
particles was controlled by means of a deceleration chamber. 

The coefficient of restitution was found from (4.16) by measuring V2oo!Vl OO for very 
large values of Vloo. Figure 4.4 shows the experimental data for L27-llm polystyrene 
latex particles and a polished quartz surface. Shown also is the curve representing (4. 16) 
with e = 0.960 and <:1> 20 = ¢lIO chosen to give the best agreement between theory and 
experiment. Values of ¢lo determined in thi s way were several hundred times higher than 
vnlues calculntcd from van der Waals force theory. The value of the critical impact velocity. 
v~oo' was estimated to be 120 ern/sec by extrapolation to iJ200!V lOO = O. 

Target 

Photocell T --------=t -~ ---------
Panicle beam 

'-------"'''_OC -----'~ -- -0 = = = = = = 
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r-
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Figure 4.3 Schematic diagram of panicle beam apparatus used for studying the bouncing of small 
panicles off surfaces (Dahneke. ! 975). 
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t-igUTC 4.4 Ratio of reflected to incidcnt velocities for I .27-llm polystyrene latel( particles bouncing 
from polished quartz surfaccs. The curve is (4.16) wi th the value of the coefficicnt of restitution 
e = 0.960 obt<lincd by cl(trapolalion 10 ,"ery large values of VI"" (Dahncke. 1975). 

A complete model for particle-surface interaction would include both (a) fluid mechan
ical effects as the particle approaches the surface and (b) elastic and surface forces. The 
fluid mechanical calculations would take into account free molecule effects as the particle 
comes to within one me:m free path of the surface. The presence of thin fi lms of liquids 
and surface irregu larities fu rther complicate the situation. l.n practice. the design of cascade 
impaclOrs (Chapter 6) and other devices in which rebound may be important is carried out 
empirica ll y, by experimenti ng with various particles. coati ngs, and collecling surfaces. 

PARTICLE ACCELERATION AT LOW REYNOLDS 
NUMBERS: STOP DISTANCE 

When a spherical particle moves at constant velocity through a fluid at rest. the drag force al 
low Reynolds numbers (Re « I ) is given by Stokes law. For an accelerating sphere moving 
in a straight line through a flu id at rest (rectilinear motion). the drag at low Reynolds numbers 
has been obtai ned by a solution of the Stokes form of the Navier-Stokes equations 

1 3 dll 3 ~ ( ") 1/ 2 /' tilt til ' 
F = - 3JT/1.tll'lI - - JTptll' - - - JTptl,: - - 'I' 

12 (It 2 JT -00 d t' (1 t' )-
(4.19) 

where p is the density of the fluid (Basset. 1910; Landau and Lifshitz, 1987. p. 9 1). The 
firSl leml 011 Ihe righI_hand s ide is cqui v:11enl lo the Stokes drag. The second and third lemlS 

I 
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arise from the particle acceleration, dll / dt. The second tenn represents the resis tance of an 
inviscid fluid to an acceler:J.t ing sphere. It is equ ivalent to adding rrpd; / 12 to the mass of 
the panicle-that is. one-hal f the mass of an equal volume of fluid. The integr:J.ltenn. the 
last on the right-hand side, depends on the past hi story of the sphere. 

Numerical calculations of the rectiJinear motion of particles in gases can easily be 
made using (4.19). However. this analysis is not applicable to curvilinear motion usually 
encountered in practical applications. To deal wiLh particle deposition from gases fl owing 
around obstacles such as cylinders and spheres, the drag law (4.19) is usually simplified by 
keeping only the Stokes tenn 3rr J.l.dpll and neglecting the added mass and integral terms. 
This approximation can be tested in at least two ways. First. calculations based on the 
approximation for curvilinear motion can be compared with experiment; the important 
cases of impaction on cylinders and spheres are discussed later in the chapter. Second. 
an exact calculation based on (4. 19) can be compared with the approximate calculation for 
rectilinear motion. Calculations of this type have been made for a spherical partic le released 
from rest in a gravitational field (Clift et al.. 1978. p. 288). The force balance on a spherical 
panicle in a gravitational field is given by 

d" 
m-= FD + mg 

<It 

Substituting FD from (4. 19) and rewriting (4.20) in dimensionless fonn gives 

(
2Y + I) dU I r dU d9' 

9 d9 = 1- U - rrl /2 10 d9' (9 _9') 1/2 

where 

U - II / llu 

il ,s - tenninal senling velocity 

Y pp/p 

9 - I)(/a~ 

I) _ kinematic viscosi ty 

(4.20) 

(4.21) 

With the initial condition U = 0 at ( = O. (4.21) shows that the velocity of the falling 
panicle depends only on the r:J.tio of the particle density Pp to the gas density and not on the 
viscosity or particle size. For panicles of unit density in air at 20Ge and I atm, pp/ p = 830. 
We wish to compare the solution to (4.21) to the solution of the simplified problem in which 
the drag on the particle is represented by the Stokes term -3rr J.Ldp alone: 

mdll -- = -31CJ.ulp u+lIIg 
dt 

The solution to this expression with the initial condition /I = 0 at t = 0 is 

U = I _ exp [_ 18J.L!] 
ppdp 

(4 .22) 

(4.23) 

For y ~ I<P , the deviation of (4.23) from the exact solution to (4.21) is very small for 
1/ < O.91l ,s but increases as Il approaches il,S' The exact calculation indicates that more 
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lime is needed to reach il l S than the simplified theory in which the history and added mass 
terms are neglected. 

Example: Show that when a particle is projected into a stationary Huid with a 
velocity 110, it will travel a finite distance before coming to rest as t -+ 00. 

SOLUTION: The distance can be calculated approximately by integration of 
the simplified force balance on the particle: 

d" 
m- = ~fll 

dl 

with the initial condition II = II" to give 

dx 1/ 
II = - = lIoe- • 

ill 

Integrating once more with x = 0 at t = 0 gives 

x = 1I0r (I ~ e- I
/
r) 

for the velocity and displacemenl. respecti vely. The characteri stic time T = 
ppd~1 l8tL. As t i T -+ 00, the distance that the panicle penetnlles. or stop distance, 
is given by 

.~ = 
Ppd~ IIO 

18" 

The dimensionless ratio of the stop distance 10 a charactcrislic length such as the 
diameter of a filter element (fiber or grain) or the viscous sublayer thickness is called 
the Stokes IIIlmber. Stk. As shown in the sections that follow. the Stokes nu mber 
plays an important role in the analysis of inenial deposition. Fuchs ( 1964. p. 73) has 
calculated values of the stop di stance numerically for panicles in air. keeping the 
integral term but not the added mass term. He reponed stop distances appreciably 
larger than values calculated from the last equation and discusses uncertainties 
associated with such calcul ations. 

SIMILITUDE LAW FOR IMPACTION: STOKESIAN PARTICLES 

When an aerosol Hows over an object in its path. the gas velocity decreases as it approaches 
the surface. Both tangential and normal components oflhe gas velocity vanish at the surface 
of a fixed solid body. The particles, however. are unable to follow the gas mOlion because 
of their inertia; if they come within one particle radi us of the surface, they can adhere 
depending on the interaction between the attraction and rebound energies di scussed in 
previous sections. An idealized version of the situation is shown in Fig. 4.5. At large 
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FigUre! 4.5 Impaction of a sm,11l spherical part icteon a cylinder pb ccd nOnllal to the now. The part icle 
is unable 10 follow the nuid s treamline Dccause of its inertia. T he dmg on the particle is calculated by 
assuming th:1I it is located in a unifonlt now with \le locity m infini ty e<lualto the local fluid velocity 
(see detai l). Fore-:md-aft sym metry of the streamline exists for low-Reynolds-number nows :lIld for 
lUt inviscid now. but the shapes of the streamlines di ffer. 

dislances from Ihe collector, the gas velocilY is uniform and Ihe particle velocity is equal to 
that o f the gas. 

When the panicles are much smaller than the collector. and in sufficiently low con
centration. the fl ow fields for the pan icle and colleclOr can be uncoupled. For the gas fl ow 
fie ld arou nd the colleclOr, the velocity distribution is determined by the Reynolds number 
based on collector diameter, independent of the presence of the part icles. The particle is 
assumed to be located in a fl ow with a ve locity at infinity equ.11 to the local velocity for 
the undisturbed gas now around the collector: the dmg on the particle is determined by the 
local relative velocity between particle and gas. 

When the Reynolds number for the particle motion is small , a force balance can be 
written on the particle assum ing Stokes law holds for the drag. For the x direction we have 

d" 
m- = -/(11 - 11/ ) 

dl 

and for the vector velocity we have 

(I u . 
m - =-f(u - u/ ) 

dl 

(4 .24) 

(4 .25) 

Here u is the panicle veloci ty, uf is the local flu id ve loc ity, and f is the Stokes friction 
coefficient. We call particles that obey this equation or Illotion Slokesian particles. The usc 
of (4.25) is equivalent to employing (4.19). neglecting the accelemtion terms contai ning 
the gas density. Because (4 . 19) was derived for rectilinear motion, the extension to flows 
with velocity gradients and curved streamlines adds further uncertainty to th is appro",imate 
method. 

In dimensionless form. the equation ofpartic1e motion can be wri tten 

(4.26) 
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where u. and u/. are the particle and gas velocities. respecti vely. normalized with respect 
to the velocity at large distances from the surface. U. and () = f UlL. where L is the 
characteristic length of the body. The dimensio nless group Stk = Pptl~U / I SILL. the Stokes 
number, was discussed in the last section. 

For the mechanical behavioroftwo part icle-fl uid systems to be similar. it is necessary to 
have geometric. hydrodynamic. and particle trajectory simi larity. Hydrodynamic similari ty 
is achieved by fixing the Reynolds number for the How around the collector. By (4.26), 
similarity of the part icle trajectories depends on the Stokes number. Trajectory similarity 
also requires that the particle come within one radius of the surface at the same relati ve 
location. This means that the interception parameter, R = tlp/ L. must also be preserved. 

For 510kesitm par/ides, 1\1"0 impactioll regimes are similar whe" the Stokes, illlercep
lioll. lim! ReYlloldj,· /IIlmbers lire the slime. The impaction efficiency. 1/R. as in the case of 
diffusion. is defined as the rat io of the volume of gas cleared of particles by the collecting 
element to the total volume swept out by the collector. (Refer to Fig. 4.5 for the case of the 
cylinder.) If all particles coming within one radius of the collector adhere. then we obtain 

I/R = f(Stk. R. Re) (4.27) 

As the particle approaches a surface. the use of Stokes law for the force acti ng on the particle 
becomes an increasingly poor approximation. Mean free path effects. van der Waals forces. 
and hydrodynamic interactions between particle and surface compl icate the situation. The 
importance of these effects is difficult to judge because reliable calculations and good 
experimental data are lacking. 

IMPACTION OF STOKESIAN PARTICLES ON CYLINDERS AND SPHERES 

Introduction 

Flow around single cylinders is the elementary model for the fibrous filter and is the 
geometry of interest for deposition on pipes. wires. and other such objects in an air flow 
(Chapter 3). The flow patterns at low and high Reynolds numbers differ significantly. and 
this affects impaction efficiencies. For Re > J 00. the velocity distribution outside the 
ve locity boundary layer can be approximated by inviscid flow theory. This approxi mates 
the velocity distribution best over the front e nd of the cylinder which conlrols the impaclion 
efficiency. The components of Ihe veloci ty in the direct ion of the mainstream flow, x. and 
nomlal to the main fl ow. y. are 

)'2 _ x2 
"/1= 1 + I I., 

(xr + yft 
(4.2&a) 

2(1}'1 
1)/ 1=- ., 

(xi + )'1)" 
(4.28b) 

where XI = x/a and YI = Y/(I . Both x and yare measured from the axis of the cylinder. 
NUlllerical calculations for the impaction of Stokesian particles have been carried out for the 
velocity distribution given by (4.28a) and (4.2Sb). In making the calculations on cylinders . 

• 
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it is assumed that the pan icle velocity at large distances upstream from the cyli nder is equal 
to the air velocity. A li ncari7.cd foml of the equ:lt ions of paniclc motion is solved for the 
region between Xl = - I and Xl = -5. A numerical solution is obtained for the region 
between XI = -5 and the surface of the cylinder. 

The analogous problem of impaction of pan icles on spheres has been studied for 
:Ippl icmion to gas cleaning in packed beds and aerosol scmbbing by droplets. Numerical 
computations of the impaction e ffi ciency for point p:lnicles in in viscid nows around sphcres 
have also been made. Before comparing the numerical computations with the available data. 
we consider theoretical limiting values for the Stokes number for impaction on cylinders 
and spheres. 

Critical Stokes Number for In viscid Flows 

By :In:llyzing the motion of a small part icle in the region ncar the stngnation point. it can be 
shown that for an inviscid Oow. theory predicts that impaction does nOl occur until a critical 
Slokes number is reached. For an inviscid Oow. the first term in an expansion of the velocity 
along Ihe streiunli ne in the plane of symmetry which leads 10 the stagnation point is 

IIf = - bU(xl + 1) (4.29) 

where the dimensionless conSlant b depends on the shape of the body and the dimension less 
coordinate X I = X /tl is negative (Fig. 4.5). For a Siokesian particle. the equation of molion 
along the slagnalion streamline takes the form 

/" / ' 
S '-XI 'XI ' 0 

tk d (j2 + tl8 + bX I = (4.30) 

where x; = X I + I and (J = I U /li. The solution to th is equation is 

(4 ,31) 

where Al and A2 are integration constants and A1 and A2 arc the roots of the characteristic 
equation 

StkA2 +A+b=O (4.32) 

and arc given by 

I '[ 'I'] AI "I = --- I ± ( I -4bStk) -
.- 2Stk 

(4.33) 

From (4.3 1), the velocity can be determined as a function of XI in the region near the 
stagnation point where the linear approximation (4.29) holds. For Stk > St~ril = 1/4b. the 
roots are complex conjugates and the /I versus X diagram has a focal or spiral point at the 
stagnation point (Fig. 4.6a). The firs t intersection of the spi ral with the /I axis corresponds to 
the finite velocity at the stagnation point. The rest of the spiral has no physical signifi cance. 
because the particle cannot pass the surface of the collector. 

For Stk < 1/ 4b. the roots are real and both are negative. The /I versus X diagram has 
a nodal point that corresponds to zero panicle ve locity at the forward stagnation point and 
zero impaction e ffi ciency (Fig. 4.6b). For Stk = 1/ 4b. the roots are equal and the system 
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Figure 4.6 (a) Spiral point corresponding to Stk > Stkrn" The particle velocity at the surface (x = 0) is 
positive. and the impaction efficiency is nonvanishing. Only the solid portion oflhecurve is physically 
mcaningful. (b ) Nodal point corresponding to Stk > Stkcri,. Part icle veloci ty vanishes at the surface 
and the impaction efficiency is zero. 

again has a node as its singularity. Thus Stk = I / 4b represents a lower limit below which the 
impaction effici ency vanishes. For inviscid flow around cylinders. b = 2 a nd St k~ri' = 1/8, 

whereas for a sphere. b = 3 and Stk.,ril = 1/ 12. based on the radius of the collector. 
This analysis provides a lower anchor point for curves of impaction effi ciency as a 

function of Stokes number. It applies also 10 non-Slokesian particles. discussed in the next 
section, because the point of vanishing efficiency corresponds to zero relative velocity 
between particle and gas. Hence Stokes law can be used to approximate the particle motion 
near the stagnation point. This is one of the few impaction problems for which an analytical 
solution is possible. 

The analysis neglects boundary layer effects and is probably best applied when the 
particle diameter is larger than. or of the order of. the boundary layer thickness. The change 
in the drag law as the particle approaches the surface is also not taken into account. Hence 
the critcrion provides only a rough estimate of the range in which the impaction efficiency 
becomcs smal l. 

For most real (viscous) flows. IIf ...... (XI + 1)2 in the region near the stagnation point 
because of the no-slip boundary condition and the conti nui ty relation. In thi s case, (4.29) 
does not apply. the equation of particle motion cannot be put into the fom1 of (4.30). and 
the analysis developed above is not valid. Instead, numerical calculations for the viscous 
flow regime (Ilf '" (X I + 1)2) indicate thilt the collection efficiency is finite for all nonzero 
values of Stk. vanishing for Stk -+ 0 (Ingham et al .. 1990). 

Example: In certain types of heat exchangers. a gas flows normal to a bank of tubes 
carryi ng fl uid at a different temperature, and heat transfer occurs at the interface. 
Foul ing of the outside surface of the tubes by particles depositing from the fl ow 
reduces the heat transfer rate. If the tubes are I in. (outside diameter) and the gas 
velocity is 10 ftlsec, estimate the diameter of the largest particle (pp = 2 g/cm3) 

that can be perm itted in the gas stream wirhollt deposition by impaction on the 
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tubes. Assume the gas has the properties of air at 100°C (11 = 0.33 cm2/sec. f.t = 
2. [8(104

) glc l11 sec). 
SOLUTION: To analyze the problem. consider particle deposition on a single 

cylinder placed normal to an aerosol Oow. The Reyno[ds number for the Oow, based 
on the cyli nder diameter. is 2320. which is suffic iently large to use the potential fl ow 
approximation for the stagnation region. We know that the critical Stokes number 
for the cyli nder is 

I 
= -

8 

When we substitute and solve for dp. the result is til' ~ 10 .urn. Particles smaller 
than this will not deposit by impaction on the tubes according to calculations based 
on potential fl ow theory. In reality. there may be a small contribution by impaction 
due to boundary layer effects and direct interception. Diffusion may also contribute 
to deposition. 

Comparison of Experiment and Theory 

Experimental studies have been made of the impaction of nearly monodisperse sulfuric acid 
p,lrticles in the size range 0.3 < tip < 1.4.um on a wire 77 .urn in diameter over a Reyno[ds 
number range 62 to 500 (Ranz and Wong. [952; Wong and Johnstone. [953). In Fig . 4.7. 
these data are compared with numerical computations based on in viscid flow theory for 
point particles (Bron et al. . (955). Agreement between measured and calcu lated values is 
fai r. The experimental results fa ll somewhat below the calculated values forO.8 < Stk < 3. 
At values of Stk above about 3, the data fall above theory. Data were not taken at sufficiently 
small values of Stk to test the theoretical value (SIk.:,;, = 1/8) at which the efficiency is 
expected to vanish. The resuhs of these measurements are not directly applicable to high
effi ciency fibrous filt ers. which usuall y operate at much lower Reynolds numbers based on 
the fibe r diameter. 

Hahner et al. (1994) studied the deposi tion of monodisperse droplets (0.9 < (I" < 15 
/1m) on steel spheres a few millimeters in diameter at air velocities ranging from 7 to 28 
m/sec. Studies were made with single spheres and multiple sphere arrays. Experimental 
results for single spheres are compared with theory in Fig. 4.8. Two different theoretical 
calculations were made. one based on inviscid fl ow lheory and the other for a boundary 
layer flow at a Reynolds number of 500. Calculated collection efficiencies were about the 
same for both cases. For Stk > 0.5. there is good agreement between experiment and theory. 
The experimental measurements were made over a wide range of Reynolds nu mbers, 1400 
to 17.000, based on sphere diameter. Hence the inviscid flow field , which does not vary 
with Reynolds number, describes the velocity distribution suffic iently well over the forward 
region of the sphere where most of tile deposition occur~. For Stk < 0.2. theory falls below 
the experimental results; significant deposition occurred at values of Stk < I I 12, the critical 
cutoff value for impaction on spheres. 

The resul ts for arrays of sohd spheres are applicable 10 particle removal by impaction 
in packed beds. However, care must be taken in extrapolating the results for individual solid 
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Figure 4.7 Comparison of theory and experiment for impaction on single cylinders. Theoretical 
calculations arc by Brun et al. (1955) for point particles in an inviscid flow, and the data are those of 
Wong and Johnstone (1953) for 100 < Rc < 330. 

spheres to falling water drops which begin to oscillate once a critical diameter is reached. 
Single-drop studies in wind tunnels and fall chambers show that such oscillations become 
noticeable for drop diameters greater than I mm (Re > 3(0) in response to the unsteadiness 
of the air flow (Pruppacher and Klett, 1997, p. 400). These oscillations and other types of 
secondary motion (Cl ift et a!., 1978, p. 185) may in tum affect the efficiency ofcollectioll 
by impaction. 

IMPACTION OF NON-STOKESIAN PARTICLES 

In previous sections, we have considered the case of small particles that follow SlOkes law 
in their motion with respect to the local gas velocity all along their trajectories. For high
velocity flows around a collector, particles with high inerua relain their velocities as they 
approach the surface. and the Reynolds number for their motion may be too large for the 
Stokes law approximation to hold. The approach taken previously must then be modified 
to account for the change in the fonn of the drag law. Interest in such phenomena was 
originally sHmulated by the problem of lhe icing of airplane wings caused by deposition of 
cloud and rain drops on the leading edge of the wing. The problem continues 10 be troubling. 
contributing to falal accidents-.....especially for propeller planes and helicopters. which fly 
more slowly and at lower altitudes than jets . 

• 
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Figure 4,8 Comparison of experiment and theory for impaction of monodisperse droplets on single 
solid spheres (after Hahner et at. , 1994). Points correspond to different collector diameters. The 
numerical simulations were for a Reynolds number of 500 based on sphere diameter. The two 
cases considered. potential now and boundary layer flow, gave similar rcsullS. Both agree well with 
experiment for Stk > 0.2. However. the experimental results indic:J te that measurable deposi tion 
occurs at values of Stk < Stkcril = 1/ 12. 

Derivation of a modified equation of motion for the particle that accounts approximately 
for the non-SlOkesian motion of the particles is based on the general expression for the drag 
on a fi xed spherical particle in a gas of uniform velocity, U (Brun e t ai., 1955): 

prrd2 
F~ __ PCDU2 

8 
(4 .34) 

Thi s expression defines the drag coefficient. CD , which by dimensional analysis is a function 
of the Reynolds number based on particle diameter and gas velocity. For Re « I, Stokes 
law is applicable, and CD = 24j Re. Rewriting (4.34) to include the Stokes fornI, we obtain 

CDRe 
F ~ 24 (3n"d,U) (4.35) 

In general. it is necessary to use the results of experiments and semiempiricaJ correlations 
to relate the drag coefficient to the Reynolds number. The expression 

CD = 24 (I +O.158Re2/3) 
Re 

agrees welt with experiment for Re < 1 (X}(). 

(4.36) 
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For steady flow of an aerosol around a collector such as a cylinder or sphere. a force 
balance can be written on a particle by considering it to be fixed in a unifonn fl ow of velocity 
U - uf : 

du CoRe 
/lid, = - 24 37rllllp (u - uf ) 

where C,) is a function of the local Reynolds number of the particle: 

dp lu - uf l 
Re = = Replu l - uf d 

" 

The particle Reynolds number is defined by 

Also 
U 

Ul = V 

uf 
Uf l = 

U 

where V is the gas velocity at large distances from the collector. 

(4.31) 

(4 .38) 

(4.38.1) 

(4.38b) 

(4.38c) 

(4 .38d) 

As in the case of Stokesian panicles. the contribution of panicle acceler.nion to the 
drag has been neglected. Clearly. (4.37) is on shaky ground from a theoretical point of view. 
Its application should be tested experimentally. but a rigorous validation has never been 
carried out. In nondirnensional form. (4.37) can be written as follows: 

(iUI CDRep I 
- = - lUI - uf ll (Ul - u/l) 
dO 24 Stk 

(4.39) 

where 8 = IV / a and Slk = ppd;V/l8 I-Ul. The gas velocity. Uf l is a func tion of the 
Reynolds number based on the collector diameter. The drag coefficient is a function of 
Repl u l - Ufll. Hence the trajectory of a non-Stokesian point panicle is detennined by Re. 
Stk. and Rep: one more dimensionless group. Rep. appears in the theory than in Stokesian 
panicle theory. 

Impaction efficiencies for inviscid flows around single elements of various shapes have 
been determined by solving (4.39) numerically. The case that has received most study is that 
of impaction on right circular cylinders placed nonnalto the air flow. Results of numerical 
calculations are shown in Fig. 4.9. Original applications were to the ic ing of airplane wings 
and to the measurement of droplet size in clouds. Because the drop size was not known. a 
new dimensionless group P = Re! / Stk = 18p2Va / /J-pp • independent of drop size. was 
introduced. This new group is fonned by combining the two groups on which the efficiency 
depends in the inviscid now range. According to the rules of dimensional analysis. this is 
permissible. but the efficiency is still detennined by two groups. which for convenience 
are chosen to be Stk and P. If the collection e ffi ciency is known, the panicle size can be 
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Figure 4.9 Collection efficiency for cylinders in an inviscid flow with point particles (Brun et a!.. 
1955). The mte of deposition. pm1iclcs per unit time per unit length of cylinder. is 2'1Nlloo Utl. where 
"00 is the panicte coneentr.l tion in the mainstream. The dimensionless group P = Re;/Stk = 
I Sp2Uo / p.Pp is independent of size and is of usc in sampling cloud droplets. The magni tude of " is 
a measure of the deviation from Stokes law for the forees acting on the particle. For P = O. Stokes 
law holds for the dr:Lg on the particle. 

detemlined from Fig. 4.9. More often. the curves are used to determine collection efficiency 
at known values of Stk and P. 

DEPOSITION FROM A ROTATING FLOW: CYCLONE SEPARATOR 

Cyclone separators (Fig. 4.10) are frequently used for the removal of particles larger than 
a few micrometers from process gases. The dusty gas e nters the annular space between 
the wall and the exit tube through a tangential inlet. The gas acquires a rotating motion , 
descends along the outer wall. and then rises. still rotating, to pass out the ex it tube. Panicles 
move to the outer wall as a result of centrifugal forces. They fall from the slowly moving 
wall layer into a hopper at the bottom. Cyclones are inexpensive and can be constructed in 
local sheet-metal shops. They have no moving parts and require little maintenance. They 
are often used for preliminary cleaning of the coarse fraction before the gases pass to more 
efficient devices. such as electrostatic precipitators. A common application is in the removal 
of ftyash from gases from pulverized coal combustion. 

An approximate analysis of the particle motion and cyclone performance can be carried 
out by seuing up a force balance for 510kesian panicles in the radial direction: 
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Figure 4.10 Schematic diagram of cyclone sep
arator, Dusty gas enters Ihrough the tangential 
inlet. spirals down Iheconical section. and ffiO\'CS 

up the exit section. 

(4,40) 

where rand () and the axis of the cyclone separator represent a set of cylindrical coordinales. 
For small particles. the acceleration tenn d 2rJdt2 can be neglected; only the second tenn 
on the left-hand sid/..'-the '-centrifugal force"'eml-is retained. When we neglect also the 
radial component of the gas velocity, vr!, the result is 

tlr mr (dO)' 
U

r = tit - 31f/.u lp tit (",<I I ) 

The particle trajectory is determined by rearranging (4.41): 

tlr m uo 
(4.42) 

tI() 31f J.1t1p 

For the motion in the () direction. it is assumed that the particle and gas velocities are equal. 
Vo = UO!. It is thus possible 10 solve (4.42) for the particle trajectories. if the gas velocity 
distribution. vO!. is known. 
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Assume that the gas makes a well+defi ned set of turns in the annular space before 
exiting. Without sp:.:cifyi ng the nature of the flow field, the number of turns necessary for 
complete removal of particles of size dp can be seen from Fig. 4. 1 0 and (4.42) to be 

NI = 2~7 = 3;':~p lb ~~ (4.43) 

where the particle diameter is neglected by comparison wi th the dimensions of the chan nel. 
This resul t is independent of whether the flow is laminar or turDulent. Alternati vely, the 
diameter of the smallest particle that can be removed from the gas in NI turns is oDtai ned 
by rearranging (4.43) to give 

(4.44) 

Smaller particles are removed to an extenl that depends on their distance from the wall at 
the entry. 

The aerodynllmic pattern is too complex for an exact analysis of the particle mOlion, 
and semiempirical expressions are used for VOl (Fuchs, 1964). All approximate result of the 
integration of (4.44) often used in design applications has the form 

[
/L(b - al )'" 

dl'mln....... N U Pp , 
(4.45) 

where U is the average velocityofthegas in the inlet tube. The numberofturns. N,. is usually 
detennined empirically. For fixed gas velocity, perfonnance improves as the diameter of the 
cyclone is reduced. because the distance lile particle must move for collection decreases. It 
is likely the radial gas ve locity components. associated with eddies. are also reduced in the 
smaller diameter cyclones. 

PARTICLE EDDY DIFFUSION COEFFICIENT 

Small particles in a turbulent gas diffuse from one point to another as a result of the eddy 
motion. The eddy di ffus ion coefficient ofthe panicles will in general differ from that of the 
carrier gas. An expression for the panicle eddy diffusivity can be derived for a Stokesian 
panicle. neglecting the Brownian motion: ln carryi ng OUt the analysis, it is assumed that the 
turbulence is homogeneous and that there is no meml gas velocity. The statistical propenies 
of the system do not change with time. Essentially what we have is a stationary. uniform 
turbulence in a large box. This is an approximate representation of the core of a turbulent 
pipe fl ow, if we move with the mean velocity of the now. 

The analysis is similar to that used in Chapter 2 to derive the Stokes-Einstein relation 
for the d iffusion coefficient Again we eonsideronly the one-dimensional problem. Particles 
originally pre..<;ent in the d ifferen tial thickness around x = 0 (Chapter 2) spread through 
the fluid as a resul t of the turbulent eddies. If the part icles are much smaller than the size 
of the eddies, the equation of particle mOlion for Stokesian particles, based on (4.24) (see 
associated d iscussion). is 
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d" 
m- = -/ (11 -11/ ) 

dl 

where II f is the local veloci ty of the turbulent gas. The distance traveled by a particle in 
lime I is obtai ned by integraling (4.24): 

l ' 11 - 11 0 " 
X+ = IIf(t) dl 

# 0 
(4 .46) 

where p = /Im. Multiplying the left-hand side by ( 1//3)(dll /dl) + II and thc right-hand 
side by /1/, which is pemlissible by (4.24), we obtain 

x dll • (If - 11 0 ) dll II I - 11011 l' " -p - + xu + 2 + = ,,/ (1 )11/(1) til 
dl P dl P 0 

(4.47) 

We now average each term in (4.47) overall ofl hc panicles originally in the element around 
x = O. On a tcrm-by-tcml basis, 

xdll dXII ~ 
--=--- w 
dl (/1 

The particle eddy diffusion coefficient is given by 

I t!t·2 
Ep=X'ii= --"-

2 (I I 

(4.48) 

(4.49) 

and does not change with lime after a suffi ciently long interval from the start orlhe diffusion 
process. Hence 

d X II 
-=0 
dl 

(/ -+ 00) 

Because the statistical properties of the system do not ch:mge with time. 

II tfll I dll 2 
-=--= 0 

(/1 2 til 

(4.50) 

(4.51) 

After toog periods of time, there is no corre lation between the particle acceleration and its 
init ial velocity: 

/l otlll 
-=0 

<il 

or between its velocity and its initial velocity: 

(I -+ 00) 

(/ -+ 00) 

Averagi ng (4.47) over the part icles and substituting (4.46) through (4.53) gives 

€p = II] 1'-00 R(t' ) (fI ' 

(4.52) 

(4.53) 

(4.54) 

The coerficicnt of corre lation. R. between gas velocities ill the IIeighborhoOiI of the particle 
at two different times. II and ' 2. is defi ned by the relation 

(4.55) 
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where II] is the mean square gas velocity averaged over the particle trajectory. The value 
of the correlation coefficient is ncar unity when t2 is near tl and then becomes very small 
as the interval t2 - 11 increases. The integral in (4.54). which has the dimensions of a time. 
is assumed to approach a limit rapidly. 

By (4.54). the pnnicle eddy diffusivity is proponional to the mean sq uare flu id velocity 
multiplied by the time scale J~-oo R(t ') til'. This expression is of the same form liS the 
Taylor eddy diffusion coefficient for the turbulent fluid (Goldstein. 1938. p. 217). However. 
the correlation coefficient in (4.54) applies 10 the gas velocities over rhe pmh of the panicle. 
Heavy panicles move slowly and cnnnot follow the fluid eddies that surge around them. 
Thus the lime scale that should be employed in (4.54) ranges between the Lagrangian scale 
for small panicles that fo llow the gas and the Eulerian time scale for heavy particles thai 
remain almost fixed (Friedlander. 1957). 

Some attempts have been made to determine these time scales. In one set of experiments 
with a homogeneous grid-generated turbulence. the ratio of the Lagrangian to the Eu lerian 
scales was reponed to be three (Snyder and Lumley. 1971). Thus the ralio of the eddy 
diffusivi ty of a panicle that is too heavy to fo llow the gas motion to the eddy diffusivilY of 
the gas would be 1/3. What is meant by a heavy panicle in this context? One measure is 
the ratio of the characteristic panicle lime pl'd~/ 18/.L to the smallest time scale of the fluid 
motion (V / Ed) 1/ 2. where v is the kinematic viscosi ty of the gas and Ed is the turbulent energy 
dissipation (cm2/s3). For a heavy panicle. this ratio would be much greater than unity. 

Numerical simulation of the eddy diffusion of panicles in the turbulent core of a pipe 
flow indicates that for particles smaller than about 170 11m . panicle and gas eddy dilTusion 
coefficients are about the same (Uijttewaal. 1995). The studies were made for three Reynolds 
numbers 5500. 18.300, and 42.000 with pan icles of about unit density and a pipe diameter of 
5 cm. Hence for the usual ranges of interest in aerosol dynamics. panicle and gas eddy difru
sion coeffi cients can be assumed equal in the turbulent core. However, th e viscous sublayer 
near the wall or a turbulent pipe fl ow alters the situation as discussed in the next section. 

TURBULENT DEPOSITION 

When a turbu lent gas carrying panicles with aerodynamic diameter larger than about 
1 11m fl ows parallel to a surface. panicles deposit because of the fluctuating velocity 
components normal to the surface. Panicles are unable 10 follow the eddy motion and 
are projected to the wall through the relatively quiescent fluid near the surface. The net 
rate of deposition depends on the relative rates of transpon and reenlrai nrnent. The fi rst 
expcrimemal meaSUfCments (Friedlander and Johnstone. 1957) were made with turbu lent 
fl ows through venical tubes whose smooth walls were coated with an adhesive film to 
pcnnit measurement of the deposition rate alone. The data were correlated by introducing a 
panicle transfer coefficient k = Iii/no::>, where i is the panicle flux at a given point on the 
pipe wall and '1 0::> is the average panicle concentration in the mainstream of the fluid at that 
cross section. The tmnsfer coefficient has the dimensions of a velocity and is sometimes 
called the deposi tion velocity. 

Data for the deposition of spherical O.8-l.Lm iron panicles in an 0.58-cm smooth-walled 
lube with a well-faired entry are shown in Fig. 4. 11 as a function of distance from the entry. 
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Figur£ 4. 11 Deposi tion OrO.811lll iron particles ncar the entrance of:m 0.58 em lube. The Reynolds 
numbers shown arc for the tube flow. Ncar the lube cnlnmcc. the flow is lami nar, and no deposition 
takes place. In the trnnsi t ion region. Ihe boundary layer turns tu rbulent. and deposition increases 
until it reaches the value corresponding 10 fully developed turbulent pipe now (Friedlander and 
Johnstone. 1951). 

Whe n the Reynolds number based on tube diameter is greater than 2 100, the boundary 
layer becomes turbulent aI some d istance from the inlel. The transi tion usually occurs at 
a Reynolds number. based o n d istance from the entrance. Rc .. . of between lOS and Ie;;, 
depending on Ihe roughness of the wall and the level of turbulence in the mainstream. As 
shown in Fig. 4. 11. the deposition rale tends to follow the developmcnt of the turbulent 
boundary layer. No deposition occurs until Rex is about lOS: the rate of deposition then 
approaches a constant val ue at Rex = 2 x lOS in the region of ful ly developed turbulence. 

On dimensional grounds. the deposition veloci ty al a given pipe Reynolds number can 
be assumcd to be a func tion of the friction velocity. u •. kinematic viscosity, v. and the 
particle relaxation lime. m / f: 

k = /(11 •. v, mlf) (4.56) 

Both k und II. have dimensions of veloci ty whi le \I and 111 / f have dimensions of (length)!1 
lime ;tnd time, respecti vely. Effects relmed to the finite particle diameter such as direct 
interception and lift are neglected as a first upproxi mation. Because there are fou r variables 
and two dimensions. two dimensionless groups can be constructed: 

+ k [11111 : ] k = -= [ -
II , fv 

(4.57) 

The dimcnsionless group that appears on the right-hand side is the ratio of the particle stop 
distance, 111 11. / f, to the characteristic turbulence length, V/II •. The stop distance so defined 
is based on the Friction velocity. It •• which is approx imately equal to the mlS. fluctuating 
velocity component normal to the wall in the turbulent core. Thedimensionlessstopdi stance 

• 
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s+ = mll~/fv can also be interpreted as a dimensionless relaxation time r +. where m/ f is 
a characteristic time for particle motion and v/u~ is a characteristic time for the turbulent 
fluctuations. Hence S+ = T+. The viscous sublayer is the region ncar a smooth wall where 
momentum transport is dominated by the viscous forces. which are large compared with 
eddy diffusion of momentum. Following the usual practice and taking the sublayerthickness 
to extend to y+ = 5. particles with a stop distance S+ < 5 would not reach the wall if the 
sublayer were truly stagnant. 

However. the experiments of Friedlander and Johnstone (1957) (Fig. 4.12a) and later 
measurements by Liu and Agarwal (1974) (Fig. 4.12b) and others c learly demonstrated that 
particle deposition took place at values of S+ < 5. The data show that particles penetrate the 
viscous sublayer and deposit even though their SLOp di stance based on the r.m. s. fluctuating 
veloci ty in the core is insufficient to propel the particles through a completely stagnant 
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o 1 .57.~m iron panicles. 1.3Ck:m glass rube 
• 1.57·~m iron particles, I.JO...cm glass tube, glycerol jelly adhesive 
.. 1 .57.~m iron panicles. 1.38o(;m brass tube, pressure-sensitive tape 
a 1.81' j.l.m aluminum particles. 1.3()...cm brass tube 
.. O.8-j.l.m iron particles, l.3O-cm glass tube 

Figure 4.12 (a) Deposit ion o f iron and aluminum part icles in glass and brass tubes of different 
sizes with coatings of various types. A goal of this set of experiments was to vary the electrical 
and surface chardcteristics of the system. The dashed curves are theoretical calculations (Friedlander 
and Johnstone. 1957). (b) Deposit ion of monodisperse olive oil droplets with particle diameters 
ranging from 1.4 to 21 I'm in a Inw glass pipe at two different Reynolds numbers. (After Liu and 
Agarwal. 1974.) 
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vi scous sublayer. Over the limited Reynolds number range of the measurements, there was 
relati vely little dependence of k+ on the Rcyno[ds number. 

There are at [east two ways that particles from the turbulent core can penetrate the 
viscous sub[ayer and deposit. even though S+ = r + < 5: "Hot" particles with velocities 
larger than the rms fluctuating velocity and correspondingly higher stop distances may shoot 
through the sub[ayer to the wall . Alternatively, as noted by Friedlanderand Johnstone( [957) 
in this context. the viscous sublayer is not truly stagnant. Weak gas velocity fluctuat ions 
bring the JXlI1icles sufficiently close to the wall for their inertia to carry them to the 
surface. 

Evidence for both mechani sms based on numerical computations has been reponed by 
Chen and McLaughlin ( [995). They found a bimodal disllibution in the impact velocities 
of particles striking the wall for r+ = 10. They associated the peak veloci ties of 0.3/1 . and 
10- 311 * with particles projected from the core and particles transported by eddy diffusion. 
respectively. Chen and Mclaughlin (1995) and other investigators also repoll that numerical 
simulations indicate that panicle concentrations near the wal l are higher than concentrations 
in the turbulent core. 

Data on turbulent deposition over the range r + = S+ < 10 have been correlated by an 
expression of the form k+ - S+2 starting with Friedlander and Johnstone ( 1957). For the 
dll tll shown in Fig. 4.12b. 

(4.SS) 

This form shows the very strong dependence of the deposition velocity on panicle diameter 
(- IJ,~ ) lind gas velocity (nearly -.., U s). A rigorous theoretical derivation of (4.58) has not 
been obtained. An approximate expression with thi s form com be derived if it is assumed 
that particles from the turbulent core diffuse into the viscous sublayer to a point one stop 
distance fronl the wall (Friedlander and Johnstone. 1957). At this point. the particles deposit 
as a result of their inertia. However. to obtain satisfactory agreement with the experimental 
data. the particle velocity. when launched. must be Ilellr the rms f1uctuming velocity in the 
core. Chen and Mclaughlin ( 1995) found a much stronger dependence of k+ on S+ in 
their numerical computmions. namely k+ '" S+4 . They ascribed the lower values of the 
dependence (4.58) to the polydispersity of the aerosols used in the experimental studies. 
For values of r + greater than about I D. the value of kT tends to level oil at about O. I before 
decreasing:lt large values of r .... liS shown in Fig. 4.12. 

AERODYNAMIC FOCUSING: AEROSOL BEAMS 

Aerosol beams are directed strellms of slllllil particles in a low pressure gas. They are formed 
when an lIeroso[ expllnds from a high-pressure reservoirthrough a nozzle into a low-pressure 
chamber. Aerosol beams were discussed early in this chapter in connection with studies of 
particle rebound from surf'lces. Such beams nrc also used to introduce part icles into mass 
spectrometers for single-particle chemical analysis (Chapter 6). The ch:lrnCleri stics of the 
aero.~ol bellin depend on particle size. nozzle configuration (convergi ng or capillary), and 
skimmer arrangements . 

• 
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In experiments with a converging nozzle. Israel and Fried lander (1967) showed that 
the :lerasol beam could be focused over a very narrow region. A schematic diagram of their 
converging n07J.le is shown in Fig. 4. 13. The diameter of the nozzle was about I em :It the 
entrance and then decreased rapidly to 0.5 mm. The last millimeter of the nozzle fonned a 
cone with a cone angleof6S' ± 0.5°, and the throat diameter was 157± I lL . The throat had 
a sharp edge with inhomogeneit ies due to glass splinters of less than 15 /.Lm. The skimmer 
consisted of a cone with a rmher nat top about 1.3 mm in diameter wi th an orifice 400 
11111 in diameter. The distance between nozzle and skimmer was 570 Jim. so that all the 
panicles in the jet entered the measuring chamber. whereas only a small ponion of the air 
passed through the ski mmer. The purpose of the skimmer was to separate the air from the 
air-panicle beam to achieve a beller vacuum in the measuring chamber. Source pressures 
ranged from 15 to 200 torr, and downstream chamber pressures ranged rrom 5 x 10- 4 to 
5 X 10- 2 torr. The pressure ratio 1) / Po (nozzle chamber pressure to source pressure) was 
always less than 0.53, the critical pressure ratio fo r air, so the gas reached sonic velocity at 
the throat. 

Beams composed of polystyrene latex panicles of 1.305. 0.365 , and 0. 126 ttm were 
studied. The beam cross~sec tiona l area was measured 28 mill downstream from the nozzle 
by collecting the panicles on a microscope cover slip mounted perpendicular to the beam 
axis. The spherical expansion angle. 8 (beam cross~sectional area divided by the square 
of the distance between nozzle and target), depended only on the source pressure Po and 
nOI on the pressures in the nozzle chamber or the measuring chamber. For a given pan icle 
diameter. 8 first decreased with increasing source pressure unti l a fla t minimum {)Omin was 
reached. At still higher source pressures. 8 increased with increasi ng PO. The value P Omin 

shifted to smaller values with decreasing pan icle size, but a minimum was nOI reached for 
the 0. 126-Jl.m panicles. Figure 4. 14 shows the variation of 8 with pressure normalized by 
l >Omin for each pan icle size. 

The variation of 8 with source pressure can be explai ned qualitatively as follows. 
referring to Fig. 4. 15. For Po « POmin (Fig. 4. 15a) the gas density downstream from the 

Skimmer 
N07,z1c 

Nozzle 
chamber 

Target 

S Joint 40135 

D-ring 

l em 

Figure 4.13 Con\'e~ing nozzle used ror the generation and SllIdy or aerosol beams (Israel and 

Friedlander. 1967). 
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Figure 4.14 Dependence or lhe beam expansion anglc 8 on the reduced source pressure Pol Po"';n 
for the converging nozzle. fJumi. (0.126 /.I.m) = 29 mm; l}Om'n (0.365 ((11) ;; 5 1 mm; l'Omi" ( 1 .31~ m) 

= 330 mmHg. 

throat is very low, and there is little drag on the part icles. whose size is of the order of, or 
less than , the mean free path of the gas. Therefore. the part icles travel downstream from 
the throat along rectilinear extensions of the trajectories established in the nozzle. With 
increasing pressure po- Ihal is, increasing air density in the jet-the inOuencc of the air 
on the particles becomes grealer. result ing in a bending of the particle trajectories toward 
the axis of the beam and a decrease of the expansion angle. until a minimum is reached 
(Fig. 4. 15b). Funher increase or Po produces a strong interaction between the jet and the 
panicles. The pan icles tend to rollow the streamlines of the air in the vicinity of the throat 
and the expansion angle increases with increasing IJo (Fig. 4.15c). 

This quali tat ive picture was verified experimentally by blocking pan o r the nozzle inlet 
The pattem o r the deposi t showed that ror IJo « IJomin the panicle paths crossed between 
the nozzle inlet and the target (Fig. 4. I Sa), whereas ror 110 » POrn in crossing d id nOI occur. 

By setting up a series or aerodynam ic rocusing stages, it is possible to produce narrow. 
highly collimated beams or panicles in the size range 10 to 500 nm with aerosol source 
pressures down to 0.1 tOrT (Liu et al., 1995). A proposed application is to the sampling of 
pan icles from the pumping lines or semiconductor processing equipmer,l. Beam diameters 
as small as 0. 3 mm. about 10% of the nozzle diameter. have been obtained at downstream 
distances o r 50 cm. By using a series or aerodynamic rocusi ng stages upstream or an aerosol 
size spectrometer, considerable gains in instrument resolution can be achieved (de la Morn. 
1996). 
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po » PO min 
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110 '" Po 1 

(b) 

- Particle paths ==== Streamlines of the llir 1221 NOl.zle wall 

l'igure 4.15 Schematic diagram of panicle trajcctories downstream from the exit of the converging 
nozzle. (a) Large particles follow their initial motion 3nd their p3lhs cross. producing a divergent 
beam. (b) Inlennediale size particles bend toward the axis under the influence of the gas. producing 
a focused beam. (c) Very small panicles follow the gas motion. producing a divergent beam. 

TRANSITION FROM THE DIFFUSION TO INERTIAL RANGES 

In the last two chapters. we have considered particle deposition from certain internal and 
external flows. At a fixed gas velocity. in the absence of an external force fi eld. Brownian 
diffus ion controls the deposition of the small part icles. The single-fiber collection efficiency 
(Chapter 3) passes through a minimum with increasing particle size as interception becomes 
important: for still larger particles. inertial effects are dominant. For particles larger than 
a micrometer. the efficiency increases with increasing size because of interception and 
impaction. Often the result is a "window'" in the efficiency curve for particles in the 0.1-
to I .O-I-Lm size range. Such a minimum has been observed in experimental studies of the 
performance of filters as shown in Chapter 3. Si milar behavior has been observed in studies 
of aerosol deposition at a bifurcation under conditions simulating fl ow in the lung. For 
IUrbulent pipe flow. a similar minimum accompanying the transition from the diffusion to 
turbulent deposition regimes would be expected. 

The often expressed intuitive belief that small particles are more difficult to remove from 
a gas than large ones is usually not correct. The part icles most difficult to collect are those in 
the size range corresponding to the transition from diffusional to inenial deposition. usually 
between 0. 1 and I I-Lm. The transition may be strongly influenced by direct interception 
(finite particle diameter effect) depending on the dimensions of the system. 

Calculating the collection efficiency in the transition region when both inertia and 
diffusion are important is very difficult. The usual practice is to calculate the efficiencies 
separately for each effect and then add them to produce a composite curve of efficiency 
as a fu nction of particle size. More complete analyses are possible such as computer 
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si mu lations of Browniall dynamics that take inertia into account. These are briefl y reviewed 
by Konstandopoulos (1990). 

PROBLEMS 

4.1 A particle is injected vertically upward with a vctocity 110 into a stationary gas. Derive 
an expression for the maximum distance traveled by the particle against the gravitational field. 
Assume the motion can b.! described by Stokes law. 

4.2 The drag coefficient for non-Stokesian particles can be represented by the ex pression 

24 e" = _ (I +aRe1t3) 
Ro 

for Re < 1000 with a = 0.158. Show that the stop distance for such particles is given by 

dp a-
2t3 

P [ 2/3 1/' ( - 2/3 1/' ) rr 1 s = Rc a - + arctan Re a - - -6pp o 02 

where Reo is the initial value of the Reynolds number (Serafini. 1954; Fuchs. 1964. p. 79). 

4.3 A duct 4 ft in diameter with a 90° bend has been designed to carry particles in the range 
I < dp < 20 /-tm. which adhere when they strike the wall. Before construction. it is proposed 
to carry out bench scale experiments to determine the particle deposition rate in the bend. The 
model is to be built to 111 0 scale. and the same aerosol will be uscd as in the full-scale system. 
Show that it is not possible 10 maintain bOlh Stokes and Reynolds number simi lari ty in the 
full -scale and model systems. If Stokes si milarity is to be preserved. calculate the Reynolds 
number ra tio for the madel to full-scale systems. Why is it more important to preserve Stokes 
than Reynolds similarity in such experimcnts? 

4.4 An aerosol with particles in the micron size range flows around a smooth solid sphere a 
few millimeters in diameter. AI sufficiently high Reynolds numbers. a laminar boundary layer 
develops over the sphere from the stagnation point up to an angle of about 110" at which 
separation takes place. TIle removal of particles by direct interception can be calculated from 
the velocity distribution over the forward surface of the sphere. up to 900 from the forward 
stagnation point (Fig. 4.P4). 

The thickness of the boundary layer at 90° from the forward stagnation point is given 
approximately by 

where 

Re = dUoc /LI 

II = diameter of the sphere 

Uoc = unifoml approach velocity at large distances from the sphere 

I' = kinematic viscosity 
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The removal effi ciency by direct interception can be estimated from Eq. (4.67) of Chapter 3, 
which is based on the boundary layer velocity distribution: 

'IR = l.lOR2 Re l /2 

(a) Calculate the ratio of the particle diameter to the boundary layer thickness at 90" from 
the stagnation point. 

(b) Calculate 'IR for spheres of diameter 3.2 mOl for the case SIk.:ril = 1/ 12, the value 
at which ' IR for impaction vanishes for an invisdd now. Take (I,. = 5 1-101 and 
Pp = 0.965. Compare your results with the data shown in Fig. 4.8. Can removal by 
interception contribUie significantly to the effici encies observed for particle removal at 
Stk < 1/ 12? 

4,5 An aerosol is to be filtered by passing it through u bed loose ly pueked with a granu lar 
mlllerilli I cm in diameter. Assuming that the bed-packi ng clements arc approxillllltely spherical 
in shape, e~lIim(J/e the minimum size of the particles that can be collected by impaction for lin 
air velocity of 2 ftlsee. The kinematic viscosity of the air is 0. 15 cm1/sec, and the viscosity is 
1.8 x 10- 4 g/cm sec . Aerosol particle density is 2 g/Clll). Discuss your assumptions. 

4.6 Fibrous deep bed filters can be modeled us a collection of si ngle cylindrical fibers set 
nomlul to the now of an aerosol. The removal efficiency for the single fibers can be estimated 
from theory if the gas velocity di stribution around the fibers (cylinders) is known . 

(a) Sketch the foml of the single fibereollcction efficiency, 'IR, as a function of gas I'e/odty, 
V, for a fix ed particle diameter, say 0.51-1111 . Plot log liB I'S. log V. Explain the shape 
of your plot for low. intermediate, and high velocities in tenns of the mechanisms of 
panicle transport from the gas to. the filter fib ers. 

(b) Suppose the panicle size is reduced to 0 . 1 I-Im. Show another curve on the fi gure for 
this panicle size and explOlin the reasons for the shift in the efficiency for the various 
ranges of gas velocity. 

4.7 Air at 20°C and I alln nows through a 6-in. venital duct at a velocity of 20 ftlsee. Plot 
the transfer coefficient (em/sec), k, for deposition on the wall as a funclion of panicle size 
over the range 10 It In > (I p > O.Ot /,tm. Assume that the surface of the duct is smooth and 
that it actS as a perfecl si nk for particles. Particle density is 2 g/cm]. Show two branches for lhe 
curve: diffusion-control led deposition for submicron particles (Chapter 3) and inertia"cOlltrolled 
turbulent deposition for the larger particles. 
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Chapter 5 

Light Scattering 

Aerosol light scancring plays a major ro le in the design of acrosol measurement 
systems (discussed in Ihc next chapler) and radiation transfer through Ihe atmo
sphere. 111cre arc al so technological applications in combustion and production of 

powdered materials. This chapter provides an introduction 10 the subjecl. 
In broad outline . the problem of light scattering by clouds of sma ll particles can be 

formulated as fo llows: Scattering by an individual particle depends on its size, refractive 
index and shape. and the wavelength of the incident light. There is an extensive li terature 
on the optical properties of single particles (van de Hulst. 1957: Kerker. 1969: Bohren 
and Huffman, 1983) to which we refer without derivation. The lotal li ght scattered from 
a collimated light beam is obtained by summing the scattering over particles of all sizes 
and refractive indices. subject to certain limitations discussed in this chapter. In practice. 
light sources and sinks are distributed in space in a complex way: the radiation intensity 
at any point is detemlined by the arrangement of the sources and sinks. the spatial dis
tribution of the aerosol. and its size distribution and composition. In laboratory studies. 
it is possible 10 control these variables: and for certain relati vely simple confi gurations 
(c.g .. singlc scattering and collimated light sources). good agreement can be obtnined 
betwecn thcory and experiment. Applications to industrial process gases and to radiation 
transfer through planctary atmospheres arc more complicated. They can sometimes be 
analyzed usi ng the equation of radiative transfer: an application to atmospheric visibility is 
discussed. 

Central to many applications is the integration of an optical parameter, such as the total 
o r angular scanering. over the particle size d istribution. The optical thickness (turbidity) of 
an aerosol is an important case. Several examples are discussed for different forms of the 
size di stribution functions. In the inverse problem not discussed in this text. the particle size 
distribution can sometimes be estimated from scatteri ng measurements (Bayvel and Jones, 
198 1). Most of the phenomena discussed in this chapler involve elastic light scattering 
in which the frequency of the scattered light is equal to that of the i.ncident beam. At 
the end of the chapter. we discuss examples in which the fTequency of th e scattered light is 
different from that of the incident beam. including quasi-elastic light scattering and inelastic 
scattering (the Raman effect). Quasi-elastic light scattering refers to weak displacements of 
the frequency of the scattered beam from the incident wavelength. Appl icalions are to the 
measurement of the size of very small panicles. Raman scattering is potentially important 

, 25 
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for on-l ine measurement of aerosol chemical components. A summary diagram based on 
simple quantum mechanical concepts illustrates various scallering processes. 

SCATTERING BY SINGLE PARTICLES: GENERAL CONSIDERATIONS 

When aerosol particles interact with light, two different types of processes can occur. The 
energy received can be reradiated by the particle in the same wavelength. The reradiation 
may take place in all directions but usually with different intensities in different directions. 
This process is called sCGflerillg. Alternatively. the radiant energy can be transfonned into 
other fonns of energy, such as (a) heat and (b) energy of chemical reaction. This process 
is called absorption . In the visible range, light attenuation by absorption predominates for 
black smokes. whereas scattering controls for water droplets. The nex t fe w sections focus 
on elastic scattering and absorption. 

It is convenient to anal yze the light allenuation process by considering a single panicle 
of arbitrary size and shape. irradiated by a plane electromagnetic wave (Fig. 5. 1). The effect 
of the disturbance produced by the particle is to diminish the amplitude of the plane wave. 
At a distance large compared with the particle diameter and the wavelength. the scattered 
energy appears as a spherical wave. centered on the particle and possess ing a phase different 
from the incident beam. The total energy lost by the pl ane wave. the extinction energy. is 
equal to the scatlered energy in the spherical wave plus the energy of absorption . 

In many applications. the most imponant characteristic of the scattered wave is its 
intensity. I. expressed in cgs units as erglcm2 sec. At large distances from the origin. the 
energy flowing through a spherical surface e lement is Ir2 sin 8 d8 (141. This energy Hows 
radiall y and depends on 8 and ¢ but not on r. It is proportional to the intensity of the incident 
beam 10 and can be expressed as follows: 

Ir2 sin 0 d8 d¢ = 10 (~) 2 F (8. ¢. A)sin 8 dO d ¢ (5.1) 
2rr 

0' 

, _ -='o"F",(O,,"..,",,",A-'.) 
- {21fr!) .. .)2 

(5.2) 

The wavelength of the incident beam, .l.., is introduced in the denominator to make the 
scattering function. F (8. (/1. l). dimensionless. In general. F (8. ¢ . .l..) depends On the 
wavelength of the incident beam and on the size. shape. and optical properties of the 
particles but not on r. For spherical panicles. there is no ¢ dependence. The relati ve values 
of F can be ploued in a polar diagram as a function of 8 for a plane in the direction of the 
incident beam. A plot of this type is called the .fCG lferillg (liagram for the panicle. 

The scattering function can be determined from theory for certain important special 
cases as discussed in the following sections. The performance of optical single-particle 
counters (Chapter 6) depends on the variation of the scattering function with angular 
position. and much effol1 has been devoted to the design of such detectors. 

The intensity function . by itself. is not sufficient to characterize the scattered light. 
Needed also are the polarization and phase of the scaltered light. which are discussed in the 



Panicle 

x 

Scallering by Single Particles: General COllsiderations 127 

, 

, 

Incident beam 
(z direction) 

(x . y. z) or (r. 8. (f1) 

y 

Projection of point 
on x, y plane 

Fig. 5.1 The direction of scattering at any r is characterized by the scattering angle. e. measured 
relative to the direction of the incident beam. and the azimuth angle. 4>. 

standard references on the subject. For many applications including atmospheric scattering 
and optical instrument design , the parameters of most interest are the intensity function and 
related quantities, defined as follows: Let the total energy scattered in all directions by the 
particle be equal to the energy of the incident beam falling on the area Csca : 

Csca = ~ /r 2 sin 8 dO d¢ I 1" l' 
10 0 0 

I 1~' l' = 2 ~ . F(O, ¢ , A) sin 8 dO d¢ 
(:nIA)· 0 0 

(5.3) 

This defines the scultering cross section Csca • which has the dimension of area but is not 
in general equal to the particle cross·sectional area. Indeed it is customary to define the 
scatlering efficiency 

QSC3 = Cc",lsg (5.4) 

where Sg is the geometric cross section. Combining (5.3) and (5 .4), we obtain 

Ii'1o" F(e, ¢, A) dB d¢ 
QSC3 = (2lT/A)2sg 

(5.5) 
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The scattering effi ciency represents the mtio of the energy scattered by the particle to the 
10lal energy in Ihe incident beam intercepted by the geometric cross section of the particle. 
As discussed below. Q 5<'3 may be greater than unity. 

Similarly. the absorption efficiency is defined as the fraction of the incident beam 
absorbed per unit cross-sectional area of part icle. The total energy removed from the 
incident beam, the extinction energy, is the sum of the energy scattered and absorbed. 
The correspondi ng extinction effi ciency is given by 

(H) 

In the next three sections, the dependence of the scattering efficiency on particle si7.e is 
discussed: in the firs t two' sections, very small and very large particles are considered. Both 
of these ranges can be treated fro m a rel:lt ively simple point of view. However, many light
scattering problems fall into the more complex intemlediate size range discussed later. 
For a detailed. readable monograph on light scattering by single particles. stressi ng the 
detennination of F (O. ¢. ).), the reader is referred to van de Hulst ( 1957). 

SCATTERING BY PARTICLES SMALL 
COMPARED TO THE WAVELENGTH 

Lighl. an electromagnetic wave, is characterized by electric and magnetic field vectors, 
For simplicity. we consider the case of a plane wave, linearly polarized. incident on a 
small spherical particle. The wavelength of light in the visible range is about 0.5 11m. For 
particles much smaller than the wavelength. the local electric fi eld produced by the wave 
is approx imately unifoml at any instant. This applied e lectric field induces a dipole in the 
particle. Because the electric field oscillates, the induced dipole oscillates: and according 
to classir.:;al tht:ury, tht: dipole radiates in all directions. This type of scattering is called 
Rayleigll sCfltlering. 

The dipole moment, p. induced in the part icle is proportional to the instantaneous 
e lectric field vector: 

p = O' E (.5.7) 

This ex pression defi nes the polarizability. 0'. which has the dimensions of a volume and 
which is a scalar for an isotropic spherical particle. From the energy of the electric field 
produced by the oscillati ng dipole. an expression can be derived for the intensity of the 
scattered radi ation: 

(.5.8) 

where the wave number k = 2rrj).. The scattering is symmetrical with respect to the 
direction of the incident bemn with eqUll1 maxi ma in the forward and backward directions 
and the minimum at right angles (Fig. 5.4 for.\' < 0.6). 

Because the intensity of the scattered light varies inversely with the fourth power 
of the wavelength. blue light (short wavelength) is scattered preferentially to red. This 
strong dependence leads to the blue of the sky (in the absence of aerosol particles) and 
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contributes to the red of the sunset when the red-enriched transmitted light is observed. 
In polluted atmospheres, however, molecular scattering is usual1y small compared with 
aerosol scattering. The principal contribution to scattering comes from a larger panicle size 
range in which the Rayleigh theory docs not apply, This is discussed in a Inter section. 

For an isotropic spherical particle, it can be shown that 

3(m'-I) 
0'= v 

4/T (m 2 + 2) 
(5.9) 

where II! is the refractive index of the panicle and v is the volume, /Td~/6. This result is 
valid regardless of the shape of the scatterer so long as the panicle is much smaller than 
the wavelength of the light. When scattering without absorption takes place, the efficiency 
factor is obtained by substituting (S .9) and (S.8) in (S.5) and integrating: 

, , 
Qoco = ~X4 [lIr - II' 

311/2+2 

where x = /TdplA is the dimensionless optical panicle size parameter. 

(5.10) 

Both scattering and absorption can be taken into account by writing the refractive index 
as the sum of a real and an imaginary component: 

m=II - ;'" (5 , II ) 

where 112 +11 12 = E and ",, ' = Aa Ie, where € is the dielectric constant. a is the conductivity, 
A is the wavelength in vacuum, and e is the velocity of light. The imaginary term gives risc 
to absorption: it vanishes for nonconducting particles (a = 0). Both € and a depend on 
A, approaching their static values at low frequencies. For metals in the optical frequency 
range. both /I and II ' are of order unity. The scattering efficiency of s1l1al1 spherical absorbing 
particles is given by (van de Hulst. 1957) 

Qsc. = ~x4Re [III: -~ I' 
3 111 - + (5 .12) 

where Re indicates that the real part of the expression is taken. The absorption efficiency is 

Qab~ = - 4xlm [III: - 11 
Iw +2 

(5.13) 

where 1m indicates that the imaginary part is tllken. For very ; mall particles of absorbing 
material, the particle extinction coefficient varies only with the first power of x llild the total 
extinction per particle obtained by mu ltiplying Q.b; by the cross section is proponional to 
the particle volume. 

For scauering alone, an expansion of the efficiency factor in x based on Mic theory 
discussed below gives 

_ 8 4 (11/2 
- I) ' [ 6 (11/ 2 

- I) 2 ] 
QC~I - 3"X 11/2 +2 1 +"5 (11/ 2+ 2)"" + ... (5. 14) 

When III = 1.5 corresponding to certain organic liquids and many metallic salts, the second 
tenn in the second bracket is less than 0.1 for x < 0.S3. Thus the Rayleigh fonn can be 
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used with an error of less than 10% for green light (i.. = 0.5 11m) when ell' < 0.084 J,Lm and 
m = 1.5. 

SCATTERING BY LARGE PARTICLES: THE EXTINCTION PARADOX 

For particles much larger than the wavelength of the incident light (x » I). the scattering 
efficiency approaches 2. That is. a large part icle removes from the beam twice the amount 
of light intercepted by its geometric cross-sectional area. What is the explanation for this 
paradox? 

For li ght interacting with a large purticle, the incident beam can be considered to 
consist of a set of separme light rays. Of those rays passi ng within an area defi ned by the 
geometric cross section of the sphere. some will be reflected at the particle surface and others 
refmcted. The refracted rays may emerge. possi bly after several internal reflections. Any 
of the incident beam that does not emerge is lost by absorption withi n the particle. Hence 
all of lhe energy incident on the particle surface is removed from the beam by scattering or 
absorption. accounting for an efficiency fac tor of unity. 

There is. however. another source of scattering from the incident beam. The portion 
of the beam not intercepted by the sphere fonns a plane wave fro nt from which a region 
corresponding to the cross-sectional area of the sphere is missing. This is equivalent to the 
effect produced by a circul ar obstacle placed normal to the beam. The result. according 
to cl assical optical princi ples, is 11 diffmction pattern wifhill fhe slim/ow area at large 
distances from the obs tacle. The appearance of light within the shadow area is the reason 
why diffraction is sometimes likened to the bending of light rays around an obstacle. 

The intensity distribution within the diffraction pattern depends on the shape of the 
perimeter and size of the particle relati ve to the wavelength of the light. It is independent 
of the composition. refructive index. or reflective nature of the surface. The total amount of 
energy thm appears in the diffraction pattern is equal to the energy in the beam intercepted 
by the geometric cross section of the particle. Hence the total efficiency factor based on the 
cross·sectional area is equal to 2. 

The use of the factor 2 for the efficiency requires that all scattered li ght be counted 
including that at small ang les to the direction of the beam. I n general. the observation must 
be made at a large dist.mce from the particle compared with the particle size. As van de 
Hulst points out. a nower pot in a window blocks only the sunlight falling on it. and not 
twice that amount. from enteri ng a room; a meteorite of Ihe same size in space between a 
star and a te lescope on E:lrth will remove twice the amount of starlight falling on it. Because 
the distance of the detector from a sc'lllering aerosol particle is large compared with the 
particle di ameter. QSCI ~ 2.0 for x» I. 

SCATTERING IN THE INTERMEDIATE SIZE RANGE: MIE THEORY 

General Considerations 
Rayleigh scattering for.x « I and the large particle extinction law for x » I provide useful 
limiting relationships for the efficiency fac tor. Frequently the range x "" I is important. 
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Atmospheric visibility, for example, is limited by particles whose size is of the same order 
as the wavelength of light in the optica l range, from 0.1 to I /-tm in diameter (McCartney, 
1976), In this range, the theory of Rayleigh is no longer applicable because the fie ld is not 
uniform over the entire particle volume. Such particles are still 100 small for large parlicle 
scattering theory to be 'Ipplicablc. As a resu lt, it is necessary to make use of a much more 
compl icated theory due to Mie. which treats the general problem of scattering and absorption 
of a plane wave by a homogeneous sphere. Express ions for the scallering and extinction 
are obtained by solving Maxwell's equations for the regions inside and outside the sphere 
with suitable boundary cond itions. It is found that the efficiency fac tors are functions of x 
and III alone. This represents a general scaling relationship for light scattering by isotropic 
spheres. Scatteri ng efficiency calculations must be carried out numerica lly, and the results 
for many cases have been tabu lated. The theory. SOUTces of detailed calculations llnd their 
interpretation arc discussed by van de Hulst (1957) and Kerker ( 1969). Useful computer 
programs lire given by Barber and Hill (1990). 

For water, 111 :::: 1.33, whereas for organic liquids it is often approximately 1.5. The 
scattering efficiency for these two values of III are shown in Fig. 5.2 as :1 function of 
the dimensionless particle diameter x . For x -+ O. the theory of Rayleigh is 'Ipplicable. 

111= 1.5 
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Figure 5.2 Extinction curves calculated from the theory of Mie for 11/ = 1.5 and 11/ = 1.33 (van de 
Hulst, 1957). The curves show a sequence of maxima and min ima of diminishing amplitude, typical 
of nonabsorbing spheres with 1 < III < 2. Indeed, by taking the abscissa of the curvc for //I = 1.5 to 
be 2x(1ll - 1). all cil tinction curves for the range 1 < III < 2 are reduced to approximately the same 
curve. 
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Figu re 5.3 Extinctio n e fficiency for carbon pllrlicl e.~ with 11/ = 2 .00(1 - 0. 33i ), tcmpcr-.tture not 
specified (McDonald. 1962). For small val ue~ of x , the ex tinction is duc pri mari ly to absorption: but 
for large x . scattering and absorpt ion are of almost equal importance. 

Typically, the curves show a sequence of maxima and mini ma: The maxima correspond 
to the reinforcemem of transmitted and di ffracted light, while the minima correspond to 
interference. 

For absorbing spheres. the curve fo r QC<I is usually of simpler form, rising rapidly to 
reach a maximum at small values ofx and then fall ing slowly to approach IWO at large values 
of x. Figure 5.3 shows the extinction effi ciency for carbon spheres. For such panicles. nearly 

TABLE 5.1 
Qut for Carbon Spheres at Two Different Wavelengths 
(McDonald, 1962) 

x = nd" /1. 1. ::: 0.436JLIlI 1. = 0.623JL IlI 

0 .2 0 .20 0.18 
0.4 0 .46 0.42 

0 ' 0.86 0.82 
0.8 1.45 1.44 
1.0 2./)9 2.17 

15 2.82 2.94 
2.0 3.00 3.09 
4.0 2.68 2.68 
8.0 2.46 2.46 

• 
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all of the scattering is due to diffraction. while almost all of the geometrically incident light 
is absorbed. The refractive index for absorbing spheres usually varies with wavelength. and 
this results in the variation of Qe1c as well. As shown in Table 5. 1. however. the variation 
over the visible spectrum is not great. 

Angular Scattering 

Mie scattering by single particles irradiated by conventional laser sources is sufficiently 
strong to be detected at high signal-to-noise ratios for particles larger than about 0. 1 Jl.m. 
The noise results from Rayleigh scatteri ng by the gas molecules and from the instrument 
electronics. The signal depends in a complex way on the angle of the detector with respect 
to the scattering panicle. as well as on the panicle si7£ and refractive index. 

The angular dependence of the light scattering can be calculated from Mie theory. For 
values of x approaching unity and small valuesofll/( < 2.0).an asymmetry favoring forward 
scattering appears. For very large values of 111 corresponding to opaque orreHecting panicles. 
there is an asymmetry toward back scattering. For,r » I. forward scattering increases still 
more strongly (Fig. 5.4). showing very rapid changes for smull incrcases in the scattcring 
angle B. The scattered light in the;r » I limit can be considered to consist of three com
ponents interpreted according 10 classical theory as diffraction, reflection. and refraction. 

Some of these features are illustrated in Fig. 5.4. which shows the angular distribution 
of light scattered by water droplets of different diameters when illuminated by unpolarized 
light of A = 0.55 11m. Very small droplets (x < 0.6 or dp < 0.106 11m) fo llow the Rayleigh 
scaneringpanem (5.8) with fore and aft symmetry and a weak minimum at 90°. For ;c > 0.6. 
the minimum moves toward the rear. For x > 3. additional minima and maxim:1 appear 
and a strong asymmetry develops with the forward scattering several orders of magnitude 
stronger than the back sc'llleri ng. For larger val ues of;c, the forward lobe for B < 30° resul ts 
mainly from Fraunhofer diffract ion and is nearly independent of the partial refractive index. 
Thus forwa rd sc'luering is sometimes favored in the design of optical particle counters to 
el iminate the effect of refractive index on the measurement of particle size. 

The variation of the angular scattering with panicle size is important in the design of 
optical particle counters. To obtai n a sufficienliy large signal. it is necessary to collect the 
light scatlered over a fini te range of O. The results of such calculations are shown in Fig. 
5.5 for a commercial laser light counter with a collection angle from 35° to 120° from 
the forward for both tr'.msparent and absorbing panicles. The curves show two branches: 
The lower one corresponds to the approach to Rayleigh scattering I .... d~ for very small 
particles. and the upper one corresponds to the tnmsition to geometric optics I ..... (//; for 
large particles. The transition between the branches shows the strong variations in scattering 
associated with the Mie range. As a result. a given response signal may correspond to several 
different particle sizes over cenain ranges of oper<ltion. Large variations with dp present in 
the scattered signal from laser light sources are smoothed when polychromatic incandescent 
sources with multiple w<lvelengths are used as shown in Chapler 6. 

Scattering cross sections have been measured for liquid suspensions of transparent. 
irregular particles gJ"'J.dcd in size by sedimentation (Hodkinson. 1966). The shapes of the 
curves of the scattering cross sections were simpler than those of spherical particles. but 
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Figure 5.4 Angular scallering for water droplets ilIumin:lted by unpolarized light. The results hold 
for lighl in the vis ible mnge: the indicated values of lip eom:spond to A = 0.55 J.Lm (after McCartney. 
1976). Very small droplets (x < 0.6) show the Rayleigh scattering paltern (5.8) with fore and an 
symmetry and a weak minimum at right angles. Larger panicles display strong \anations with 8 
associated with scallering in the Mic rangc. 

theoretical predictions have not been made except for very small particles to which the 
Rayleigh theory is applicable. 

SCATTERING BY AEROSOL CLOUDS 

General Considerations 

We consider the case of an aerosol illuminated by II collimated light source of n given wa\'c, 
length. The experimental arrangement is shown schematically in Fig. 5.6. A photometer of 
this type installed in a smoke stack or duCI would be suitable for measuring the attenualion 

• 
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Figure 5.5 Variation of light sClIUcring over the angle from 35° to 1200 from the forward d irec tion 
for a He-Ne laser light source (,l,. = 0.633 ttm). Particles were hltex (III = 1.588) and nigrosin dye 
(m = 1.67 - 0.26i). The lower bmnch shows the approach to the Rayleigh scattering mnge (responsc 
-.. tt!). and the upper bmnch shows the approach to geometric o ptics (response ~ d;J (Garvey and 
Pinnick. 1983). 

Condenscr 
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Figure 5.6 Schematic diagram of an app:r.Itus for the measurement o f the extinction produced by 
a cloud of small part icles. The goal is to measure only transmitted light and not light scallered by 
the particles. In practice. light of decreased intensity from the source is measured together wi th a 
cenain amount of light scallered at small angles from the forward directio n by the part icles. (After 
Hodkinson. 1966.) 
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produced by the flowing aerosol. Long path instruments of thi$ kind have also been used 
for measurements of extinction by the atmospheric aerosol. 

At concentrations of interest in many applications, the particles are separated by 
distances large compared with their diameter and are distributed in space in a random 
fashion. Light scattered in a given direction from an incident beam by different panicles 
will be composed of waves of different phases. The total energy of the scauered wave per 
unit area-that is. the intensity of the scauered wave in a given direction-will be equal to 
the sum of the intensities of the individual particles in that direction. This type of behavior 
is referred to as il/depel/dent scattering, and it si mplifies calculation of the total scauering 
by particulate systems. 

The criterion for independent scattering can be clarified by referring 10 the last section. 
The scattering function for a single homogeneous sphere interacting with a plane elec
tromagnetic wave is obtained by solving Maxwell's equation$ for the gas and sphere and 
matching the boundary conditions. As the panicles approach each other, the solution for the 
single particle must be modified. Maxwell 's equations must be solved inside and outside 
both particles while satisfying the boundary conditions at the particle surfaces. This is a 
much more compli cated calculation. Interactions become important when the particles are 
closer than three to five diameters apart. This corresponds to vol umetric concentrations 
of the order of 10- 2 (vol ume of solids per unit volume of gas), much higher than usually 
present even in industrial aerosol reactors. 

The use of si ngle-particle scattering theory also requires that the scattered radiation 
proceed directly to the detector without interaction with other particles. That is, I1I1111iple 
scalleril/8 must be negligible. This requirement is more stringenllhan that of independent 
scattering; it depends on both the concentration and the path length as discussed in the next 
section. 

Extinction Coefficient and Optical Thickness 

If there are d N particles in the size range d" to (1" + d(dp) per unit volume of air, this 
corresponds to a total particle cross-sectional area of (1r(I,;/4)dNdz over the light path 
length. (I z. per unit area normal 10 the beam. The attenuation of light over this length is 
given by the relation 

(5.15) 

where d N = IlJ(dp )d(dp ). Hence the quantity 

dl 1r ,; i
~ d' 

b = - I dz = 0 4 Qext(.r. (5.16) 

represents the fraction of the incident light scattered and absorbed by the particle cloud 
per unil length of path. It is called the extinction coefficielll (sometimes the attenuation 

• 
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coejJiciellf or rurbidiry). and it plays a central role in the optical behavior of aerosol clouds. 
In tenns of the scpar'JIe contributions for scattering :lIld absorption (5.6), 

(5.17) 

where each term is understood to be a funct ion of wavelength. 
The contributions to b()') from a gi ven particle size range depend on the extinclion cross 

section and on the part icle size di stribution functi on. The integral (5. 16) can be rearranged 
as follows : 

1
~ db 

b = II log ll" 
- 00 d log ti" 

(5.18) 

where 

---- (4.t8a) 
d log til' 2 (/,l d log ti,l 

Thi s function has been evaluated for a measured atmospheric size distribution and is shown 
in Fig. 5.7 as a fu nction of purt iclc size. The area under the curve is proportional to b. The 
figure shows that the princi pal contributions to b come from the size range between 0. 1 and 
3 /Lm. This occurs frequcntly for urban aerosols. 

The reduction in the intensity of the light beam passing through the aerosol is obtained 
by integrating (5. 16) between any two points. z = LI and z = L2: 

db~ 

d log d" 

1 

0. 1 

(5. t9) 

1 

Figure 5.7 Contributions to the scattering coefficient as a function of particle size for the Pa.<;adena. 
CA, aerosol (August 1969) based on the calculations o r Ensor ct al. ( t972). The curve was calculated 
from the measured particle size distribution assuming III = 1.5. Largest contributions 10 light 
scattering came from the 0.2- to 0.5-/.1111 size range for calculations made over the wavelength mnge 
0.365 tim <). < 0.675 /.1 m . 
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where the optical thickness. T = itl! b dz , is a dimensionless quantity; b has been kept 
under the integral sign to show that it can vary with position, as a result of spatial variation 
in the aerosol concentration. Equation (5. 19) is a form of Lambert's law. Limitations on 
the use of (5. 19) resulting from multiple scattering are usually stated in terms of T (van 
de Hulst. 1957). For r < 0.1 the assumption of single scattering is acceptable, while for 
0.1 < r < 0.3 it may be necessary to correct for double scattering. For T > 0.3, multiple 
scattering must be taken into account. The problem of multiple scattering for Rayleigh gases 
was solved by Chandrasekhar (1960). For particles in the Mie range, approximate methods 
for the calculation of multi particle scattering are available (8ayvel and Jones, 1981). For a 
polluted urban region where aerosol scaltering dominates, the value of bsca is of the order 
of 10-3 m- l . Taking T ~ 0.1 as the criterion for single scattering, the maximum distance 

for the passage of a beam in which single scallering dominates is 0.1 (10)3 or 100 111. 

SCATTERING OVER THE VISIBLE WAVELENGTH RANGE: 
AEROSOL CONTRIBUTIONS BY VOLUME 

In many cases of pracl.ical interest. the incident light-solar radiation for example-is 
distributed with respect to wavelength . The contribution to the integrated inte nsity / from 
the wavelength range I.. 10 I.. + (il.. is 

di=/;..dl.. (5.20) 

where h is the intensity distribution function. The loss in intensity over the visible range, 
taking into account onl y single sCHttering. is determined by integrating (5.20) over the 
wavelength: 

II (1~! /;.. (II..) = - [l~l b(I..)/;.. dl.. ] dz (5.2t ) 

where 1..1 lllld).,2 refer to the lower and upper ranges of the visible spectrum and b is now 
regarded as a function of }.,. We wish to determine the intensity loss resulting from the 
particulate volume present in each size range of the size di stribution function. For constant 
aerosol density. this is equivalent to the mass in each size range. Knowing the contributions 
o f the various chemicHI components to the mass in each size range, II qUllntitative link can be 
made between the extinction Hnd the components of the aerosol, liS discussed in Chapter Il 

Substitut ing (5.18) and (5.19) in (5.21). the result is 

- [" 100 

dV b = b().,)f().,) (I)" = G (t/f' ) d log (ip 
AI - 00 d log (I" 

(5.22) 

where 

3 [ " G«(i,, ) = - Qw (x , m ) f ().,) (f)., 
2(ip AI 

(5.22a) 

f()., ) d}" is the fraction of the incident radiHtion in the range}., 10 I.. +dl... and fV) has been 
normalized with respect to the tot:11 intensity in the range between 1..1 and }.,2. The quantity 
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Figu re 5.8 Light sCllttcring per unit volume of llcrosolma!cria! as a function of particle size, integnLlcd 
over all wavelengths for II refractive indcx , III = 1.5. The incident radiution is assumed 10 huvc Ihe 
stllndard distribution of solur radiation at sca levcl (Bolz and Tuvc 1970). Thc limits of intcgration on 
wavclcngth wcre 0.36 to 0.680 ~m. Thc limits of visible light afC approximatcly 0.350 to 0.700 ILln. 
Thc curvc is indcpendent of the particlc sizc distribution. 

C(dl') represents the extinction over all wavelengths between At and A2 per unit volume 
of aerosol in the size range between dp and dp + d(dl'). It is independent of the particle 
size distribution func tion. For a refractive index . III = 1.5. G(dl,) has becn evalU:lted for 
the standard distribution of solar radiation at sea Icvel. usi ng Mie scattering functions. The 
result is shown in Fig. j.8 as a fu nction of partic le size. 

A number of interesting features are exhibited by this curve: The oscillations of the 
Mie functions (Fig. 5.3) are no longer present because of the integration over wavelength . 
For (ii' -+ 0 in the Rayleigh scattering range. C(dr ) ""-" d; . For large dl" C(dl' ) van ishes 
because Qsca approaches a constant value (two) at all wave lengths: as a result. C(dp ) ...... d;; t 

for lip -+ 00. The most efficient size for light scattering on a mass basis corresponds to 

the peak in this func tion. which. for III = 1.5 , occurs in the size range between 0.5 and 0.6 
j..l.m . Particles of O.I-j..l.m diameter, on the one hand, and 3 j..l.m on the other contribute only 
one-tenth the scattering on an equal mass basis. The volume distribution dV /d log til' of 
atmospheric aerosols often shows a peak "in the 0.1- to 3-j..l.m size range. This rei nforces 
the importance of this range to totall ighl scattering. In the next two sections, examples are 
given of calculations of total scattering by two different type of aerosol size distribution 
functions. 

RAYLEIGH SCATTERING: SELF-SIMILAR SIZE DISTRffiUTIONS 

An important class of self-similar particle size distributions n(u , I} can be represented by 
an equation of the fonn (Chapters I and 7): 
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·(v.l) = (N;'N) ~(") (5.23) 

where 

Noo - total aerosol number concentration 

q, _ volumetric concentration 

'/ _ !Jlv(r) 

vet) - r/J/ Noo = average particle volume 

'" ('1) = d imensionless self-sim ilar fonn of the distribution function 

Size distributions of this form are often encountered in coagu lating aerosols. sometimes 
when other processes such as condensation occur as welL In the Rayleigh range, according 
to (5.8). light sC3uering is proportional to the square o f the particle volume; when two 
particles of the same size combine to form a larger one. the total light scattered doubles. 
This is true so long as the two original particles are separated by a distance much greater 
than the wavelength orlhe incident light. In this case, the two particles scatter independently 
and out of phase. and the energy of the scattered light is the sum of the energies scattered 
separately by the two particles. When the two particles are combined and still much smaller 
than the wavelength of the light, the e lectric fie ld scattered will be the sum of the two 
electric fields in phase. As a result. double the amplitude of the single particle or four times 
the energy of a single particle wi ll be scattered. Hence the light scauered by a coagulating 
small particle aerosol increases with time. 

For self-similar panicle size distributions, the average particle s ize can be detennined 
directly by measuring the extinction . Total scattering in the Rayleigh range is 

where 

bsca = B Io OQ 

11(1)1)2 dl) 

B = 24rr) I ttl: - II' 
),4 ,w+2 

Substituting the self-similar form for the size distribution function, (5.23), we obtain 

(5.24) 

bsca = B¢v 10
00 

1/1(,,),.,2 d,., (5,241) 

The integral in (5.24a) is a constant that depends on the foml of the size distribution function. 
For the special case of coagulating. coalesci ng aerosols composed of spherical particles, 
the integral is 2.0 1 (Chapter 7) and 

bsca = 2.0 1 B¢ii (S.25) 

Hence for a coagulating aerosol with constant ¢. the scattered light intensity is proportional 
to the instantaneous mean particle volume. v = ¢/ N. Thus by measuring the extinction, the 
average part icle volume ii can be determined for this special case. No arbitrary constants 
appear in the analysis. 

• 
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Figure 5.9 Increase, with time. of light scattered by coagulating lead particles gener.l ted by the 
decomposition oftetr.lmethyllead. The light source was an argon laser (Graham and Homer, 1973). 
As coagulation takes place. the total light scattering increases although Nco decreases and tP stays 
constant. This figure applies to free molecu le aerosols. 

Light scattering by a coagulating aerosol in the Rayleigh size range was measured by 
Graham and Homer (1973). The aerosol was generated by passing a shock wave through 
argon containing tetramethyllead (TML). The TML decomposes behind the shock to form a 
supersatunlled lead vapor tholt nucleates and produces small lead droplets that subsequently 
coagulate. The rate of coagulation was followed by measuring light scattered perpendicular 
to the incident argon laser beam (Fig. 5.9). The slope in logarithmic coordinates is very 
close to the theoretical value of 6/5 (Chapter 7). 

If there are many particles larger than the Rayleigh range, calculations based on (5.25) 
underestimate particle size. The measureo scattering by the larger particles will generally 
be less than the value calculated, assuming that the particles were in the Rayleigh range. 

MIE SCATTERING: POWER LAW DISTRffiUTIONS 

Aerosol size distributions can sometimes be represented by a power law relationship in the 
size subrange 0.1 < dp < 3 tlln, where most of the conuibution to light scattering occurs: 

(5.26) 
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Such d istributions are o ften used to represent atlllospheric and clean room aerosols. Equation 
(5.26) can be wrillen without loss of generality in te rms of the average particle diameter 
dp = [64J/ 7fNoo l l /J as fo llows: 

nd = A'!QI) ( (~I' ) -' 
dp ti,! 

(5.27) 

where A is a dimension less factor thaI, with cllI ' may be a function or lime and position. The 
volumetric concentration ¢ corresponds to the light-scattering subrange (0. 1 < (i ,! < 3 /.Lm ). 
essentially the accumu lation mode (Chapter 13). Equation (5.27) may result from the 
interaction of various phys ical processes affecting the size distribution, but for the purposes 
of this d iscussion can be'regarded as empirical. 

Substituting (5.27) in the expression for the scattering part o f the extinction coefficient. 
(5. 16), we obtain 

).3- 1' AN [ 6¢ ](1'-1)/3 [ .Tl 
bsc1 = ~ 00 __ Q sca(X. m )x 2- 1' dx 

4]!'· I' 7f Noo .tl 
(5 .28) 

where Xl and X2 correspond to the lower and upper limits. respecti vely, over which [he 
power law holds. For the atmospheric aerosol. the lower limit of applicability of the power 
law is about 0. 1 l1.m or somewhat less. This corresponds to XI < 1, and for th is range Q Sl:l 

is very small (Rayleigh range) so that XI can be replolced by lero. The contribution to the 
integral for large values of x is also small because p is usually greater than 3 or4 and Qsa 
approaches a conSli\nt, 2. Hence the upper limit x 2 can be set equal to infinity as a good 
approximation. The resul t is 

(5.29) 

where A I is a constant dcfined by this expression. Thus if the distribution obeys a power law 
(5 .26) and (5.27), the order, f) , can bedetermincd by measuring the wavelength dependence 
of the extinction coefficient. Moreover. for the power law distribution. the wavelength 
dependence of hsca is independent of the shape of the extinction curve, provided that il 
sati sfie s the asymptotic limiting relationships discussed above. 

Experimcntally, it is somctimes found that 

(DO) 

where A2 is .1 constunt. This corresponds to p = 4 and conS[ilnt A: by (5.27) we oblili n 

6A¢ 
II J = --

7fd~ , (5.3 \) 

a power law foml that often holds approximately for the light-scattering subrange of the 
atmospheric aerosol. However. (5.31) cannot extend to infi nitely large panicle d iameters 
because the aerosol volumctric conccntration lx.'Comes logarithmically infini te. Equation 
(5.30) holds better when the value of t/J corresponds to the subrange 0.1 < tip < I ~m 
rather than the total volumetric concentration. The constants. of course, differ. 
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It is also fou nd experimentally Ihm the dependence of b"'3 on A [or the atmospheric 
aerosol can SOrll(! times be represented by an equation of the form 

bsca '" A - 1.3 (5.32) 

corresponding to p = 4.3, wh ich is close to the value observed by direct measurement of 
the size di stribution fu nction. Equation (5.32) indicates morc scattering in the blue (shorl 
wavelength) than in the red (long wavelength). with Ihe resull that the range of vision in 
hazy atmospheres is greater for red than for blue light. 

QUASI·ELASTIC LIGHT SCATTERING 

In clas~ica llight-sca llering theory. monochromatic light is scattered in all directions with 
the same frequency as the inc ident beam WOo If the part icle is in motion with respect to a 
fixed observer, the situation changes. The most irnportant example is the Brownian motion 
(Chapter 2) in which submicron particles change direction and speed. Although the moving 
particle scatters light with the same frequency as the incident beam, a fixed observer or 
detector will see a slightly different frequency w = wo+ 6w, where the frequency shift t::.w 
is an optical Doppler shift. lfthe emilling particle moves toward the detector, the light it emits 
appears more bl ue-shifted; if it moves away it appears more red-shifted. The Doppler shift 
depends only on the particle velocity and not on its materi al or optical properties. Particles 
of a given size have a Maxwellian velocity distribution detennined by the equipanition 
principle and the absolute temperature (Chapler 2). 

The Doppler shift is very small compared with the mai n frequency. To a close approx
imation, it is given by 

" t::.w= -WI} 
c 

(5.33) 

where 11 is the particle velocity with respect 10 the detector and c is the veloci ty of light. 
Because the mean thermal speed of a O.l -p.m particle is of the order of 10 cm/sec, it is clear 
that the Doppler shi ft is very small. For this reason it can be neglected in the c1assical light
scattering studies discussed above. However. with suitable instrumentation, it is possible 
to detect the shift averaged over the particles and -detemline the part icle size in this way. 
The phenomenon is called quasi-elastic light .scattering (QELS): the freq uency shift is so 
small that the scattering is nearly elastic (Berne and Pecora. 1976: Dahneke. 1983). QELS, 
also known as photon correlation spectroscopy or dynamic light scatteri ng, can be used to 
measure the size of monodisperse part icles in the size range from 0.01 to a few tenths of 
a micron. The method is widely used for small particles and large molecules suspended in 
aqueous solutions. It has al so been applied in a few cases to aerosols (Dahneke, 1983). 

In a QELS system, a laser beam is passed through a cloud of Brownian particles. Li ght 
is scattered into the detector that is set at an angle I) with respect to the incident beam. 
The scatteri ng volume is defined by the intersection between the incident and the detector 
collection solid angles. The instantaneous intensity of the scattered light along a given path 
1 (1) can be written as the sum of the average intensity. i. and a fluctuating intensity. 1'(1) 

(5 .34) 
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The lime-averaged scallered intensity I is the basis of convenlional light-scatte ring tech
niques used for aerosol measurements. 

The intensity fluctuations due to the Brownian motion take place on a time scale much 
faster than conventional photometers or the human eye can detect. The variation in the 
fluctuating scattered light intensity with time resembles a noise signal that can be analyzed 
in tenns of its correlation function with respect to time. The usual practice is to measure 
the polarized intensity time correlation function that is related to the diffusion coefficient 
for monodisperse particles as follows 

where 

A _ basel ine constant 

f3 instrument constant 

Ct _ molar polarizability of the particles 

g(;) _ nonnalized autocorrelation funct ion for the translational Brownian Illotion 

Noo - average particle concentration 

For monodisperse particles 

(5.35) 

(5.36) 

where D = particle diffusion coefficient and q = (4rr/l)sin (O/ 2). The autocorrelation 
func tion g(;) is the parameter sought. and from it Lhe diffusion coeffic ient, hence parti
cle diameter can be obtained. The procedures have been worked out in most detail for 
application to hydrosols and high-molecular-weight polymeric solutions (Dahne ke, 1983). 

Rearranging (5.35) gives the autocorrelation function in temlS of the experimentally 
measured variable C(;): 

(5.37) 

Various methods are used to detennine the diffusion coeffic ient. For example after subtrac
tion of the baseline constant. A, G(~) may be filled 10 an exponential function to pennit 
calculation of the decay constant q 2 D , hence particle size from the value of D. 

For polydisperse aerosols, the simple expression (5.36) for the autocorrelation function 
must be averaged over the particle size dislribution fu nction. In the Rayleigh scattering range 

NooS(;) = 10
00 

I! d(dp)d~ exp (_q2; D) d(dp) (5.38) 

There is no general exact method for extracting size distribution functions lIJ (dp } from 
(5.38) and the experimentally measured function G(;) when the fonn of I/J(dp ) is not 
known. In the method of cumulants. the one mOSI commonly used to estimate hydrosol 
size distributions from this integral. the logarithm or the autocorrelation function g(~) is 
expanded in ~: 

(5.39) 
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The coefficients 01';- are moments of the size distribution function known as cllmll/ants. In 
practice, only the first two cumulants can be accurately determined from the experimental 
data: 

(S.40a) 

and 

(5.40b) 

Here the averagi ng is weighted by d~ as in (5.38). For a free molecule aerosol we have 

D ..... d;;2 (Chapter 2), so b is proportional to the fo urth moment of the particle size 
distribution. This heavily weights the upper end of the distribution function. If the form of 
the distribution func tion is known, the cumulants can be used to evaluate the parameters 
of the distribution. For example, if the size distribution is self-preserving (Chapter 7), any 
moment can be used to estimate the complete distribution. 

SPECIFIC INTENSITY: EQUATION OF RADIATIVE TRANSFER 

In the general case of aerosoillight interactions in the atmosphere or within a confined space, 
the light is neither unidirectional nor monochromatic: each volume element is penetrated in 
all directions by radiation. This requi res a more careful definition of the intensity of radiation 
than lIsed before. For the analysis of this case, an arbitrarily oriented small area, t/a , is chosen 
with a nomlal n (Fig. 5. 10). At an angle 0 to the normal we draw a line S, the axis o f an 
elementary cone of solid angle dw. If through every point of the boundllry of the area (/a 

a line is drawn parallcl to the nearest gcnerator of the cone dw, the result is a truncated 
semi-i nfinite cone dQ. si milar to the cone (tw. Its cross-sectional area, perpendicular to S 
at the point P. wi ll beda cos O. 

Let dEbe the total quantity o f energy passing in lime tlr through the area da inside 
conc (iQ in the wavelength interval A to A + di.. For small (Iu and dw, the energy passing 
through da inside dQ will be proportional to du dw. 

The specific intensity o f radiation or simply the intensity, 1;.., is defined by the relation 

do 

dw Figure 5.10 Geometric factors determining 
specific intensity of radiation. 
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dE 
h = Cd-u-c"o-'-s-:O;-,"b'""d-;-w- d"">' (SAl) 

The intensity is. in general. a function of the position in space of the point P. the direction 
S, lime 1. and wavelength .t: 

I;. = h(P.s.I.)..) (5.42) 

If h is not a function of direclion. the intensity field is said to be isotropic. If I;. is nOi a 
function of position the field is said to be homogelleolls. The total intensity of radiation 
is I = foOQ I;. tI>.., In the rest of this chapter. we suppress the suffix>.. to simplify the 
notalion. 

Now consider the radiant energy traversing the length. tis. along the direction in which 
the intensity is defi ned: a change in the intensity resul ts from the combination of the effects 
of extinction (absorption and scattering) and emission: 

(II ( P. s) = d I (extinction) + d I (emission) (5.43) 

The loss by extinction can be written as before in temlS of the extinction coefficient. b: 

(lI(extinction) = -b l tis (5.44) 

Emission by excited dissociated atoms and molecules in the air is usually small in the 
visible compared with solar radiation. Themlal radiation is important in the far infrared but 
not in the visible. Hence consistent with the assumptions adopted in this chapter. gaseous 
emissions can be neglected in the usual air pollution applications. 

In an aerosol. however. a "irtllal emissiOIl exists because of rescattering in the sdirection 
of radiation scuttered from the surrounding volumes. The gain by emission is written in the 
fonn of a source term: 

d I (emission) = bi (/s 

Thi s equation defines the source function. J . 
Hence the energy balance over the path length. tis. takes the foml 

d/ 
--: / - J 

bds 

(5.45) 

(5.46) 

which is the equatioll a/radiative lralls/er. This equation is useful. as it stands. in defining 
atmospheric visibi lity as discussed in a later section. Detailed applications require an 
expression for the source function. J. which can be derived in tenns of the optical propcnies 
of the particles. but this is beyond Ihe scope of this book. For further discussion, the reader 
is referred to Chandrasekhar ( 1960) and Goody ( 1964). 

EQUATION OF RADIATIVE TRANSFER: FORMAL SOLUTION 

The equalion of radialive transfer is an energy balance: except for this conccpl. its physical 
content is slight. The physical problems of interest enter through the extinction coefficient 
and the source function. Many papers and monographs hnve been written on ils solution 
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for different boundary cond itions and spatial variations of the optical path (Chandrasekhar, 
1960: Goody. 1964), Some simple solutions are discussed in this a nd the next section. Most 
of the applications have been to planetary atmospheres and astrophysical problems ra ther 
than to configurations of industrial interest or small scale pollution problems . 

The formal solution of the equation of transfer is obtained by integration along a given 
path from the point s = 0 (Fig. 5.11): 

I (s) = I (O)e- r(s. 0) + las J (s')e-r(s. J ') b d s' (5.47) 

where r es, s' ) is the optical thickness of the medium between the points sand s': 

res , s') = is b ds (5.48) 

The source nmction J(s') over the interval 0 to s must be known 10 evaluate the integral 
in (5.47). 

The interpretalion of (5.47) is interesting; The intensi ty at s is equal 10 the sum of two 
terms. The fi rst tenn on the right-hand side corresponds to Lambert 's law (5. 19), often used 
for the attenuation of a light beam by a scanering medium. The second term represents the 
contributions to the intensity at 5 fro m each interveni ng radiatin g element between 0 and 
5. attenuated accord ing to the o ptical thickness correction fac to r. In the absence of external 
light sources and if secondary scattering by the surrou nding aerosol can be neglected, 
the source function J becomes zero. This is the silUalion for configuration of a properly 
designed transmissometer, which is used to measure the attenuation of a light beam through 
the smoke fl owi ng through a stack and in other industrial appl ications. 

When the medium extends to -00 in the s direction and there are no sources along 
5, it may be convenient not to stop the integralion at the point 0 but to continue it 
indefinitely: 

1(5) = i~ J (5')e - r (s. s') b cis' (5.49) 

Thus the intensity observed at s is the result of scancring by all of the particles along the 
line of sight. 

• , 

Figure 5. 11 Path of integration along the 
.f vector. Light at point 0 reaches any point 
.f attenuated according to Lambert 's law. 
In addi tion, I ight is scallercd toward l' by 
panicles between 0 and s such as those at 
the point s' . 
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LIGHT TRANSMISSION THROUGH THE ATMOSPHERE: VISIBILITY 

An imponam and interesting application of the theory of radiative transfer is to the 
definition of atmospheric visibility. The terms "visibility" and "visual range" may be used 
interchangeably to signify the distance at which it is j ust possible to di stinguish a dark 
object against the hori zon. As pointed out by Middleton ( 1952). "the problem, then. is to 
t:stablish usable theoretical re lationships between light. eye. target. and atmosphere that will 
pemli! the calculation of the visual range at any time: and to provide means of measuring 
the necessary parameters quickly and accur..ltely enough." This can be accomplished by 
solving the equation of radiative transfer. subject to a set of assumptions concerning human 
response to the obscuration of objects. 

Most of the infomtation that we obtain through our sense of vision depends on our 
perception of differences in intensity Of of color among the various pans of the field of 
view. An object is recognized because its color or brightness differs from its surroundings. 
and also because of the variations of brightness or color over its surface. The shapes of 
objects are recognized by the observation of such variations. 

Di fferences in intensity are panicularly imponant and are the principal basis for the 
classical theory of visibility (Steffens. 1956): An isolated object on the ground such as a 
building is viewed from a distance along a horizontal line of sight (Fig. 5. 12). The intensity 
contrast between the test object and the adjacent horizon sky is dctined by the expression 

C= ' ,-h (5..50) 
I, 

where Iz is the intensity of the background and '. is the intensity of the test object. both 
measured at the same distance from the observer. 

Expressions for the intcnsity can be obtained by integrati ng the equation of radiative 
transfer (5.46) over the horizontal distance from the lest object to the point of observation. 
If band J are nOI funclions of s. the integration g ives 

Observer 

11(0) 

T"" 
Objcct 

~(----------,----------~, 

(5,51) 

Horizon 

Sky 

Figure 5.12 Relative arrJngements of observer. objcct. and horizon sky in definit ion of the visibil ity. 
The angle between the lines of sight corresponding \0 fa and 12 is very small. 
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where s = 0 corresponds to the location of the test object. Rewriting (5.50) as 

C ~ 1,(0)[1, (,) - 1,(')1 
1,(,) 1,(0) 

(5.52) 

Hnd substituting (5 .51) for [/I ('~) - h(s)] gives wi th (5.50) 

C = 12 (0) [f 1(0) - h(O)]e-
h 

.• = 12(0) C(O)e- bs 

1,(.,) 1,(0) 1,(,) 
(5.53) 

where C(O) is the contrast at the test object. 
In viewing the horizon sky. the observer sees the virtual emission. J. resulting from 

the light from the sun and surroundings scallered in the d irection of the observer by the 
atmosphere. This is sometimes referred to as the air light or the skylight. By assumption. 
the air light is not a funct ion of s. Suppose that 2 refers to the line of sight in the direction 
of The horiwn sky. The intensity at any plane nonnal to this sightline is equal to the virtual 
emission or air light J; that is, 12(S) = /2(0) = J = constant and (5.53) becomes 

C = C(O)e- 11! 

If the test object is perfectly black, then I I CO) = 0, C(O) = - I, and 

C = _e- bs 

(5.54) 

(5.55) 

The minus sign in Ihis expression results because the test object is darker than the back· 
ground. 

The visual range or, more commonly. the visibility is defined as the distance at which 
the test object is just disti nguishable from background. Hence the minimum contrHst that 
the eye Clln d istinguish must now be introduced into the analysis. This commst is denoted 
by C· and the corresponding visibility s = ::;*. For (l bluck object at .\' = s', 

(5.56) 

0' 

I 
s· = -b In(- C ) (5.57) 

The pammeter C· is sometimes called the threshold contrast or "psychophysical constant" 
because it depends on human perception. Based on data averaged over responses of a group 
of individuals. its value is usuHlly taken to be 0.02: 

• I 3.912 
s =-- lnO.02= --

b b 
(~ .~8) 

Hence the visibility is inversely proportional to the extinction coefficient. Because b is a 
func tion of wavelength. the visibility defined in this way al so depends on wavelength. 

The contribution of the air light to the obscuration of distant objects comes mostly from 
the aerosol in the vicinity or the observer. The :l ir lighT fmm more d istant parts of the line 
of sight is itself reduced by the aerosol between its region of origin and the observer. Figure 
5.13 shows that if the visual range is I mile, half of the obscuration would be produced by 
the 0 .1 8 mile of :lerosol nearest the observer. The strong weighting of the aerosol near the 
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figure 5.13 Fruction o f the total air light (to in finity) contributed by the port ion o f the atmosphere 
between the observer and the point s from the observer. The air light that obscures distant objccts 
arises mostly from the aerosol in the immediate vicini ty of the observcr (for a uniform atmosphere). 
(See Problem 6.) (After Steffens. 1956.) 

observer is one reason why the idealized theoretical analysIs d iscussed above works as well 
as it does. As long as the aerosol is fairly unifonn in the neighborhood of the observer. the 
conditions beyond have lillIe influence. 

The total atmospheric ex tinction is the sum of contributions for the aerosol. molecular 
scattering. and. perhaps. some gas absorption at certain wavelengths characteri stic of strong 
absorbers such as N02: 

b = b~ + bmol«uw 

Molecular scaueri ng coe ffi cients for ,Iir have been tabulated (Table 5.2). For)., = 0.5 
I.Ull. the visibil ity calculated From (5.58) is about 220 km or 130 mi. Hence the visibilities 
of a few miles or less. often observed in urban :Ircas when the humidity is low. are due 
primarily to aerosol extinction. In some cases. however. there may be a contribution by 
N02 absorptio n. 

• 
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TABLE 5.2 
Rayleigh Scaltering Coefficienl for Air al O°C and 
1 aim" (Penndorf, 1957) 

b_ , 10' 
l(It'") (em- I ) 

0.2 954.2 
0.25 338.2 
0.3 152.5 
0 .35 19.29 

0.' 45.40 
0 .45 21.89 

0.' 18.10 
0 .55 t2 .26 

0.' 8.~ 

0.65 6.211 
0.7 4.605 
0.15 3.484 

0.' 2.6S4 

"To COfTW. for the l("'P""'II.lJ(C. /J, _ br.-c(27J/ T Ie ) a. I 
:Mm. This "p".mimalc rormula dots nor !:Ike ' nlO ,"""OIlnl lhe vorialiool 

or ",(l"1l:I" '" indn ... ilh Icmpcr:ilun:. 

INELASTIC SCATIERING: RAMAN EFFECT 

Basic Concepts 

The previous discussions were limited to scattering processes in which the wavelengths of 
the incident and scattered light are equal (or nearly equal), that is, elastic scattering. Light 
may be scattered at a wavelength different from the incident beam, inelastic scattering, ;IS 

a result of quantum mechanical effects. This phenomenon, known as Raman scattering, is 
iIIuslraied in Fig. 5.14. which summarizes absorption and the various scattering processes 
discussed in this chapter. Two vi brational quantum states present in a scattering molecule 
are shown: the ground state V = 0 and the V = I energy state. The energy of the incident 
beam is assumed to be several times larger than the energy difference between the tWO states. 
Photons from the incident beam may rai se the molecule frOIll state 0 or I to a virtual state 
thai does not correspond to any allowed Slate. Three outcomes are possible. The molecu le 
Illay return to ils original slate (0 or I) by emission of a photon with the same energy as 
the incident beam. equivalenl to elastic scattering. Alternatively. the molecule originally 
in state 0 may drop to state I by emitting a photon of less energy than the incident beam 
(Stokes emi ssion). Finally the molecule origi nally in state I may fall to slate 0 by emitting 
a photon of higher energy than the indden! beam (anti-Stokes emission). Thus the Stokes 
lines appear at lower frequencies and the less intense anti-Stokes lines at higher frequencies 
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Figure 5.14 Schematic diagr .. m illustrating infrared absorption and elastic and inelastic (Raman) 
scal1ering by a molecule with two vibr .. tional quantum states. the ground state I' = 0 and the tJ = I 
energy level. In infrared absorption. the incident photon has the same frequency as the molecular 
vibration. In elastic and inelastic scattering. the incident photon has a much higher frequency. seven 
times that of the vibrational quantum state in this diagram. Scattered phOlons arc of twO types: the 
lower ("Stokes") or higher ("anti-Stokes") frequencies (71' ± v). The photon frequency difference 
before and after sca11ering is C(lual to the molecular vibrational frequency. (After Colthup et al.. 
1990. p. 61.) 

than that of the incident beam. The inte nsity of the Raman scattering is usually several 
o rders o f magnitude smaller than that o f elastic scattering. 

Raman spectra have a number o f features thaI simplify their interpretation: ( I) The 
Raman shift o r difference between the frequencies o f the incident and scattered light is in
dependent of the frequency of the incident light : (2) to a first approximation . the Raman shin 
is independent of the state (gas. liquid, or solid) of the scattering medium: (3) the e nergy cor
responding to the Raman shift frequency. II UR. is equal to the difference between the e nergies 
of two stationary states of the scattering molecules: precise infonnation on this energy dif
ference can be obtained from the absorption and emission spectra o f the scattering material. 

Raman Scattering by Particles 

There are few methods suitable for on-li ne chemical analysis o f aerosol particles. Raman 
spectroscopy offers the possibili ty of ide ntifying the chemical species in aerosol particles 
because the spectrum is specific to the molecular structure of the material. especially 
to the vibrational and rotational modes of the molecules. Raman spectra have been ob
tained for indi vidual micron-sized particles placed on surfaces. levitated optically or by an 
e lecLrodynamic balance. or by monodisperse aerosols suspended in a flowing gas. A few 
measurements have also been made for chemically mixed and polydisperse aerosols. The 
Raman spectrum of a spherical part icle differs from that o f the bulk material because of 
morpho logy-dependent resonances that result when the Raman scattered photons undergo 
Mie scattering in the particle. Methods have been developed for calculating the modified 
spectra (McNulty et al., 1980). 

Both measurements and calculations based on Raman theory indicate that the scattering 
intensi ty is approx imately proportional to the part icle volume (or mass) over certain 
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refractive index ranges and values oflCdpjA > 0.2. Calculations (Fig. 5.15) show thi s holds 
best for scattering in the forward direction. Figure 5. 16 shows experimental measurements 
of the ratio of the Raman intensity of monodispcrse and polydisperse diethylsebacate 
aerosols to that of the nitrogen carrier gas peak as a function of aerosol mass loading 
for aerosols with various size distributions. Mass mean diameters ranged from 0.4 to 
1.8 J,Lm. and the mass loadings ranged from 0.4 to 13 g1mJ . The figure shows that 
the Raman signal is approximately independent of the size distribution over this range 
and is proportional to the total mass concentration. Neither the theoretical calculations 
nor the experimental measurements show a strong effect of the morphology-dependent 
resonances on the relationship of the scattering intensity to panicle volume for spherical 
particles. 

The mass loadings in these studies were high. with the lowest approximately 0.4 g/m). 
These concentrations fall in the range of some industrial and therapeutic aerosols but are 
several orders of magnitude higher than atmospheric aerosol concentrations. Buchler et al. 
(1991) aJso found an approximate dependence of scattering on particle vol ume for large 
suspended single droplets (25 < dp < 66 11m). These results suggest thai at sufficiently 
high mass loadings it may be possible to monitor the mass concentration of Raman active 
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Figure 5.15 Calculated values of the intensity of Raman scattering at various values of the scattering 
angle for m = 1.5. The intensity is approximately proportional to the panicle volume for.f > 2 
(Stowers and Friedlander, 1998). 
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Figure 5.16 Ratio of thc Raman intensity of monodisperse and polydisperse dicthylseba(:atc aerosols 
to that of the nit rogen carrier gas peak. Mass mean diameters ranged from 0.4 to 1.8 p.m. and mass 
loadings ranged from 0.4 to r 3 g/m- l (Stowers and Friedlander. 1998). 

che mical spec ies in polydisperse fl owing aerosols composed of particles larger than a few 
tenths of a micron in d iameter. 

PROBLEMS 

5.1 For a g iven mass of panicles with the optical propert ies o f carbon spheres. detennine the 
panicle size producing maximum extinc tion for '\ = 0.436/Hll. Assume monodispcrse panicles. 

5.2 Determine the panicle concemrat ion (JJg/ml ) necessary to scalier an amoum of light equal 
to that of air at 20GC and I aim. Assume a panicle refractive index of 1.5 and a wavelenglh 
of 0.5 I.on. Do the calculation for 0. 1· . 0.5· . and I· I-/m partieles of unil dens ity. Compare your 
result with the average concentrJ.tion in the Los Angeles atmosphere. about 100 I-/g/ml. 

5.3 The California visibility standard requires thaI the visibili ty be greale r than 10 miles on 
days when the relative humidi ty is less than 70%. Consider a day when the visibility controlling 

• 
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aerosol is composed of material with a refrac tive index of 1.5. EstimUlC the aerosol concentration 
in the atmosphere thai would correspond to the visibi lity standard. Assume (1) the density of the 
spherical particles is I glcm3; (2) the aerosol is monodispcrsc with a particle size. rip = 0.5 j,.lm: 
and (3) the wavelength of interest is 0.5 11m. Express your llngWCr in microgmms of aerosol per 
cubic meier of ai r. 

5.4 The extinction of light by lin acrosol composed of spherical particles depends on its oplicu l 
properties and size distribution. Consider the distribution function 11d(dp) ...... d:, often observed 
al lellst approximately. Suppose these panicles are composed of an organic liquid (111 = 1.5). 
on the one hand. or of carbon. on the other. This might correspond to a photochemical aerosol 
(III = 1.5) and a soot aerosol generated by a diesel source or other combustion processes. 
Calculate the ratio bm.-/bu for fixed size distribution. 

5.5 It is possible. in principle. to delCnnine the size dist ribution of panicles of known optical 
propcnies by measurement of the light scauered by a settling aerosol. In this melhod. the intensity 
of Ihe lighllransmitted by the aerosol in a small cell . I. is recorded as a function of time. The 
aerosol is initially unifornl spatia lly. and there is no convection. 

The light scattered from a horizontal beam al a givcn level in the cell remains conSlant until 
the largesl panicles in the aerosol have had lime to fa ll frOIll the top of the celllhrough the beam. 
The scattering will then decrease as successively smaller panicles are removed from the path of 
the beam. 

Show that the size distribution function can be found from the relationship (Gumprechl and 
Sliepcevich. 1953) 

Idl nd,2 d«(/') 
- -- = LQsca-'-" , ("') --,-

I (II 4 p dt 

where J; is Ihe maximum panicle size in the beam at any time. t. and L is the length of the light 
palh (cell thickness). Describe how d; and d(d,:)/til can be determined. 

In practice. the system will tend to be disturbed by Browni an diffusion and convection. and 
lhis method is seldom used to determine "Adp ) . 

5.6 Let j be the intensity of the air light seen by an observer looking along a hori zontal path 
to the horizon sky (infinity). The path falls close to one thai ends at a blaek lest object a distance 
s from the observer. (a) Show that the intensity of the light seen by an observer looking toward 
the black test object is given by 

I (s) = j ( I - e- ''') 

where s is the distance of the observer from the test Object. (b) Derive an expression for the 
fraction of the total air light (to infinity) contributed by the atmosphere between the observer 
and the point s from the observer. This is the expression 011 which Fig. 5.13 is based (Steffens. 
1956). 
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6 

Experimental Methods 

The design of many of the instruments used for measuring aerosol properties depends 
on the particle transport and opt ical properties discussed in the previous chapters. The 
principal applications of measurement syste ms are to atmospheric measurements, 

the monitoring of air pollution, the testing of gas cleaning equipment such as filters and 
scrubbers, and the monitoring of process streams including stack gases. Theory provides 
useful guidel ines for instrument design, but it is rarely possible to predict instrument 
performance from fi rst principles. It is almost always necessary to cal ibrate the instruments 
using aerosols of known properties. 

A comprehensive review of measurement methods is beyond the scope of this book. 
Excellent reviews of aerosol instrumentation have appeared in recent years (Spumy. 1986: 
Pui and Liu, 1988; Willeke and Barol1 , 1993; ACGIH . 1995). A practical guide to aerosol 
chemical analysis is given in the book edited by Lodge ( 1989). Much infomlation on the 
sampl ing and analysis of the atmospheric aerosol can be found in the EPA (1996) Air 
Quality Criteria Document fo r particulate mailer. The measurement methods discussed in 
this chapter provide infonnation on a broad spectrum of physical and chemical properties. 
The discussion starts with basic sampling methods and microscopy. gocs on to integral 
measurement methods including mass and number concentrations and IOtallight scattering. 
and finally to instruments that provide more detailed infom13t ion on size d istribution and 
chemical propert ies. Instruments with d ifferen t sensing systems will , in general , have 
different response times. and the aerosol properties measured by each only partially over
lap. A summary classification scheme in, this chapter permits comparison of the various 
instruments according to the type of infomlalion they provide and helps identi fy gaps in 
aerosol instrumentation. 

For example. many methods are avai lable for the chemical analysis of deposited 
aerosol particles. Individual panicles can be analyzed as welt as heavier deposi ts. A 
serious gap in aerosol instrumentation is the lack of instruments for on>l ine measure
ment of aerosol chemical constituents without removing them from the gas. Very large 
amounts of information on multicomponent, pol ydisperse aerosols would be generated 
by an instrument capable of continuously sizing and chemically analyzing each panicle 
individually, thereby permitting the determination of the size-composition probability 
density function , g (Chapter I). From this function. in principle, many of the chemical 

, 57 
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SAMPLING 

and physical properties of aerosols can be obtained by integration . Progress has been made 
in the development of such a system based on IllUSS spectrometry as described in this 
chapter. 

Aerosol measurements require various levels of interference with the system under 
study. Least invasive are ill sifll measurements made without removing a sample from 
a flowing aerosol stream, usually by optical techn iques. On-line analysis involves the 
continuous removal of a sample stream from a flowing aerosol. The sample stream then 
passes to an instrument where the desired measurement is made without collection, usu
ally with 11 shon time lag with respect to the main flow. Still more invasive techniques 
involve deposition of parl,icles on collecting surfaces either by introducing the surface 
directly into the flow stream or by removing a sample and collecting the particles. Par
ticle collection on surfaces followed by redispersal and physical or chemical analysis is 
usually considered to be an undesirable practice; irreversible changes in the collected 
material make it different to rchlle results of such measurements to the original flow
ing aerosol. 

The instrument or group of instruments selected for a particular application depend 
on several factors. Most important, of course. is the type of information sought. Other 
factors include cost. portability, and reliability under the conditions of operation. Process 
and stack gas monitoring pose parlicularly difficult demands because of extreme conditions 
of temperature and humidity. In the case of measurement systems designed for routine 
monitoring. the maintenance required is un important [uctor. 

Much effort and ingenuity have gone into the development of generators capable of 
producing monodisperse aerosol s, and several are discussed at the end of this chupter. These 
arc used for the testing of gas-cleaning equipment, the calibmtion of size measurement 
devices. and basic studies of aerosol behavior. 

Optical methods can. in some c:lses. be used to measure aerosol characteristics in the 
original gas stream without withdrawing a sample. In most cases. however. it is necessnry 
to sample from a flowing gas through a tube into an instrument. such as those discussed in 
the following sections. 

Care must be taken in the design of the sampling system to ensure that a representative 
sample is obtained. The sampling stream intake shou ld be designed to minimize preferential 
withdrawal of partic les with respect to size. Depos ition on the ins ide wH lls of the sampling 
tube and subsequent reentrainrnent must be minimized or taken into account. Prec;lutions 
are also necessary to prevent condensation and other gas-to-particle conversion processes 
(Chapter 10), This problem is particularly acute in the sampl ing of hot. high relative humidity 
stack gases. 

When there is a velocity difference between the gas stre.un lmd the gas entering the 
sampling probe. preferential withdrawal of particles with respect to size takes place. In 
analyzing the performance of a sampling probe oriented in the direction of the now. it is 
;Issurned thllt the now is unifoml both in the mainstream of the gas and in the entrance to 
the probe. On dimensional grounds. for the panicle size range til! > I tLm. the ratio of the 
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concentration in the sample. II,. to that in the mainstream. II"" depends on the veloci ty ratio. 
U", / UI , and on the Stokes number: 

!!!... = f (UIII 
• Stk) 

II", Us 
(6.1 ) 

where .\' and 111 refer 10 the samp ling and mainstreams, respectively. The goal of the sampling 
procedure is to ensure thalli , = 11m. 

The dependence of li s/lim on the velocity ratio is shown in Fig. 6. 1 for particles of 
varyi ng size. To explain the shapes oflhese curves, we consider the case of fixed sampling 

veloc ity. For low mainstream velocities (Um/ Us --+ 0), the sample tends to be representative 
(li s ~ 11m). The sampling orifice acts as a point sink. and the streamlines of the flow are 
practically straight (Fig. 6.2a). As a result, inertial effects can be neglected. The li s/ lim 

ratio initially decreases as mainstream velocity increases because inerti al effects carry the 
particles around the sampling orifice (Fig. 6.2b). Funher increase in the mainstream velocity 
leads to an upturn in 11,/11"" which approaches unity for Us = Urn (Fig. 6.2c). Sampling at 
the same veloci ty as that of the gas is known as isokilletic sampling. At higher mainstream 
velocities. panicles are preferentially carried into the sampling tube (Fig. 6.2d). 
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Limit for very large particles \ .. ,' ' 
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Figure 6.1 Effect of velocity f"Jtio on concentrmion ratio for a sampling tube oriented in the 
di rection of the mainstream flow. The curves are approximate representations of the data of various 
experimenters for unit density particles of diameters (in t/-m) as indicated. The displacement of the 
point li s/ lim = 1 from Um / U. = 1 results from the fini te particle diameter. The curves apply to a 
nozzle of 1- to 2-cm-diameter sampling at about 5 mlsee (May, 1967). 
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MICROSCOPY 
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Figure 6.2 Pallems of gas now at the entrance to 11 sampli ng probe for differe nt r.atios o f sampling 
to gas velocities. 

Because the effect is inertial, it increases for lar£er particles. For particles of unit 
density. a sampling probe diameter of I COl . and a velocity of 500 em/sec. the effect of 
nonisokinetic sampling can be neglected for particles smaller than 5 jLm. 

Deposition on the walls of the sampl ing tube occurs as a result of diffusion in the 
small particle range and of turbulent deposition and sedimentation for larger particles. 
Particle transport by these mechanisms has been discussed in previous chapters. and rates 
of deposition in sampling lines can be estimllted from the correlmions for Row through tubes. 
Continued deposition on the walls of the tube eventually leads to the fornl:ltion of a deposit 
and subsequent rcentrainment. The reenlrained particles are likely to be agglomerates. if 
the initial aerosol is composed of small solid part icles. Reentrai nment modifies the size 
distribution, increasi ni,! the concentration of 1:lrger particles. The effect depends on the 
surface behavior of the deposited material and cannot be predicted from theory, 

Small particles deposited on a surface can be observed by optical or electron microscopy, 
depending on their size. This is the primary measurement method upon which most aerosol 
sizing methods are ult imately based. 

The magnificat ion ofa microscope depends on the focal lengths of the lenses maki ng up 
the optical system. Any desired magnification is attainable in princi ple by proper selection 
of the focal lengths. There is, however. a magnification beyond which the image fonned in 
the microscope docs not gain ill detail because of the effects of diffraction. Thus the image 
of a point object produced by an ideal lens (all aberrations corrected) is not a poi nt but 
a diffraction pattem consisting of a c ircular d isk surrounded by alternating dark and light 
rings of diminishing intensity. 

Sizing of a particle observed under a microscope depends on our ability to d istinguish 
one edge of the particle from the o ther on the opposite side. The ability of a microscope 
to size in this way is measured by its resolving I)Olrer. [he closest d istance to which twO 
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objects under observation can approllch and still be recognized as separate. By definition, 
the resolving power or limit of resolution of the instrument is the radius of the central disk 
of the diffraction pattem. From diffraction theory, Ihis is given by 

0.61)" 
en:> = . 

m sm 0 
(6.2) 

where A is the wavelength o f the lighl, 11/ is the refractive index of the medium in which 
the object is located, and B is the half-angle of the light rays com ing from the object. To 
maximi ze the resolution, A shou ld be small , and III and e should be large. The refracti ve 
index can be increased by immersing the object under observation in an oil (III ""::: 1.5) 
instead of air (/11 = I), The highest numerical aperture, III sin (J, attainable in this way is 
about 1.4. Thus when we take A = 0 .5 /Lm, the best resolution achievable with the optical 
microscope is about 0.2/1.m. 

A significant improvement in resolving power over the oil immersion optical micro
scope is possible using the much shorter wavelengths associated with high-speed electron 
beams. Both electric and magnetic fields can be used as lenses for electrons so the elements 
of a microscope are avai lable. The normal magnification ranges from 1400 to 200,000, 
permitting measurements down \0 a few angstroms. Electron microscopes are operated at 
pressures of 10-5 to 10-4 torr to avoid scattering of the electron beam by gas molecules. 
At these very low pressures, volatile particles evaporate, leaving behind a residue that, 

however, can provide some information on the size and morphology oflhe original panicle, 
as well as the dynamic processes that led to their formation. 

Taking Ihe limi t of resoluti on of the average human eye as 0.2 mm, the maximum 
useful magnification can be defined as the ratio of the resolving power of the eye to that of 
the microscope: 

0.033111 sin e 
Magnification = A (6.3) 

Values of the resolving power and magnification necessary for the observation of panicles 
of various types are shown in Table 6. 1. 

TABLE 6.1 
Applications of Microscopy to Aerosol Sizing (after Zworykin et al., 1945) 

Resolving Type of Particle That 
TYjre of Instrument Power (Il- ml Magnifica tion Can be Observed 

Ey' 2UO Ordinary objects 
Magnifying glass 25- 100 2- 8 Fog droplets 
Low-power compound 

optical mitroscope 10-25 8- 20 Pollen 
Medium-power compound 

oplical microscope 1- 20 20-200 Airebome soil dust 
Hi,gh-powcr compound Ti lnnin pigment. 

optical microscope 0.25 800 cigarette smoke 

High·powcr compound 
optical microscope using Surface area peak in 
uhraviolellighl 0.10 2000 urban aerosols 

EleClron microscope angstroms 1400-200.000 Nanopanicies 
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Particles can be deposited on surfaces for optical or electron microscopy u:~ing a number 
of different devices includi ng thermal and electrical precipitators, filters , and cascade 
impactors. The preparation of samples for microscopy including the use of these devices is 
reviewed by Silverman et al . (1971). Fordetailed infomlation on the size and morphological 
characteristics of particulate maller, there is no substitute for microscopy, provided that 
sampling and observation do nOi modify the particle physically and/or chemically. However, 
for routine monitoring and for studies of aerosol dynamics. it is usually more convenient 
to use calibrated continuous. automatic counters of the types described in this chapter. 
A catalog of photomicrographs of particles of different origins. showing the remarkable 
vari ations in size and shape, has been published (McCrone el al., 1973). 

MASS CONCENTRATION: FILTRATION 

The mass concentration is the most commonly measured aerosol property: 

P = 10
00 

ppll(V)V dv (6.4) 

where Pp' the density of the aerosol malerial, can be a function of particle size. When the 
dcnsity varies among pan icles in the same size range, Pp must be taken to be the average 
in the size range. Mass concentrations arc often detcnn ined by fil tcring the gas at 11 known 
fl ow rate and we ighing the fil ter before and afte r filtration under conditions of controllcd 
humidity. Samples are also collected by fi ltration for chemical analysis. 

Many different types of filters are available commercially. They can be broadly 
classified into two types with, however. some overlap. Fibrous jillers are composed of mats 
of fibers that may be made of cellulose. quartz, glass. polymeric materials, or metals. Porous 
membrallejillers are usual ly composed of thin fil ms of polymeric materials 0.05 to 0.2 mm 
thick suffic ient ly porous for air to fl ow through under pressure. Pore size is controlled in 
the manufacturi ng process and ranges from 0.02 to 10 ,.un . A significant frac tion of the 
particles may be caught on the upstream surface of the filter, but some particles may also 
penetrate and be caught inside the pores of the medium as weIl. 

The use of the term "membrane" for these fi lters is somewhat misleading. Membranes 
are nommlly used to separate the components of a gas mixture which have different 
pemleabi lities through the membrane material. The penneabilities. in tum. can be related 
to the solubili ties and diffusion coefficients in the membrane which diffe r for d iffere nt 
gases. However. for a membrane fil ter, the gas passes through the pores of the film by a 
macroscopic fl ow process, driven by the pressure gradient. No gas separation takes place. 
The principal mechanisms of pan icle deposition for both fibrous and membrane filters are 
the diffu sion and impaction of panicles of fi nite diameter. Settling and electrostatic effccts 
may contribute to removal. 

Quartz fiber filte rs 8 in. x 10 in. are used routinely to monitor compliance with the 
U.S. ambient air quality standard for part icul ate mailer. The EPA requires filters wi til < 1% 
penetration of 0.3-/.1 III dioctyl phthalate particles lInd low alkalinity. both provided by quam 
and Tefl on membrane fi lters (Appel. 1993; this reference cites publ ications on air sampling 
methodologies prescribed by EPA). Teflon membrane filters have a relatively high pressure 



Towi Nllmber COllcelllrarioll: COlldellsa/ion Par/icle CO/filler 163 

drop. especially as panicles accumulate. and arc normally used at lower gas How rates. 
The weights of quanz. Teflon. and glass filters arc less sensi ti ve to changes in relative 
humidity than the more hygroscopic cel lulose lind ce llulose ester filters . Filter erficiencies 
arc often reponed for O.3-tUll panicles. bec.mse these fall in the size r.mge corresponding 
to the minimum in the e ffi ciency curve (Chapter 3). Hence particles of other sizes would. 
in general. be expected to be collectcd more efficicntly. 

TOTAL NUMBER CONCENTRATION: 
CONDENSATION PARTICLE COUNTER 

Most of the part icle analyzers measure properties averaged over large numbers of particles. 
but a few provide infomlation on single particles. The condensation particle counter (CPC) 
is used to measure the total number concentration of particles in the size range from a few 
nanometers to I /.L1ll . The aerosol is introduced into the instrument where it is saturatcd 
with a vapor such as water or an alcoho l. A supersaturatcd state is produced, and the vapor 
condenses on the particles to form droplets in the si 7..e nmge from 5 to 15 tun. The systems 
differ according 10 (a) the condensable vapor, (b) the method of producing supersaturation 
and (c) the detection schcme. The IO\l,'cr limit of paniele size detection, generally between 
3 and JO nm, results from the enhanced vapor pressure above small particles (Kelvin effect. 
Chapter 9) and nonunifonnities in concentrations of the condensable vapor. 

In the Pollak counter (Fig. 6.3), the aerosol is introduced into a vertical lube about 
60 em long and 2 to 3 cm in d iameter, lined wi th :t wetted, porous ceramic material. The 
tube is sealed at the top and bollom by electrical ly heated glass plates, The tube is fitted with 
a light source at the lOp and with a detector. 11 photomultiplier tube. at the bottom. The tube is 
Hushed several li mes wi lh aerosol. usually room or atmospheric air, to replace the contents, 
A fixed quantity of fi ltered particle-free air is then introduced into the tube under pressure, 
A period of 50 sec is allowed for the air to become satur,lIed and to equilibrate thermally, 
After reading the photo cell current. 10, to obtai n a measure of the initial extinction, the 
exit valve is opened and the pressure re leased. The gas expands adiabatically. reaching a 
supersaturated state in a range below that at which homogeneous nucleation takes place. 
Condensation takes place on the panicles that grow inlO the light-scallering nmge. The 
growth process takes place in a nearly uniform gas mixture. and the process is diffusion
limited, As a result , even if the original aerowl is polydisperse, the particles tend to grow 
into droplets. all of which arc of about the same size (Chapter 10). The new pholo cell 
currem, I , is read, and the droplet concemraliOll, which is 1;:4Ual 10 the 01 iginal p<lrt iclc 
concentration , is obtained from the rat io (10 - 1)/10. 

The instrument can be calibrated by allowing the droplets to settle on a slide. The 
concentration is detcnnined by counting the deposited droplets corresponding to each 
value of (/0 - I )/ 10, Commercial instruments of this type are usually factory-calibrated by 
comparison with a counter built and operating according to the original specifications of 
Pollak and his coworkers (Po llak and Metnieks, 1957). 

The expansion-IYpe CPC is cyclic in opermion. and this may pose a problem in 
measuring concentrat ions from steady fl ow devices such as the e lectrical mobi lity analyzer 
and diffusion battery d iscussed later, Continuous-flow CPCs have been developed in 
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Figure 6.3 Schematic diagram of condensation particle counter. 

which supersaturation is produced by conduction/convection cooling instead of adiabatic 
expansion (Cheng. 1993). This allows fo r steady-state operation. The aerosol is first 
saturated with a condensable vapor by passing it over a liquid reservoir. usually butanol, 
maintained at a sui table temperature. say 35°C. At a flow rate of 300 cc/min, the aerosol then 
passes to a condenser lube maintained al 10°C. The vapor concentration and saturation ratio 
are at a maximum at the center of the tube and decrease radially to the wall. The counting 
efficiency for particles smaller than about 10 nm decreases because smaller particles do 
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not nucleate in the regions of low supersaturatio n. Arte r passing through the condenser, 
the droplet cloud passes to a pholodetector that is operated as a single-particle counter for 
particle concentrations less than 103 Icc and as a photometer at higher concentrmions. 

TOTAL LIGHT SCATTERING AND EXTINCTION COEFFICIENTS 

A variety of instruments have been designed for the measurement of light extinction by 
clouds of smal l partic les. Tnlllsmis~·olllete ,..f are available cOlllmercially for stack install ation 
and for use with other process g:lses cont:lin ing relati vely high concentrat ions of particles. 
The principle of the transmissometer is discussed in Chapter 5 . The design and calibrmion 
of an in-stack instrume nt is described by Conner and Hodkinson ( 1967). Instrumen ts h:lve 
been designed for the measurement of atmospheric extinction usually over a long path 
(Middleton, 1952). When absorption by the particles can be neglected, the ex tinction results 
from scattering, and measurements of scallering can be used as a substitute for extinction. 
Thi s assumption is probably acceptable for marine ha7.es and, perhaps. for photochemical 
aerosols such as those in Los Angeles where concentrations of absorbing panicles are 
usually low. Aerosol absorption may be more important in regions where carbon and soot 
concentrations are relative ly high. 

A schematic diagram of a compact instrument designed for the measurement of the 
scuttering coefficient of the atmospheric aerosol (Chapter 5) is shown in Fig. 6 .4. This 
device is known as an integratillg nephelometer. because it integrates the scattering over 
almost all angles along the axi s of the detector to give the scattering coefficient. 

Important features of the instrument include a light source whose mdiation intensity 
follows a cosine law. together with u specially designed light collection system for defining 
the shape of the scanering volume. The measurement volume is small compared to the 
scale over which bSC3 changes in the atmosphere. Hence the instrument gives a local light
sC:lttering coeffi cient that, for a uniform atlllosphere, is inversely related to the visibili ty 

Light 
source 

/e 
Light 

ti~ 
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/ / 

I<-l -L---------;>,[ 
Figure 6.4 Principle of the integrating nephelometer. The sensor detects Ihe light scallered by the 
panicles present in lhe region defined by the solid angle w. The light source has the special property 
that lIS intensity in any direction 0 i .~ given by 10 cosO. When Ihe sensor and light lrap are sufficienlly 
far apart. it can be shown (Middleton. 1952) Ihat for this special light source the sensor Signal is 
proportional to the integral of the scallered light. By proper calibration. the quantity boca can be 
obtained. Commercial instruments are about 6 ft long and 7 in. in diameter. 
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or visual range (Chapter 5). The local value of h S<:3 measured in this way can be related te 
the properties of the aerosol, including the size distribution and chemical composition, alse 
measured locally. The use of the integrating nephelometer in atmospheric measurements is 
discussed by Butcher and Charlson (1972). 

SIZE DISTRIBUTION FUNCTION 

Overview 

The measurement of panicle size distributions is a distinguishing feature of aerosol in
strumentation . The panicle size range of interest is so wide-from a few nanometers to 
tens of micrometers-that no single instrument is available that can cover the entire range. 
As a result. in characterizing polydisperse aerosols. it is usually necessary to use several 
instruments simultaneously. These instruments are based on different physical principles. 
and it is found that the malch of the experimental results in the region of instrumen t overlap 
is oft en imperfect. 

In this section. we briefly review three types of instruments. the opt ical panicle counter. 
electrical aerosol classifier. imd diffusion battery. These systems are based on very different 
physical characteristics of the aerosols. The optical counters respond to signals from 
individual particles. The electrical analyzers depend on the measurement of a current carried 
by a stream of charged aerosol panicles. The diffusion battery also depends on the behavior 
of particle clouds. The system often used to cover the size mnge from "bout 10 11m to 10 
J.lm is a combinalion of (a) the electrical analyzer up to about 0.2 J.lm and (b) the optical 
panicle counter over the rest of the range. 

Single.Particle Optical Counter 

For particles larger than a few tenths of a micrometer. si ngle-panicle optical counters can 
provide a continuous. on-line record of particle size distributions. Many versions of the 
basic instrument are marketed commercially, differing chiefly in the optical system, In 
most designs, the aerosol stream enters the instrument surrounded by a sheath of filtered 
air to prevent instrument contamination. Light from a source of illumination is scattered by 
each particle as it passes through the illuminated region. and the scattered light is collected 
and passed to a photomultiplier tube. The signal from the tube is classified as a func tion of 
pulse height, which is related to particle size. 

Of particular interest are the size re.wllllio" of the counter. or its ability to distinguish 
between neigh boring particle sizes. and the limit of detec/ioll. or smallest size to which the 
counter responds. The size resolution depends on the relationship between pulse height and 
particle size. the respollse (."/ln1e. For panicles of given optical propenies. this relationship 
is determined by the geometry of the illumination and light collection systems. Panicle 
shape and refractive index also innuence the relationship. 

For air pollution monitoring, il would be desinlble 10 have detectors whose response is a 
single-valued function of particle size (volume) and nOI of shape or refractive index_ because 
these parameters may vary from particle to panicle. Practical measurement systems fall far 
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short o f this ideal. In some commerc ial instruments. local min ima OCCLIr in the response 
curve. which means that the pul se height versus size relation ship is not unique (Mercer. 
1973). In other caseS. the response is very sensiti ve to refrnctive index. 

The ch;.racteriSlics of a modified commercial instrument with an e llipsoidal mirror 
light collector have been studied by Husar ( 1974); we describe this system as an example 
(Fig. 6.5). The light source is a filame nt lamp. and in the sensing vol ume. the light beam is 
1.5mm wide and I mm high. llle sensi ng volume is located at one of the focal points o f the 
ellipsoidal mirror coJ1ector. Light scattered fro m the sensing vol ume in the range between 
35 and 100° is refl ected by the mirror into the other focal point at which the photomultiplier 
tube is located. 

Response curves calculated from Mie theory are compared with an experimentally 
measured curve for polystyrene I:.tex particles in Fig. 6 .6 . For both calculated and measured 
curves. pu lse height increases in a fairly smooth way with particle d iameter. No local 
minima. local maxima. or size-i ndependent ranges are present. For nonabsorbing spheres 
over the ranges of refracti ve index studied. the error in the ind icated size is always less than 
30% if the polystyrene latex calibration is used. The response curve for :1 counter with a 
laser light source is given in Chapter 5. Examples of ot.her response functions are given by 
Gebhart (1993). 

The limit of detection of an optical particle counter depends on instrument noise. 
Rayleigh scattering by the air molecules. and stray light resul ting from imperfect optics. 
For commercial counters with an incandescent light source. the limit of resolution is about 
0.3 p. m. Instruments with laser light sources can go down to about 70 nm. 

Difficult ies are encountered in using optical counters with aerosols from mixed sources 
because the refractive index varies from p:.nicle to p:lrlicle in an unknown way. The usual 

Aerosol 
inlet 

Capillary __ 
<.:==== 

Sheath air - --r 
Fil ter: 

--------1 
I I "'" I Pinhole II . /", ""'" I 

,-"mPI 1 II -',"':"-",-- ",~M who I fd OA fTA- ' Hom "-" ' I I"It 'd~ < ul±~r~~ "-"-<'-
I II ' So",;". EWpw;d 9 II 
I I \'olume / nlllTOr . Scattcnng I Focusing optics II chamber I _______ L _____________ ~ 

To pump 

Figure 6.5 Schematic diagram or the ellipsoidal mirror optical counter (Husar. 1974). 



168 Experimellfal Methods 

~ 

" " > 
~ 

.E 
~ 

0 
~ 

Jj 

'" 

10.0 

1.0 

Ellipsoid mirror sensor 
response white light 

d' 

.> 
1-'.0' . 

, 

I . ~II = L50 - 0.01·, 
• .; 

,:' ., 
I: . ,. , ,.' 

, : I 
o Polystyrene 

Ime:..: data 1:"/ ,. 
,: I 

I.: / ,. 
,.' I 

(/ 

111 = 1.58 - 0 · , 

t. //I = 1.58 - o· il Calculmed from 
t~m = 1.50 - O· i Mi~ th~ry for 

t ,r--", = 1.40 _ O. i white hgl1l , , , . , ' 
" )nstrument noise level t · 

.l ~~~--C-~C-~~~----~C-~~~~ . . 2 .3.4.5.6.8 1.0 2.0 3.0 4.0 5.0 

Particle diameter. dp (J-l m) 

Figure 6.6 The relative response curves of the ellipsoidal mirror optical counter. The lines wen 
calculated from Mie theory. and the points were measured experimentally. (Counesy S. L. Hcislc 
and R. B. Husar.) 

practice in such cases is to report data in temlS of an equi valent diameter for particles with, 
refractive index the same as that of the calibratio n aerosol- for example. polystyrene latex 

Differential Mobility AnalyzerlElectrostatic Classifier 

The e lectrostatic classi fi er (Fig. 6.7) is used to measure particle size distributions in the 
size range from about 0.0 I }.tnl to 0.5 /.Lm (Pui and Liu, 1988). The classifier is operated 
at tltmospheric pressure to select narrow size ranges rrom a polydisperse aerosol. The 
concentration in each size range is measured us ually wi th a condensation particle counter, 
and in this way the particle size distribution can be determined. 
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Figure 6.7 Electrostatic classifier. Devices of this type can be used to genera te ncarly monodispcrse 
aerosols in the ultr"J fi nc runge or 10 measure size distributions by sui tably scanning the applied 
potential. The dotted line ncar the central rod is the tr .. jcctory of a particle that is withdmwn as 
product. (After Pui and Liu. 1988.) 

As shown in Fig. 6.7. particle classification takes place in lhe annular region between 
a stainless steel outer cylinder (3.9-em 1.0.) :lnd a coaxial stainless steel center rod (1.9-
em 0 .0.). The diStance between the aerosol inlet and the slit exit is about 44 cm for the 
system shown. (Dimensions and operating conditions refer to one commercial instrument.) 
The electric fie ld between the rod and the grounded outer cylinder is varied from 0 to 
about 11,000 V/cm. A small stream (2 li ters/min) of the original polydisperse aerosol 
passes along the outer edge o f the main flow (20 liters/min) o f fi ltered sheath air. next 
to the o uter cylinder. The system is designed to minimize mixing of the two streams. Before 
entering the classifier. the polydi sperse aerosol is passed over a radioactive Kr-85 source thaI 
generates bipolar gas ions thaI attach to Hie panicles to produce a bipolar charged aerosol. 
Not all o f the particles become charged; the system is designed such thai the particles 
acquire an equil ibrium charge distribution independent of panicle chemical composition 
and morphology. 

Positively charged part icles in the lamellar stream o utside the sheath air move toward 
the negative rod. while negati vely charged particles deposit on the surface of the o uter 
cylinder. The rad ial velocity of the particles is determined by the balance between the 
e lectric force fie ld and the opposing drag force. neglecting the effects of diffusion. The 
e lectrical mobility. Z. o f a singly cha rged panicle obtained by equating the electric fi eld 
and drag forces is given by (Chapler 2) 
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where 

v, _ radial component of particle velocity in !.he annular Row region 

E - electric fi eld strength 

, - charge on the electron 

C - slip correction factQr (Chapter 2) 

" - air viscosity 

(/" - partic le diameter 

Very small panicles with high mobilities move rapidly toward the center rod and deposit 
Larger particles deposit further along the rod while stil l larger ones pass OUI the bottom of 
the classifier with the mai n air now. A narrow range of particle sizes is removed with the 
air fl owi ng thro ugh the exit slit at the bol1om of the classifier. The particle concentration in 
thi s stream can be measured with a condensation particle counter. 

To measure the distribution of part icle mobilities. the applied potential betwcen the 
rod and tube is systematica ll y varied and the p:lrticlc concentrations are mcasured . The size 
distri bution of the inlet aerosol can be calculated from the distribution of pan icle mobilit ies 
using (6.5) and the Boltzmann distribution (Chapter 2) or an equivalent relationship. 

Diffusion Battery 

The di ffusion battery consists of banks of tubes, channel s. or screens throug.h which 
a submicron aerosol passes at a constant flow rate. Particles deposit on the surface of 
the battery elements. and the decay in total number concentration along the How path 
is measured, usually with a condensation particle counter. The equations of convective 
diffusion (Chapter 3) can be solved for the rate of deposition as a function of Ihe particle 
diffusion coefficient. Because the diffusion coefficient is a monotonic function of particle 
size (Chapter 2), the measured and theoretical deposition curves can be compared to 
determine the s ize for a monodisperse aerosol. 

For a polydisperse aerosol. the number of particles deposited up to any point in the 
system Can be calcuillted from the theory for monociisperse aerosols and then integrating 
over the ini tial size distribution, which is the quanti ty sought. The experi mental measure
ments made with the condensation nuclei counter gives the number concentration of the 
polydi sperse aerosol as a function of the distance from the inlet to the diffusion banery. The 
recovery of the size distribution function from the measured decay in particle concentmtion 
can be accomplished in an approximate way. Various numerical schemes based on plausible 
approximations have been developed to accompl ish the inversion (Cheng, 1993). T he lower 
detection limit for the diffusion battery is 2 10 5 nm. Systems are not difficult to bui ld for 
specific applic<'ltions or can be purchased commercially. 
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MASS AND CHEMICAL SPECIES DISTRIBUTION: 
THE CASCADE IMPACTOR 

The cascade impactor is the instrument most commonly used for the classification of aerosol 
particles according 10 size for subsequent chemical analysis. The device consists of a series 
of stages. each composed of an orifice (or multiple orifices) of progressively decreasi ng gap 
size through which the aerosol flows normal 10 a collecting surface (Fi g. 6.8). The orifice 
may be rectangulur or circu lar in shape. The air fl ows over the collecti ng surface and on to 
the next stage; particles too large to follow the air motion deposit on the surface. The basic 
mechanism of collection is inertial impaction. 

The orifice diameter (or width) is largest at the first stage, where the gas velocity 
is lowest. The largest suspended particles deposit at the first stage; smaller ones pass on 
to succeeding stages of smaller orifice diameter and progressively increasing efficiency of 
removal. The efficiency of a stage for particles of a given size is defined as the Fraction of the 
particles removed from the gas flowing through the stage. At a given flow rate. in the absence 
of particle reentrainment or rebound. the stage efficiency depends on the Stokes number. 
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Figure 6.8 Schematic diagram showing two slages of a cascade impactor. The last stage of II 

multistage impactor is often followed by a filter. 
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where U is the average velocity through the je t. d is the jet width or diameter. and C i 
the slip correction factor (Chapter 2). Ideally. the efficiency curve should be a step funclior 
corresponding to a given Siokes parameter. All larger particles would be caught at the stage 
whereas all smaller particles would pass. In practice. the efficiency curve is S-shaped <l! 

shown in Fig. 6.9. A stage is usually characterized by the diameter corresponding to 5M 
efficiency: 

d~ = [18JUJStk'j' /' 
p CPpU 

(6.7 

where the asterisk refers t<;' the value at 50% effic iency. For round jets, Stk' :::: 0.2 for valu~ 
of the ralioof clearance (see Fig. 6.8) todiameter (Fig. 6.1 0) over the range between I and 10 
For rectangular jets. Slk' ~ 0.66 for clearance 10 jet width ratios of I to 5. Reynolds number 
similarity (Chapter 4) has not been investigated in detail. It is usually ignored. and Ihis i! 
supported by the data of Ranz and Wong (1952) over a limited range. It is good practice Ie 

calibrate each stage of an instrument. whether commercial or laboratory-constructed. us in ~ 

monodi sperse aerosols. 
In the case of a complex aerosol (such as atmospheric particulate matter) the size, shape, 

and density vary among particles that deposit on the same impactor stage. This is true even 
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Figure 6.9 Schematic diagram of jet impactor efficiency showing Stk' corresponding to 5O'l 
impaction efficiency. For round jets. the lower tai l of the efficiency curve may not exist (Marplr 
and Liu. 1974). 
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Figure 6.10 X-ray flu orescence spectra for atmospheric particles collected on a pair of membrane 
filt ers. The fine particles (top) are strongly enriched in Ph and Br, whi le Ca and Fe are found mostly 
in the coarse particles (bottom) (Jaklev ic et aI., 1977). 

for a stage with perfect (step function) performance for spherical particles of constant 
density. How. then, are the results of measurements with the impactor to be interpreted for 
complex aerosols? Impactor data are often reponed in terms of the aerodynamic diameter, 
defined as the diameter of a hypothetical sphere of unit density with the same Stokes number 
(or settling velocity) as the particle in question. Particles of different size, shape, and density 
may have the same aerodynamic diameter. The aerodynamic diameter is particularly useful 
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for calculations of deposition by impaction. Data are usually shown in histogram foml with 
the IOtal mass or mass of each chemical species on each stage plotted against the particle 
size range on the stage. 

Jet velocities usually range from about 3 to 4 mlsec on the first stage to between 100 and 
200 mlsec on the last stage. To reduce particle rebound. the collection surfaces are usually 
coated with an adhesive. Conventional cascade impactors are usually satisfactory for the 
classification of particles larger than 0.3 MOl (aerodynamic diameter). According to (6.7). 
smaller partictes can be separated by increasing the velocity. decreasing orifice diameter 
o r width, or increasing the slip correction factor. C. by operating the impactor at lower 
pressures. Existing methods util ize various combinations of these methods to reduce cutoff 
diameters to about 0.01 Mm. Single jet impactors are usually designed to operate at about 
a liter per minute (Ipm). This may not be high enough to accumulate sufficient material for 
chemical analysis. Multiorifice impactors contain many jets at each stage. up to 2(XX) at 
the final stage. and permit much higher sampling rates. about 30 Ipm for one commercial 
system. 

AEROSOL CHEMICAL ANALYSIS 

Background 

Wecome now to one of the principal d ifficu lties in the field of aerosol measurements, namely, 
the detennination of chemical composition. The difficulties stem from a number of factors, 
Aerosols fonned under uncontrolled circumstances such as many industrial emissions or the 
ambient aerosol are often multicomponent. Compositions differ significantly from particle 
10 panicle: an indi vidual particle may be a highly concentrated solution droplet containing 
insoluble matter such as chains of soot particles. The size composition probability density 
function (Chapter I) can be used to characterize the chemicals and size properties of such 
systems (but not their morpholo~y) . 

Many chemical components present in such aerosols are relatively stable: they can be 
measured long after (days. weeks, or more) the aerosol has been collected on a filter or 
impactor plate. for example. Short-lived reactive and/or volatile species such as peroxides 
and aldehydes are not usually delennined. Thi s may make it difficult to evaluate the health 
and ecological effects of aerosols beeause chemically reactive chemical species tend to be 
the most active biochemically. The chemical components present in the particles collected 
on a filter or impactor plate may react with each other when they are in close proximity. 
Particle deposits in filters or on surfaces may also react with molecular components of the 
gases flowing over them. Chemical reactions between the gas and aerosol may not affect 
measurements of metallic elements but may modify chemical speciation (compound fonn) 
on the collector surface. All of these factors must be taken into account in selecling sampling 
and measurement methods for aerosol chemical properties. 

Aerosol chemical analysis can be conducted in several different modes including 
(but not limited to) the following: (i) Single panicles deposited on a suitable substrate 
can be anal yzed by microanalytical techniques (Hopke, 1985: Spumy. 1986: Fletcher and 
Small, 1993). Oi) Multielement analysis is used routinely to measure the composition of 
macfOsco!-,il: 4ualllilio:::s of pankulale matter collected on a filler or impactor slage. Between 
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10 and 30 or more clements arc mellsured in source resolut ion studies. (iii) The chemical 
composition of single particles can be measured on line by mass spectrometry without 
removing the particles from the gas. Modes (ii) and (iii) represent limiting cases with respect 
to the type of infomultion they provide and are discussed in the fo llowing subsections. 

Multielement Analysis for Source Resolution 

A widely used method of detennining the sources of atmospheric acrosols depends on 
the measuremenl of the concentrations of many different chemical elements present in 
the aerosol. The panicles are collectcd on a filter usually made of polycarbonate o r 
polytetrafluoTOethylene in the nucleopore form. The slllllple is nonnalty tllken at a site 
far from a single strong ai r pollution source. From information on the concentrations of 
e lements in lIerosol emissions from sources located in the region, the contributions of the 
vllrious sources to the aerosol at the sampling site can be estimated by a mathe nUltical 
deconvolution process (Chapter 13). Similar methods are applicable to indoor aerosols 
or to other aerosols in enclosed spaces involving particles from multiple sources. Four 
frequently used methods of multielement analysis :Ire briefly discussed in this section: x-ray 
fluorescence, particle-induced x-ray emissions, neutron acti vation analysis. and inductively 
coupled plasma emi ssion spectroscopy. The methods are described in more detail by Hopke 
(1985) and Appel (1993) and in the book edited by Lodge (1989). The chemical compound 
fonn in which the e lements appear (speciation) is not determined by these methods. 

Perhaps the most commonly used multielemenl methlXl is energy dispersive x-ray 
fluorescence (XRF) in which photons (x rays) or charged nuclear paniclcs arc used to 
induce x-my emi ssions from an aerosol collectcd on a filter of a type described earlier in 
this ch:lpter. The basic XRF mechani sm involves knocking an inner orbital electron OU t of 
the atom by an incoming photon or by nuclear particles such as protons or alpha rays. An 
OUler-shell electron lhen fill s the inner electron vacuncy with the release of the excess binding 
energy. This em:rgy lIppenrs liS an x ray with an energy dependent only on the energies of the 
two orbi tals involved in the transition. XRF is used to detect many of the chemical species 
of interest in atmospheric particles but is not suilllble for elements with atomic numbers less 
than 12 (aluminum). Thus clements of environmental interest such as Na and Mg cannot 
be detected. Examples of typical spectra for atmospheric particles arc shown in Fig. 6. 10. 
Particle-induced x-ray emission (PIX E) has a more uniform efficiency of x-ray production 
as a funct ion of atom ic number, so a wide range of elements can be measured in a sing le 
bombardment. PIXE h:ls a re latively high' sensitivity but requires a proton accelerator. 

In instrument neutron acti vat ion analysis (INAA) a smull fracti on of the stable atomic 
nuclei present in the s:ullple arc made radioactive by irradilltion with neutrons or other 
particles . By measuring the resulting radioactivity. the original elements present can be 
determined. Reactor or thermal ncutrons are usuatly used. The method does not work well 
for certain key e lements of environmental interest including silicon. sulfur. and lead. Table 
6.2 shows lNAA detection limits for various elements and typical concentrations of these 
eiemems in urban air. In atmospheric samples, lhe limit ur deleclabililY for a parl icular 
element depends on the quantities of the other elemems in the filler matrix. The table is 
based on a total air sample of 17 mJ actually used in the measurements. The tabulated 
results show that a[[ e lements li sted could be detected in this air vol ume with the exception 
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TABLE 6.2 
Detection limit for Neutron Activation Analysis Compared 
with Ambient Air Concentrations (Olmez, 1989) 

Minimum Typical Urban Minimum Typical Urban 
Detection limits Concentration DelK tion limits Concentra tion 

Element I'g) (nglml ) Element I' g) (ng/m l) 

N. 70 400 C. ,,. 
" M, 9000 6,. z" " 360 

AI 700 1700 G, 14 3 
S 1.7 x lOS 7200 A, 5 IS 
CI 140 ISO S, 2 6 
K 700 600 B, 10 200 

C. 2700 1600 S, 140 , 
" 0.03 0.5 Ag 3 0.3 
TI 1900 100 Cd 100 4 

V 17 100 I, 0.2 0 .1 
C, 5 30 Sb 2 20 
M, 3 50 I JS 10 
F, 100 1600 '" 0.' 0.2 

Co 0.5 1.4 B, 170 JO 

of S, Ti, Cu, Sr. and Cd. A serious disadvantage of INA A is the need for access to a nuclear 
reactor and other specialized equipment and technical personnel. 

The inductively coupled plasma (lCP) method util izes emission spectroscopy for the 
simultaneous analysis of a large number of clements. The argon plasma is generated inside 
an induction coil energized by a high-frequency alternating current. The aerosol sample 
is fi rst digested in concentrated nitric acid and then diluted and sprayed into the plasma. 
Highly excited atoms of the aerosol material produce the emission spectrum. ICP response 
is linear in the component concentrations over several orders of magnitude. The method is 
inherently destructive of the sample in contrast with XRF and INAA. The detection limit. 
however, may not be sufficient for cen ain e lements of imponance in source resolution. 

In addition to multielement analysis. source resolution requires datu on various carbon 
contuining components and sulfate, nitrate, and ammonium ions. The total carbon and 
classes of organic compounds can be measured by thennogravimctric techniques in which 
carbon-containing compounds are ox.idized to CO2 at different temperatures (Grosjean et 
al., 1994). The compounds coming off at each temperature are related to their volati lity. 
which tends to correspond to their molecular weights. A wide variety of methods are used to 
measure individual organic chemical components. For e."(ample, high-pressure liquid chro-
mutography in combination with UV fluorescence is used to measure polycyclic aromatic 
hydrocaroons. Inorganic water-soluble ions---cspccially sulfate, nitrate, and ammonia-are 
usually measured by ion chromatography. 

Most of the chemical species analyzed in studies of collected aerosol particles are 
relatively stable; they are usually measured long aner (days. weeks. or more) the aerosol has 
been collected. Hence shon-lived and/or volatile species such as perox.ides and aldehydes 
arc generally not reponed. This poses a problem in evaluating the heall h and ecological 
effects of aerosols bcclluse the shon-lived. reactive chemical species are likely to be the 
most active biochemically. 
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Single-Particle Chemical Analysis by Mass Spectrometry 

While the application of analytical techniques to collected aerosol material is relatively 
advanced, on-line methods for the measurement of aerosol chemical properties represent a 
serious gap in existing aerosol instrumentation. In this context, on-line refers to the ability 
to measure chemical constilllcnts while the particles are airborne without depositing them 
on a surface before chemical analysis. The two systems that have been investigated in 
most detail in this regard are partiete analysis by mass spectrometry (PAMS), an inherently 
destructive technique, and Raman scattering (Chapter 5), which may be destructive or 
nondestructive. The PAMS technique is further along in its development. There are two 
different measurement modes. The first is an integral mode in which the ion signals from 
indi vidual particles accumulate to produce a DC signal related to the total mass concenlration 
of the chemical component in the air. Most of the studies with PAMS, however, have 
in volved the analysis of single particles larger than a few tenths of a micron in diameter. 

PAMS systems have three main components: ( I) a specially designed interface or 
inlet through which the aerosol is transferred from the exterior gas into (2) the ion source 
region of the mass spectrometer where the particles are volatilized and ionized and (3) the 
mass analyzer in which the ions are separated according to mass and the ion currents 
for different masses are measured. Several alternatives are available for each of these 
components. Much current research in this field is directed toward selecting components 
for optimal perfonnance. A schematic diagram of the system is shown in Fig. 6.11. The 
earliest instrument to incorporate these e lements used a quadrupole mass spectrometer and 
a heated rhenium filament for ionization (S inha et ai. , 1982): more recent systems have 
used time-of-flight mass spectrometry and laser volatilization and ionization (Prather et al.. 
1994; Weiss et ai., 1997). 

The interface between the exterior aerosol and the ion source is usually a specially 
designed and calibrated aerosol beam (Chapter 4) with an associated skimmer arrangement. 
In the aerosol beam generator, the gas is expanded through a nozzle to near sonic velocity. 
Because the particles have high inertia compared with the gas, they cannot follow the gas 
motion and, instead, attain a velocity that depends on their diameter. Using particles of 
known diameter, the dependence of particle velocity on diameter can be determined. By 
measuring the time of transit of the particles between two HeNe laser beams, the particle 
velocity, hence its diameter, can be determined (Sinha, 1984). The particles can then be 
volatilized and ionized by a high-energy (for example. excimer) laser beam triggered by the 
HeNe laser. The burst of ions produced from each particle is characteristic of the amount 
and type of material composing the particles. 

As a result of the complex aerodynamics of the particle beam and associated skimmers. 
the size distribUlion of the particles that reach the ion source differs significantly from that 
in the gas samples from outside the system. To relate the measured chemical compositions 
to the outside aerosol, it is necessary to correct for this effect. Thi s can be accomplished in 
principle by determining the efficiency of transmission of particles from the exterior into 
the chamber. It is also possible to use data for particle size distributions measured outside 
the spectrometer to characterize the external aerosol. Because the particle size distribution 
measured with an optical particle counter does not con'espond to the aerodynamic diameter, 
there will be some difficulties of interpretation. 

Spectra for two different particles in the air of a laboratory in the Netherlands are 
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Figure 6. 11 Schematic diagrJ.m of the system components for particle analysis by mass spectrometry. 
(a) Interface wilh external aerosol. Panicles are introduced from the exterior through an aerosol beam 
with associated skimmers into (b) volatilizing and ionizing region. The arrival of each particle a1 
the detector location is sensed by a laser that energizes a more powerful laser which focuses OR the 
incoming panicle 10 generate ions that pass to the (c) m3SS spectrometer, which may be of various 
types including quadrupole or time-or-flight. (From Sinha et al. 1983.) 

shown in Fig. 6.12. The upper spectrum is the one most commonly observed and shows 
high sodium and potassium peaks. These indicate a marine aerosol origin probably from 
air over the North Sea about 20 km to the west. The lower spectrum shows low sodi um and 
potassium and high calcium compound peaks. This particle probably comes from building 
materials such as plaster and concrete. The PAMS Technique has also been applied to the 
analysis of bacterial cells (Si nha et al., 1985). Remarkably similar spectra were observed 
for three different types of bacteria but with significant differences in the relati ve intensities 
for certain peaks. 

SUMMARY CLASSIFICATION OF MEASUREMENT INSTRUMENTS 

Aerosol measurement instruments can be convenientJy classified according to the type and 
quantity of information they provide about aerosol properties. The physical principles on 
which the instruments are based are of secondary importance in this classification scheme. 
and indeed the instruments can be considered "black boxes." This approach makes it possible 
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Figure 6.12 Mass spectra for two panicles measured using time-of-flight mass spectrometry in a 
laboratory at the Technical University of Delft in The Netherlands (Weiss et al.. 1997). The top 
spectrum probably comes from a particle of marine origin and the bottom from a local source with 
construction material components. 

to see how far measurement technology has advanced and indicates gaps in instrumentation 
and like ly future developments. 

In Table 6.3, instruments d iscussed in previous sections are classified in tenns o f their 
performance characteristics. The second column shows whether the instrument classifies 
the particles according to size and also how fi ne the size resolution is. The third column 
shows the lime response behavior o f the system- that is. whether the instrume nt responds 
to single panicles or to shon- or long-term time averages. The fo urth column indicates 
whether single panicles are analyzed chemically or the average composition of collections 
o f panicles is determined. 

The first device listed. the "single-particle counteranalyzer" (SPCA), chemically sizes 
and analyzes each particle, thereby permitting the detennination of g. The SPCA, opemting 
perfectly. would classify the particles according to size. identifying each class separately 
with no " Iumping" of classes. This perfect classification is represented by the opcn sector 
shown in the size column. As an example. a single class is shown passing to the time 
resolution column : because the counter responds to the indi vidual particles. the time 
resolution is also perfect as indicated by the open sector in the time column. Complete 
chemical analysis of a single-time class is indicated by the open sector in the che mical 
composition col umn. 

The PAMS system provides some of the information necessary for the evaluation of g, 
but current instruments have significant limitations. Most require that the particles be larger 
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TABLE 6.3 
Characteristics of Aerosol Measurement Instruments 

Instrument 

Perfecl single panicle 
coumer analyzer 

Optical single panicle 
oountcr 

Electrical mobil ity 
:malyur 

Condensation nuclei 
counter 

Impactor 

Impactor chemical 
anal)"l.er 

Whole smnple 
chemical :maly1.er 

I(c,y: 

Resolution 

Sile Time 

I 

~<J§--111 ~ 

'1------11 I 

1-------11 I I 

-<J Rrsolulion aI s.in&Jc partie'" k,..,1 

.. Oi~rtl.i>.in, process 

[I] A"cr:oging ~ 

Chemical 
Composition 

Quantity 
Measured 

(Integrand x N;I 

g 

J. " J gdnf tfU 
", 

[~' J gdnt dlO 

than a few tenths of a micron in diameter to furni sh enough mass for measurement. Particles 
may be too refractory for volatilization. In other cases, volatil ization and ionizatjon may 
change the chemical speciation of the aerosol components. 

The other devices listed in the tllble measure certain integral functions of g as shown 
in the last column . The first few devices have a relatively fast time response. However. 
the single-p.1Tticle optical counter lumps the data over small but discrete size ranges. This 
lumpi ng of size classes is represented by the striated pmlern shown in the size sector. Optical 
counters currentl y available are limited to particles larger than about a tenth of a micrometer 
in diameter. Hence lhe size resolution covers a limited range liS shown by the reduced seclor 
in the table. Because the cou nter responds to single particles. the time resolulion can be 
considered perfect as indicated by the open sector. The strimed pattern in the time resol ut ion 
column for Ihe mobility analyzer shows Ihat particle counls are integrJtcd over an interval 
of minutes. 
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The condensation part icle counter responds to all particles larger than 5 to 10 nm . 
Because it counts all such part icles without distingu ishi ng among them, there is no resolution 
wi th respect to si7.e as indicated by the box containing the integral sign. The quantity 
measured is in principle Noo (l), the total number of particles per unit volume, as a function 
of the time I. The response time is of the order of a few seconds so the instrument com 
be considered as continuous for applications to atmospheric monitoring. However, for 
industrial process gases, faster response times may be requ ired in some applications. 

Size distribution data obtained with the cascade impactor, the fifth device shown in 
the table, are lumped over size ranges corresponding to each stage as shown by the striated 
paltem in the size resolution col umn. The data are then averaged over the sampling vol ume 
or time of operation as indicated by the integrated symbol in the time resolution column. 

The cascade impactor is frequently used 10 classify particles for chemical analysis. The 
quantity obtained is the concentration of various chemical species averaged over all the 
part icles in a given size range and then averaged again with respect to time: 

!:J.p; = ~; fo T Noo 1:>: [/ ... / 8 ,, ](1"2 ... d,, ; ... dllkJ dll (It (6.8) 

where 6p; is the mass of species i per unit volu me of air in the size range Il] to tI2 averaged 
over the time T, and MI is the molecular weight of the ith species. 

The last system shown in Table 6.3 corresponds to a filter in combination wi th a 
method of chemical analysis such as x-ray fluorescence. It provides data on the chemical 
composition of the entire aerosol. The particles are collected on a fi lter usuall y over a period 
of hours. Concentrations measured by whole sample chemical analysis can be represented 
by the following expression: 

PI = ~; 1T Noo / [ / ... / 8" ld"2 . .. dll ; ... dnk ] dll lIt (6.9) 

where P; is the mass of species i per unit volume of air averaged over the time T. 

MONODISPERSE AEROSOL GENERATORS 

Monodisperse aerosols are almost always used to calibrate the instruments described 
previously. They are also important for perfonnance studies of gas-cleaning devices and 
in investigations of fundamental aerosol behavior such as li ght scattering. Aerosols com
posed of uniform particles can be produced by condensation processes or by atomization 
of liquids. 

Condensation Generators 

By seeding a condensable vapor with nuclei and then allowing condensation to take place 
under carefully controlled conditions, aerosols of nearly unifonn size can be produced. The 
method is of great practical importance in producing test aerosols fro m a variety of liqu ids 
and from solid materials. such as salts, as well. 
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A schematic diagram of an apparatus of this type is shown in Fig. 6. 13. The substance 
from which the aerosol is to be made. generally a high-boiling material such as dioctyl 
phthalate or oleic or stearic acids, is atomized and then evaporated in an electrically heated 
glass tube. There is usually a sufficient amount of nonvolatile impurities present in the 
atomized liquid to leave tiny residual pal1icles that can serve as condensation nuclei. 
Because one condensation nucleus is formed frOlll each droplet and the atomizer can 
be operated in a stable manner. the generator provides a steady source of nuclei and 
condensable vapor. 

After passing through the evaporoltion section. condensatiOIl takes plat:c on the residual 
nuclei. fomling an aerosol. Even though the residual nuclei vary in size. they grow by 
diffusion to a final diamcter nC'olTly indcpendent of the original size of the nucleus. The 
theory is discussed in Chapter 10 in the section on growth laws. The most unifoml portion 
of the aerosol is the part flowing near the center of the lUbe where the tempermure profile is 
flat. Compared with the flow ncar the wall . the velocity profil e and hence residence time vary 
little with radius near the center. It is this portion of the stream that is sampled to provide an 
approximately 1ll0nodisperse aerosol. By controlled dilution of the original material with 
alcohol. aerosols can be generated with diameters ranging from about 0.036 to 1.1 I'm. The 
larger particles are more unifoml than the smaller. with the geometric standard deviation 
increasing from 1.22 at 0.6 Jim to 1.50 at 0.03611111. Other condensation aerosol generators 
have been developed. and these are reviewed by Mercer (1973). Aerosol flow rates in the 
range 0.1 to I literlmin and concentmtion s in the range 10~ to 107 p;micles/cm3 C;1ll be 
generated in this way. 

A tomizing Generators 

Monodisperse. spherical polystyrene latex particles in aqueous suspension arc available 
commercially in sizes ranging from 0.088 to about 2 ~m. Relati ve standard deviations 
in particle size are usually less than 10% and sometimes less than 1%. The suspensions 
are manufactured industrially byemulsion polymerization. Monodisperse polyvinyJtoluene 
particles of somewhat larger diameter. up to 3.5 j.tm. are al so available. The properties of 
these systems are reviewed by Mercer ( 1973). 

Aerosols can be generated by nebulizing a suspension of these particles and mixing 
the droplet suspension wi th dry air to evapor.tte the solvent. Small quantities of dissolved 
substances. including stabilizing agents to prevent coagulation of the particles. are present in 
the suspension. These also appear in the aerosol after drying either coated on the latex sphere 
or as a very small particle when the origimll droplet contained no latex. Such aerosols are. 
therefore. composed of two types of panicles: an (almosl) monodisperse latex component 
and a secondary aerosol of much smaller particles. the dissolved solids originally present in 
the suspension. The secondary aerosol may cause problems in cenain types of applications. 

Several ingenious methods have been devised for the production or monodisperse 
aerosols. based on the breakup of suspensions, solutions. or pure liquids under carerully 
controlled conditions. In the case or the spilllling disk gel1erllfor. a liquid is fed continuously 
on to the center of a rotating disk. and a spray of droplets is formed. Unirorm droplets result if 
the liqu id wets the disk surface. and the fl ow is controlled between certain limits. Actually 
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I~igl.l~ 6.13 Condcnsiltion aerosol gcncntoT. The number conccntf:ltions of the polydispel"'Oe :lem~ol 
produced in the nebulizer are nearly equal to that of the monooispersc aerosol. E.1ch cvapomting 
droplet from the polydisperse aerosol leaves behind a residue that scl"\'es as a nucleus for the 
monooispersc aeroso l. (After Liu et al.. 1966.) 

two sizes of droplets are produced. Most of the liquid goes into a set of larger droplets 
projected to a greater di stance than the accompanying satell ite droplets. The diameter of the 
sate ll ite droplets is about one-fourth that of the primary droplet s. and there are :tbout fou r 
satell ite droplets for each of the primary. Less than 10% of the liquid appears in the satellites 
for liquid flow rates below about I cm3/min. This proportion increases with increasing liquid 
flow rates. 

Separate large- and small-drop aerosols can be produced by taking advantage of the 
different stop dist;tnces of the primary and salelli te droplets . Aerosols of the original pure 
liquids can be produced in this way wilh primary droplet diameters ranging from 6 10 
3000 /.l m and liquid flow rates up to 168 cm3/min . When solutions with volatile solvents 
are used, the solvents can be evaporated. leaving behind particles whose size depends on the 
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original droplet diameter and concentration. In this way, aerosols in the size range belween 
0.6 and 10 I'm have been generated. 

The vibratillg orifice gellerator produces unifonn droplets by the breakup of a jel 
of liquid forced through a vibrating orifice. The diameter of the orifice ranges from 5 10 
20 /.Lm. corresponding to droplet diameters ranging from 15 t040 /.Lm. Droplet diameters are 
continuously adjustable over an approx imate 25% range by varying the vibration frequency, 
f. Each vibration cycle produces one droplet with a volume given by 

Q 
v=-

f 
(6.10) 

where Q is tile volumetric rme al which liquid is fed 10 the orifice. The droplets are dispersed 
by turbulence in the air stream, thereby minimizing collision and coalescence. [f the liquid 
is a solution of a nonvolatile material in a volatile solvent. the solvent can be evaporated to 
produce particles as small as 0.6 JLm conveniently. The size of the particles can be calculated 
from (6. 10) and the concentration of the nonvolatile substance. The calculated particle size 
is more accurate than values measured with conventional microscope techniques (Berglund 
and Liu, 1973). Concentrations of the order of 100 particles/cm3 can be produced at aerosol 
flow rales of 100 liters/min. 

In electrohydrodynamic atomization (EHDA) a stream of charged droplets is produced 
by applying a potential difference of several thousand volts between a plate and a capillary 
supplied with a liquid. The droplets issuing from the capillary may range in size from 
nanometers to millimeters. depending on the mode of operation. For a given liquid al a 
fixed flow rate. the spray characteristics pass through several different behavioral modes 
with increasing applied voltage. The EHDA process has been reviewed by Grace and 
Marijnissen ( 1994) and Cloupeau and Prunet-Foch ( 1994) in a special issue of the JOllmaJ 
of Aerosol Science (Volume 25, Number 6. 1994) devoted to the subject. 

The cone-jet mode has been the mosl systematically studied. In this mode. the meniscus 
at the capillary eX it assumes the fonn of a cone from whose apex a liquid jet is emitted. 
This filamen t breaks up and generates an aerosol (eJectrospray) of droplets that may be 
monodisperse with a diameter comparable to that of the jet with a charge near the maximum 
value of the Rayleigh limit; many uncertainties remain concerni ng the specific operating 
conditions and liquid properties best suited to generate a monodisperse aerosol with a given 
diameter. Rosell-Llompart and de la Mora (1994) d iscuss the use of scaling laws based on 
the equations of fluid motion to correlate the experimental data. 

PROBLEMS 

6.1 It is proposed to filter a gas stream to obtain an aerosol sample for chemical analysis. A 
standard 30-mm (diameter)commercial filter is to be used. rated at 0.02% penetration forO.3-~m 
panicles at a face velocity of 53 crn/sec. If the velocity of the gas stream from which the sample 
is taken is 6 mlsec. what shou ld be the diameter of the sampling probe for isokinetic sampl ing? 
What will be the volumetJ if.; now r41e of the sample in mJlhr"? 
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6.2 It is desired to sample particles from a gas for morphological study by electron microscopy. 
The particles arc collected on the stages of a cascade impactor using an electron micrograph 
grid in place of II collector plate. Let N<;» be. the part icle concentration in the size rangc of 
interestlhat deposils on a given siage. lei In be. lhe magni fication of Ihe microscope. lei d be the 
diameler of Ihe aerosol deposil (assumed uniform over d). and lei q be Ihe volumetric flow rate. 
Derive an expression for the time needed to obtain II deposit of (I panicles per unit area on the 
electron microscope viewing screen. For a = 100 panicleslcm2. calculate the time in minutes 
for a concentration of 102 panicles/cc in the si .. .e range of interest. magnification of 65.000. and 
volumetric sampling rate of I Ipm. The deposit diameter is I mm. 

6.3 A round jet impactor is to be designed to sample a fl owing aerosol. For a maximum 
jet velocity of 200 mlsec and a flow rate of I liter/min. determine the minimum particle size 
(aerodynamic diamete r) that can be collected. Assume that the pressure throughout the impactor 
is approximately atmospheric and the temperature is 20"C. Be sure to account for the slip 
correction faclOr (Chapler 2). 

6.4 For the optical panicle counter of Fig. 6.5, the sensing volume is 1.5 )<. 1.5 x I mm. 
Determine the total energy scattered by the air molecules in the volume. Compare this with the 
scattering by single panicles with diameters ranging from 0.05 to 5 11m and a refractive index 
of 1.5. Assume A = 0.5 /.tm and express your answers in temlS of the incident intensity. The 
temperature is 20°C. 

6.5 It is desired to relate measured values of the light scattered by the atmospheric aerosol to 
the contributions of different ranges of the size distribution function . Discuss the components 
of a measurement system capable of providing the necessary information. Discuss assumptions 
that must be made in canying out the relevant calculations. 

6.6 The integrating nephelometer provides information on total aerosol light scal1ering. Show 
how the characteristics of the instrument would appear within the framework of Table 6.3. 

6.7 By rotating a flat disk about an axis perpendicular to its face. an air flow can be induced in 
the direction of the surface. Small particles diffuse to tne surface of Ihe disk at a rate given by 
the expression 

where J is the flux in particles per square centimeter per second. w is the angular speed of the 
rotating disk in mdians per second. and nco. is the panicle concentration at large distances from 
the disk. 

The panicle deposition rate is independent of position on the surface as long as the boundary 
layer is laminar. By attaching an electron micrograph grid to the surface, a sample can be 
collected for examination under the electron microscope. If the atmospheric concentration is 
lOS particles/em). determine the sampling time necessary to have 10 panicles in an area 100 /J.m 
on a side. The speed of rotation is 20.000 rpm and the temperature is 20"C. To simpli fy the 
calculation. assume the particle size is 0.05 /.tm. (For an application of this method. see Pasceri 
and Friedlander. 1965). 

6.8 Certain metals present in the atmospheric aerosol. including Fe. Mn, and V. may serve 
as catalysts for the oxidation of substances such as S02. which is converted to H2S0 4 in the 
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atmosphere. Estimate me volume of air that mus t be sampled to collect enough material for 
INAA of these metals. Refer to Table 6.2. 
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Chapter 7 

Collision and Coagulation 
Coalescing Particles 

INTRODUCTION 

188 

In discussions of light scancring and deposition in previous chaplers. Ihe size diSlribUlion 
function. I1(V). was considered a given quantity. However, thc deposition process itself 
rcsulls in the loss of particles preferenlial1y with respect to size. thereby changing f/(u). 

In addit ion, processes occurri ng withi n the gas, includi ng coagulation and gas-la-particle 
conversion, mod ify 1/ ( v) . This occurs in the production o f ti tania pigment. in the evolution 
of the atmospheric aerosol . and at sources of combustion aerosols such as incinerators and 
pulverized coal combustion units. The nexi few chapters deal with the internal processes 
that modify the particle size di stribution. In this chapter. we consider coll isions among 
coalescing spherical particles, the process we define as coagulatioll . 

Aerosols are unstable with respect to coagul ation. The reduction in surface area 
that accompanies coalescence corresponds to a reduction in the Gibbs free energy under 
condi tions of constant temperature and pressure . The prediction of aerosol coagulation rates 
is a two-step process. The first is the deri vation of a mathematical expression that keeps 
count of particle collisions as a function of particle size: it incorporales a general expression 
for the coll ision freq uency funct ion. An expression for the collision frequency based on a 
physical model is then introduced into the equation that keeps count of collisions. The 
collision mechan isms include Brown ian motion. laminar shear, and turbulence. There may 
be interacting force fields between the particles. The processes are basically nonlinear, and 
this leads to fonnidab le difficulties in the mathematical theol)'. 

In thi s chapter, we consider fi rs t the initial coagu lation of monodisperse aerosols 
for which analytical solutions for the particle size distributions can easily be obtained. 
Results of these calculations may be su ffici emly accurate for certain applications especially 
for short times. Then sol utions approached asymptoticall y after long periods o f time 
("self-preservi ng" size distributions) are discussed. In the classical theol)' o f coagulation. 
coalescence occurs instantaneously after two part icles collide, and a new sphere is fonned. 
The term Clggiomerarioll is reserved for non coalescing collision processes. The fonnation of 
agg lomerate structures composed of noncoalescing spheres is discussed in the next chapter. 
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Later. in Chapter 12. the theory is furt her generalized to take into account the factors lhat 
detenni ne the size of the primary particles composing agglomerates. In detailed design 
calculations for particular geometries and flow regimes. numerical methods arc necessary 
to solve the coagulation equations. but these are beyond the scope of the text. For discussions 
of numerical methods, the reader is referred to Gelbard and Seinfeld (1978), Landgrebe and 
Pratsinis ( 1990), and Williams and Loyalka ( 1991). 

The term "aerosol condition ing" refers to modification of the size distribution through 
physical and/or chemical processes, usually to enhance the efficiency of gas cleuning 
devices. For example, considerable effort has gone into the development of acoustic 
coagulation as an industrial process. The goal is to grow the particles in an acoustic field 
and separate the en larged particles by relatively inexpensive equipment such as a cyclone 
separator. While progress has been made in laboratory demonstrations, a practical industrial 
process has not been developed: acoustic coagulution theory is reviewed by Williams and 
Loyalka ( 1991). 

COLLISION FREQUENCY FUNCTION 

Particle col lision and coagulation lead to a reduction in the total number of particles and an 
increase in the average size. An expression for the time rate of change of the panicle size 
distribution function can be derived as follows. 

Let N/j be the number of collisions occurri ng per unit time per unit volume between 
the twO classes of particles of volumes Iii and Vj. All particles are assumed to be spherical. 
which means that i and j are uniquely related to particle diameters. When two particles 
collide. according to this si mplified model . they coalesce instantaneously 10 form a third 
whose volume is equal to the sum of the original two. In temlS of the concentrations of 
particles 11,' and " j with volumes Ui and Uj. the coll ision frequency is 

(7.1) 

where {J(Vj. Vj) . the collision frequency function, depends on the sizes of the colliding 
particles and on such properties of the gas as temperature and pressure and the characteristics 
of the flow field. The functional dependence on these vari ables is determi ned by the 
mechanisms by which the particles come into contact. 

In the case of a discrete spectrum (Chapter I), the rate of formation of particles of size 
k by collision of particles of size i and j is ! Lj + j = k Nij where the notation i + j :: k 
indicates that the summation is over those collisions for which 

Vi + Vj:: Uk (7.2) 

A factor of 112 is introduced because each collision is counted twice in the summation. The 
rate of loss of particles of size k by collision with al l other particles is L~I Nik. Hence the 
net rate of generation of panicles of size k is 
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~ 

2 L N,,- L N" 
i +j=t 1 . 1 

(1.3) 

When we substitute (7. 1) in (7.3). the result is 

(H) 

which is the dynamic equation for the discrete size spectrum when cO:lgulalion alone is 
important. The solUlion 10 (7.4) depends on the form of P(v,·. Vj ). which is detennined by 
the mechanism of panicfe collision . as discussed in the sections that fo llow. The theory 
for the discrete spectrum. including expressions for the collision frequency function for 
Brownian coagulat ion and laminar shear. is due to Smoluchowski ( 1917). 

BROWNIAN COAGULATION 

Panicles smaller than about I linl collide as a result of their Brownian mOlion: most 
of the theoretical and experimental studies of coagulation have been concerned wi th 
this mechanism. For panicles much larger than the mean free path or the gas. there is 
experimental evidence that the collision process is diffusion-limited. Consider a sphere of 
radius lIi. fixed at the origi n of the coordinate system in an infinite medium containing 
suspended spheres ofradiusllj. Particles of radius a j are in Brownian motion and diffuse to 
the surface of ai. which is a perfect sink. Hence the concentration of a j panicles vanishes at 
r = (II +aj. Forthe spherical symmetry. the equation of diffusion (Chaptcr2) takes the form 

an ar2(a ,,;ur) 
-_ D ~ a, r2ur 

For this case, the initial and boundary conditions are 

11 =Oforall l 

Let 

( ,,~- ,,)( , ) 
w = 1100 ai + OJ 

and 

X = 
r - (a; + OJ) 

(/; + aJ 

Substitution in (7.5) gives 

(7.5.a) 

(1jb) 

(7.6) 

(7.7) 

(7.8) 
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with the boundary conditions 

at x =0. w= I for all I 

x > O. I = O. W = 0 

Equation (7.8) with these boundary conditions corresponds to one-dimensional diffusion 
in a semi -infinite medium for which the solution is 

X (ai + aj ) 
w = I - erf 2( DI)I /2 

where erf denotes the error function. As I ----+ 00. W _ I - erf(O) = I and 

" 00 - " ai + llJ 
~ ---

fl oo r 

(1.9) 

(7. 10) 

which is the steady-state solution for the concentration distribution . also obtai ned by selling 
an 101 = 0 in (7.5) and solving for fl . 

Because the flux of llj particles to an lli panicle is 

- D -(an) 
or r " "i+ "J 

the rate of collision of {lJ panicles with an (I i panicle is 

F (I ) = 4n D r - -( ,an) 
or r _"i+ "J 

(1.11) 

Differentiating (7.9) and substituting in (7. 11 ). we obtain 

[ ";+".] F(I ) = 4n D(ai + {/j ) lI oo I + 1~2 
(n DI) 

(7. 12) 

This is the rate at which panicles of size {lj collide with a fi xed pan icle of size {lj (panicles/s). 
For sufficiently long times (I » (lli + aj )2 I D ) . particles near Ihe jth type have coagulated 
or diffused. and Ihe local rate of coagulation assumes a stationary value 

(7.13) 

which is equivalent to thc stcady-state solution (7. 10). 
If the central panicle is also in Brownian motion. the diffusion constant. D. should 

describe the relati ve motion of two pan icies. The relative displacement is given by Xi - Xj ' 

where Xi and Xj ilre the di splacements of the two pan icles in the x direction measured from 
a gi ven reference plane. The diffusion constant for the re lative motion can be obtained from 
the Einstein equation for the diffusion coefficient (Chapter 2): 

(Xi _ .1"] ) 2 
D" ~ '>:::"o?L 2, 

(7.14a) 

(7.14b) 

(7. t4c) 
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The quantity X;Xj = 0 because the motion of the two particles is independent. The 
collision frequency funct ion first derived by Smoluchowski is then obtained by substi tution 
in (7. 13): 

(7.l.S) 

For particles 0.1 j1.m in radius. the characteristic time (a; +aj)2 1(0; + Dj ) is about 10- 3 sec. 
and the use of the steady-state solution is justified in most cases of practical interest. When 
the Stokes-Einstein relation holds for the diffusion coefficient (Chapter 2) and dp » t. this 
expression becomes 

( ' ) 2kT (' ') ('" '/3) fJ II,' , IIj = -3- l'73 + l'73 II; + IIj 
J.L II; IIj 

(7. 16) 

The derivation of (7.16) is based on the assumption thaI the diffusion coeffi cients of the 
colliding particles do not change as the particles approach each other. That this is nOi 
correct can be seen qualitatively from the discussion in Chapter4 oflhe increased resistance 
experienced by a particle as it approaches a surface. The result is that the teml (0 ;+ Dj ) tends 
to decrease as the particles approach each other. This effect is countered in the neighborhood 
of the surface because the continuum theory on which it is based breaks down about one 
mean free path (-0. I 11m at NTP) from the particle surface: in addition. van der Waals forces 
tend to enhance the collision rate as discussed later in this chapter. For further discussion 
of the theory. the reader is referred to Batchelor ( 1976) and Alam (1987). Experimental 
support for (7.16) is discussed in the next section. 

For particles much smaller than the mean free path of the gas, less than about one-tenth. 
say, the collision frequency is obtained from the expression derived in the kinetic theory of 
gases for collisions among molecules that behave like rigid elastic spheres: 

( 3)''' (6kT)' I' ( , ,)'1' , 
{J ( II;, IIj} = 4]l Pp II,' + IIj (II} ' ) + 1I) f3r (7. 17) 

where Pp is the particle density. Fuchs (1964) has proposed a general interpolation formula 
for {J . which takes into account the transition from the free molecule regime (7.17) to the 
continuum range (7.16). Values of {J calcul ated from the interpolalion fomlllla are shown in 
Fig. 7. 1. The val ue of (J(al. al ) is smallest for monodisperse panicles (al la2 = I), and the 
spread in value for particle size is smallest. For monodisperse particles. {J passes through a 
maximum at a Knudsen number of 5 (Hidy and Brock. 1970). 

BROWNIAN COAGULATION: DYNAMICS OF DISCRETE 
DISTRIBUTION FOR AN INITIALLY MONODISPERSE AEROSOL 

A simple sol ution to the kinetic equation for Brownian coagulation can be obtained for 
nearly monodisperse systems. Setting tli = IIj in (7.16). the collision freque ncy funct ion is 
given by 

(7.18) 
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I~,---------------------------~ 
(/2 =lnm 

2 

5 

10 1()3 10' 

Figure 7. 1 Variat ion of coll ision frequency function #(al. (1 2 ) with panicle size mlio (/1/tl2 for air 
al 23°C and I atm based on Fuchs ( 1964. p. 294). The value of {J(al. (12) is smallest for panicles of 
equal size «(I d a! = I) and Ihe spread in value with particle size is smallest. FOf(lI / (/! = I, {3 goes 
through a weak maximum for Knudsen number near 5. The value of {3 (UI. ( 2) is highest for interacting 
panicles of very different sizes (large III / '12). The lowest curves correspond to Ihe continuum regime. 

In this special case of /3 = K independent of particle size. a si mple. analylical solution can 
be obtained for the d iscrete size distribution of an initially monodisperse aerosol. When we 
substitute in (7.4), the result is 

dill: K 00 - - - L 1I;lIj - Kllk L II ; dl - 2 
i + j = k i '" I 

(7.19) 

Let L:f'= I IIi = Noo be the total number of particles per unit volu me of fl uid. When we 
sum over all values of k. the result is 

, 
Ilillj - K N~ (7.20) 

i+j= J: 

It is not difficult to show by expanding the summation that the fi rst term on the right-hand 
side is (K /2)N~ so that the equation becomes 

dNoo K 2 
d, = - 2Noo (7.21 ) 

Integrating once gives 

(7.22) 
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where Noo(O) is the total number of particles at t 
tion is 

O. For k = I, the kinetic equa-

Solving gives 

dnl 
-=-KIIINoo 
dl 

III = 
(I + t1T)2 

where t" = 2/[K Noo(O)] = 3p-/[4kTNoo(O)l and for k = 2 

Nro (O)t It" 

In general, 

"2 = (1+ t1T)3 

Noo (O)(tlr)k - I 

( l +r/t")k + 1 

(7.23) 

(7.24) 

(7.25) 

(7.26) 

which is the equation for the discrete size distribution, with an initial1y monodisperse 
aerosol and a collision freque ncy function independent of particle size. The variation in 
"k with lime is shown in Fig. 7.2. At any time, t, the discrete distribUlion is a mono
tonically decreasing function of k. Since (7 .25) is based on the assumption that the col
lision frequency function is constant (colliding particles of equal diameter), the analysis 
would be expected to hold best for small values of fiT. while the aerosol is nearly 
monodisperse. 

The solution for the discrete distribution (7 .26) can be interpreted as the size dis
Iribution fOT the particles in a batch system at a time t after the start of coagulation. 
Alternative ly, it is equivalent to the distribution after a residence time t in a plug flow 
system where t = x I u. x is the distance from the entrance to the tube. and U is the average 
velocity. 

Support for the theory of diffusion-controlled coagulation came originally from ex
periments with polydisperse aerosols (Whytlaw-Gray and Patterson, 1932). The measured 
coagulation coefficient K was shown to be approximately independent of the chemical 
nature of the aerosol material with a value close to that predicted theoretically. Tests 
of the theory have also been conducted by following the coagulation of Illonodisperse 
aerosols of dioctylphathalate generated by a condensation aerosol generator (DeviT. 1963). 
Experimentally measured values of the coagulation coefficient were compared with values 
calculated from theory. Taking into account wall losses. good agreement between theory 
and experiment was obtained. Such experiments provide the main support for the use of 
the Smoluchowski kernel in coagulation theory. 

Example A: Estimate the time for the concentration of a Illonodisperse aerosol to 
fall to 10% of its original value. The particle diameter is 0.1 I.un, and the initial 
concentration is 108 cm- 3 . The gas is air at 20°C. 
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SOLUTION: By rearranging (7.22). we obtain 

1= 
Noo(O)/ Noo - 1 

K N~(O)/2 

For Noo(O)/ Noo = 10. this becomes 

18 
1' / 10 = K Noo (O) 

From (7 .1 7). for tip = 0.1 p.m. K = fJ ::::: 14.4 x 10- 10 cm3/sec. The lime for the 
concentration 10 fall to 10% o f its original value is 

18 x 109 

" / 10 = OS = 125 sec 
1.44 x I 

For values o f " / 10 corresponding to other initia l concentrations. see Table 1.1. 
C hapler I. 

3 
4 

4 

" 
'" 

2 3 4 

II ' 

Figure 7.2 The variations in N oo.lIl . f1 2' .• • with lime for an initially monodisperse aerosol. The total 
number concentration, Noo, and the concentration of til both decrease monotonically with increasing 
time. The concentmtions of " 2 .. . pass through a maximum. (After Smoluchowski. 19 17) 
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Example B: Show that for sufficiently long times we obtain Ilk "- e-~, where 
I) ==: kl k and kef ) = Noo (O)1 Noo (1) is the average number of monomers in an 
agglomerated particle. 

SOLUTION: Rearrange Smoluchowski 's result (7.26) as follows: 

(B.I) 

where we have introduced (7.22) in the form 

Noo (O)1 Noo = I + Il r 

Rearranging (B. I ) gives 

[ 
1 ]-"-" = 1+-

, i' 
(8.2) 

which can also be written as 

II kNoo (O) [( 1 )'1,]-(1< - I )r/r =""''' ~ 1 + -NJ.., Il r 
(8.3) 

Taking the limit for large values of Ilr: 

( 1 )'1' lim 1+ - ~ , 
'1 ..... 00 Il r 

( BA) 

Substi tuti ng in (8.4) gi ves 

where I) = (k - l )/(k - I). Thus a plot of IIkNoo(O)I NJo based on (7.26) forTl* 
and (7 .22) for N;:o(t ) shou ld approach an asymptotically decaying function of (k-
1)/(k -I) ~ kl k that does not change with time. The asymptotic form is an example 
of a se lf-preserving size distribution discussed at greater length later in this chapter. 

BROWNIAN COAGULATION: EFFECT OF PARTICLE FORCE FIELDS 

The collision frequency is modified when particles exert forces on one another (Fuchs. 
1964). The fie lds of most interest result from van der Waals forces, which are always present. 
and Coulomb forces , which result when the particles are charged. Both are considered in 
the following sections. 

Once again we consider a particle of radius (lj to which particles of radius a j are 
diffusing. In this case, however, the (lj particle exerts a force A(r ) per unit mass [that is. 
it produces an acceleration A(r ) ] on the particles of radius (lj in Brownian motion in the 



EffeCI 0/1'011 der Wa(lls F()rce.~ 197 

surrounding flu id. Making the assumption of spherical symmetry. the diffusional fl ux of {lj 
particles to the surface of the til particle (Chapter 2) is given by 

an A (r) 
J (r) = - 0 - + --11 (7.27) ar f 

In the sleady state. the number of panicles crossing ench spherical surface concenlric wi th 
the central pan icle is constant : 

.. ..all 41fr2A (r)n 
41fr· J = const = - F = - 041fr·- + (7.28) ar f 

where / is the friction coefficient (Chapter 2). Instead of using the force A(r). it is usually 
more convenient to introduce the potential energy of two panicles as a function of their 
separation distance. $ (r): 

Substituting. we obtain 

d$(r ) 
A(r)=--

dr 

f = 41fr · 0 -+--_ , (dll" ll$) 
tlr kT tlr 

The solUlion to this ordinary linear differential equation with F constant is 

[
- 4> (r) ] F eXPI-¢(r) jkTll r exp[4>(x)jk TJ 

11= ll oo exp -- + 2 dx 
kT 4JrO 00 X 

(7.29) 

(7.30) 

(7.31) 

where 1100 is the concentration at r = 00. If II = 0 al r = (II + {Ij . the total fl ow of panicles 
to the central sphere is given by 

4Jr Dlloo(tli + tlj} 

F ~ r~ [ 'J ({I/ + (l j) },,; +UJ exp(¢(x)jkT)jr dx 
(7.32) 

4Jr 01100 ({Ii + (lj ) 
~ 

IV 
(7.32:.) 

Comparing thi s equation with the fl ow of pan icles in the absence of an external force fie ld. 
we see that the resul t has been modified by a correction faclOr, W. which appears in the 
denominator. The potential energy ternl. 4>(r ). may be positive or negative and depends 
in different ways on r for different types of force fields. When 4> is negative (auraction). 
the integral is less than (lli + {/j)-t and the denominator is less man unity. leading to an 
increase in the collision frequency over the rate for diffusion alone. When ¢ is positive 
(repulsion). the denominator is greater than unity and the coll ision freq uency is reduced. 
The effect of specific forces on the rate of coagulation can be determined by evaluati ng the 
appropriate integrals as shown in the following sections. 

EFFECT OF VAN DER WAALS FORCES 

AUractive(van der Waals) forces between uncharged nonpolar molecules result from dipoles 
produced by fluctuations in the electron clouds (Chapter 2). The energy of attraction which 
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can be calculated from quantum theory depends on the molecularpropenies and the distance 
between the molecules (Israelachvili. 1992). The energy of attraction, 41. between two 
spherical particles is found by integrating over the interactions between pairs of molecules 
in the separate panicles. 

For two spherical particles of radii ai and aj. 41 is given by (Hamaker. 1937: Chu 1967. 
p. 50 rQ, 

A [ 211illj 2ai{/j ,.2 - (ai + (lj)2 ] 
41 = -- ~ ~ + ~ ~ + In ~ ~ 

6 r· - (ai + aj)· ,.. - {(Ii - (lj) . r· - (aj - aj)-
(7.33) 

where ,. is the distance between the centers of the spheres and A is the Hamaker constant 
which has the dimensions of energy. Values of A for selected substances are given in Table 
7.1. For two spherical particles of the same radius. a. the energy of attraction is found by 
selling ai = aj = a: 

'h_.". J 2(~)'+ , 2,,' ,+ ,n[, - ":']1 6\ r r- - 4</- r-
(7.34) 

Substi tuting in the correction factor. W, which appears in the denominator of (7 .32a). we 
obtain 

l ' [A/(X) ] \V = e)(p --- dx 
o 6kT 

(7.35) 

where 

x =,.Ia 
and 

f(X)= [ ~2 +2( I ~X2)+ln ( I -X2)J (7.35a) 

Hence for colliding panicles of the same diameter the effect o f the van der Waals forces on 
collision rate does not depend on the size but only on A I kT. The integral (7.35) has been 
evaluated and the result is shown in Fig. 7.3. The determination of Ihe e ffect of the van der 
Waals forces on the coagulation rate thus reduces to the evaluation of A I kT for particles 
of equal size. 

TABLE 7.1 
Hamaker Constants for Two Identical Substances 
Interacting Across Vacuum (or Cas at 
Low Pressure) (from Israelachvili, 1992, p. 186) 

!Wbstance It. (10-10 J) 

Waler 3.7 
Cyclohexanc '.2 
Benzene '.0 
Polystyrene 6.' 
Fused Quart'/. 6.3 
Alumina (AJ2Ol ) " Iron Oxide (FC20j) 21 
Rut ile (TiO~) 43 
Metals (Au. Ag. Cu) 25-40 
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Figure 7.3 Increase in mte of collision of panicles of equal diameter resulting from the a~lion of 
vall der Waals forces (Tikhomirov ct a[ .• 1942). 

With respect to the attraction energy (7.34) there are two limiting cases of interest. 
When the d istance between the spheres is very small compared with the particle radius. 

Aa 
<I> '" --12s 

(7.36) 

where s = r - 2a is the shortest distance between the surfaces of the two particles. For s 
approaching O. ¢l approaches infinity. It is often assumed that the gap between the particles 
is a few angstroms to obtain reasonable finite values of ¢l for particles (almost) in contact. 
When the distance between particles is very large (r » (I). the interaction energy is 

16Aa6 

<I> - --- (7.37) - 9s6 

In this case, the long range interactions have a form similar to that for molecular interactions, 
that is, the energy varies inversely with the inverse sixth power of the distance between the 
particle center. 

Example: Estimate the effect of the van der Waals forces on the rate of coagulation 
of polystyrene particles in air at 20°C. 

SOLUTION: From Table 7. 1, A = 6.5 X 10- 20 J for polystyrene, hence 
AI kT = 16. According to Fig. 7.3, this corresponds to an increase in the coagulation 
rate of about 20%. In problems of practical interest. a factor of 20% may not be of 
greal significance because of uncertainties resu lting from convection, deposition on 
the walls of containment vessels and other confounding factors. Returning to Table 
7.1, the maximum increase in the coagulation rate due 10 the van der Waals effect 
wi t! only be about 50% for the wide variety of substances shown in the table. 
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EFFECT OF COULOMB FORCES 

In the case of electrically charged panicles. the complete expression for the force of 
interaction between the particles includes terms fo r induction forces. in addition to the 
leading term for the Coulomb force. It is often possible to neglect the induction forces. and 
the potential energy of interaction then takes the fonn 

¢ = ZiZje
2 

u 
(7.38) 

where lj and Zj are the '1umber of charges on the interacting particles, e is the electronic 
charge, and E: is the dielectric constant of the medium. 

The integral correction factor IV in (7.32a) can now be eval uated, and the resull is 

where the dimensionless parameter 

I ,. 
IV = -(e - I ) 

Y 
(7.39) 

(7.39a) 

represents the ralio of the electrostatic potential energy, 10 kT. In the limiting case of 
uncharged particles. y = 0, the correction factor becomes unity and (7.32a) reduces to the 
fi e ld-free case. When the pan icles are of opposi te sign. y is negative and the correction 
factor is positive and less than unity, as can be seen by expanding the exponential. The 
result is that coll isions occur more rapidl y than in the case of uncharged panicles. When 
the particles are of like sign. the correction factor is positive and greater than unity. The 
result is that the colli sion rate is sm:lller than for uncharged panicles. 

Depending on the charging mechanism, aerosols may be composed of panicles oftike 
charges (unipolar charging) or of unlike charges (bipolar charging), and the magnitudes of 
the charges may vary. For Iyl « I the charging may be temled weak. and for Iyl » I it 
may be termed strong. The atmospheric aerosol has a weak bipolar charge. with roughly 
equal numbers of positively and negatively charged panicles. For such an aerosol. the efTect 
on the collision frequency can be estimated by calculating separately the coll ision rates for 
panicles of the same and opposite signs and then averaging the rates. For y = 1/2. for 
example, the correction factor is about J .3. and for y = - 1/ 2 it is about 0.8. Hence the 
aveTllge rate is but little affected by charging over the range y = a to y ± 1/ 2. This has 
been confimled experimentally (Fuchs, 1964. p. 308). 

For strong bipolar aerosols (Iyl » I). this compensation does not take place. The l:u-ge 
increase in coagulation resulting from attracti ve forces strongly outweighs the decrease 
caused by repulsion. 

COLLISION FREQUENCY FOR LAMINAR SHEAR 

Particles in a uniform. laminar shear flow collide because of their relati ve motion (Fig. 7 Aa). 
The streamlines are assumed to be straight. and the panicle motion is assumed to be 



Collision Freqllency for u,mi,,"r Shear 201 

rectilinear. This is an oversimplification of what really happens because the particles affect 

the shear flow, and their motion does not remain rectilinear. The model is useful , however, 
for an approximale calculation. 

To derive an expression for the collision frequency function. refer to Fig. 7.4a, which 
shows a single particle in the shear field with radius ai interacting with particles of radius 
a j (Fig. 7.4b). The velocity of the particles nonnal to the surface of the page, relative to 

the particle shown, is x (du/ dx). Hence the fl ow of particles into the shaded portion of the 
strip dx is 

du 
F=fl j x -(a,' + lIj)sin Odx 

dx 
(7.40) 

Becausex = ( ll i + lIj) cos O. the total number of particles flowing into the central sphere is 

1;1/2 du 
F = 2(2)lIj (a; + (lj)3_, sin2e cos 0 (If) 

o (X 
(7.4 1) 

where the first fac tor 2 takes into account lhe now into the upper hemisphere from this side 
of the page plus the now into the bottom hemisphere from the backside of the page. The 
second factor 2 is necessary because the integration from 0 10 Tr / 2 must be done twice. 
Carrying out the integration. we obtain 

and the collision frequency is 

4 
F = - ( lIi 

3 

4 
Njj = - (aj 

3 

3 dll 
+ ".) -n'n ' 

J dx ' J 

The collision frequency function for coagulation by laminar shear is. therefore, 

(a) 
" 

x 

dll 

dx 

(b) 
x 

(7.42) 

(7.43) 

(7.44) 

figure 7.4 (a) Idealized model of panicle collision in a shear field. The upper panicle. moving OIl a 
higher velocity. overtakes and collides with the s lower moving particle. (b) Geometry for coagUlation 
in a laminar shear field. The flow i .~ normal to the page. The part ide of radius (Ii has its origin at the 
center of the coordinate system. The velocity gradient (II/N.f is constant. and the velocity relative to 
the central sphere at.f is x (lil/ / d.r). 
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This result was first obtained by Smoluchowski. This analysis does not take into account 
local flows accompanying the draining of fluid from the region between the approaching 
part icles or particle motion nonnal to the main fl ow direction. These fl ows would change 
the simple shear fie ld assumed in the analysis and probably reduce the cross section below 
the result of the geometric theory. However, experimental resuhs such as those reponed 
below lend support to the approximate analysis. Thi s subject is discussed further in the 
section on turbulent coagulation. 

Substituting into (7.4), the equation of coagulation by laminar shear for the discrete 
spectrum becomes 

00 4 - L - ({II 

i . I 3 
(7."5) 

If the system is composed of particles that arc all o f nearl y the same size. {I I :::::: (lJ = fl . then 
(7.45) becomes 

dil l; 

<I, 

Summing over all k. we obtain 

8", 

Hence 

~ 32 )dll 
- ~ - (I -11,111; 

. 3 dx .. , 
dNoo 16 dll 3 .. 
- -=-- - a N-

dt 3 tlx 00 

dNoo 4<P dll 
-- =-- - Noo dt 7r dx 

(7..161 

(7.41) 

(7.481 

(7.49) 

It should be noted that the decay rate is proportional to Noo and not to N~, as in the case of 
coagulation by Brownian motion in the continuum range. lmegrating from the initial statr 
for which N = Noo (D) at t = D. we obtain 

In Noo (D) = 4¢ ti l/ t 
Noo 7r dx 

(7.50) 

SIMULTANEOUS LAMINAR SHEAR AND BROWNIAN MOTION 

Swift and Friedlander ( 1964) carried out experiments on the coagulation of hydrosols in the 
presenceof simultancous laminar shear and Brownian movement . They used a Coucllc·type 
apparatus consist ing of an outside pl astic cy lindrical she ll , an inside brnss cy linder. and two 
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br:lss end plates. The OUler shell and end plates were fixed and the inner cylinder W3S free to 
rotate. Suspensions of polystyrene latex particles 0.87 1 1.l.In in diametcr wcre destabilized 
by the nddition of sodium chloride solution and allowed to coagulate in the annular space: 
the shear field was varied by controll ing the speed o f rotation o f the inner cyl inder. 

Assuming additivity of the rates of coagulation by shear nnd Brownian motion. the rate 
of change of the total particle concentration is 

d Noo 4abm kT ~ 4GatstP 
-- ~ -----N~ - Noo 

dt 3 I-L 00 ;r 
(7.51) 

where ctbm is an empirical collision efficiency for Brownian motion, ct t~ is the coll ision 
efficiency for shear flow, and G = dll ldx . Integrati ng (7.5 1) assuming cth = a /un. the 
result is 

(7.52) 

where R = 3GtPI1-1 kT. The value of ctbm was found to be 0.375 in an experiment canied 
oul in the absence of shear. Experiments were carried out with the latex dispersion subjected 
to shear r:ltes of I. 5, 20. 40, and 80 sec- I, and the results were plotted in a form suggested 
by (7.52) as shown in Fig. 7.5. According to (7.52), the slopes of the lines of Fig. 7.5 should 

o 

G = 80 sec- I 

20 60 

, 
G = 5 

Time (minute.~) 

G= I 

80 100 

Figun.' 7.5 Shear coagUlation of a monodisperse latex dispersion. Straight lines were obtained for 
differing shear rates in accordance with a simple theory assuming additivity of the effects of Brownian 
motion and shear. The points are experimental results (Swift and Friedlander. 1964). 
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Figure 7.6 When shear eoagulation dominates, a plO( of log Noo versus / should give a slraighlline. 
This was confirmed experimentally at the higher shear rates with a monodisperse hydrosol (Swift and 
Friedlander, 1964), 

be 4aG¢/1t. When these slopes were, in tum, plotted as a fu nction of G, the value of at. 
was found to be 0.364. in good agreement with the assumption that at. = abm. 

At higher shear rales, the contribution of the Brownian motion to coagulation can be 
neglected and (7.52) reduces to (7.50). As shown in Fig. 7.6, this form of the equation 
satisfactorily correlated the experimental data. 

TURBULENT COAGULATION 

Dynamics of 'furbulence: Kolmogorov Microscale 

In practice, coagulation almost always takes place in turbulent flows. Examples are industrial 
aerosol reactors. eombustion systems, process gas fl ows, and the atmosphere. TUrbulent 
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coagulation generally becomes important for particles larger than a few microns but may 
be significant for submicron aerosols at very high turbulence levels. The twO mechani sms 
that have received most attention-turbulent shear and turbulent inertial coagulation-are 
reviewed in this section. 

The effects of turbulence on coagulation are only partially understood. There are 
uncertainties in the fu ndamental theory of turbulence and in the motion of small partic les in 
close proximity in the turbulent How field. As a result, theoretical predictions of turbulent 
coagulation rates must be considered approximate perhaps to within a fac tor of 10 and are 
likely to be on the high side. 

The theoretical analysis is based on concepts that derive from the energy cascade 
hypothesis of turbulent flow (Batchelor. 1953. p. l09ff: Landau and Lifshitz. 1987, p. 
129ft). According 10 this hypothesis, the turbulent field is initiated by the fonnation 
of large eddies of the scale of the dimensions of the mechanical structures generating 
the turbulence-for example, the diameter of the pipe through which the fluid flows or 
the diameter of the paddles of an impeller. Energy is transferred from the large eddies 
(which carry most of the kinetic energy of the turbulent How) to smaller ones. For the 
motion of the large eddies, viscous effects are unimportant and there is little dissipation of 
energy by these structures. At the smallest scales, the directed motion of the large eddies 
is finally converted into the random thennal energy (temperature) of the molecules by 
viscous dissipation. When the Reynolds number based on the size and velocity of the 
large eddies is sufficiently high, the dissipation range is statistically independent of the 
large eddy dynamics. In this case, the motion at the very small scales is homogeneous 
and isotropic- that is. independent of direction: the motion is no longer influenced by the 
directional properties of the large-scale mOlion but only by the rate of energy dissipation 
per unit mass of fluid, Ed (dimensions (length)2(time)- J) and II, the kinematic viscosity of 
the fluid . 

Based on Ed and v, dimensional considerations make it possible to construct a length 
scale At = (v3jEd)IJ4, known as the Kolmogorov microscale. According to the energy 
cascade hypothesis. viscous dissipation takes place over scales smaller than At at sufficiently 
high Reynolds numbers. Although Ak is very small compared with the size of the large 
eddies, it is generally very large (8 x 10- 2 to 2 X 10- 1 em for the troposphere) compared 
with micron-size particles. There is an important class of problems discussed in this section 
in which coagulation occurs over scales smaller than At. 

The analysis of coagulation by turbulent shear and turbulent inertial effects also 
requires that particle concentrations, N, are sufficiently high for the distances between 
the colliding particles to be less than At-that is, (N) - 1/3 « Ai. Otherwise, the particles 
would be too far apart for their relative motion to be described by the theory for the 
small-scale motion. For example, atmospheric concentrations of micron and larger particles 
are usually much less than 103 particles cm- 3 . This corresponds to average interparticle 
distances greater than O. I em, much larger than Ai for the atmosphere, Thus the results 
discussed in this section apply best to fogs and clouds and industrial aerosols in which 
the concentrations of particles larger than I I-Lm are high enough to fall within a vol ume 
equivalent to At. 
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Thrbulent Shear Coagulation 

Collisions among particles distributed randomly in a turbulent gas can occur as a result 
of small-scale shear flows over distances < AI:. This process is analogous to coagulation 
by lami nar shear flow discussed above. The fonn of the coagulation kernel for the case of 
turbulent shear can be established by dimensional analysis. The collision freq uency function 
P(v" Vj) with dimensions (length)3(time)- 1 is assumed to be a function of the interaction 
distance (ai + aj ) and a characteristic ve loci ty gradient. For isotropic turbulence the nns 
veloc ity gradient can be characterized by (Goldstein. 1938. p. 224) 

(7.53) 

where l and 11/ refer to orthogonal coordinates. Because the nns velocity gradient has 
dimensions of (time)- I. dimensional analysis requires that 

('d)I/2 3 
P(Ui. Vj ) = 1.3 -; (ai + aj ) (7 .54) 

where the constant 1.3 is the value calculated by Saffman and Turner (1956) based on 
plausible assumptions concerning the dynamics of the turbulent fluid. The result is very 
similar to (7.44) for laminar shear. 

Thrbulent Inertial Coagulation 

Turbulence may also lead to coagulation as a result of inertial effects. When particles 
of different sizes (masses) are present in the same accelerating eddy. a relative motion 
is induced between the panicles that may lead to colli sion. Again the scale of the particle 
motion is confi ned to distances < AI:. The mean square relati ve velocity between the particles 
can be approximated using the force balance for Stokesian particles (Chapter 4): 

du IIITt = - feu - uf ) (7.5.5) 

where U and uf are the particle and gas velocities. respecti vely. Introducing the relali\·e 
velocity between the particle and gas in (7.55) and rearranging. we obtain 

lJUN d Uf 
- = - /3UR -
dl til 

where U R = U - uf (7.S6) 

When the characteristic lime p - I = 111 11 is small compared with the time scale of the 
smallest eddies. usually the case for aerosol panicles. the tern} dUN / dl can be neglected 
to give 

1 dUf 
UN = ----

~ dl 
(7.57) 

Thus the mean square relative veloci ty of two particles i and j of different masses is given by 

( Ui Uj)' ~ (-'- _ -'-)' (dU/) ' 
Ih {Jj dt 

(7.58) 
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For isOiropic turbulence in the high-Reynolds-number limit. the mean square :Iccelcration 
of the fluctuating eddies is 

C~~fy --:~-'~-2 (7.59) 

Assuming a Gaussian form with vari ance givcn by (7.59) for the distribution of the rcl:Ltive 
velocities between the two classes of part icles. the coll ision frequency kernel is (Saffman 
and Turner. 1956) 

~ I 1 €~/4 + fl o)- 1- - -1-
J {ji {jj v l /~ 

(7.(0) 

where ;r (ai + lIj )2 is the collision cross section. This analysis is limited to the case of 
particles confined within the Kolmogorov microscale. Collision rates for larger particles 
that can escape Ak arc discussed by Kruis iLlld Kustcrs ( 1997). 

Limitations on the Analysis 

The models for laminar and turbulent shear coagulation and turbulent inertial coagulation 
are geometric in nature: they assume the particles :Ire rigid spheres that follow the Huid 
motion and do not take into account local Hows in the region between approaching particles. 
These local fl ows arc expected to reduce the collision efficiency because of the increased 
resistance to the motion as the particles approach each other (Chapter 4). Thus the equations 
given in this sect ion for {j( Vi . Vj ) probably describe the maximum efficiency. 

There is much uncertainty regarding the value of the collision efficiency needed to 
correct the geometric models discussed above. Some insight into this problem can be 
obtained from calculations for coagul ation by differential sedimentation. In thi s process. 
small. slowly sedimenting particles are swept out by larger. rapidly settling particles. The 
collision frequency function can be written 

(7.6t) 

where a ds is the coll ision efficiency and the rest of the expression represents a particle fl ow 
through the effecti ve coll ision cross section. ;r (ai + aj )2. The tenn (e, i - e,j ) is the sett ling 
velocity of the large particle relative to the small one. The collision efficiency a dJ has been 
evaluated numerically taking into accoun~ the effects of particle interaction on the drag . The 
results of such calcultltions are summari zed by Pruppacher and Klett (1978) and Williams 
and Loyalka ( 199 1). Calcul:lted collision frequencies for the case in which the larger of the 
sedimenting particles is 10 I .. UTI are usually smaller than 0. 1. 

There have been few experimental tests of the theoretical predictions of turbulent 
coagulation under controlled conditions. Delichtltsios and Probstein ( 1975) measured rates 
of coagulation of O.6-mm 13tex particles suspended in an 3queous solution in turbulent 
pipe flow. The Reynolds numbers ranged from 17.000 to 5 1.000 for fl ow through a I-in. 
(1.0.) smooth-walled pipe. For the core of the pipe flow. the turbulence was approximately 
isotropic. The energy dissipation per unit mass was calculated from the relation 

(7.62) 
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where II. is the friction velocity and Dpipc is the pipe diameter. The friction velocity can be 
calculated from the pressure drop. The measured collision frequency function was about 
70% of the theoretical value based on (7.60). much higher than the calculated efficiencies 
for differential sedimentation. 

Thus lhere is a large discrepancy between the theoretical predictions of the collision 
efficiency for aerosol coagulation by differential sedimentation (taking into account inter
particle fluid motion) and experimental measurements for coagu lation by turbulent shear in 
aqueous suspensions. We do nOI know whether this discrepancy is due to the basic difference 
in the coagulation mechanisms (differential sedimentation liS. turbulent shear), different 
phenomena operating in the different fluid media, or some other as yet unidentified effect. 

/ 
Comparison of Collision Mechanisms 

The various collision mechanisms are compared in Fig. 7.7 which shows the collision 
frequency function for I-Ji m particles interacting with panicles of other sizes. Under 
conditions corresponding to turbulence in the open atmosphere (Ed ::::: 5cm2 fsecl ). e ither 
Brownian motion or differential sedimentation plays a dominant role. Brownian motion 
controls for particles smallerthan I Jim. At lower altitudes in the atmosphere and in turbulent 
pipe flows. shear becomes important 

EQUATION OF COAGULATION: CONTINUOUS 
DISTRIBUTION FUNCTION 

For the continuous distribution function, the collision rate between particles in the size 
ranges II to II + till and ii to II + diJ is given by 

collision rate = /3(11. ii)n (II),,(ii) dll d ii (7.63) 

where the fonns of the coll ision frequency function discussed in previous sections are 
applicable. The rate of fomtation of particles of size II by collision of smaller particles of 
size II - v and ii is then given by 

formation in range d ll = ~ [loP /3(v. II - V)II(V)lI (II - v) {IV] till (7.6:1) 

Here we have used the resu lt that the Jacobian for the transfonnation from the coordinate 
system (v. II - v) to (v. II) is unity. The factor 1/2 is introduced as in the discrete case 
because collisions are counted twice in the integral. The rate of loss of particles of size II 

by collision with all other particles (except monomer) is 

loss in range dll = [10
00 

/3(11, V)II (11)11 (v) d V] dll (7.65) 

The net rate of formation of particles of size II is 

a(I~~II) =~ [lP 

/3(ii . II - ii) II (V) II (1I - v) (IV ] till - [100 
(J(II. ii)n(ii)1J (II) dii] dV (7.66) 
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F igun! 7.7 Comparison of coagulatio n mechanisms for particles of I-p..m diameter interacting with 
panicles of diameter between 0.1 and 10 p.m. Coagulation by shear based on fEd = 5 and 1000 
cm2lsecl . Differential sedime ntation c urves were obtained by an approximate calculation assuming 
Stokes flow around the larger of the fa ll ing spheres (Friedlander, 1964). €d = 5 cm2/sec3 corresponds 
to the open atmosphere at a height of about 100 m (Lumley and Panofsky. [964). AI a height of I m. 
~d :::::; 1000 cm!/sec1 and shear becomes the dominant mechanism of coagulation for larger particles, 
For the core region of a turbulent pipe fl ow. the energy dissipation (based on Laufer. 1954) is given by 

Ed = ~ (£)3/2 u3 
,/ 2 

where / is the Fanning friction factor. d is the pipe diameter, and U is the gas velocity. For a smooth 
pipe, 10 cm in diameter. with air at 20°C and a Reynolds number of 50,000. Ed ';>; 2 X 104 cm2/sec3. 

Dividing throUg~y du, we obtain 

on I l' "C- -) C-) C -)d-- = - f.' v, U - v 11 v n u - u u at 2 0 

- 10
00 

P(v , ii)n (ii)n(u)dii (7.67) 
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which is the equation of coagulation for the continuous distribution function. Methods for 
solving this equation are reviewed by Williams and Loyalka (1991 ). Analytical solutions 
have not been obtained for collision freq uency functions of physical intcresi. Numerical 
methods have been developed by Gelbard and Seinfeld ( 1978) and Landgrebe and Prat
sinis (1990). 

As in the case of the discrete dis tribution. solutions to (7.67) are subjecl lo two important 
physical interpretations. They represent the change with lime of the aerosol in a chamber 
in the absence of convection or deposition on the wall s (balch system). Alternati vely. they 
can be interpreted as the steady-state solutio n for an aerosol in steady "plug" flow through 
a duct, again with no wall interactions. In this case an/at = U(a,,/a:c). where U is the 
unifonn velocity in the duct and x is the distance in the direction of flow. 

SIMILARITY SOLUTION: COAGULATION IN THE CONTINUUM REGIME 

A method of solvi ng many coagulation and agglomeration problems (Chapter 8) has been 
developed based on the use of a similarity transformation for the size d istribution function 
(Swift and Friedlander. 1964: Friedlander and Wang. 1966). Sol utions found in this way 
are asymptotic fonns approached after long times. and they are independent of the initial 
size distribution . Closed-fonn solutions for the upper and lower e nds of the distribUlion 
can sometimes be obtained in this way. and nume rical methods can be used to match the 

solutions fo r intemlcdiate-size particles. Alternatively. Monte Carlo and discrete sectional 
methods have been used to find solutions. 

The similarity transfonnation for the particle size distribution is based on the assump
tion that the frac tion of the particles in a given size range is a functio n o nly of particle 
vol ume norlllulized by the averuge particle volume: 

I! (V;~ dv = if! G) d (*) (7.68) 

where Ii = ¢ / No,) is the average particle volume. and if! is a dimensionless function whose 
fonn does nOi change with time. Both sides o f (7.68) are dimensionless. By rearranging. 
we obtain 

N' 
II (V. r) = ¢o,) if!(1/) 

where '/ = v/v = NQO v/¢. There are also thc integral relations 

NQO = 1 QO II flv 

,nd 

q, = laQO 
1IV t1 v 

(7.69) 

(7.70) 

(7.71) 

where II = II(V. t ). II is also usually required thatll (v) -+ 0 for v -+ 0 and v -+ 00. In 
terms o f Ihe distribUlion function 1Id(d l" t ). the similarity transformatio n takes the ronn 
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N;J,J 
"'I(dp • r) = ¢1 /3 "'d(rtd) (7.72) 

where 'Id = dp (Nco / ¢)I /3 . Both N co and q, are in general fu nctions of time. In the 
si mplest case. no material is added or lost from the system. and ¢ is constant. The 
number concentration Nco decreases as coagu lation takes place. If the size distribution 
corresponding to any value of Nco and q, is known. the distribution for any other value of 
Nco corresponding to a different time, can be detennined from (7.69) if "'(rt) is known. The 
shapes of the dislribution at different times are similar when reduced by a scale factor. For 
this reason, the distribution is said 10 be self-presen1ing. 

The determination of the form of '" is carried out in two steps. First. the special form of 
the distribution function (7.69) is tested by substitution in the equation of coagulation for the 
continuous distribution function (7.67) with the appropriate collision frequency function. If 
the transfomlation is consistent with the equation. an ordinary integrodifferential equation 
for'" as a function of II is obtained. The next step is to find a solution of this equation 
subject to the integral constraints (7.70) and (7.71) and also find the limits on n(v). For 
some collision kernels, solutions for "'(rt) that satisfy these constraints may not exist. 

SIMILARITY SOLUTION FOR BROWNIAN COAGULATION 

For Brownian coagulation in the continuum range. the coll ision freque ncy function is given 
by (7.16). Substitution of the si milarity form (7.69) reduces the coagulation equation for 
the continuous distribution (7.67) wilh (7. 16) to the following foml: 

_'_dN~ [2",+,,""'] 
Nlx, dr d'1 

- 2kT "'('I) ( 00 "'(~) [1]1 /3 + 'i t/3] [ _'_ +~] (hi 
311 10 111 /3 1]1 /3 

(7.73) 

The change in the total number concentration with time is found by integrating over all 
collisions: 

~ = -- P(v. ii)lI(v)n(ii) dv (I li dN '!.~ !.~ 
dl 2 0 0 

(7 .74) 

The factor 1/2 is introduced because the double integral cpunts each collision twice. By 
substituting (7.69) and (7. 16) in (7.74), we obtain 

where 

dNco 2kT ., 
- - ~ --(I + ab)N-

dl 3/1. co 
(7.75) 

(7.75a) 
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.. d 

b = 100 

,.,-L/3 y, (hi (7.7.Sb) 

Equation (7.76) is of the same foml as (7.21) for the decay of the total number concen
tration in a monodisperse system. However. the constant has a somewhat different value. 
Substituting (7.75) in (7.73) and consolidating terms. the result is 

(I + ab)q dy, + (2ab _ b" L/3 _ aq- I/3 ) y, + !. ~ y,(q _ tj )y, (ij) 
d. 0 

(7.76) 

which is an ordinary integrodifferen tial equation for y, with T/ the independent variable. 
Hence the similarity transformation (7.69) represents a possible particular solution to the 
coagulation equation with the Brownian motion coagulation mechanism. 

It is still necessary to show that a solution can be fou nd to the transformed equation 
(7.76) with the integral constraints, (7.70) and (7.71 ). Analytical solutions to (7.76) can be 
found for the upper and lower ends of the distribution by making sui table approximations 
(Friedlander and Wang. 1966). The complete distribution can be obtained numerically by 
matching the distributions for the upper and lower ends. subject to the integral constraints 
that fo llow from (7.70) and (7.7 1): 

100 

y, d" = I (7.761) 

and 

100 

qy, d'l = I (7.76b) 

The results of the numerical calculation are shown in Fig. 7.8, where they are compared 
with numerical calculations carried OUI for the discrete spectrum starting with an initially 
monodisperse system. There is good agreement between the two methods of calculation. 
Other calculations indicate that the similarity form is an asymptotic solution independent 
of the initial distributions so far studied. The values of a and b were found 10 be 0.9046 
and 1.248. respectively. By (7.75) this corresponds to a 6.5% increase in the coagulation 
constant compared with the value for a monodisperse aerosol (7.2 1). The results of more 
recent calculations using a discrete sectional method are shown in Table 7.2. 

To predict the size distribution of a uniform aerosol coagulating in a chamber without 
deposition on the walls, the following procedure can be adopted: The volumetric concentra
tion of aerosol is assumed constant and equal 10 its (known) initial value. The change in the 
number concentration with time is calculated from (7.75). The size distribution at any time 
can then be determined for each value of v = ¢q j Noo fro m the relation II = (N;"' /¢)l/! (f/), 
using the tabulated values. The calculation is carried out for a range of values of ,.,. 

The change in the part icle size distribution function with time for coagulating cigarette 
smoke has been measured by Keith and Derrick (1960). Smoke issuing from a cigarette 
was rapidl y mixed with clean air, and the mixture was introduced into a 12-liter flask 
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Figure 7.8 Self-preserving particle size distribution for Brown ian coa:gulation. The foml is approx
imately lognomlal. The result obta ined by solution of the ordinary in tegrodifferen tial equation for 
the continuous spectrum is compared with the limit ing solution of Hidy and Li lly ( 1965) for the 
discrete spectrum. calculated from the discrete foml of the coagulation equation. Shown also are points 
calculated from analytical solutions for the lower and upper ends of the d istribution (Friedhmder and 
Wang. 19(6). 

TABLE 7.2 

Values of the Self·Preserving Size Distribution for the Continuum <tc) 
and Free Molecule (t/) Regimes Calculated by a Discrete Sectional 

Method (Vemury and Pratsinis, 1995) 

, '/ .< 
0.006 0.0408 0.1218 
0.007 0.0632 0.1581 
0.008 0.0891 0.1933 
0.009 0.1176 0.2271 

0.0 10 0.1 479 0.2592 

0.015 0.3079 0.2895 
0.020 0.4560 0.4170 
0.Q25 0.5809 0.5124 

0.030 0.6830 05852 

Om5 0.7654 0.64]8 

0 .... 0.83 15 0.6868 

0.045 0.8846 0.7230 
0.050 0.9271 0.7525 
0.060 0.9880 0.7766 
0.070 1.0261 0.8132 
0.080 1.0486 0.8384 

0.090 1.0605 0.8559 
0.1 Ul649 0.8678 
0.2 0.9668 0.8755 

continlled 
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TABLE 7.2 
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Figure 7.9 Comparison o r ex perimental size distribution data ror tobacco smoke with prediction 
based on selr-preserving size spectrum theory. q, = 1. 1 t x 10- 7

• Noc = 1.59 X 107 cm- l . The peak 
in the numbcrdistribution measured in this way occurs at dp :::::: 0.2 JI. III (Friedlander and Hidy, 1969). 

where coagulation took place. The d ilution ratio was 294 volumes of air to I volume of 
raw smoke. 

To follow the c(xtguiation process, samples of the smoke were taken rrom the !task 

al intervals over a period o r 4 min and were passed into a centrifugal aerosol collector 
and classifier. Size distribution curves were measured. together wi th values for the tOlal 
number of particles per unit vol ume, obt:tined by the graphical integration of the size 
di stribution curves. The volume fraction of aerosol material was ", = 1. 11 X 10- 7. Theory 
and experiment are compared in Figs. 7.9 ;md 7.10. In Fig. 7.9, the experimental points for 
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Hgure 7.10 Experiment and theory compared for an aging IObacco smoke aerosol. Calculation based 
on rp = 1. 11 X 10- 1 and experi mental values of Nao (Friedlander and Hidy. 1969). 

a nominal aging time of 30 sec are shown with the theoretical prediction. In Fig. 7. J O. the 
results of measurements of the change in the di stribution function wi th time are compared 
with theory. Agreement is fair: the experimental resu lts faJl significantly higher than theory 
at the upper end of the spectrum (large particle sizes). 

SIMILARITY SOLUTION: COAGULATION 
IN THE FREE MOLECULE REGION 

Is it possible to make the similari ty transfomlation (7 .62) for other coll ision mechanisms? 
In general. when the collision frequency {3(v . u) is a homogeneous function of particle 
vol ume. the transformat ion to an ordinary integrodifferential equation can be made. The 
function {3(v. u) is said tobe /lOlIIogelleollsofdegree).. if {3(a v , au) = a). fJ(v , u). However, 
even though the transfomlation is possible. a solution to the transfonned equation may not 
ex isl that satisfies the boundary conditions and inteBral constraints. 

When the particles are much smaller than the mean free path. the coll ision frequency 
function is given by (7. 17) 
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which is a homogeneous function of order 1/6 in particle volume. The similarity transfor
mation can be made and a solution can be found to the transfonned equation in much the 
same way as in the previous sections (Lai et al .. 1972). Values of the dimensionless size 

distribution function "'(II) for the free molecule and continuum regi mes are al so given in 
Table 7.2. For the free molecule regime, the change in the \otal number of particles with 

time is 

(7.77) 

The constant a is an integral function of '" and is found to be about 6.67 by numerical 
analysis. 

Husar ( 1971 ) studied the coagulation of ultrafine particles produced by a propane IOrch 
aerosol in a 90_013 polyethylene bag. The size distribution was measured as a function 

of time with an eleclrical mobil ity analyzer. The results of the experiments are shown in 
Fig. 7. 11 in which the size distribution is ploued as a function of particle diameter and in 

Fi g. 7. 12 in which 1/1 is shown as a function of 'I both based on particle radius. Numerical 
calculations were carried out by a Monte Carlo method. and the resul ts of the calculation are 

also shown in Fig. 7. 12. The agreemem between experi ment and the numerical calculations 

is quite satisfactory. 

,os 

TIme Nco x IOl 
(sec) (cm- l

) 

• 600 3348 
• 1200 2710 
• 1800 1930 

1()6 a 2400 1599 
03000 1391 

10-' 10-' 
dp (tt m) 

'0-' 

Figure 7. 11 Coagula tion of aerosol panicles much 
smaller than the mean free path. Size distributions 
measured with the electrical mobi lity analyzer (Husar. 
197 1). 
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Figure 7.12 Size distribution data of Fig. 7. 11 for co
agulat ion of small particles plolted in the coordinates 
of the similarity theory. Shown also is the resul t of 
II Monle Carlo calculation for the discrete spectrum 
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TIME TO REACH THE SELF-PRESERVING DISTRIBUTION (SPD) 

The time to reach the self-preserving ronn depends on the shape of the initial distribution: 
The closer the initial distribution to the asymptotic (onn, the faster the approach. For initially 
monodisperse aerosols, Vemury et al. (1994) found that the time lag to reach the SPD was 
given by 

1(
3)'/6(6kT)'/2 1-' rsp = 5 4rr ---;;; v6 /6 

Noo(O) (7.78) 

for the free molecule regime where tJo is the initial panicle volume. For the continuum 
regime we have 

3 [
2kTNoo(O)]-' 

TSp = I 
3" 

(7.79) 

The criterion for attaining the self-preserving form was that the geometric standard deviation 
(C7g) of the distribution function should be within ± I % of the asymptotic (self-preserving) 
at. In this regard, it should be noted that the self-preserving distribution can be approximated 
by a lognormal distribution function with at = 1.44 and 1.46 for the continuum and free 
molecule regimes, respectively. 

When the initial size distribution is lognormal , the time to reach the SPD depends 
strongly on how far the initial (1, is from the value for the asymptotic form. This is illustrated 



218 Collision and Coaglilation 

,0' 

,03 

'" ,02 
" " .g 
~ 

10' 0 

't • "-"-.. ,00 ~ 

10- ' 

,~2+-__ ~ __ ~~ __ -. ____ ~ __ ...J 

1.0 1.3 1.6 1.9 2.2 2.5 

Initial geometric standard deviation. 17&0 

to"igure 1. 13 Di mcnsionlcss time to rcnch the SPD for ini tially lognonnal size distributions as a 
funct ion of 17,0. (Aftcr VemlUry e\ a1.. 1994.) The sharp minimum corresponds to the value of 17, for 
an init ially self-preservi ng free molccule aerosol. 

in Fig. 7. 13. which shows the dimensionless time Tf required for initially 10gnom1a[ size 
di stributions to reach the SPD as a function of a gO : 

[ ( 
3 )"6 (6kT)'" "6 ]-' I~p = Tf 41f PI' 110 N oo(O) (7.80) 

For a monodisperse aerosol with an initial particle diameter of 1 nm and initial concentration 
of IO t8 panicles cm- 3 at 1800 K. it takes 34 nsec to reach the SPD; and for an initial 
concentration of IO t6, it takes 3.4 /..L sec. 

In practice. each parcel of gas may have a different time/temperature history. At high 
panicle concentrations. the size distributions in any gas parcel may be self-preservi ng but 
different from distributions in the other gas parcels. 11mt is. the distribution may be locally 
self-preserving. Sampling of many gas parcels or collection of the partic:es in the entire gas 
stream will produce a composite of locally self-preservi ng distributions. The spread of the 
composite distribution will be larger than that of :my individual self-preserving distribution. 
which represents a minimum. (Sec Chapter 13 for a discussion of the applic:ttion of these 
concepts 10 the atmospheric aerosol.) Size distributions of mixed self-preserving aerosols 
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can also be multimodal if there are several signific:mtly different res idence times. Of course. 
if many self·preserv ing d istributions are completely mixed and aged. a new $ PD resul ts. 

PROBLEMS 

7.1 It is desired to quench the coagulation of an aerosol composed of very small panic les 
(rip « lp). If the mte of coagulation is to be reduct.-d to I % of its original value by isothennal. 
constant pressure dilution with particle·frce gas, detennine the di lut ion ratio. The rate is to be 
reduced by the same factor by a reversible adiabatic expansion. Detennine the volumee)l:pansion 
mtio assuming the gas is ideal. 

7.2 (a) How many electronic charges (opposite sign) mUSt two O.5·JIm particles h3ve to 
produce a (;) 1% and (ii) 10% increase in collision rate? The temperature is 20°C 
and pressure is 1 3tm. 

(b) Esti mate the numberof chnrsesoflike sign th3t twoO.5-l1m polystyrene particles must 
have to JUSt b..1 lance the effect of van der WaJl ls-type attmctive forces. The temperuture 
is 20°C and the pressure is I atm. (Sec Table 7.1.) 

7.3 Whytlaw-Gray and his co-workers experimentally demonSlr.l.ted the appl icability of the 
theory of diffusion-controlled coagulation to aerosols. Many of their results were summarized 
in the book Smoke by Whytlaw-Gray and Patterson (1932). In later experiments (Whytlaw-Gmy 
et al.. 1936). the p3rticle concentration was detenll ined as a function of ti me by trapping:l known 
volume of smoke from the center of a smoke chamber in a shallow box with a glass bottom. These 
sampling boxes were fixed to a SUI)pon in the center of the smoke chamber and were withdrawn 
at defi ni te intervals by means of strings passing through corks in the side of the chamber. TIle 
particles that sett led on the glass plate were counted optically. In one set of experiments with a 
cadmium oxide smoke, the following results were obtained: 

Time (rom Number per 
s1art (minutes) eml x ltt4 

8 0.92 
24 0.47 
43 0.33 
62 0.24 
84 0.21 

Determine the coagulation constant from these data and compare with theory for monodis· 
perse and self·preserving aerosols. 

7.4 Consider the flow of an aerosol lhrough a 4·in. duct at a velocity of 50 ftlsee. Compare 
the coagulation rate by Brownian motion and laminar shear in the viscous sublayer. near the 
wall. Present your results by plouing the collision frequency function for panicles with efl' = I 
JI m colliding with particles of other sizes. Assume a temperature of 20°C, Hint: In the viscous 
subJayer. Ihe velocity distribution is given by the relation 
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yjU2 
11= - -

2, 

where y is the distance from the wall. j is the Fanning friction factor, U is the mainstream 
velocity, and II is the kinematic viscosity. 

7.5 Let A be the surface area per unit volume of gas of a coagulating aerosol. Assume that al 
/ = O. both NO/> and A are infinite. Show thai for a self-preserving aerosol composed of particles 
much larger than the mean free path of the gas we have 

A = const rp2/ l/_ 1/ 3 

where t is the lime. Find an expression for the constant. 

7.6 Using the self-preserving transformation. derive an expression for the dynamics of the size 
distribution function when laminar shear is the controlling mechanism of coagulation. Find the 
corresponding expression for the change wilh time of the total number concentration. (Note that 
a solution satisfying the condition 1/1(,,) -+ 0 as 'I -+ 0 does not seem to exist in this case.) 
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8 

Dynamics of Agglomerate 
Formation and Restructuring 

I
t was assumed in the 11ISI chapter Ihm colliding spherical part icles coalesce insl.mta
neously to form larger spherical pllniclcs. There is. however. an important class of 
problems invol ving the formation of agg lomcr.ltcs composed of much smaller solid 

particles. known as prinl;lry particles. that usually range from a few nanometers to about 
0. 1 J.tlll in diameter. The factors Ihat cOrllrollhc size of the primary pnn iclcs during their 
synthesi s are discussed in Chapter [2. The primary particles gener,lled by industrial or 
natural processes are almost always polydispcrse: in theoretical analyses of aggiomcT'.lIcs 
composed of such particles they are assumed to be monodi sperse. The agglomerates may 
range in size from about 100 nm to several microns. 

Agglomcmtes appc:lr in emissions from sourccs such as d iesel cngi ncs. smelters. ;tnd 
pulverized co:11 combustion and in the commerc ial production of fi nc particles (forex:ullplc. 
the synthcsis of silica and titania). Particulate emissions frOJll pul ve rized coal combustion 
and incinemtion often have two modes in the mass distribution func tion. The coarse mode 
larger than a fcw microns in diametcr consists of fmgmcnts o f the original inorganic ash. 
The finc modc is oftcn composed of agglomemtes of ult rafine part icles resulting from 
se lect ivc volatili zation of certai n componcnts of the original ash. As shown in thi s chapter. 
the agglomerate size d istribution is a very sensitive function of agglomcrate structure and 
process conditions. 

This c hapter starts with a review of methods of ch:lracterizing agglomcrate structures. 
Next we di scuss the dynamics o f agglomcratc sizcd istri butions dri vcn by coll isions resulting 
from the Brown ian motion. Little has been doncon the e ffects o f other coll ision mcchanisms 
such as shcnr and external forcc fields. The dynamics of agglomerates is a relat ively new 
field comparcd to the cO;lgulation o f coalcscing part icles discussed in the last chapter: further 
important deve lopments can be c xpectcd. For example . the extension of the Smol uchowski 
kernels to agglomemtc structures as discussed in this chapter. based on the ex isting literature. 
nceds further theoretical study and cxperimental vcrificmion. Sizc distribution dynamics 
dcpend strongly on agglomerate s tructure, pri mary particle size. and aerosol volu me loading. 
The dynamics of agglomcratc behavior differs sign ificantly from that o f spherical particles. 
especially in thc free molecular range (l /I' « il' = mean frec path). Both thc free molccule 
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and continuum regi mes are discussed in thi schapter. but the emphasis is on the free molecule 
range for which the e ffects are most important . 

Agglomerates are not rigid structures. Evidence of internal reslfUcturing of aerosol 
agglomerates and the nexibility of nanoparticle chains is discussed at the end of the chapter. 
For background readi ng on aggregate fonnation. the reader is referred to symposia edited 
by Family and Landau (1984) and by Stanley and Ostrowsky (1986). An early classic on 
agglomerate formation and properties by Whytlaw-Gray and Patterson ( 1932) is still worth 
reading. 

AGGLOMERATE MORPHOLOGY: SCALING LAWS 

Introduction 

An e lectron micrograph of an alumina agglomerate is shown in Fig . 8. 1. An agglomerate 
can be considered to be composed of Np primary particles of radius 0 ,,0. There is usually 
some variation in size among the pri mary particles but this is neglected in Ihe theory. The 
factors that detemline primllry particle size are discussed in Chapter 12. The agglomerate 
structure has a characteri stic radius, R. which for Fig. 8.1 is of the order of a few tenths of 
a micron. The value of R is defined more completely later. 

It is found experimentally lhat in many cases of practical interest, lhe total number of 
primary panicles Np in an agglomerate is re lated to R through a power law expression 

(8.1) 

where the exponent Of is called the fraclal (or Hausdorff) dimension. This is usually true 
in a stati stical sense after lIvemgillg over many agglomerates with the same NI,. The value 
of Df depends on the details of the agglomerate formation process as explained later. For 
compact agglomerates we have Df ~ 3, while for chain-like structures we have Of ~ I. 
In the discussion that follows, it is shown that Of can be related 10 the arrangement of the 
primary panicles within the agglomerate. 

Autocorrelation Function 

In experiments by Forrest and Witten (1 979), tungsten wires e lectroplated with iron and zinc 
were heated by acurrent pulse to vaporize'the plated metal into helium gas at about 0.1 atm . 
The hot vapor mixed with the cool helium and self-nucleated to form 7-nm primary particles. 
Chain-like agglomerates of primary panicles formed by Brownian collision and were 
deposited on eleclron microscope grids. The agglomemtcs were characterized by measuring 
the average density ofpoims occupied by panicles at a distance r from each occupied point: 
this was done for all values of r. Photographs of deposited agglomerates are twa-dimensional 
projections of three-dimensional objects . When Df < 2. the Iwa-dimensional projection 
has the same value of Of as the original three-dimensional agglomerate because Ihere is 
lillie overlap among Ihe primary particles consistent with Df .::: 2. 

Based on data of this type, the density autocorrelation function between pairs of 
primary panicles can be defined as follows: For the three-dimensional case of a suspended 
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Figure 8. 1 Electron microgmph of alumina agglomcratcs gcnerated by the oxid~tion of trimcthyl 
aluminum in ~ methane-air name. Thc primary p:lrticles composi ng the 3gglomer:ue arc about 3 nm 
in diametcr. Thc longcst dimension of thc :lgglomerate is about 0.25 p.m. (From Windelcr. 1995.) 

agglomerate. let p(r' ) be the density at a reference point vector r ' and let per' + r) the 
density at r ' + r wi th p equal to I if the site is occupied and 0 if it is not. The two-point 
autocorrelation func tion c(r) is the average density of occupied points at a di stance r from 
any other occupied point: 

I" ' , c(r) = - L- p(r )p(r + r ) 
NI' r' 

(8.2) 

where r is the magnitude of the distance between the points and Np is the total number 
of pairs of panicles counted. This function is assumcd to depend only on the distance r 
scpar;tting the two points. Counting is li mited to valucs of r much smaller than thc size 
of the agglomerate and much larger than the primary part icles. Forrcst :lnd Witten ( 1979) 
found that thc pair correlation functions for the iron and zinc part icles that they madc and 
for comllle rcially produccd pyrogenic silica could be representcd by ;111 equation with a 
power law form: 

c(r) '" ,.- 8 (8.3) 

where B is determ ined from the measuremcnts. Figure 8.2 is a log-log plot of thc two 
particle density autocorrelat ion as a function of dist;mce between the 7-nl11 iron panicles 
that composed a largc agglomerate. The lendency of ;tgglomeratcs 10 follow a power law 
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form when measured in this way has been confirmed by investigators who have stud ied the 
behavior of agglomerates composed of particles of other materials including soot (Samson 
ct aL, 1987: Megaridis and Dobbins, 1990) and silver (Schmidt-Ou. 1988). 

When (8.3) holds. the IOtal number of particles in a three-dimensional agglomerate of 
radius R is 

Nil ...... foR 4Jl1,2r - B dr 

After carrying OUi the integration, we recover (8 . I) 

Nil ...... RDI 

(8.4) 

(8. \) 

(8.1 a) 

where Df = 3 - B, Thus from the slope of the density-dens ity autocorrelation function, the 
value of Of can be obtained. Other methods of detennining Of from photographic images 
of agglomerates arc discussed by Forrest and Witten ( I 979) and Mountai n et al. (1986). The 
val ue of c(r) does not completely define agglomerate structure. Higher-order correlation 
functions would be needed for a more complete description. Thus Of itself represents only 
a partial description of the morphology, 

Agglomerates are fractal-like in a statistical sense, Equation (8.1) describes the <Iverage 
radius of many agglomerates with the same NI' and primary particle size. Agglomerates 
are not true fructals, because they are not in finitely scale-invariant. The lower limit on the 
size of an agglomerate is the primary particle (Nil = I), Fractal concepts break down for 

-.:- 10' 

" • 'B = <2 
= 0 
.~ 

10 ] 
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~ 
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Figure 8.2 Autocorrelation function for a power-law agglomerate as a function of distance r. The 
fractal dimension is calculated from the straight-line portion for small values of r. The tail-off for 
large values of r corresponds to the edge of the agglomerate. 
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agglomerates composed of small numbers of primary particles: that is. the use of (8.3) 
requires that R » a,,(J. For these reasons we prefer to call these power law agglomerate 
structures !ractal-I ike. 

Prefactor for the Power Law Relationship 

For-many practical applications, the power law relationship (8. J) requires 1111 appropriate 
proportionality constant or coefficient. Consider the case of monodisperse primary particles 
of radius a"o which fonn power law agglomerates according to a process whose statistical 
features are independent of 11,,0. The statistical properties of the agglomerates produced by 
this process do not depend on the magnitude of (/,,0' That is. if (1,,0 were multipl ied by a 
factor of 10, the value of Of wou ld not be affected nor would all of the other higher-order 
particle correlation functions thllt are not considered in this analysis. Th is means that the 
system should scale as R/al.o so that (8.3) becomes 

( 
R )"f N" = A -

{/j.o 
(8.5) 

The dimensionless proponionality constant A depends on how R, the characteri stic radius 
of the agglomer:tte, is defined; it also depends on the process by which the agglomerate 
forms and on the Knudsen number. The value of A may also vary for different val ues of 
Of. [f this equation holds for,. -7 (/I.o(N" -7 I), then A has a value of unity. However. for 
Of i= 3, (8.5) applies only for I:lrge values of NI,. that is. R » (/1.0. 

The char:tcteristic agglomemte sizes most often used are the mobility diameter. defined 
as the diameter of a sphere with the same friction coefficient as the agglomerate under similar 
dynamic cond ition s, and the radius of gyration 

(8.6) 

where 11/ is the mass of a primary panicle and 1'; is the distancc of the ith primary panicle 
from the center of mass. The mobil ity diameter is the value usuall y reponed in experimental 
stud ies because it is relat ively easy to measure. The mobility diameter depends in a 
complex way on the fluid mechanics and/or molecular illleractions between the gas and 
the agglomerate. The radius of gyration is a purely geometric par.uneter that depends only 
on the spmial disposition of the particles in the agglomerate. 

The mobility diametcr is usually measured using a differemial mobility analyzer 
(Chapter 6). [n the free mol ecu le range, lhe mobility diameter measured in this way is 
not influenced by the direction of the e lectric field. The Brown ian motion will lead to 
random orientation of the agglomerates. and the mobility diameter wi II be averaged over all 
orientntions. This diameter shou ld be appropriate for calculat ions of rates of agglomeration 
discussed bclow. However, in the continuum regime. agglomerates Illny become oriented as 
they move through the gas under an applied potcntial. This wi ll affect the measured mobili ty 
diameter Hnd may calise error in calculations of rates of agglomeration by Brownian Illotion, 
a randomizing phenomenon. 

In the free molecule range. the diameter of the sphere with the same projected urea 
as the agglomerate is also important. The re lati onships among the mobility diameter, the 
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radius of gYr.ltion, and the projected area equi valcnt diamcter for agglomcratcs hllVC becn 
investigated by Rogak et al . ( 1993). 

Values of the prcfactor A calcul ated from li terature data for the free molecule and 
continuum regimes r.mge from 0.95 to 1.43. Highcr vll lues were reponed for the transition 
regime CWu and Friedl:mdcr. 1993a}. Values of A with R taken to be the radius of gyra
t ion ranged from 1.05 to 1.59 for llgg lornennes assembled by cluster-c luster aggregation 
(discussed below). These va lues wcre calcu lated for both the continuum :md free molecule 
regimes. For soot liggloillerates formed in a methane- air flame, Cai et al. (1995) found 
A = 1. 23 ± 0.07. in good agreement with previously reported results. In the sections 
that follow. we di scuss the dynamics of agglomer:l tc growth through computer simulation 
following certain prescribed collision processes. as well as by calculations based on the 
Smoluchowski equation (Chapter 7). 

COMPUTER SIMULATION OF AGGLOMERATE FORMATION 

In computer simul:Lt ion of agglomerate formation. pllrticles released at cert;lin sites in 
space move in a specified manner until they come into contact. Assumptions are required 
concerni ng the nature of the agglomerate motion between coll isions and the nature of the 
colli sion process. These assumptions may approx imate the physics of real agglomenlle 
collisions or may be highly ideal ized versions of the rcal processes. Computer simulation 
provides infomlation on the structure of the agglomenltes. from which the frac tal dimension 
can be obtained. as well as information on agglomcratc Si7£ di stributions. 

Computational algorith ms have becn developed to simulme the agglorncmlion process 
(Meakin, 1986). Calculations based on these algorithms produce structures whose Of values 
tend to approach an asymptotic limit thm depends on the algori th m. (There appears to be no 
proof that such l irnit.~ exisl.) We consider three di fterent types of algorithms, each of which 
has two subcases. The six examples are illustmted in Fig. 8.3. 

Diffusion4 Limited Aggregation 

Weconsider first diffusion-l imited aggregation (DLA). In the fi rsl subcase, a primary panicle 
is sel at the origi n of 1I three- or two-dimensional space and held fixed. Another particle is 
released from a randonl si te in a bounded volume surrounding the fixed panicle. The newly 
released particle undergoes :I random walk until it either collides with the fi xed particle or 
wanders out of the volu me. Another particle is then relellsed. and the process is repemed 
indefi nitely. Agglomerates generated in this way have a fracta l dimension of 2.5 ;md show 
a more or less well-defi ned center. 

Aerosol lIgglomeflltion is not limitcd to collisions between primary pllrticles and 
agglomeratcs. The second DLA example, cJuster-cl uster aggregation, allows for collisions 
among aggiomcT:ltes. The calculation begins with primary particles distributed on the si tes 
of a three-dimensionlillattice. These particles execute a random walk and fonn agglomerates 
that also collide to form still larger agglomerates. The resulting structures llre chain-like 
(Of = 1.80) and lack the obvious center of the primary particle-agglomerate structures 
di scussed above. 
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Figure 8.3 Comparison of agglomcmlc slruclurcs produced by different computer simulation algo
rithms (Schaefer, 1988. based on results of Meakin), 

Ballistic Aggregation 

In ballistic collision processes, the mean free path of the collid ing objects is large compared 
with their size; their motion can be represented by lincar trajectories instead of the random 
walk used in DLA. Primary particles collidi ng with a fixed agglomerate penetrate more 
deeply into the interior of the agglomerate than in DLA and produce very compact structures 
(Of = 3.0). 

Ballistic aggregation in which both coll iding objects are chain aggregates with linear 
trajectories form chain-like structures ( Df :>:::: 1.95). As in DLA. collisions between 
aggregates produce much lower Dj values than primary particles colliding wi th aggregates. 
Nanoparticle soot and silica are produced commercially in large quantities as rubber 
additives and other industrial processes in high-temperature aerosol processes. The structure 
o f the agglomerates produced commercially look similar to the products of cluster-cluster 
aggregation. 

Reaction-Limited Aggregation 

In both the diffusion-limited and ballistic models. all collisions lead to attachment. This 
is usually the case when submicron aerosol part icles collide, provided that they do not 
carry charges of the same size. For hydrosol agglomeration there may be a barrier to 
particle-particle adhesion resulting. for example. from the e lectrical double layer. The 
effect o f barriers to adhesion can be simulated in computer calculations by extending the 
diffusion-li mited model to require repealed coll isions before sticking. This process. known 
as reaction-limited aggregation. leads to more compact structures than the d iffusion limited 
or ballistic models. For the primal)' particle-agglomerate case, Df approaches 3 while for 
cluster-ciuster aggregation it is closer to 2. The asymptotic value approached by Dj depends 
on the number of collisions required before sticking occurs. 



Compl/ ler Siml/lm;OIl of Agglomerale Formalion 229 

Coordination Number and Fractal Dimension 

An :lgglomerate coordination number. eN. can be defi ned as the average number of con· 
tacts of a part icle in an agglomerate structure. The coordilllll ion number is import.lIl t to 
understand ing agglomerate mechanical and e lectronic properties. The val ue of CN can :l lso 
be re lated 10 the thcrmodynamics of agglomerate restructuring discussed at the end of this 
chapter. Formation of .tIl agglomerate reduces the total surface free energy of ;l cloud of 
unattached primary part icles by the free energy of the bonds present in the agglomer.lIc. 

Information on eN for agglomerates is scarce compared wi th the extensive literature on 
Df. Like Df. eN depends on the computational algorithm Ihat detcnn ines the agg lomeration 
process. However. there is not a unique relationship betwcen CN and Df except forch •• in·like 
Slnlctures for which Df = I and CN = 2 (neglecting ch'lin ends). For compact agglomerate 
structures, D f = 3 and CN can assume much higher vnlues depending on the mechanism 
of formation and subsequent internal restructuring. 

T he vnrintion of CN with N,• was studied in computer simulmions of HggJomerate 
formation by several of the processes discussed in the previous section (Weber and Fried· 
lander. I 997a). Using Monte Carlo simu lations. agglomerates of primary particles were 
genermed by diffusion·limited aggregation (DLA). chemically limited aggregation. and 
ballistic aggregation. The latt ice type (cubiclhexagonal) for the random walk affected eN but 
not Df . For decreasing sticking probability. CN and Df increase because primary particles 
penetrate more deeply within the agglomerates. The coordination number is also influenced 
by the number of primary part icles per cluster, Np, as shown in Fig. 8.4. For Np < 50. CN 

shows a steep increase wi th Np . At larger values of Np • eN :'pproachcs an asymptotic vnlue 
that depends on the agglomerat ion mechanism; the asymptot ic behavior is observed for 
DLA ( Df = 2.5) :md ball is tic (Df = 3) agg lomeration. Thc constant fraction of singly 
bonded primary particles for a growi ng cluster indicates that the cluster growth docs not 
occur prefe rentially at the agglomcratc tips. 
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"<igure 8.4 Coordination number for b:lllistic and di ffusion·limited aggregation (particlc.-c luSler 
coll isions). (After Weber and Fried lander. 1997a.) 
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LANGEVIN SIMULATIONS OF AGGLOMERATION 

In DLA simul ations, the time and length scales are usually not directly linked to particle size 
and gas properties. A direct link was made by Mountain et al. (1986) in calculations based 
on the Langevin equation (Chapter 2), which imroduces the gas viscosity, temperature, and 
primary particle diameter (Mountain et al., 1986: Samson et al.. 1987). Their calculations 
of particle trajectories covered both the free molecule and continuum ranges. A random 
number generator was used to set the initial positions of the particles in a cubical region in 
space. Initial particle ve loci ties were also sel using a random number generator to produce 
nOnllally distributed numbers such thai the particles were in thermal equilibriu m with the 
carrier gas. Periodic boundary conditions were used to el iminate the influence of the surface 
of the cube on agglomerate motion . The controlling parameter that appears in the Langevin 
analysis is the particle relaxation lime. /3 - 1 = m/f. wherem and f are the agglomerate mass 
and friction coeffi cient, respectively. The friction coeffi c ient of an agglomerate composed 
of Np primary particles of diameter d,JO was assumed to be Np times the coefficient of a 
single sphere. thai is. f ..... d;oN,! based on the friction coeffi cient for the free molecule 
range (Chapter 2). In making thi s approximation, the shielding effect of the other primary 
particles is neglected so thi s shou ld hold best for a chain aggregate (Dr < 2). Both panicle 
mass and friction coefficient are proportional to Np so /3 is independent of the size (N,,) of 
the agglomerate. 

In the free molecule r:lIlge, the agglomerate moves several particle diameters before 
changing direction. while in the continuum regime the agglomer:lte diffuses only a small 
fraction of a particle diameter before signi ficant ly changing direction. The computation 
takes particle translation into account but not rotation. Studies of a two-dimensional model 
by Olher investigators have not shown a signific(UlI effect of agglomerate rotation on the 
fractal d imension. Value of Dr for the agglomerates were determined from a plot of R versus 
N" according to (8.4) and ranged from I .89to 2.07 in the free molecu le range. Calculations 
for the continuum regime gave values of Dr similar to those for the free molecule range. 
These v:l lues fall in the ranges fo und for ball istic and random walk DLA. Good agreement 
between theory and experiment'll measurements of the formation of soot agglomerates was 
fou nd (Samson et al.. 1987). 

Size distributions of the agg lomerates generated by cluster-cluster aggregation compu· 
tations may approach a self-preserving fonn. This is found bot h fortile Langevin simulations 
and for random walk on a lallice (Meaki n, 1986). Direct calcu lations of the self-preserving 
distributions are made in the ~ect ions that follow. 

SMOLUCHOWSKI EQUATION: COLLISION KERNELS 
FOR POWER LAW AGGLOMERATES 

Agglomerate size d istributions can also be calculated by solving the Smoluchowski equation 
using an appropriate expression for the colli sion kernel. There is a fundamental difference 
between thi s approach and direct numerical simulation of the coagulation process. In 
computer simu lation. the value of Dr is determined by the coll ision algori thm: ana ly~s 

based on the Smoluchowski equation require an assumption in adv:lI1ce of the value of 
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D, that ilppcars in the coll ision kernel. In the free molecule range. the basic fornl of the 
collision kernel is assumed to be the same as the kinetic theory expression for collision of 
rigid clast ic spheres (Chapter 7) 

(8.7) 

where 1f(tlp, + (lpjf! is the collision cross section for agglomerates of classes i and j. 
and (k T/ 2lT)I/ 21( 1/ 1II;) + ( 1/ lIIj )l1 /2 is the average relmi ve velocity between colliding 
agglomerates. Hence fJ(v;, Vj ) is equivalent to the volume of gas swept out per unit time 
by coll iding agglomerates. The expression for the avcruge relati ve velocity is based on the 
assumption tlmtthe agglomerates are in thennal cquili brium with the surroundi ng gas. 

The coll ision cross scction for agglomerates is b:lsed on the relationship for:l power 
law (fracl;Il . like) agglomer-Jte (8.4) wh ich can :llso be expressed as fo llows: 

Np = ~ = A (.:!..)"/ 
Vo (I,IIJ 

(8.8) 

where (/,>0 is the radius of a prim:lry p:micle, Vo. is the primary p:lI1icle vol ume (= 
4lTai,o/ 3). Np is the number of primary particles in:1I1 agglomerate. and v is the volume 
of solids in an agglomerate. The statistically detennined value for R averaged over many 
agglomerates of size N p (or v) is used as the collision mdius in (8.7). Thm is. if the fractal 
dimension of the agglomenltes is between 2 and 3. thc planarprojeclions of the agglomerate 
cross sections are givcn by 

(8.9) 

or. wi th (8.8). 

(8.10) 

For D, < 2 and j » i , the cross section calculatcd from (8. 10) increases more rapidly than 
linearly with j. In thai case. the cross section of the agglomerate would be larger than the su m 
of the cross scctions of the primary p:trt icles composing the agg lomerate. This is not possible 
because some of the interior part icles in the agglomerate arc screened by thc outer panicles. 
Hence the li mit V, ::: 20n the applicabil ity of(8. 10). In the computer s imulations discussed 
in the previous section. both the fractal dimension and agglomerate size d istri bution are 
determined by the collision algorithm. In c:ilculations based on the Smoluchowski equation 
with an appropriate collision kemel. the value of V , is set beforehand and the agglomerate 
size distribution is calculated independently. It is assumed that Vf is a constant. Thi s 
assumption is supported by the computer simulations of agglomeration . 

Because the agglomemtc volume is ~IJlT R3. the agglomemte densi ty p .. = Np / 4IJ lT R3 
is proportional to RDr 3 after substitution in (8.4). The parameter Vf - 3 is negative. so 
Po must decrease with increasing particle size. There is evidence for this behavior in the 
numerical simulations of Meaki n (1983). 

In the analysis that follows we assume that the constant A which appears in (8.8) is 
equaJIO unity to simpli fy calculations. Thi s amounts [0 [he incorporation or the constant 
into the prefactor of !3(v;. Vj ). This assumption is easily corrected if better information on 
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the value of A is available. When we substitute (S .8) and (S .IO) with A = I into (S.7). the 
collision kernel in the free molecule regime for agglomerate particles obeying a power law 
relationship becomes 

{lev;. v .) = (6kT) 1/2 (~) ~ a2- 61DI (~+ ~) 1 /2 (v ,I/Df + v~ /Df )' 
J p 4n pO V; Vj , 1 

(R «ip ) (8 .11 ) 

where 
2 I 

).~ - --

Df 2 

For coalescing spheres, Df = 3 and this expression reduces to (7 .1 7) for classical 
coagulation (coalescing particles). 

Equation (S. II ) may not be valid for collisions of a large particle with a small particle. 
Hagenloch and Friedlander ( 1989) showed that the collision diameter for collisions between 
point particles and DLA clusters is a function of Kn (based on primary particle size) as well 
as Of. In the present analysis it is assumed that the col lision diameter scales with Df only. 
Because the colli sion rate between large agglomerates and primary particles is high. the 
suppl y of primary panicles is rapidly depleted. The effect of Kn is thus most important 
during the early stages of coagulation. As discllssed above, (8. 11 ) is not valid for Of < 2 
in the free molecule regime. Mulholland et al. (198S) and lullien and Meakin ( 1989) have 
proposed alternative fo rms for the collision kernel in thi s range. 

In the continuum regime, the collision kernel for agglomerates is based on the Smolu
chowski expression derived in Chapter 7: 

(8,12l 

where dp; is the colli sion diameter for power law agglomerates. For Np » 1000, the 
agglomerate diffusion coefficients D,· approach the Stokes-Einstein value for a solid 
(impermeable) sphere with diameter equal to the col li sion diameter dp; (Tandom and Rosner, 
1995). Hence for power law agglomerates the collision kernel becomes 

2kT (I I) ("D' "Df) {lev;. Vj) = -3- 1/ 01 + 1/ 01 Vi + Vj 
/1. Vi Vj 

(Np » 1000) (8.13) 

Example: Compare the collision Frequencies of agglomerates ill the free molecule 
range with the corresponding frequency for spherical particles of the same mass 
(volume) . 

SOLUTION: Referring to (8.1 1), the ratio of fJagg/{lsph for Vi = Vj = V is 

{lagg 2-61DI ff;f- j 
-= a lO v 
{Jsph I 

where we have assumed that A = I for the agglomerates. Substituting (8.8) with 
Vo = 4!J7ra:,o into this expression gives 



Self-Preserving Agg/omerale Size Di.~/rilmlio"s 233 

P ... = (~~)(1i;-! ) (~) ('-IDf) 
P spb 3 (/,.0 

For Df ;;;; 2. (/IXl ;;;; 2 run and R = 40 nm. Pugal f3.ph = II .8. Th:lt is. the agglomerate 
collision ra te is about 12 times higher than the corresponding colli sion rate for 
compact spheres of the same mass. This ill ustrates the very important effect of 
reduci ng fractal dimension on agglomerate collision rate. 

SELF-PRESERVING AGGLOMERATE SIZE DISTRIBUTIONS 

The collision kerne ls for power law agglomerates. (8. 11) and (8. 13). are homogeneous 
functions of the volumes of the coll iding part icles: 

(11. 14) 

where i and j are the number of primary particles in the agglomcnlles. and )" is lhe degree 
of homogeneity. By (8.8) and (8. 11 ) we obtain 

2 I 
A= ---

Of 2 
(8. tj) 

for the free molecule regime and by (8. 13) we have ).. = 0 for the continuum regime. 
hence independent of Df. The homogene ity property makes it possi ble to use the self
preservi ng scaling theory (Chapter 7) to solve for the asymptotic size d istribulion of power 
law agglomerates. The results have the advantage of providing simple relationships. easy 
to interpret and test. fo r the dependence of the particle size d istribution fu nction and its 
moments on time, aerosol volumetric loading. temperature, primary part icle size, and Df. 
As noted 3bove, the value of Of is set independently; it cannot be deri ved in this calculation 
without making some additional assumption. 

The basic self-preserving equations arc deri ved by introduci ng variables similar to 
those used in the theory for coalescing part icles: 

N' 
11 (11) = q,00 1/l(II) (8. 16) 

where 

'I = II l v 
II = q, / Noo 

and II is Ihe I'O/Ilme of solids in the agglomerate part icle. As in classical self-preserving 
lheory. it is assumed that the volumetric concentration of solids. t/J. is constant. This 
assumption can be relaxed in certain cases. such as condensation when the condensation 
rate follows certain special relationships. 

The rate of decay of part icle number density Noo is given by 
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dN~ '1~1~ - d ;::; --2 f3(v;. Vj)II;lIj dv; tlvj , " 
(8.t 7) 

This expression can be evaluated for the self-preserving distribution (SPD) in the free 
molecule regime by substituting (8.11 ) for the coll ision kernel and (8.16) for II(V ) in (8.17) 
to give 

(INoc I ), 1 _ ), -- = --act!J N-
til 2 00 

(8.18) 

where 

( 

II' ), _ 6kT) -(3) (2- 6I D, ) c _ -- -- "", 
p 4rr 

(8.19) 

and the d imensionless coll ision integral a is 

1~ 1~ (' ')'" 1I = _ + _ (,,: , D
/ + 

o 0 'Ii 'Ij 
(8.20) 

To evaluate (I it is necessary to solve for the SPD. which depends on Of . Values of 1I for 
the free molecule regime vary little with Of in the range 2 to 3 as shown in Table 8. 1. along 
with the I / Of moment o f the size distribution function. /LI / D,. For 0 , =1= 3, c is a func tion 
of the size of the primary panicle. lIpO' 

The SPD for agglomerates in the free molecule range has been calculated by Wu and 
Friedlander ( 1993a) using a Monte Carlo method; it also has been calculated by Vemul)' 
and Pmtsinis (1995), who used a discrete sect ional method and also calculated the SPD for 

the continuum range. For the free molecule case (Fig. 8.5). the SPD becomes broader with 
decreasing Of . whi le the continuum distribution narrows with decreasing Of . Because it is 
assumed that Of is constant, A, c and (/ are also constant. If Of is a slowly varying function 
of time, the analysis can still be carried out. approximately. provided that the time to reach 
the S PD is shon. The calculations made previously are limited to thl! range 2 ::: 0, ::: 3 for 
the free molecule collision kernel. As d iscussed above. computer simulations for clusler
cluster aggregation and experimental measurements indicate that Of is usually somewhal 
less than 2. 

Time to Reach the Self-Preserving Form 
The time required for an initially monodi sperse aerosol to reach the self-preserving dis
tribution is shown in Fig. 8.6 as a function of Df for the free molecule and continuum 

TABLE 8.1 
Moments of the Self-Preserving Size Distributions (Wu and Friedlander, 1993b) 

D, 
2.0 2.2 2.5 2.' 3.0 

/.Il f Df 0.827 0.843 0.867 0.886 0.896 

" 7.037 6.748 6.607 6.560 6.551 
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Figure 8.5 Self-preserving size distributions of agglomerates of various Dr in the free molecule 
regime. Values of !/Iq and I} are tabulated in the original reference. (After Vemury and Pralsinis, 
1995.) 

ranges. The criterion for attaining the SPD is that the geometric slandard deviation (GSD) 
of the distribution should be 99% of the GSD for the SPD. In the free molecule regime the 
time is 

I (4H)'''( P )'/2 
Tf = Noo(O)"3 6kTa"o 

(8.21 ) 

and in the continuum regime it is 

3" (8.22) 
Tc = 2kT Noo(O) 

where Noo (O) refers to the initial number concentration. In the free molecule range. Tf 

decreases from 4.31 for Df = 3 to 3.24 for Dr = 2; in the continuum regime, T~ decreases 
from 12.68 for Df = 3 to 5.8 for Df = 2. Thus in both cases, agglomerates reach the 
self-preserving distribution faster than the equivalent spherical particles. 
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Figure 8.6 Time needed (time lag) for a monodisperse aerosol to reach the corresponding sell 
preserving size distribution in the free molecu le (rf) and continuum (rr) regimes as a function of it 
fractal dimension, Df . (After Vemury and Pratsinis, 1995.) 

Example: Derive an expression for the change in the number density with time for 
the self-preservi ng distribution in the continuum regime. 

SOLUTION: Substi tuting the continuum colli sion kernel (8. 13) in (8. 17) gives 

~ = -- -- + -_-- ( Vl /Df + iil / Df ) lI(v) lI (ii) ,I v dii dN kTl~ lOO (' ') 
tit 3J.L 0 0 vt /Vf vt /Ol 

Introducing the self-preserving variables (8.16), we obtain 

dNoo kTaJ ~ 
-- ~----N-

dt 3tl 00 

where the collision integral aJ is 

_ r~ r~ (_' _') ( ' IDr 
(/ 1 - 10 10 1/1 / 01 + iil /Ol I) + 
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Hence the decay in number concentration in the continuum regime is proportional 
to N~: that is. dNoo/dt follows a binary collision relationship as in the case of 
instantaneous coalescence (Chapter 7). This is expected because the degree of 
homogeneity, 1 , equals 0 for the continuum collision kernel. Unlike the case of the 
free molecule regime, the decay in Noo for the continuum regime does not depend 
on llpO. Values of al can be calculated from the self-preserving distribution for the 
continuum regime. which varies in form depend ing on the value of Df (Vemury and 
Pratsinis. 1995). 

EFFECT OF PRIMARY PARTICLE SIZE ON AGGLOMERATE GROWTH 

The size of Ihe primary particles composing the agglomerates has a profound effect on 
the dynamics of agglomerate growth. In experimental stud ies of agglomerate formation, 
micron-sized solid particles were injected into a flat, methane-air flame (Matsoukas and 
Friedlander, 199 1). The particles (partially) evaporated in the flame and the vapors reacted 
(oxidized) to form very small particles that agglomerated in the postflame gases. The aerosol 
precursors were magnesium acetate, zinc nitrate, and boric acid. Agglomerates composed 
ofMgO and ZnO fonned in the postflame gases. The low-melting 8 20 3 particles coalesced 
and did not form agglomerates. The electrical mobility diameters of the particles were 
measured as a function of di stancedownstream from the flat flame. Figure S.7a shows that the 
average mobility diameters for the MgO agglomerate were much larger than that of the ZIIO 
agglomerates, while the coalescing 8 20 3 particles were even smaller. These experimental 
resul ts can be explained qualitatively by an analysis of the dynamics of agglomeration based 
on the resul ts of the self-preserving theory derived in Ihe previous section. 

The analysis is limited to the free molecu le range. SubslitUling (8.8) and (8.16) into 
(8. IS) and integrating, the increase in the number average volume v = 4>/ Noo with time is 

[ 

I - A ]1/(1 - J,.) 

V = 1I~ - J,. + ~(lC¢t (S.B) 

The corresponding value for the average radius is 

- [ ,,, I - A (6kT)' /2 (3) (; Df - ' )/2 ] ' 
R = lip(! + --- -- - llpO a¢t 

2 p 4Jr 
(8.24) 

where the exponent z is 

The expressions (8 .23) and (8 .24) for v and R cannot hold for short times when the 
agglomerates are composed of few primary particles, before the power law structure is 
established. However. these expressions can be used to examine quali tatively the transition 
from small to large agg lomerate~ as shown in Fig. 8.7b. The results indicate that there is a 
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FigureS.7 (a) Time evolution orthe number avcrolge e[cctrical mobility diameter forsevc ral inorgank 
oxide aerosols. The MgO agglomerates were larger [han ZnO agglomerates hut were composed of 
smaller primary particles. Only one data point was obtained for low-melting boric oxide po.lrtic1cs that 
coalesce to form small spherical particles instead of agglomerates. (After Matsoukas and Friedlander. 
1991.) (b) Calculations based on (8.24) show that agglomerates composed of small primary particles 
(radius = {//>O) grow much more rapidly Ihan agglomerates of larger (jp(J for the same rp. Dj. and T. 
This results in a crossover of the two growth curves. Results apply to the free molecule regime. The 
analysis breaks down as the number of particles in the agglomerate approaches unity (R ~ GpO). 

The crossover takes place in thc first two lime decades nOl accessible in the experiments shown 
in part (a). 

crossover point for the curves for different initial particle sizes. Agglomerates of very small 
primary particles (I-nm radius) grow much more rapidly than larger (5-nm radius) panicles 
of the same fractal dimension. These results hold for the free molecule range. 

For long times (R » (/I'O), the rate of growth of the number average volume can be 
approximated by 

ii ___ a~/3(Tt /2 ¢r) l/(t - },) 

based on (8.23), and the average agglomerate radi us can be approximated by 

based on (8.24) with 

Df - 3 
q= 

Df - 4/3 

(8.2;;) 

(8.26) 

(8.26a) 

When Dj = 3. the exponent q is zero. and the agglomerate size is independent of the 
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primary particle size. This is the case for coalescing particles discussed in Chapter 7. 
When Df < 3. q is negative (Fig. 8.9). For the same values of T. 4>. Df , and f, larger 
agglomerates are formed from smaller primary particles. The effect of primary particle size 
becomes more important with decreasing Df because the magnitude of q increases. When 
Df = 2. q = - 3/ 2 and the primary particle size has a major influence on the growth of 
agglomerates. 

The experiments with MgO and ZnO agglomerates (Fig. 8.7a) lend qualitative support 
to this analysis. A transmission electron photomicrograph of the MgO aerosol showed large 
agglomerates composed of small primary particles aboUi 5 nm in diameter. The appearance 
of the ZnO aerosol was quite different. The ZnO agglomerates were much smaller than 
the MgO particles but were composed of larger primary particles about 10 nm in diameter. 
Similar effects have been observed for the agglomerates produced by industrial aerosol 
reactors (Ulrich. 1984). 

In the continuum regime the effect of the primary particle size on agglomerate growth 
is not as strong as in the free molecule regime. From a similar anaJysis for the continuum 
coll ision kernel (8.13), q = 1 - 3/Df . The exponent is still negative but a weaker 
function of Df (Fig. 8.8). In the continuum regime, the enhancement resulting from the 
increased radius of capture is balanced by the smaller mobility of the cluster. The average 
volume u grows linearly with time and is independent of the fractal dimension or the 
primary particle size. The average agglomerate radius R, however, is related to Df and GpO 

through (8.8). 

'Continuum - Free molecule 

~ - I 

~+-----------.-----------~ 
2.0 2.5 

Df 

3.0 

Fig. 8.8 The dependence o f the exponent q on DF for agglomeration in tne free molecule regime is 
much more sensit ive than in thc continuum regime. (After Matsoukas and Friedlander. 1991 .) 
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Figure 8.9 The size distribUlion for DJ = 3 is narrow. while that for DJ = 2 is much broader al1d 
includes a high proportion of larger panicles. (Resul ts calculated for apO = 5 nm. c/J = 10- 8• T = 
ISOOK. Pp = 2 g/cm3 • I = O.S sec.) (After Wu and Friedlander. 1993b.) 

EFFECT OF Df ON AGGLOMERATE GROWTH 

The value of Of has a large effect on the predicted agglomerate size disLribution in the 
free molecule regime (WU and Friedlander. 1993b). Calcu lations were made for a given 
volumetric loading. temperature, primary particle size, and time of :lgglomemtion with 
DJ as the parameter. The value selected for the aerosol volume loading ¢ was based 
on the following considerations: Industrial aerosol emissions. such as those from coal 
combustion, frequently have a bimodal size distribution. The coarse mode is composed 
of nonvolatile material. and the fi ne mode consists of subm icron particles fonned by vapor 
condensation . The mass of aerosol in the fine mode is typically on the order of I % of the 
total mass. Aerosol loadings of submicron particles range between I and 400 mglm3 for 
coal-fi red power stations, and about 7 mglm3 for a steel plant. On a volume basis. these 
concentrations correspond to 10- 9 to 10- 7 cc of aerosol m,lIerial per cubic centimeter of 
gas. The calculations were based on ¢ = 10- 8• 

Figure 8.9 shows mass distributions for various values of OJ, based on the self
preserving size distributions in the free molecule regime. For the same conditions and 
residence time. a low value of Df produces a brond distribution with a high proportion of 
mass at large particle sizes. The growth in the mass median diameters with time are shown 
in Fig. 8.10 with D, as the parameter. 
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Figure 8.10 The growth rate of the mass median diametcr is much greater for low values of Df . due 
[0 the increased collision cross section (results are for QpO = 5 nm, ¢ = 10- 8 • T = ISOOK. Pp = 
2g/ cm3). (After Wu and Friedlander, 1993b.) 

The decay of particle number density can be obtained by integrating (8.18): 

( 
N ) ' - 1 ( 1 A) 

N
oo

70) = 1 + ; acq>,"Noo (O)1 - AI (8.27) 

Fort _ 00 

[

1 -A jl/(A- ll 
Nro ~ --2- ac¢l 1 1/(10. - [ ) (8.27a) 

Thus a logarithmic plot of Noo versus, approaches a slope of ().. - 1) - 1 for large t. This 
corresponds to asymptotic values of -2 and -6/5 for Dr = 2 and 3, respectively, after 
0.3 sec (Fig. 8. 11 ). The frac tal dimension can in principle be estimated by measuring the 
slope of the decay curve on a logarithmic plot of the particle number concentration . The 
agglomerates very quick1y grow out of the free molecule range so care must be taken in 
extrapolating these results to longer times. 

In these analyses, it has been assumed that the power law exponent (fractal dimension) 
is constant during the agglomeration process. This is not necessarily the case as the 
experimental observations discussed in the next section show. 
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Figure 8.11 The decay of particle number density rapidly approaches the asymptotic slope of-2 
and - 6/ 5 for Df = 2 and Df = 3, respectively. The solid portion of the curves represent the free 
molecule regime (results are forC/pO = 5 nm, ¢ = 10- 8 . T = ISOOK. Pp = 2g/ cml). (Afler Wu and 
Friedlander. 1993b.) 

AGGLOMERATE RESTRUCTURING 

Agglomerates fonned by the processes discussed in th is chapter do not have rigid structures. 
Their fonn may change due to (a) condensation and evaporation of vapor, (b) heating, and 
(c) mechanical stresses. The ability of aggregates to change their shape has important im
plications for aggregate transport and light scattering, as well as for the use of nanoparticles 
in the fabrication of new materials. In this section, we di scuss thennal restructuring and 
rearrangement under tension. 

Thermal Restructuring 

When nanoparticle agglomerates arc heated in sitll (Le., while suspended in the gas), there 
are two limiting types of behavior. On one hand, agglomerates of strongly bonded panicles 
may retain their general structure (expressed by the fractal dimension) during heating. 
In this case, the size of the agglomerates decreases while the mean size of the subunits 
(e.g., Ihickness of the dendrites or primary particle size) increases as a resull of melting of 
smaller part icles (Sempere et al., 1993). On the other hand, agglomerates of weakly bonded 
primary particles tend to restruc ture and become more compact (higher Df) when healed 
(Schmidt-Ou. 1988). 
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In studies of restructuring, nanometer silver and copper particles were produced by 
evaporation/condensation (Chapter 12) or laser ablation in a nitrogen carrier gas, and the 
primary particles were allowed 10 agglomerate in a Row chamber (Weber et al., 1997b). The 
gas carryi ng the agglomerates was then heated at various temperatures for fixed residence 
times. Figure 8. 12 shows the mobility diameter of agglomerates composed of 16-nm silver 
particles, measured with a differen tial mobility analyzer, as a func tion of temperature for 
four different initial size classes (primary particles per agglomerate) and a residence time of 
3.12 sec. The value of the mobility diameter begins to decrease at about 100°C and levels 
off at about 350°C, because the agglomerates have reached a close-packed state with DJ 
near 3. Because the total number of primary particles per agglomerate N p does not change 
during rearrangement, (8.6) can be used to relate the compact state of the agglomerate 
(DJ = 3) to a lower density arrangement. In Ihis way the variation of Df with Twas 
obtained (Fig. 8.13). 

Restructuring is driven by the deviation of the free energy of the low fractal dimension 
agglomerate from the value for the compact state. Assuming the deviation is proportional 
to the difference in the average coordination number CN of a primary particle in the low 
and high fractal dimension agglomerates, the rate of change in CN was estimated from the 
change in DJ. This is shown in Fig. 8.14 as a function of I /T for silver agglomerates. 
The resu lts indicate that restructuring is an activated process, and the activation energy 
for restructuring was calculated from the slope of the curve. The activation energy was 
independent of the number of primary particles per agglomerate, which ranged from 
1910 270. 

• Np= 19 

• Np= 33 140 

• Np =54 

• Np=77 

20 

Figure 8.12 Mobili ty diameter of agglomerates composed of 16-nm silver particles decreases as a 
result of ii, sim heating at constant temperature. (Afte r Weber and Friedlander. 1997h.) 
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Figure 8.13 Variation o f D, with temperature for agglome rates heated at a given temperature aM a 
residence time of 3. 12 sec. (After Weber and Friedlander. 1997b.) 
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Figure 8.14 Rate of restructuring of silver panicles follows an Arrhenius fonn with a characteristic 
energy of restructuring. (After Weber and Friedlander. 1997b.) 
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The activation energies for silver and copper were. respectively. abemt the same and an 
order of magnitude lower than the bond energies calculated from the bulk Hamakerconstants 
and an assumed spacing between primary particles. This suggests that restructuring probably 
occurs when agglomerate branches rolate around the weakest bonds. and not from single 
primary particles detaching and relocating. Branch rotation may be lubricated by enhanced 
rates of solid state diffusion in the high-surface-energy regions near the necks connecting 
the particles. This effect is promoted by increasing temperature because solid-state diffusion 
is an activated process (Chapter 12). 

Restructuring under Tension: 
Elastic Properties of Chain Aggregates 

Nanoparticle chain aggregates (NCAs) of titania stretch under tension and contract when 
the tension is relaxed (Friedlander et aI. , 1998). Titania NCAs were generated by thermal 
decomposition of titanium tetraisopropoxide vapor in a nitrogen stream at 800°C. The 
chain aggregate fractal dimension was about 2.3 and the individual (primary) particle size 
about 7 nm. Chain aggregates a few hundred nanometers long were deposited on an e lectron 
micrograph grid and were observed in the electron microscope. By focusing on an individual 
NCA, a hole was produced in the carbon fi lm on the grid due to localized evaporation. The 
NCA stretched across the expanding hole in the film. After stretching up to 90%. the NCA 
broke loose at one end and contracted to a tightly fo lded chain on the other side of the 
hole (Fig. 8.15). The stretching took place by the unraveling of tightly bunched clumps of 
primary particles in the chains probably held together by van der Waals forces. Once the 
chain straightens. the tensile stress withi n the NCA increases sharply, shifti ng from van 
der Waals control as the bunches pull oul. to the much stronger bonds expressed through 
the particle necks fonned at high temperatures. Forces involved in the strong bonds are 
probably ionic or covalent in origin. 

These results may have significant potential for the development of ducti le or even 
e lastic ceramics. Conventional ceramic materials are composed of particles much larger 
than I to 10 11m. Such materials usually fail by brittle fracture that occurs with little or no 
plasti c deformation. There is much interest in the fabri cation of ductile ceramics that can be 
fonned to near net shape, similar to the way that metal al loys are produced in industry. There 
is evidence that consolidated nanoparticlescomposed of certain metal oxides show enhanced 
ducti lity compared with conventional ceramic materials (Karch et aI., 1987; Siegel. 1994). 
Many of the experimental studies of the properties of consol idated nanoparticles have 
been made with powders produced by evaporation/condensation generators (Chapter 12). 
Typically the particles from such generators (as from flame reactors) are low fractal 
d imension agglomerates-that is, chain aggregates. These loose fractal structures can 
be consolidated at room temperature at pressures of 1- 2 GPa to fonn compacts with 
densities 75% to 85% of theoretical for inorganic oxide ceramics. It is reported that the 
voids can be removed at high pressures and temperatures with little increase in primary 
particle size. 
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Figure 8.15 (a) Initial shape ofa ti tania NCA deposited on the carbon film. (b) Stre tched NCA con· 
necting the sides of the carbon film in which a hole with receding edges has de\·eloped. (c) ConU"-actet! 
NCA that is vibrolting (seen as a blur) a t one side of the carbon film after disconnecting from the other 
side. A portion of the NCA embedded in the fil m remains in focus. Parts (a). (b). and (e) show the 
same NCA. The exposure time was about 4 sec (Friedlander et al. . 1998). 

PROBLEMS 

8. 1 A power law (fractal-like) agglomerate grows accordi ng to an algorithm that generates a 
structure with Of = 2. The radius of gyration of the agglomerate. R~ . equals I p. m ; the primary 
particle size. dpO. equals 5 nm; and the prefaclOr. A . equals 1.23. 

(a) What is the total number of primary particles in the agglomerate? 
(b) The agglomerate is heated and coalesces to fonn a spherical particlc. What is the radius 

of the particle? 
(c) If d,.o is doubled what is the new value of R.,? Assume the same growth algorithm for 

large and small primary particles: the number of particles remains the same. 
(d) An agglomerate with R, = 0.5 p.m composed of the same primary particles (dpO = 5 

nm) with the same Of collides and sticks tothe original R, = I p m agglomerate. What 
is the new value of R, • assuming that Of is preserved? 

8.2 The densit), of an agglomerate is the ratio of the mass of the primary particles that compose 
the agglomerate to the volume of the agglomerate. The agglomerate volume can be related to the 
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radius R thilt appears in the power lilW expression. by a suitable definition of the volume. The 
agglomeration process corrcsponds to an increase in Np with time. Show how the agglomerate 
density chilnges as N p increases. 

8.3 Derive an expression for the change in total panicle concentration dNooldl for a cloud of 
monodisperse agglomerates in the free molecule regime. 

8.4 According to the analysis in this chapler. for given values of T. ¢. Of and I. larger 
agglomerates are fonned from smaller primary panicles. This means that curves that show thc 
sizeofthe agglomerate R as a function oh ime for two different values of GpO must cross. Show this 
phenomenon by plotting R as a function of I for GpO = 3 and 30 nm. taking ¢ = 10- 8• T = 1500 
K. and Pp = 2 glcm3. 

8.5 Plot agglomerate radius as a func tion of primary pan icle radius in the long time limit 
(R » apO). over the range 5 nm < apO < 50 nm. Take ¢ = 10-5. Of = 2. Pp = 2 glcmJ

• and 
T= 1500K. 
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Chapter 9 

Thermodynamic Properties 

A crosols are, by their nature. multi phase. and equi librium thennodynamics provides 
constraints and limiting conditions on particle interaction with the surrounding 
gas. Thcnnodynarnic factors play a majorroie in atmospheric nucleation processes 

including fog and cloud fomlalion. They are also important in the synthesis of small solid 
particles. affecting particle size and crystalli ne properties. 

The abil ity of small particles to serve as condensation nuclei depends in a complex 
wayan the thermodynamic path ofthe gas (pressure and temperature as a function of time). 
the vapor pressure curve, and the particle properties. Examples are given in this chapter of 
two common processes whose paths can lead to a supersaturated state, namely. isentropic 
expansion and the mixing of hot vapors with cold gases. The vapor pressure of a substance 
nonnally c ited in the literature is lhe value in equilibrium with a planar surface of the 
malerial. However. a small particle suspended in the vapor may equil ibrate with a vapor at 
a pressure that is larger or smaller than the planar equivalent value. depending on the particle 
surface tension, charge, andlor chemical composition. How these factors affect the equilib
rium vapor pressure is reviewed in this chapter. The same factors that influence the particle 
equilibrium vapor pressure also reduce the melting temperature of small solid particles and 
affect the composition of a reacting gas mixture in equilibrium with small particles. 

The thermodynamics of interacting clouds of molecular clusters is discussed at the 
end of this chapter. The equilibrium size distribution of the cl usters always present in an 
unsaturated condensable vapor is the basis ofthe classical theory of homogeneous nucleation 
discussed in the next chapter. 

THE VAPOR PRESSURE CURVE AND THE SUPERSATURATED STATE 

Saturation Ratio 

For a single-component, two-phase system such as a liquid and vapor of the same substance, 
the relationship between the vapor pressure Ps and temperature is usually of the fonn shown 
in Fig. 9 .1. The region 10 the right of the curve represents unsaturated vapor, whereas the 
region to the left represents liquid under pressure . Along the curve, vapor and liquid coexist 
in equil ibrium. Si milar considerations apply to solid-vapor equilibria. 

249 
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Figure 9.1 Typical fonn of the vapor pressure curve wi th lines of constant relat ive humidity. 

An expression for the slope of the vapor pressure curve can be derived from fundamcmul 
thermodynamic considerations (Ocnbigh, 1971): 

tips !!. H 
= dT 

(9.1) 

where t::.H is the molar heat o f vapori zation and 81} is the volume change per mole 
accompanying vaporization of the condensed phase. Away from the critical point, which 
is represented by the end point of the vapor pressure curve in Fig. 9 .1. the molar volume 
of the gas is much larger than that of the liquid. If the gas is ideal, the slope o f the vapor 
pressure curve is 

dp, 

dT 
(9.2) 

which is known as the Clapeyron equation. Because the heat o f vaporization is approxi
mately constant over a wide range of temperatures, the vapor pressure can be represented 
approximately by the expression 

f>H 
In p '" - -- + const , RT (9.3) 

These results hold to a close approximation even in the presence of an inert gas, such as air, 
whcn the system behaves like an ideal gas mixture_ 

How docs an initially unsaturated vapor_ represented by a point 10 the right of the 
vapor pressure c urve, reach conditions under which condensation can occur? Any number 
o f paths on the (p, T) d iagram are imaginable. but two are o f particular interest: reversible 
adiabatic expansion and mixing with cooler air al a lower concentration. BOlh processes may 
lead 10 (he fo rmation of an aerosol composed o f small liquid droplcts . The paths followed 
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through the unsaturated state up to the equilibrium curve can be followed approximately 
from theoretical considerations in both cases as shown in the this section. 

If insufficient condensation nuclei andlor surface arc avuilable. condensation is delayed 
:md the system passes into a melUstnble state. even though it is on the liquid side of the 
equilibrium curve. The ratio of the actual pressure of the vapor to the equilibrium vupor 
pressure at the temperature in question is the salllrarion rmio (or refafille humidity): 

(9.4) 

The saturation ratio is greater than unity when f1 and T correspond to a vapor state on 
the liquid side of the vapor-liquid equi librium curve. For S > I . the system is said to be 
supersaturated. The supersatu ration is given by (p - P, )/ P" 

Once lhe system passes over into a metastuble stute (S > 1). ;1 becomes //lIstable wirll 
res/Jecr to a plal/lIr slIiface of Ihe condel/sed phase. The pl:mur surface is in equilibrium 
with the vapor pressure pJ' However. a whole range of equilibrium states ex ist between 
particles in different energy states and vapor for which S t- I-that is. vapor pressures 
either larger or smaller than pS' Equil ibriu between plu1icles in different energy states und 
the vapor are the subject of this chapter. In the rest of thi s section , the passage of the vapor 
into a metastable state is discussed for two common processes. namely, adiabatic expnnsion 
and vapor mix ing. 

Condensation by Adiabatic Expansion 

Adiabatic expansion may be carried out as a batch process in a cloud chamber or as a 
steady-Row process in the di verging section of the nozzle of" steam turbine or supersonic 
wind tunnel. If the process is carried out reversibly (thi s is often a good approximation). 
the conditions along the path for an ideal gas arc related by the expression 

1'2 = (T,)r/(r - I) 

p, T, 
(9 .S) 

where p,. 1'2 and T1. T2 are the total pressures and temperatures before and after the 
expansion. and y is the mtio of the specific heat at constant pressure to the specific heat at 
constant volume. Because y > I. reversible adiabatic expansion leads to a decrease in both 
temperature and pressure of an initially unsaturated gas up to the point of condensat ion. 
In the absence of condensation. the partial pressure is proportional to the total pressure so 
(9.5) also represents the partial pressure ratio. The path of the expansion process is shown 
in Fig. 9.2 with the vapor pressure curve. 

The cloud chumber ex.periments of Wil son (summarized in his 1927 Nobel Lecture) 
qunlitatively demonstrated two nucleation mechuni sms: (I) condensation on ions at rela
tively low saturation ratios and (2) condensation on uncharged molecular clusters at much 
higher saturation ratios. Wi lson's studies of condensation on ions are di scussed briefl y in 
this chapter. His results on nucleation by molecular clusters which served as a starting 
point for development of the theory of homogeneous nucleation are discussed in the next 
chapter. Wilson's princi pal interest was in condensation on ions and its application to the 
measurement of high-energy nuclear particles. 
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Figure 9.2 Reversible. adiabatic expansion from an initially unsatumted state carries the vapor across 
the saturat ion curve into a region where the stable state is a IklUid. 

There are imponant examples of adiabatic expansion in nature and industry. Clouds 
fonn in the atmosphere by adi abatic expansion when W;lTIll , humid air masses ri se and 
cool by nearly adiabatic expansio n. As the air mass becomes supersaturllted. water vapor 
condenses on atmospheric aerosol p:lrtic les. This relieves the supersatumtion that reaches a 
maximum value usually less than about I %. Vapor condensation occurs in steady adiabatic 
expansion in lurbine nozzles. leading to the fonnation of droplets that can cause the erosion 
of turbine blades. A similar process occurs in wind tunnels designed for the study of 
supersonic nows, and thi s leads to undesired effects on the Mach number and pressure 
d istribution. Condcnsation in converging-diverging nozzles has been studied to investigate 
nuc leation kinetics (Wegener and Pourin!l. 1964). 

Condensation by Mixing 

Condensation can resul t whcn a hot !las carrying a condensable vapor is mixed with a cool 
gas. This process occurs in s\;lck gases as they mix with ambient airor with exhaled air that 
is saturated at body temperature when it comes from the lungs. What determines whether 
condensation occurs in such systems? 

As mixing between thc two streams takes place. the temperature drops. thereby fa voring 
condensation, but dilution tends to di scourage condensation. Unl ike reversible adiabatic 
expansion. mixing is :111 irreversi ble process. Whelhe r saturation conditions are reached 
during mix ing depends on the relative rates of cooling and di lution during the mix ing 
process . The situation can be analyzed as follows (Hidy and Friedlander, 1964): 

In the absence of condensation , the concentration distribution in the gas is determined 
by the equat ion of convecti ve di lT usion fo r a binary g:ls mix ture: 

OC 
p-+pv ·Vc=V·pDVc a, (9.6) 
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where p is the mass density of the gas (glcm3), c is the mass fraction of the diffusing species 
(gig gas), and D is the diffusion coefficient of the condensing species. The temperature 
distribution is delennined by the energy equmion 

aT 
pC"a, + pC"v . 'VT = 'V. I('VT (9.7 ) 

where Cp is the heat capacity at constant pressure and K is the thennal conductivity. 
The mixing system that has received the most careful experi mental study is the hot jet 

of a condensable vapor-air mixture, which is mixed with air at a lower temperature. The 
boundary conditions for the jet geometry can be written 

C = Co, T = To at the ori fice of the jet 

C = Coo . T = Too in the ambient air (9.8) 

When Cp is constant, the equations for the concentration and temperature fields and the 
boundary conditions are satisfi ed by the relation 

C-Coo T-Too 
(9.9) 

TABLE 9.1 
lewis Number for Trace Amounts of Water Vapor in Air 

Schmidt Prandtt Lewis 
Number, Number, Number, 

T( K ) ·ID Cplt/IC IC/pCpD 

300 0.604 0.708 0.854 

400 0.650 0.689 0.945 

'00 0.594 0.680 0.873 

600 0.559 0.680 0.822 

700 0.533 0.684 0.780 
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Figure 9.3 Air-vapor mixlUrcs at th rcediffercnt ~ourcc condit ions (co. To) mixi ng wi th airof the same 
ambient conditions (coo. 7~). No condcn~u ti on occurs for the source on the right. while condensation 
can occur (dcpending on avai lability of nuclei lind mixing rate~) for the one on the len. The middle 
line shows a limiting situation. Case of the Lewis number = It I pCp D = I . 

to the mass fract ion. The path is shown in Fig. 9.3 with the vapor pressure curve. From 
this relationship. it is possible to place lim its on the concentrations and temperatures that 
must exist at the jet o rif ice for condens:ltion to occur. The mi xing line must be at least 
tangent to the vapor pressure curve for condensation to occur on particles already present 
in the gas. However. in the case of tangency the supersaturation will not be high enough 
for homogeneous nucleation to occur (Chapter 10). For nuclei to foml in the gas. it will 
be necessary for the mixi ng line to pass through a region eq uivalent to a much higher 
supersatura tion. For K/ pCp 'F I. the re lationshi p between c and T will not fo llow a str'Jight 
line but will in general depend on the fl ow fie ld . Homogeneous nucleation by mixing in a 
turbu lelltjet is discussed in greate r detail at the end of Chapter 10. 

EFFECT OF SOLUTES ON VAPOR PRESSURE 

The presence of a nonvol:Ltile solute in an aqueous solution tends to reduce its water vapor 
pressure to an extent that depends on the nature and concentration of the solute. On a 
purely geometric basis. there are fewer solvent molecules in the surface layer than in the 
case of a pure solvent drop. This would lead to a vapor pressure reduction proponional 
to concentration. and this is observed for it/ell/ sO/lIIioIlS. Speci fi c chemical effects of an 
attracti ve nature between solute and solvent may lead to a furtherreduclion in vapor pressure. 
The reduction of vapor pressure makes it possible for aerosol part icles to incorporntt 
signifi cant amounts of :tqueous sol ution in equili brium wi th air whose relati ve humidity 
is much less th:tn 100%. The water assoc iated with aerosol particles slrongly affects light 
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scattering and may contribute to the deli very of dissolved chemical components by particle 
deposition to surf:lces such as the lung. 

An important example related to the atmospheric aerosol is the droplel containing 
dissolved su lfates thaI form as a result of the oxidation of 502 in solution . The sulfates may 
be present as sulfuric acid or in a partially neutralized form as ammonium salts or metallic 
saits from sources such as flyash. The droplet size distribution and chemical composition 
are detennined by a combination of thermodynamic and rale processes. I n this section, we 
consider only equilibrium thermodynamics as it affects the vapor pressure of the drop. 

For dilute solutions, the relationship between partial pressure and composition can 
be determined from theory: over wider concentration ranges, it is in general necessary to 
determine the relationship by experiment . This has been done for sol utions of certain salts 
and acids; data for the equ ilibrium vapor pressure of water over solutions of sulfuric acid 
at 25°C are shown in Table 9.2. As the concentration of sulfuric acid increases, the vapor 
pressure of water over the solution drops sharply. 

For a binary solution at constant composition, an expression of the foml (9.1 ) is found 
for the s lope of the vapor pressure curve as a function of temperature in which the latent heat 
of vaporization is the value for the solution. Solution vapor pressure curves can be repre
sented as a set of parametric curves at constant composition on the vapor pressure diagram . 

For binary solutions such as sulfuri c acid and water, droplets may be distributed with 
respect to size. but at equilibrium all have the same composition unless the Kelvin effect 
is important as discussed in a later section. For ternary mixtures. the silUation is more 
complicated; the same droplet size may result from different chemi cal compositions in 
equilibrium at a given relative humidity. 

When equil ibrium between the bulk of the gas and the droplet phase does not ex ist for 
a chemical species, it is usually assumed that there is locnl equili brium between the phases 
at the interface. From the transport rates in the gas and droplet phuses and the equilibrium 
boundary condition, the droplet growth or evaporation rate can be calculated as shown in 
the next chapter. 

TABLE 9.2 
Water Vapor Pressure over Sulfuric Acid Solutions 
at 25°( (Perry, 1950) 

WI Density Vapor PreSsure 
% (g/cmJ) (mmHg) 

0 0.997 23.8 

10 1.064 22.4 

20 t ,1 37 20.8 
)0 1.215 17.8 

40 t.299 \3.5 

50 1.391 8.45 

60 1.494 3.97 

70 1.606 1.03 
80 t.722 0.124 

90 1.809 0.00765 
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VAPOR PRESSURE OF A SMALL PARTICLE 

If a small spherical particle. liquid or solid, is in equilibrium with its vapor, the pressure of 
the vapor must be greater than that in equilibrium wilh a planar surface of the same material 
as the particle. The vapor may be one componenl in an ideal gas mixture. An expression for 
the vapor pressure increase can be deri ved from classicallhennodynamics. taki ng surface 
phenomena into account as follows. 

The Kelvin Relation 

If the particle is not too small (see later in this section), the surface free energy orthe particle 
is given by 4JTr2a. where r is the pan icle radius and (] is the surface tension of the bulk 
material corresponding to a planar surface. The Gibbs free energy for the system composed 
of the vapor and the pan icle is given by (Frenkel. 1946) 

(9.10) 

where /III and 11 B are the number o f moles in the vapor and particle phases, respectively. 
and ~t,,(p. T) and J.LB(P. T) are the correspond ing chemical potentials (per mole) at the 
temper-nure T and external pressure p in the vapor phase. As shown in the next subsection. 
the pressure inside the particle may be substantially higher than the external pressure. 

Now consider a variation in the free e nergy due to the transfer of dll B = -dnA 
moles from the vapor to the particle. The condition for equilibrium, 8G = 0. results in the 
expression 

dr2 
ILB - IlI1 + 4JTO" - = 0 

dnB 
(9.11] 

If the molar vol ume in the liquid is VII . then "B = 4JTrJ j 3vs and substi tulion in (9. 11 ) 
gives 

20" VB 
J.Ls - 1111 + -- = 0 (9.12) , 

For r -+ 00. corresponding to a planar surface. this expression reduces to the usual 
equilibrium condition, p." = J..LB. Differentiating (9. 12) at constant T and usi ng the 
lhemlOdynamic relat ions, we obtain 

(11l II. = VII dp 

lllkS = Vs lip (9.Bb) 

(V" - VB) tip = 2a-VBll (~) (9.13) 

The volume per mole in the liquid is much smaller than that in the gas. For a perfect gas 
mixture we obtain 

RT 
v" = - (9.1~) 

p 
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Figure 9.4 Percentage increase in vapor pressure resulting from the Kelvin effect for various liquids. 
Su lfuric acid at a concentration of 34.2% has a wa1cr vapor pressure I), corresponding to:l rc i:llivc 
humidity of 75%. Water shows the smallest effcct over the size range shown because of the small 
value of u un. 

Substituting in (9 .14), we obtain 

RT
dp = 2f1 vsd (~) " , 

(9.1 6) 

Integrating from p = /h at r = 00 to per ) gives the Kelvin relation 

p 2uvn 
In - = --

Ps rRT 
(9. 17) 

This is one of the most important results in the thermodynamics of aerosols. It shows the 
increase in vapor pressure of small drops compared with the planar surface of the bu lk 
material. Although the Kelvin effect appears often in the field of aerosol fonnation and 
growth, direct experimental verification is difficult and few such tests have been made 
(LaMer and Gruen. 1952), 

The percentage increase in vapor preSsure as a function of particle size calculated from 
(9. 17) is shown in Fig. 9.4 for several liquids. The vapor pressure increases indefinitely 
as particle size decreases. and this reduces the ability of small particles to serve as 
condensation nuclei. In the atmosphere, the water vapor supersaturation rarely exceeds 
a few percent. Figure 9.7 shows that particles smaller than 0.2 j'Lm will not be activated 
if the supersaturation is less than I %. For condensing organic vapors, still larger particles 
must be activated at the same supersaturation. 

Particle Internal Pressure: Laplace 's Formula 

It is easy to show that the pressure inside a small panicle or drop I'll is higher than that in 
the external gas phase, pa. Consider the transfer of a small volume of material d v from a 
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bulk phase to the interior o f a particle. The work required, (pp - Pa)dv. must equal the 
work needed to extend the surface o f the part icle ada: 

( I'll - Pa)d v = a (Ill 

For a spherical particle 

and 

da = 811"r dr 

Substituting in (9. 18) gives Laplace's fonnula for the sur/lice pressure: 

2a 
!:J.p = 1)/1 - 1)0 = -, 

(9.18) 

(9.19a) 

(9.1911) 

(9.20) 

where r is the particle radius. For a spherical particle. the pressure is unifoml in each phase 
(particle and gas) up to the interface and the pressure jump is constant over the surftlce of 
separation. The effect is most significant for substances with large surface tensions. The 
effect is most significant for substances wi th large surftlce tensions such tlS liquid mctals. 
For the air- mercury interface a = 547 erg/cm2 at 175°C and for ai r and liquid platinum 
a = 1820 at 2000°C. corresponding to a surftlce pressure of about IcY atmospheres for a 
20-om platinum droplet. The effect is also significa nt for crystal line solids as discussed later 
in the chapter: small crystals may assume irregular nonequi librium shtlpcs detennined by 
transport processes in the gas and particle phases. The behavior o f irregular solid panicles 
is much more complex than spherical liquid droplets. 

Equation (9.20) can be generalized for nonspherical liquid surfaces as follows: For a 
curved surface septlrating two continuous mcditl, at equilibrium, a pressure difference exists 
between the concave and convex sides of the surface; the excess pressure on thc concave 
side over the convex side is given by 

Pfj - Pa = a (~ + ~) 
r l r2 

(9.21) 

where rl and r2 are the principal radii o f curvature. taken positive when they lie in the 
f3 phase. 

Limit of Applicability of Kelvin Relation 

The interface between the drople t and the gas is not discontinuous: the average molecular 
density decreases over a narrow region from the liquid side to the vapor. Whe n the size 
of the droplet becomes sufficienlly small compared with the thickness o f the transition 
layer, the use of classical thennodynamics and the bulk surface tension become inaccurate: 
the Kelvin relation and Laplace form ula no longer apply. This e ffect has been studied by 
molecular dynamics calculations of the behavior of liquid droplets composed of 41 to 2004 
molecules that interact thro ugh a Lennard-lones (U ) intcmlOlecular potential (Thompson 
el al .. 1984). The results of this analysis are shown in Fig. 9.5, in which the nond imensional 
pressure difference between the drop interior and the surrounding vapor (Pd - p)aD/tu is 
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Figure 9.5 Molecular dynamics calculations of the nondimensional surface pressure (difference 
between pressure ins ide a drop and the gas) for a Lennard-Jones intennolecular potential. Classical 
liquid drop theory begins to break down fo r droplet radii smaller than about 10 times the Lennard-Jones 
diameter (Ju. Calculations fo r k T JEU = 0.71 and uuf..Jj£u = 0.58. (After Thompson et al. . 1984.) 

ploned against O"u l r. where o"u is the U characteristic molecular diameter and EU is the 
characteristic U energy potentiaL 

Comparison of the molecular dynamics calculations with the predictions of classical 
thermodynamics indicates that the Laplace formula is accurate for droplet diameters of 
20 au (about 3400 molecules) or larger and predicts a !:::.p value within 3% of the molecular 
dynamics calcu lations for droplet diameters of 15 O"u (about 1400 molecules). Interestingly, 
vapor pressures calculutcd from the molecular dynamics simulations suggested that the 
Kelvin equation is not consistent with the Laplace fonnula for small droplets. Possi ble 
explanations are the additional assumptions on which the Kelvin relation is based including 
ideal vapor, incompressible liquid. and bulk-like liquid phase in the droplet. 

HYGROSCOPIC PARTICLE-VAPOR EQUILffiRIUM 

As a good approx imation. the vapor pressure of the solvent over a drop contai ning a 
nonvolatile solute is given by an expression of the same form as the Kelvi n relationship 
(9. 17) (Defay and Prigogine, 1966). The partial molar vol ume. ii. is that of the solvent. and 
Ps is the vapor pressure of the solvent over a solution with a planar surface. 

The equilibrium vapor pressure of a solution droplet containi ng a fi xed mass of solute 
varies with droplet size in a way very differenl from that of a droplet of the pure solvent 
(Fig. 9.6). A droplet of pure solvent is always unstable at vapor pressures below saturation; 
a solution droplet may be stable because of the vapor pressure lowering of the solute. The 
vapor pressure of the solvent can be expressed by the relation 
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/KelVin relation 

5= 1 

LN L o~---1----,--------"::::==±--L-
PsO 0.1 10 

Eq. (9.26) 

Figure 9.6 Equilibrium vapor pressure curves for droplets composed of solvent alone (Kelvin 
relation) and of a solvent with a fi;t;;ed mass of nonvolatile solute. 

P. = yxp.o (9.22) 

where y is the activity coefficien t, x is the mole fraction of the solvent. and {1,0 the vapor 
pressure of the pure solven! at the temperature of the system. There are thus two competing 
effects. The Kelvin effect tends [0 increase the vapor pressure, whereas the solute tends to 
reduce it. Consider a droplet containing a fixed amount of nonvolatile solute. The volume 
of the droplet can be expressed in terms of the partial molar volumes of the solvent and 
solute: 

(9.23) 

where "l and 1/2 represent the number of moles of solvent and solute, respectively. 
Rearranging (9.23) in terms of the mole fraction of solvent, we obtain 

~= 1 +11 2 = 1+ 112V
I 

XlIII lCdU 6 112V:! 
(9.24) 

When we substitute (9.22) and (9.24) in (9. 17), the result is 

In _P_ ~ _4_" _"_1 + In YI - In [I + -,,,::n=-2V"'_7] 
P.o dp RT lCdJ/6 -112ii2 

(9.1'i) 
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Because the number of moles o f solute is fixed, this expression relates the saturation ratio 
to particle size at equili brium. 

In the case o f a dilute. ideal solution o f a non-surface-active solute. YI = I and 
I/ 2V2 « 7rd~/6. Expanding the last teml on the right-hand side of (9.25) and keepi ng 
o nl y the first teml in the expansion. the result is 

p 4avl 6112 VI 
'" -~-----

PsQ dpRT luff, 
(9.26) 

Because the sol ution is ideal, VI = "10. As II good approximation. the surface lens ion is 
independent of concentration. The fi rstteml on the right corresponds to the Kelvin effect 
for the pure solvent. The second tem1 is the contribution resul ting from the vapor pressure 
lowering of the solute. For small droplets, the second term dominates, giving the lower 
branch o f the curve shown in Fig. 9.6. For large val ues of (ll" the first term of (9.26), 
corresponding to the Ke lvin elrect, is of controlling importance. 

This analysis can be applied to a small dry salt part icle exposed to increasing re lative 
humidity. The part icle remains solid untit. if it is hygroscopic, a characteristic relative 
humidity less than 100% at which it absorbs water and dissolves, forming a saturated 
sol ution. The relati ve humidities at which this occurs for saturated solutions of various 
salts are shown in Table 9.3. These values will vary with crystal size because of the Kelvin 
effect. For sodium chloride, solution takes place at a relative humidity of 75% at which 
the d iameter about doubles. With increasing relative humidity, the equilibri um relationship 
between drop size and vapor pressure is detennined by the interaction of the Kelvin effect 
and vapor pressure lowering. 

As humidity is (lecre(ISed in the range below 100%, the sodium chloride droplet shrinks 
following the path, in reverse, of increasing humidity. However. instead of crystall izi ng at 
75%. the droplet evaporates whi le remaining as a supersaturated solution umil a humidity 
o f about 40% at which crystallization does take place. Droplet diameter changes relatively 
little . The failure to crystallize probably results from a lack of crystalli zation nuclei in the 
solution. Hence there is a hysteresis effect for small salt crystals exposed to varyi ng re lative 
humidities as shown in Fig . 9.7. 

The size of the droplet fonned when a salt crystal dissolves depends on the concentration 
of the saturated solution-that is, the solubility. Salts that absorb much water fom1 dilute 
solut ions and relatively large droplets. Thi s is the case for sodium chloride (and Olher sodium 

TABLE 9.3 
Relative Humidity and Concentration for Saturated Solutions at 20°C 

"It 

(NH4hSO. 
NaCi 

Ni-4NOJ 
C;lCb-6U20 

·Wuler ( I995). pp. 15--25 
' Perry ( 19S-1). pp. J..-97ff 

Relative" 
Humidity (%) 

81 
75 
62 

29 

Solubilityt 
(g 100 g H20) 

76.7 
36.2 

215.9 

87.4 
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Figure 9.7 Variation in p:uticlc (droplet) size with relative humidity. The solid curve shows the 
e ffec t of increasillg humidity 011 a sail crystal. At ;1 re lative humidity of about 75%. the crystal 
absorbs waler and goes into solution; the droplet then continues to grow with increasing humidity. As 
humidity decreases below 100%. the evaporation curve initially follows the condensation curve. As 
s hown by the dashed cun'c. however, the droplet does not crystallize at a relative humidity of 75<k 
but remains supersaturated until a much lower humidity (hysteresis effcct) (Junge, 1963), 

salts) as shown in Table 9 .3 . Ammonium salls tend to form more concentrated solutions 
corresponding to smaller droplets for the same mass concentration. 

Example: Taking the Kelvin effect into account, determine the percentage increase 
in the sulfuric acid conccntration of a O.OS-flm-diameter aqueous solution droplct 
compared with a solution with a planar surface. The tempemture is 25°C and the 
relative humidity is 40%. Assume that the sulfuric acid is nonvolatile. This particle 
size falls within the size range of su lfuric acid droplets emitted by automobiles 
equipped with catalytic converters. Other data: 

a= 72 ergslcm2 

R= 8.3 x 107 ergs/mole K 

u= 18 cm3/mole 

M.W. of H2S0~= 98 
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SOLUTION: From Table 9.2, the vapor pressure of water. Pso. is 23.8 mmHg. 
At a relative humidity of 40%, p = 0.4(23.8) = 9.52 mm . By linear interpolation 
in the table, this corrcsponds to a 47 .9% sol Ulion of sulfuric acid with infinite radius 
of curvature (planar surface ). By (9.1 7) 

Ps = pexp (-d:~~) 
where Ps is the vapor pressure over a planar surface of the same composition as 
a droplet with vapor pressure p. Now p = 9.52 mm and substituting the data 
given previously. I)s = 9.52(0.96) = 9.14 mm . By interpolation in Table 9.2, 
this corresponds to a droplet with a composition of 48.6% sulfuric acid. Thus the 
percentage increase in composition is [(48 .6 - 47.9)/ 47.9J 100 :::::: 1.5%. 

CHARGED PARTICLE-VAPOR EQUILIBRIA 

Condensation can take place on ions as well as on aerosol pan icles. In his classic cloud 
chamber studies, Wilson (1927) found thaI a rain of relatively large droplets at low 
concentration fanned at a saturation ratio of about 4.2 compared with a dense fog of smaller 
droplcts at saturation ratios above 7.9. Wilson hypothesized that ions continuously generated 
in the air by natural processes served as nuclei at the lower sat uration ratio; he verified thi s 
hypothesis using ions produced by an x-ray source. In later experiments he showed that 
condensation took place on negative ions at saturation ratios near 4 at about _6°C and on 
positive ions at a saturation ratio near 6 at a slightly lower temperature. Similar results were 
obtained by later investigators. 

An approximate thennodynamic theory of ion-vapor equilibrium was developed over 
a centu ry ago by J. J. Thomson; modified versions of thi s theory can be used to explain 
qualitati vely the results of Wilson and other investigators. The theory is based on a 
general ization of (9. 10) for the Gibbs free energy of the single-droplet-vapor system to 
include the electrical energy of the droplet. According to classical electrostatistics. the 
electrical energy of a drop of radi us r with charge q unifonnly distributed over its surface is 
(I / 2)q2/ r. However. in many cases the ions carry only one charge and it appears that a more 
realis tic model consists of a charged ion surrounded by two or three layers of molecules of 
condensed vapor. For this model the electrical energy is given by 

IV" ~ q ' (~ - ~) (~ - ~) 
2 EoE rro 

(9.27) 

where q is the charge on the droplet. EO and E are the d ielectric constants of the vapor and 
droplet substance. respectively. and rand ro are Ihe radii of the droplet and ion, respectively. 
Thus the Gibbs free energy of the droplet-vapor system is given by 

, q' ( 1 1) ( 1 1 ) G = IIAlL,1 + "BJLB + 4rr,.-a + - - - - - - -
2EoErro 

(9.28) 
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The equilibrium condition for th is system is dctennined by setting 8G = 0 for a variation 
dll n = -dl/ A• Taking EO = 1 (a good assumption), the resulting equilibrium saturation 
ralio is given by 

P 10 ~ 
p, 

(9.29) 

Figure 9.8 shows that the equilibrium saturation ratio for droplets with unit electronic charge 
is always less than that of an uncharged droplet. The value of 5 passcs through a maximum 
as droplct size decreases. For very small particles. thc second (charge-dependent) tenn 
on the right-hand side of.(9.29) dominates: the fi rst ternl that corresponds to the Kelvin 
relation controls for larger particles. Charged particles can serve as condensation nuclei at 
lower saturation ratios than unc hargcd particles of the same size; this explains Wilson's 
experimental observations of condensation on the ions present in the tracks o f high-energy 
nuclear particles passing through a gas. 

Figure 9.8 is similar in appearance to Fig. 9.6, which shows the effect of the presence 
of solute on the saturation rat io; this is somewhat deceiving because the particle size range 

, 
7 , , , , 

Kelvin re lation 
6 

, 
(q =0) , , , , 

5 > , 
.2 I( , e • , 
= , 
.~ , 

4 
, 

g , , 
~ , , , 

3 
, , , , 

2 

6 8 JO 12 14 16 18 20 22 
dp (A) 

Figure 9.8 Equilibrium saturat ion ratio for water droplets wi th unit electronic charge for a dielectric 
constant E = 4 at O¢c. To obtain qualitative agreement with experimental data. it is necessary to use 
values of E much smaller than the bulk value (about 80): in the strong field ncar the ion. E is likely to 
be much smaller than the bulk value. (After Byers. 1965.) 
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of Fig. 9.8 (ion nucle:ltion) is twO orders of magnilUde smaller than Fig. 9.6. As a result. 
stochastic processes of the type discussed in Chaptcr 10 best descri be the r.lle of nucleation 
of supersaturated gases by ions. 

A major weakncss of the theory is that (9.29) docs not explain the observed difference 
in behavior of positive and negative ions for water vapor condensation observed by Wilson 
and other investigators. This difference is usually anributed to the polar character of w:l ter 
molecules. Highly polar W<l ter moleculcs foml an oriented surf<lcc layer that is probably 
modified depending on the magnitude and polarity of the ionic charge(s) on the droplct. We 
also note that as shown by the molecu lardynamics calcu lations, theories based on bulk mate
rial propen ies such as the d ielectric constlmt:lre likely to break down for very small droplets. 

The panic le size corresponding to the maximulll in pi 1)~ docs not in general correspond 
to a critical size :lt which nucleation takes place. Development of a more complete theory 
of nucle:ltion by ions will require the use of fluc tuation theory, introduced at the end of 
this chapter for equilibrium systems and in Chapter 10 for homogeneous nucleation in 
supersaturated vapors. 

It is difficult to test theories such as the Thomson relationship using ions generated by 
exposing g:ls mixtures (:lir and wate r vapor, ror example) to radiation. The resulting ions 
arc mixtures o r clusters or differing molecular weight and composition, which arc hard 
to characterize. To generate well-defined ions of single chem ic:lI components, Seto et al. 
( 1997) have used the elcctrospray method. They report encouraging results in pre liminary 
tests of the Thomson theory. 

SOLID-PARTICLE-VAPOR EQUILIBRIUM 

Vapor and Surface Pressures of Crystalline Particles 

The surface free e nerg ies of different crystal faces differ. For small particles, there is an 
equilibrium shape thaI depends on the variation of the surface free energies with direction 
of the crystal face. To determine the equili brium crysta l shape, it is necess:lry to minimize 
the total surface free energy for a given crystal volume. The shape is determined by drawing 
a set of vectors from a common origin of length r ; proportional to (he surface free energy 
0 ; of each face with a direction nonnal to the cryst:ll plane (Wulff construction). This is 
equivalent to the requirement Ih:ll for:lll cF)'slal faces 

U; - = constant 
r ; 

(9.30) 

It can also be shown (see Dunning, 1969, for references) Ihat the Kelvin relation applies to 
the equi librium crystal in the rOml 

P 20,VB 
In -=--

Ps RTr; 
(9.3 t) 

and presumably Laplace's formu la fo rthe d ifference in pressure between the interior of the 
small crystal and the external vapor pressure 
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2a, 
61'= -

" 
(9.32) 

The surface pressures for small crystals are in general much larger than the equ ivalent 
pressures for liquid droplets because the surface tensions o f crystall ine solids are usually 
much greater than those of liquids. As an example, consider an NaCI nanocrystal with 
r j = 5 nm for the ( 100) face for which a i = 415 dyne cm- I (Tasker, 1979). The surface 
pressure 6p = 2(4 15)/(5)( 10)-1 dynes/c m2 or 1660 bars. Thus the internal pressures of 
nanometer-size solid particles in equilibrium with atmospheric pressure vapors may reach 
thousands of bars. However. small crystal s formed under dynamic gas-phase conditions 
in which their shape is cOlltrolled by heat and mass transfer may nOI have time to allain 
the equilibrium shape. so the use o f (9.3 1) and (9.32) may nOI be quantitatively correct in 
practical applications. 

Melting Point Reduction of Small Solid Particles 

Solid particles smaller thlll1 about 100 nm melt at temperatures significantly lower than 
the bulk melting point o f the solid. Thi s has been confirnled for a wide variety of materials 
ranging from metals to semiconductors to insulators (Peppiall and Sambles. 1975: Goldstein 
et a!.. 1992). Seveml thennodynamic analyses have been made relat ing the melting point 
reduction to the solid- liquid interfacial tension. and these have been compared with 
experimental results by Peppiau and Sambles (1975). The analysis that agreed best with 
their experime ntal results is based on the assumption that melting begins by the (onnation 
of a thin liquid skin over the su rface of the particle. The "skin melting temperature," T~. 
and bulk melting point. To. are related by the expression 

To- Tsl<= 2To [ast+ (I -PS )at ] 
6HJ P. I" Pt 

(9.33) 

where 6HJ is the hltent heat of fusion, P, and Pc are the densities of the solid and liquid. 
respectively, I" is the particle radius. a sl is the solid- liquid interfacial energy and at is the 
surface energy of the liquid. It is assumed that the liquid skin. once fornled, progresses 
through the solid crystallite, Because P, and Pi are usually not tOO different, the tern} in 
brackets is dominated by a sl. The liquid skin (if it exists) may playa role in the fonnation 
of the necks present in agglomerate structures (Chapter 12). Particle sizc can also affcctthe 
crystal structures through solid-phase transitions. The effect of panicle size o n the melting 
of CdS nanocrystals is shown in Fig. 9.9, 

EFFECT OF PARTICLE SIZE ON THE EQUrLmRIUM OF A 
HETEROGENEOUS CHEMICAL REACTION 

Panicle size has a major effect on the equilibrium of a chemical reaction between a 
component of a gas and small solid particles. We consider the case of small solid particles 
with negligible vapor pressure in chemical reaction equi librium with a gas. One component 
of the gas reacts at the surface of the particle 10 form gaseous products: 
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Figure 9.9 Effect of particle size on thc mclting tcmper
ature of CdS nanocrystals detcrmincd by obscrving thc 
disappearance of diffraction pallcms on thc hot stage of 
Iln electron microscope (after Goldstein et al.. 1992). 

A(solid) + 8 (gas) ...=. P (gas) 

We wish to know how the equilibrium composition of the gas mixture depends on particle 
size. The total gas pressure p and temperature T are held constant. 

The problem of a heterogeneous chemical reaction can be treated as follows (Denbigh. 
1971, p. 159ft): A chemical reaction can be represented in a general way by the expression 

N 

L viM; =0 (9.34) 

; = 1 

where M; is a chemical component and Vi ,is the stoichiometric coefficient appearing in the 
reaction involving N species. The condition for chemical equilibrium is 

N 

L Vi~i=O (9.35) 

i =! 

and this ho lds for a multiphase system . Assume that i = 1 corresponds to the component 
in the particle: the components 2 through N are present in the ideal gas mixture in which 
the particles are suspended. The condition for eq uilibrium can then be written 

N 

VtJ..l.l + L ViJ,L,' = 0 (9.36) 

2 
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For the gaseous components 2 through N we have 

Mj = J.t?(T) + RT In pj (9.37) 

where J1.?(T) is the chemical pOIential of the pure component in the standard state. 
Substituting in (9.36) gives 

N N 

Vif.lj + RT L In pi; + L ViJ1.? = 0 
2 2 

For the components in the gas phase, a partial equilibrium constant is defined by 

N 

Hence (9.38) becomes 

Kp= TI p'(; 
2 

N 

- RT In Kp = L Vif.l? + VIJ.Ll 
2 

(9.38) 

(9.39) 

(9.40) 

The first term on the right-hand side corresponds to the standard chemical potentials at the 

temperature T for the components in the gas phase that also appear in Kp. The chemical 
potential of pure component 1 in the particle phase, f.lJ, is determined by the pressure in 
the particle, p,., and the temperature T . At constant temperature for component I 

(9.41 ) 

Integrati ng between unil pressure (standard state) and the internal pressure of the particle 

(9.42) 

where VI the volume per mole of the solid is assumed to be independent of the pressure. The 
difference in pressure between the interior of the particle and the pressure in the exterior 

gas (assumed to be unit pressure) is given by the Laplace formula t::.p = 2CJ I r . Substituting 
in (9.42) gives 

N 2 -
'"' 0 VIIJICT - RT In Kp = L.. lIif.l; + ---

.. = I r 
(9.43) 

The first term on the right-hand side is the free energy change for the reaction with all 
components in their standard state at unit pressure and the temperature T: 

N 

t::.G~ = L Vif.l? (9,44) 

i = 1 

Hence 

(9.45) 
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If the solid material has a planar surface (bulk form), then r = 00 and 

- RT In KpO = llG~ 
Thos 

-RT ln Kp =2v]v]u 
K". , 

(9.46) 

(9.47) 

Because the right-hand side is always positive. the effect of using fine particles instead of 
bulk material is to increase the equilibrium constant-that is. to shift the equilibrium to 
the right. The smaller the particles, the larger will be the effect. This phenomenon occurs 
because the high internal pressure in the particles which can be calculated from the Laplace 
formula leads to an increased themlodynamic acti vi ty of the particle substance. 

This effect has been discussed by Defay and Prigogine ( 1966) for the heterogeneous 
reaction 

Ni(solid) + 4CO(gas) :;:::= Ni(CO)4(gas) 

For this reaction 

(9.48) 

where the subscripts 1,2,3 refer to Ni. CO, Ni(CO)4, respectively, andx is the mole fraction. 
The importance of the effect of particle size is illustrated by experimental studies at 70°C 
and 400 mmHg which showed that Xl increased from 0.06 in the presence of bulk nickel to 
0.27 for the powder. The exact particle size was not known, but rough calculations based on 
independent detenninations of the su rface tension indicated that particle diameters ranged 
from to to 20 nm . 

MOLECULAR CLUSTERS 

Introduction 

Even in a themlOdynamically stable system, such as an unsaturated vapor. collisions between 
the molecules lead to the formation of molecular clusters whose lifetime depends on the 
strength of the bonds holding the clusters IOgether. There is convincing experimental 
evidence for the existence of such clusters in vapors. For example, Mmer and Kusch 
(1956) determined the concentrations of dimers and (rimers in the vapors of ten alkali 
halides (CsCI. CsBr, RbCI, KCI. Kl , NaF, NaC!. Nal. LiCI, and LiSr) at temperatures 
ranging from about 800 to 1100 K. For this purpose they measured the velocity dis
tribution of the molecules in the beam issuing through a small slit in a copper oven 
source. The resulting molecular velocity distribution is a superposition of the indi vid
ual molecular components. They were able to deconvolute the velocity distribution to 
determine the relative abundance of the clusters. They found significanl concentrations 
of dimers in all cases except for cesium salts and. found observable concenlrations of 
trimers for NaF, LiCl, and LiSr. Figure 9.10 shows the vapor pressure of NaCI and 
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Figun! 9. 10 The vapor pressure of Nael and the equilibrium constant K for the reaction 

[NaClh .= 2NaCl with K = rNaCtf I[NaClh 

Over Ihis temperature range, 931 10 1037 K, between 25% and 35% of the total Nael was present as 
dimer. [NaClb. The data are those of Miller and Kusch ( 1956). 

the equilibrium constant for the reaction between the dimer [NaClb and the individual 
molecules of Nae!. 

Other such studies are reviewed by Andres ( 1969). In the absence of foreign nuclei. 
such as smoke and dust particles, these molecular clusters serve as the nuclei on which 
condensation takes place in supersaturated gases (Chapter 10). An approximate theory for 
the equilibrium size distribution (S < 1) is discussed in the next section. 

Equilibrium Size Distribution 

The discussions in the previous sections of this chapter have focused on the thennodynamics 
of single part icles. However, there is an importanl class of problems involving the stalistical 
properties of interacting clouds of panicles in the molecular cluster size range. The size 
distribution of these particles can be calculated using a simple spherical particle model as 
follows. 
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Consider a gas composed of single molecules of a condensable vapor (monomers), 
clusters of molecules of a condensable vapor distributed in size. and an inert carrier gas 
such as air. When the saturation ratio is less than unity. no net growth occurs. and the rates 
of fonnmion and decay of clusters of any size are equal. This statement can be written using 
the fomla lism for a chemical reaclion: 

(9,49) 

where Ag is a cluster contai ning g molecules and A 1 is a monomer molecule. The rate of 
fonnation of As by condensation of monomer on A S- I is equal to the rate of loss of As by 
evapof'dtion. The equilibrium relationship can also be written as follows: 

(9.50) 

where 11 11 is the concentration of cl usters containing 8 molecules. The flu x of monomers 
(molecules per unit time per unit area) condensing on clusters of class g - I is {J , and ,\'g_ 1 

is the effective area for condensation of the clusters of this class. The evaporati ve flux from 
class g is as' and the e ffective area for evaporation is Sg' As an approxi mation, it can be 
assumed that SS- I ~ Sg . The flux of condensing monomers (molecules/cm2 sec) is assumed 
10 be given by an expression derived from the kinetic theory of gases: 

{3 = PI (9.51) 
(21TmkT) 1/2 

where PI is the monomer part ial pressure and m is the molecular mass. It is assumed that all 
molec ules that strike the surface of the nucleus stick. There is an evaporative flux , however. 
which is assumed to be given by the Kelvin relation for the vapor pressure above II curved 
surface: 

(9.52) 

where Ps is the vapor pressure above a plane surface of the liquid. ([ is the surface tension . 
and Vm is the molecular volume of the liquid. Substituting in (9.50). we obtain 

" 11 - 1 I [2([V", ( ~ lT/vm )Ij3 ] -- = - exp 
II I: 5 gl /3kT 

(9 .S3) 

where the saturation ratio S has been set ,equal to 1'1 / Ps. When we multiply equations of 
this fonn for successively smaller values of g down to g = 2, the result is 

. . II g_2 I1 g_1 = ~ = _ I_"p [ 2avm (4iJlT/Um) 1/3 ,L=' ,8- 1/3] 
II g _ 1 " g II g 5g- 1 kT 

For suffi ciently large values of g, we have 

~ - 1/3 rg 
tlg 3 2/3 

~ g = 10 g l /3 = 28 
g = 2 

(9.54) 

Hence the equilibrium distribution of nuclei (discrete spectrum) is given by 
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(9.SS) 

where S = PL ! P, and n, = P,! kT . This is one of the few cases in which an analytical 
solution can be obtained for the size distribution o f a particulate system. For small g, the 
approximation (9.54) leads to considerable error in the value of" g' If the gas is unsaturated, 
S < I and " 8 is a monotonically decreasing function of g because the exponential always 
decreases with g. For S > 1, " 8 passes through a minimum at a cluster diameter: 

d' = 4au", 
p kT In S 

(9.S6) 

determined by differentiating (9.55) with respect to g and setting the derivative equal to 
zero. This value of dp is designated the critical nucleus size. Smaller nuclei tend to evaporate 
while larger ones grow (refer to the discussion o f the Kelvin effect). The number of nuclei 
of critical size is 

[ 
- 16rraV 1 II; = nl exp 3(kT)3 (1n ;)2 (9.s7) 

The shapes of the equilibrium d istributions are sketched in Fig. 9.11 for unsatur,lted and su

persaturated cases. Equilibrium over the entire distribution is unattainable in supersaturated 
cases. Such a state would require an infinite amount of conde nsable vapor. 

However, the equilibrium disuibution plays a very important role in the growth of 
a dispersed phase from a continuous phase when foreign nuclei such as smoke or dust 
particles are not present in sufficient quantity. Their concentration and size distribution can 
be estimated by modifying the equilibrium theory for S > I as described in the next chapter. 

S> 1 

S<1 

g' 
g 

Figure 9,11 Discrete size distribution at equilibrium for dusters fonned by homogeneous nucleation. 
For S > 1. an infinite mass of material must be prescnt in the duster phase at equilibrium. 
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An imponantlimitation on the analysis is the use of the bulk surface tension that is not 
applicable to very small clusters as d iscussed in the section on the Kelvin re lat ion. 

When aerosol particles in the size range larger than 10 nm are present. the size 
distribution is composed or these particles and the equil ibrium cluster size di stribution. 
The mass concentration or roreign particles is nommlly many times greater than that or the 
clusters. 

PROBLEMS 

9. 1 Estimate the humidity (% saturation) or the ambient air at which you would expect your 
breath to condense for ambient air temperatures or IO"C and 20°e. 

9.2 A gas is dischal];ed rrom a stack at a temperature of 200°F and a relative humidity or90%. 
In the ambient atmosphere. the temperature is 60°F and the relativc humidity is 80%. 

(a) Estimate the max imum possible mass concentration of condensed water in the plumc. 
Express your answer in micrograms per cubic meter. 

(b) To whal tcmpemture would the stack gases have to be heated to prevent possible 
condensation in the plume? 

9.3 In the special case or a Lewis number. Le = If / pC, D = I. the path describing mixing on 
a concentration versus temperature diagram is a straight line. For real gases. the Lewis number 
is less than unity. Show on the c versus T diagmm how the path ror a real binary gas mixture 
deviates rrom the ideal path (Lc = I). start ing at a given uns:lIumted ini tial state. 

9.4 Consider a solution droplet that contai ns a fix ed quantity of nonvolatile solute. and allow 
the amount of solvent in the droplet to vury. For a droplet Ihat contains a large amount of 
solvent. the equil ibrium solvcnt vllpor pressure approaches the vapor pressure or the solvent 
above a planar surface. As the amount of solvent is reduced. the equil ibrium vapor pressure of 
the solvent passes through a maximum due to the Kelvin effect and then decreases below the 
planar surface value of the solvent as a result of the high concenlration of dissol ved solute. 

(a) Show that the vapor pressure maximum occurs ..... hen dp = (9112RTI2;ra)' /2 for an 
ideal solution. In this expression " 2 is the (fixed) number of moles of solute dissol ved 
in the droplet. 

(b) A small aqueous solution droplet of sulfuric :Icid is in equi librium with water v:lpor in 
air at 25°C. The mass of sulfuric acid in the droplet is 10- 6 grams. Prepare a figure that 
shows log f,l f'", as a function of droplet diameter where f' = equilibrium droplet vapor 
presure and P .. , = equilibrium vapor pressure above a planar surface of the solvent. 
Diagrams of this type arc called Koehler curves (Koehler. 1936). 

9.5 Calculate thc mass concentmtion ofwaler in the vapor phase present as equilibrium clusters 
(g > 2) at a relative humidity of 50% and a temperature of 20°e. Express your answer as 
nanograms/m). Calculate the fract ion of the total mass or water vapor present in the foml of 
equilibrium clusters under these conditions. 

9.6 (a) Plot the equilibrium cluster size distribution II , as a funct ion of 8 for I < 8 < 10 for 
an inen gas at I aun and 93 1 K saturated with NaCI vapor. Use the Kelvin relationship model. 
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The vapor pressure of solid NaCi al931 K is 6.32 X 10-3 mmHg (Miller and Kusch, 1956). The 
surface tension of Nael is 4 I 5 dyne cm- 1 for the ( 100) surface and 256 dyne cm- 1 for the (1 10) 
surface (Tasker, 1979). 

(b) Calculate the equilibrium constant K = [NaClj2/[NaClb in moles liter- 1 and compare 
with Fig. 9.10. 

(c) Discuss the major uncenainties inherent in the calculation. 
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ChapterlO 

Gas-to-Particle Conversion 

A 
!though coagulation (Chapler 7) mod ifies the size distribution of an aerosol, 
it causes no change in the mass concentration. The other important imemal 
process within a gas that shapes the size distribution, gas-to-panicle conversion, 

results in an increase in the aerosol mass concentration. In studying this process we are 
in terested in the mechanisms by which gases are converted to particles, the rates at which 
conversion takes place, and the distributions of Ihe condensed matter with respect \0 
particle size. 

Gas-ta-particle conversion may result from homogeneous gas-phase processes, or it 
may be controlled by processes in the pat1icul ate phase. Gas-phase processes, either physical 
or chemical, can produce a supersaturated state which then coll apses by aerosol fonnation. 
Physical processes producing supersaturation include adiabatic expansion or mix ing with 
cool air-discussed in the last chapter-or radiative or conductive cooling. Gas-phase 
chemical reactions such as the oxidation of 502 to sulfuric acid in the atmosphere or 
the oxidation of SiCI4 to 5 i0 2 in industry also generate condensable products. 

Once a condensable species has been formed in the gas phase, the system is in a 
nonequilibri um state. It may pass toward equilibrium by the generation of new pan i
cles (homogeneous nucleation) or by condensation on existing panicles (heterogeneous 
condensation). If all colli sions among condensable molecules are effective, the process 
resembles aerosol coagulation (Chapter 7). However, in cenain imponant cases, small 
molecular clusters are unstable; an energy barrier must be surmounted before stable nu
clei can fonn as discussed in this chapter. Heterogeneous condensation may be limited 
by gas-phase transpon processes or by chemical reactions in the aerosol panicles. Ta
ble 10. 1 summarizes the gas-to-particle conversion processes discussed in th is chapter. 
Measurements of the change in the size distribution function with time can be used to 
determine the fonn of panicle growth laws. Inferences can then be drawn concerning the 
mechanism of growth. Homogeneous and heterogeneous condensation can occur in the 
same parcel of gas either sequentially or si multaneously. In fl ow systems, this can lead 
to sustained osci llations in panicle number density. The result of experimental studies 
of this phenomenon are described and theoretical explanations are discussed. Finally 
the effects of turbulence on homogeneous nucleation are discussed for certain limit
ing cases. 

275 



276 Gas-to-Particle Conversion 

TABLE 10.T 
Examples of Gas-Io-Particle Conversion Mechanisms 

J. Homogeneous nuelealioo 
A. Physical processes produeing supersaturation 

I . Adiabatic expansion 
2. Mixing 
3. Conductive cooling 
4. Radiative cooling 

B. Gas·phase chcmic:1I reac tion 
I. Sinsle condensable species (classical theory) 
2. Multicomponcnt condensation (heteromolecular theory) 

II. Hetcrosen.eous condensation 
A. Tmnspon limited 

t. Diffusion. d,. » I 
2. Molecular bombantmem. Ifp «I 

B. Surface·controlled chel1lic~1 reaction 
C. Particulate phase-controlled chemical re~ction 

CONDENSATION BY ADIABATIC EXPANSION: 
THE EXPERIMENTS OF C. T. R. W[LSON 

C loud chamber experiments of the type carried out by Wilson at the end of the nincteenlh 
century(summari zed in his Nobel Lecture. 1927) demonstrate the natureofthecondensation 
process at various saturati on ratios with and without foreign plIrticles. The air in a chamberis 
first saturated with wnter vupor. By rapid expansion of the chamber contents, both pressure 
and temperatu re fall, carry ing the system into a supersaturated state. At first. condensation 
takes place on small particles initially present in the ai r. Concentrations of such particles 
in urban atmospheres range from 10" to lOs cncl . By repeatedly expanding the chamber 
contents and allowing the drops to settle, the vapor-air mixture can be cleared of these 
panicles. 

With the clean system, no aerosol forms unless the expansion exceeds a limit corre· 
sponding to a saturation ratio of about four. At this critical value. a shower of drops forms 
and falls. The number of drops in the shower remains about the same no mailer how often 
the ex.pansion process is repeated, indicating that these condensation nuclei are regenerated. 

Further experiments show a second cri ti c:11 ex pansion mtio corresponding to a satu· 
ration ratio of ubout eight. At higher salUration mtios. dense clouds of fine drops fornl. 
the number increasing with the supersat uration. The number of drops produced between 
the two critical values of the saturation ratio is small compared with the number produced 
above the second li mit. 

Wilson interpreted these results in the fo llowing way: The nuclei that act between the 
cri tical saturation limits are air ions noml;ll ly present in a conce ntration of about lOOOIcm1. 
We know now thai these resu lt largcly from cosmic rays and the decay of radioactive 
gases emitted by the soil. Wilson supported this intcrpretation by inducing condensation 
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at saturmion ratios between the saturation limits by exposing the chamber to x rays that 
produced large numbers of air ions. Wi lson proposed that the vapor molecules themselves 
serve as condensation nuclei when the second limit is exceeded. leadi ng to the fomlution of 
very high concentrations of very small particles. The o rigi nal experiments were carried out 
with water vapor. Si milar results were found with other condensable vapors, but the val ue 
of the critical saturation ratio changed with the nature of the vapor. 

Wilson used thc droplct tracks generated in the cloud chamber at the lower condensation 
limit to detenni ne the energy of atomic and subatomic species. Other workers subsequently 
became interested in the phenomena occurring at the upper condensation limit when the 
molecules themselves serve as condensation nuclei. 

KINETICS OF HOMOGENEOUS NUCLEATION 

According to the Kel vin relation (Chapter 9), the higher the saturation rat io, the smaller 
the radius of the droplet thai can serve as a stable nucleus for condensation . However, 
calculations based on the observations of Wilson and subsequent measurements by many 
other experimenters indicate values of Ii; many times greater than the diameter of a single 

water molecule. about 2.8 A. How, then, does condensation take place in systems that have 
been freed from condensation nuclei? 

As shown in the previous chapler, molecular clusters are always present even in 
an unsaturated gas. When a system becomes supersaturated. these clusters increase in 
concentration and pass through the critical size d; by llttachment of single molecules. The 
fomlation of stable nuclei relieves the supersaturation in the gas. Because condensation 
nuclei lire generated by the vapor itself. the process is known as homogeneous lIucleatio/l 
or self·lIucleation. 

When condcnsalion occurs, the equilibrium relation Ag_1 + Al "? Ag no longer holds. 
With the nonequilibrium cluster distribution function now given by " " the difference 

(1 0.1) 

is equal to the excess rate at which nuclei pass from the size g - 1 to g by condensation over 
the rate of passage from g to g - 1 by evapomtion. The quantity I, . known as the droplet 
current, has cgs dimensions of cm- .1 sec;- l . 

Eliminating CI, by substituting [Eq. (9.50)1 for the equilibrium distribution II:. we 
obtain 

I , = fl ,~ _ls,_d3 [11,_1 _ 1I }1 ] 
f/~ n~ 
g- I g 

The rate of change of the number of clusters in a given class is given by 

an, = 
a, 

in from 

g- I + 
in from 

g+1 

"""""'" 

out 

from g --
out 

fromg 

(1 0.2) 

(10.3) 
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For sufficiently large values of g(g > 10 say) we can treat the variables appearing 
in these equations as continuous functions of g. and replace the difference equations by 
differential equations that are easier to handle analytically. In this way, ( 10.2) becomes 

I (g) = -{JI1~.f a(lIj l/ ~) 
ag 

a" an~ 
= - ps - + pm--

Bg n~ag 

Substituting the equilibrium distribution IIr in ( I O.4b) gi ves 

JII p.w 06¢ 
I (g) = -f3s- - ---

og kT ag 

(10.43) 

(lO.4b) 

( to.S) 

where 6 ¢ / kT = (36Jf) 1/1ull;t3g2!] / kT - g In S . The fi rst term of the right-hand side 
of ( IO.5) is proportional to the concentration gradient in g space. It can be interpreted as a 
diffusion of clusters through g (OT 11) space with f3.~ playing the part of a spatially dependent 
diffusion coefficient. The second term represents the transport of droplets through g space 
under the influence of an external force fi eld corresponding to a potential energy 6 ¢ . The 
migration velocity is given by -(psj kT)(a6¢/og) . 

The kinetic equation ( 10.3) for the continuous distribution funct ion becomes 

a" al 
( 10.6) - = --at og 

where Ig - Ig+ 1 has been replaced by -ol /ag . This expression represents a continuity (or 
Liouville) relation for particle transport through the g space. 

An approximate solution to ( 10.6) with ( IO.5)can be obtained by making the fo llowing 
assumptions: 

I. For g -+ O. the nonequilibrium distribution funclion approaches the equilibrium distri
bution; that is, 

" - ~ ", as g --+ 0 

This is equivalent to the assumption that the time for the lower end of the spectrum to 
reach the equi librium distribut ion is much shorter than that for the upper end. 

2. For very large values of g, " /1!~ -+ 0 because the nudei concentration for the nonequi
librium distribution is much smaller than that for the equilibrium distribution. 

3. A quasi-steady state ex ists such that as many nuclei enter a size range as leave. This 
means that the droplet current is independent of the size: that is, 

al all - = --:::t:" O (10.7) 
ag at 

Hence 

I (g) = const = I (10.8) 

Integrating (I 0.4a) between limits with these assumptions. the result is 
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( lO.9b) 

To calcu late I , the droplet current, it is necessary to evalunte the integral in the denom
inator. The equilibrium distribution can be written in the form 

1 1 [""'] ,, ~ = ~ exp - kT (10.]0) 

Now II '" has a sharp maximum 1 /"~o when g = gO so in this region, we can replace 
6¢ by its expansion about g = gO: 

1 (a'"",) , 6¢ l'I;: tJ.¢mu +"=J -a 2 (g - gOt 
- g g=gO 

(lO.[[a) 

~ ~ d"( ')' = tJ. ..... mn - -9 , U ". g - 8 
g" 

( lO.[[b) 

Substituting in (10.10). we obtain 

[ ] [ 

d
" ] 

J I l:J.. ¢ mu lUl p • .2 - = - exp -- exp - (8 - g ) 
fI~ III kT 9kTg·2 

(10.12) 

Substi tuting (10.12) in the integral in (lO.9b) gives 

f- ~ 1 f- [ Y "j - =- exp --(g-8) dg 
g_O "t.f s",,' , ..... 0 2 

( 10.13) 

where 

, [ ""'~ ] " = III exp ----• kT 

As a good approximation. the lower limit can be changed to -00 to give 

f - e,p[-!:(g-g')'j dg= f - e,p(-!:,') d,= [2rr]'" Loo 2 Loo 2 Y 
(10.14) 

Then the droplet current is 

1.
00 dg Pl 1fd;2"1 exp{-l:J..¢maxlkT) 

I = PI 0 -;;; = (21fmkT) If2 L2n"jy ] l/2 
(10.15) 

PI 2/ 3 (TV", 1611""0" v'" [ '" ]''' [ "] = 2 [(2JTmkT)I/2 ] <nlv", ) ---,;:r- exp -3(kT)J(ln S)2 ( 10.]6) 
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F igure 10.1 The droplet current 
(nucleation rate) for supersaturated 
water vapor at T = 300 K caku· 
lated from ( 10. 16). Thecri tical satu
ration ratio. corresponding to I :: 1 
cm- 3 sec- I. is about 3. 1. 
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The first teon in brackets is the monomer nux (molecules per unit area per unit time), 
and the second is proportional to the monomer surface area per unit volume of gas. Their 
product has the same dimensions as I. the number per unit volume per unit lime. The 
group UIJ;P / kT is dimensionless. The droplet current calculated from ( 10.16) is shown 
in Fig. 10.1 for water vapor at a temperature of 300 K. Order of magnitude changes 
in I result from small changes in S, primarily because of the dependence on In S in 
the argument of the exponential function. Althol/Sh a SllperSlltllratel /l !apOr is always 
/llIstable. the rate of generalion of stable nuclei is negligible for small values of S. When 
1 = I panicle/cm3 sec. panicle formation can be conveniently observed experimemally. 
The corresponding value of S is called the critical satur.ltion ratio, Senl' Values of Sml' 
the size of the corresponding stable nucleus, and the number of molecules in the nucleus 
are shown in Table 10.2 for water and a number of organ ic vapors. The stable nuclei 
sizes range from about 2 to 3 nm for all of the substances. The number of molecules in 
the stable nuclei ranges from 32 10 128. 

For condensable materials with very low vapor pressures, essentially all collisions are 
effective and the critical nucleus is a single molecule. Thi s case is discussed in the next two 
chapters. 

EXPERIMENTAL TEST OF NUCL EATION THEORY 

It is difficult to carry out experimental studies to verify the theory. Measurements of the 
nucle i size distribution would constitute a sensitive check. but fast response instruments 
capable of measurement in the 10- to loo-A size range have not been available. Most 
experimental lests have involved measurements oflhc saturation ratio at which condensation 



£lperimemal Test a/Nucleatioll Theory 281 

TABLE 10.2 
Characteristics of Stable Nuclei at Critical Supersaturation for Various Substances 
(from Hirth and Pound, 1963) 

Diameter of Number of 
T Critical Nucleus Molecules in 

Vapor (K) S- (nm) Stable Nucleus 

Waler :17:l.2 4.2 1.78 80 
Mcthanol 270.0 1.8 U8 32 
Ethanol 273.0 2.3 2.84 128 

II-Propanol 270.0 3.2 3.0 "' II-Butanol 270.0 4.' 2.72 72 
Ethyl acctate 242.0 10.4 2.28 40 

occurs using an expansion (Wilson) cloud chamber. Data collected with the chamber 
are difficult to interpret because of the unsteady nature of the expansion process. These 
investigations are reviewed by Mason (1971 ). Reversible adiabatic expansion can be carried 
out as a steady process (Chapter 9), and such systems have been used 10 study nucleation 
(Wegener and Pouring, 1964). 

The diffusion cloud chamber has been widely used in the study of nucleation kinetics: 
it is compact and produces a well-defined , steady supersalUTalion field. The chamber is 
cy lindrical in shape, perhaps 30 cm in diameter and 4 cm high. A heated pool of liquid 
at the bottom of the chamber evaporates into a stationary carrier gas, usually hydrogen 
or helium. The vapor diffuses to the top of the chamber, where it cools. condenses, and 
drains back into the pool at the bottom. Because the vapor is denser than the carrier gas, 
the gas density is greatest at the bottom of the chamber, and the system is stable wi th 
respect to convection. Both diffusion and heat transfer are one-dimensional. with transpon 
occurring from the bottom to the top of the chamber. At some position in the chamber, the 
temperature and vapor concentrations reach levels corresponding to supersaturation. The 
variation in the propenies of the system are calculated by a computer solution of the one
dimensional equations for heat conduction and mass diffusion (Fig. 10.2). The saturation 
ratio is calculated from the computed local panial pressure and vapor pressure. 

The goal of an experiment is to set up a "critical" chamber state-that is, a state 
that just produces nucleation at some height in the chamber where the vapor is critically 
supersamrated and droplets are visible. This occurs when the temperature d ifference across 
the chamber has been increased to the point where a rain of drops forms at an approximate ly 
constant height. Drop formation in this way must be di stingui shed from condensation on 
ions generated by cosmic rays passing through the chamber. An electrical fie ld is applied 
to sweep out such ions which appear as a trail of drops. 

For each critical chamber state, the distribution of the saturation ratio and temperature 
can be calculated as shown in Fig. 10.2. The set of curves for the critical chamber states 
based on measurements with toluene is shown in Fig. 10.3. The experimental saturation 
ratio passes through a maximum with respect to temperature in the chamber. Condensation 
occurs not at the peak supersaturation but at a value on the high-temperature side because 
the c ri tical supersaturation decreases with increasi ng temperature. Hence the family of 
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~'0 
Bottom 

Figure 10_2 Variation with height of the properties of a mixture in the diffusion cloud chamber. 
Shown are the mass densities of Ihe carrier gas. Pit, and the vapor, p", the equilibrium vapor pressure. 
PS' the partial pressure of the vapor, p, Ihe temperature. 7j, and the saturation ratio, S. The highesl 
temperature. vapor pressure, and gas densilY are al the chamber bottom, above the heated pool. 
The distributions with respect 10 chamber height are calculated by integrating expressions for the 
steady-slate fluxes of heat and mass through the chamber. 

experimental curves should be tangent to the theoretical curve. Good agreement between 
theory and experiment has been obtained in this way for to luene (Fig. 10.3) and other 
organic compounds. For water, agreement is poorer (Heist and Reiss, 1973), 

In these experiments the supersaturated state was produced physically for a single 
condensable substance. Gas-phase chemical reactions may also lead to the formation of 
condensable species, and several may be present simultaneously, This occurs in air pollution 
and in the commercial synthesis of fine particles, 
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Figure 10.3 Comparison of theoretical and experimental critical saturation ratios for to luene. The 
dashed line is the lheoretical prediction ( 10.16) with I = I cm-3 sec-I, and the solid line is the 
experimental result. the envelope to the numbered individual chamber stale curves. (After Katz et al.. 
1975; data for many other II -alkyl benzenes are given in Ihis reference,) 
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When two or more condensable species present simultaneously in the gas are strongly 
intcracting, nucleation can take place at partial pressures much lower than those required 
for the nucleation of the pure vapors. A well-known example is the water vapor-sulfuric 
acid vupor system. The details of this process. known as helel'Ol/IoleclIlm' nucleation, are 
beyond the scope of this tcxt (Reiss. 1950). 

HETEROGENEOUS CONDENSATION 

When high concentrutions of particles are present and the supersaturation is low, con
densation takes place on the existi ng particles without format ion of new nuclei. We cull 
thi s process heterogeneous condensation. Cloud droplet fonnation in the atmosphere takes 
place in this way because supersaturations are usually less than a few percent and particle 
concentrations are high. Aerosol formation in the atmosphere or in industrial process gases 
may take place by homogeneous or heterogeneous mechanisms. 

The rate of heterogeneous condensation depends on the exchange of matter and heat 
between a particle and the continuous phase. The extreme cases of a particle much larger 
or much smaller than the mean free path of the suspending gas are easy to analyze. In the 
continuum range (dp » tp), diffusion theory can be used to calculate the transport rate. 
For a single sphere in an infinite medium, the steady-state equation of diffusion in spherical 
coordinates takes the foml 

OC OO,.2(oc/or) 
- ~ ~O at ,.1a,. ( 10.17) 

where C is the molecular concentration of the condensing species and D is its coefficient of 
diffusion. The solution that sati sfies the boundary conditions--c = Cd. the concentration in 
equilibrium with the surface at I' = dp /2, and C = CI at I' = oo--is 

C - Cd = I _ dp 

Cl -Cd 21' 

The rate of diffusional condensation is given by 

F = D - 1fd = 21fdp D(Cl - Cd) = ::::I"-;";;---""-'-(8,) 2 21((ip O(PI - Pd) 

or ,,-.1,/2 I' kT 

( IO.L8) 

(10.19) 

where F is the flow of molecules (number per unit time) to the surface of the particle. 
The surface concentration, Cd. is detenniried by the surface temperature and curvature. It is 
assumed that the condensation rate is sufficiently slow for the latent heal of condensalion 
to be dissipated without changing droplet temperature. 

For particles much smaller than the mean free path of the gas. the rate of condensation 
can be calculated from kinetic theory: The net flow of molecules (sec- I) at a surface of area 
1fd; is given by 

F~ 
_.~( I~'~' _-~/~'d~),rr"d!,-; 

(21f mkT) 1/2 
( 10.20) 

Separate accommodation coeffi cients, 0'. are often introduced for the condensation, 
Pl/(21fmkT)1 /2, and evaporation, Pd/(21fmkT)1 /2, fluxes, but the values are assumed 
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equal in (10.20). In general. these coeffi cients must be detennined experimentally. An 
approximate interpolation fomlUla for the entire Knudsen number range has been proposed 
by Fuchs and Sutugin (197 1): 

I I + Kn ) F=21fDd c -c p( 1 d) 1+ 1.71 Kn + 1.333 Knl 
( 10.21) 

where the Knudsen number is equal to f"/a,, and fp is the mean free path for collision of 
the condensing species. When Kn « I. (10.2 1) reduces to ( 10.19) for the continuum range. 
When Kn » I. (10.2 1) is about 1.2 times ( I 0.20), with a = I for rigid elaslic spheres. 

If the Kelvin effect is important. the part ial pressure driving force for condensation 
takes the form 

(PI - Pd) = PI - ps exp[:;:; ] = PI - ps exp[d;~: SJ (to.22) 

where Ps is the vapor pressure over a Aat surface or pool of liquid and d; is the critical 
droplet diameter. It has been assumed that the nucleus behaves like a pure drop of the 
condensing species. If the surface of the particle is composed of a material different from 
that of the condensing vapor. this result must be modified to account for surface wetting 
effects. 

Expanding the exponential of ( 10.22). we obtain 

6.1' = I)s [s- 1 _ d;] ln s_ ~ (d; Ins) ' 
d" 2 tl" 

where S = PI / Ps. For small values of S - J, this takes the approximate fonn: 

l:J.p = Ps (S _ J )(dp - d;> 
d, 

( to.ll) 

As an example, this result can be subst ituted in ( 10.19) for growth by diffusion in the 
continuum range: 

(5- 1 « 1) (10.24) 

The rate of condensation is proportional to the difference between the particle diameter and 
the critical particle diameter. 

GROWTH LAWS 

Aerosol growl l, laws are expressions for the rate of change in particle size as a function 
of particle size and the appropriate chemical and physical properties of the system. Such 
expressions are necessary for the calculation of changes in the size distribution function 
with t ime as shown in this and the next chapter. In thi s section, transport-lim ited growth 
laws based on the previous section arc discussed fi rst followed by growth laws determined 
by aerosol phase chemical reactions. 
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Transport-Limited Growth 

When growth is limited by gas-phase transport, the rate can be determined from the 
expressions derived in the previous section. For the continuum range, the growth law based 
on (10. 19) is 

du 21l DdplJm 

dr = kT (PI - Pd) (10.25) 

where Vm is the molecular volume of the condensing species. The effect of the moving 
boundary of the growing particle is neglected. For nuclei smaller than the mean free path 
of the gas, the growth law, based on ( 10.20), is 

dv ltd;Vm(PI - Pd) 

dl = (2ltlllkT)I /2 
( 10.26) 

where the accommodation coefficient a has been set equal to unity. An interpolation formula 
for the growth rate that covers the entire range of the mean free path is given by (10.21). 
Chemical reactions at particle surfaces may also lead to particle growth. Such reactions 
are likely to be important near aerosol sources where the particle surfaces are fresh and 
their catalytic activity high. (1n the atmosphere, however, contam ination probably destroys 
the specific catalytic activity of aerosol surfaces.) Particles will grow if the products of 
reaction accumulate at the surface. When reaction rates are fast compared with transport, 
growth laws are of the same form as the transport-limited laws. When reaction rates are 
slow compared with transport, the concentration of the reactive species in the gas near the 
surface is practically the same as in the bulk of the gas, and the rate of conversion is 

apl ltd;Vm 

(2ltmkT)I /2 
(to.27) 

where a, the fraction of effective collisions with the surface, is usually much less than un ity. 

Example: Deri ve an expression for the variation of particle d iameter with lime for 
a particle growing by diffusion from the gas phase for the case dp « lp. Neglect the 
Kelvin effect. 

SOLUTION: The rate of growth is given by (10.26). When we substitute 
v = ltd~/6 and rearrange, the result for .Pd = Ps is 

d(d ) _ 21Jm (PI - P5) (it 
I' - (21lmkT)l/2 

Integrating from the initial condition dp = dpO at r = 0, 

dl' = dpO + [' 2Vm(Pl - Ps) dr' 
Jo (21l mkT)I/2 

The panial pressuredriving force for growth, PI - P5 ' is a function of time determined 
by the conditions of the system. For example, in the condensation aerosol generator 
(Chapter 6), it is determined by the cooling rate in the chimney. None of the quantities 
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in the second term on the right is a fu nction of drop radius. If tip» dp{J for all valuesof 
dp{J.the drops will all be roughly of the same size provided that the variation of P1 - P. 
with time is the same for all particles. Hence the condensation generator produces 
almost monodisperse :lerosols even though the original nuclei are nonunifoml in size. 
The same holds true for the condensation particle counter. which makes it possible to 
convert total light scattering 10 part icle number concentration (Chapler 6). Moreover. 
for sufficiently long times. the final panicle d iameter is nearly independcnt of the 
initial size. In the atmosphere or in process gases. the tcmpernture-time historics 
of the various gas parcels vary. As a resul t. (P1 - p,) varies and the resulting size 
distributions are polydisperse. 

Aerosol Phase, Reaction-Limited Growth 
Many important chemical reactions take place in the aqueous component of the atmospheric 
aerosol or in fog droplets. An example is the sol ution-phase ox idation of 502 to SO~- . 
Such reactions may drive the d iffusional transport of reactants from the gas to the particles 
followed by absorption and chemical re'lclion. If the chemical reactions are slow compared 
with the gas- and aerosol-phase transport rates. the dissolved reactive species will be nearly 
in equilibrium between the gas and particles. 

A genernl growth law for conversion controlled by droplet phase reaction can be deri ved 
as follows: Consider an aerosol composed of small droplets all of the same composition 
but d istributed with respect to size . The same chemical reactions take place in all droplets. 
leading to the conversion of molecules from gas to particle phases. The process is limited by 
the droplet-phase re;tctions. As fast as materi,,1 is consumed by reliction in the droplet phase. 
it is replenished by tr.l1lsport from the g.IS. In tHany cases it can be assumed that the gas-phase 
concentrations remain nearly constant because the reservoir of reactive molecules in the 
g:ls is much larger than that in the aerosol phase. Under these circumstances the fmctional 
rate of growth of all droplets IIIl1st be the MillIe provided that the Kelvin e ffect does not 
intervene. The rate of chemical conversion tIer III/;t I'olllllle of droplet is independent of 
si7.c. That this must be true becomes clear if it is considered that the rate of conversion per 
unit volume is the same whether the solution is present as a large volume in a beaker or 
di spersed as an aerosol. 

The resuh can beexprcssed mathematically. The change in mass ofa droplet is given by 

tllll = L tim; 
tIl I tit 

(to.lS) 

where 111 ; is the mass of species i absorbed by the droplet. If the rate of uptake is equal to 
the rate of conversion by chemical reacti on (q uasi-stationary state). then 

tim; till ; (I tin;) -- = M,' - = VI M /v --- = III M j 11r 
tit til III V tit 

(10.29) 

where II / is the number of moles of species i. M; is the molecular weight. and I ii is the 
stoichiometric coefficient for species i in the reaction. The reaction rnte 

I till; 
,. = - - (10.30) 

111 11 (/t 
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is the same for all chemical species and can often be expressed by the power law forms 
of chemical kinetics (Denbigh. 1971 ). The droplet growth law is obtained by combining 
( 10.28) through (10.30): 

(;;;' =pp~~ =U (~M;Vi)r (10.31) 

where the density of the droplet Pp has been assumed constant. Because the composition 
is the same in all droplets, the rate of reaction per unit volume, r , is independent of droplet 
si ze. If also the chemical composition of all the droplets stays constant, the reaction rate r 
remains constant and by ( 10.31) the growth rate is proponionaltodroplet volume. While the 
derivmion was carried out for a single chemical reaction. the result can eas ily be generalized 
to the case of a multireact ion system. 

Example: Derive an expression for the variation of particle diameter growing at a 
rate determined by the rute of chemical reaction in the particles. 

SOLUTION: The rate of particle growth is given by (10.3 I) rearranged as 
follows 

or 

d (d,,) 
-- =k"d" 

<II 

Integrating from dp = d"o at I = 0, 

d .....!!.... = et ,., 
d,.o 

Thus for particle vol ume-controlled growth. the final particle diumeter is proportional 
to the initial diameter. For volume-controlled growth, the initial polydispersity is 
carried through 10 the final size distribution. This resu lt is quite different from that 
of diffusion in the free molecule regi me for which the final particle d iameter is 
independent of the initial d iameter. 

It may seem strange that the droplet growth law is so different in foml from the transport
limited law. After all , the gas-phase species must be transported to the droplets. Actually. 
both laws are obeyed. The explanation is that the reactive species are /learly in equilibrium 
in the gas and droplet phases. Their small displacement from equilibrium differs, however. 
deperuJi/lg on droplet size, but not sufficiently [0 affec t the rate of reaction in solution. 

Examples of growth laws including those limited by chemical reaction in the aerosol 
phase arc summarized in Table 10.3. The growth rate dVld! is proportional to dp for 
diffusion in the continuum range and to d~ for droplet phase chemical reaction. Different 
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TABLE 10.3 
limiting Growth Laws for Gas-to-Particle Conversion 

Mechanism 

Diffusion (d" » /) 

Molecular bomlxlrdmcm (d" « f) 

Surface reaction (all sizes) 

Droplel-p/lasc n-aclion 

Growth Law, 
dl1ldl 

21fDllpll",(pl - p,,) 

kT 
UTrd~tl .. (fl l - p,,) 

(2TrntkT ) I /2 

UTrlli U",1'1 
(2TrmkT)I /2 

(U « I) 

.d' 
=, (L M,+ 

P, 

EqualiOl1 

(10.25) 

(10.26) 

(10.27) 

(10.31) 

forms for the growth lead to markedly different changes in the size distribution function 
with time and to the distribution of chemical species with respect 10 size. 

DYNAMICS OF GROWTH: CONTINUITY RELATION IN V SPACE 

We consider a polydisperse aerosol growing by gas-to-particle conversion . The system is 
spatially uniform in composition- a growing aerosol in a box. As growth occurs, the size 
distribution function changes with time; we wish to derive an expression for an/ at. Let 
1 (u, 1) be the particle current or number of particles per unit time per unit volume of gas 
passing the point u. The rate at which pllrticles enter lhe small element of length lju in v 
space (Fig. 10.4) is given by 

The rate at which panicles leave lj IJ is 

alljlJ 
/ ---au 2 

(Jlljv 
1 + -

av 2 

The net rate of change in particle number in ljv is given by 

al llljuj = 1 _ a l lju _ [I + ~ ljU j 
ar au 2 au 2 

al = -ljlJ a, 

(10,32) 

(IO.32a) 

~(--------'"--------~) 

)1 

Figure 10.4 The flow of panicles through 
u space as a result of a growth process. 

iJ/ liu 
/ - - -

" 2 

I (IJ , /) alOu 1+-
" 2 
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When we divide both sides by 5v, the result is 

an al 
= ( 1O.33) al au 

which is the continuity relation for the v space equivalent to (10.6) for the nuclei di stribution . 
Multiplying both sides of ( I 0.33) by v and integrating over the range between VI and V2, 

we obtain 

1
"2 an a ("2nvdv 

v _ tlv = --=Je,,,", ,---
"I al al 

= - v - tlv 1
' '1 al 

" I av 

The last term can also be written as 

- v - (Iv=- - tlv+ It/ v 1" all'" ai, 1" 
" I av II I av "I 

(10.34) 

(10.35) 

Integrating the first term on the right-hand side and combining (10.34) with (10.35), we 
obtain 

aJ,''Z nvdv . 1" 
II , =L1v]l-[/vh+ Idv 

al " I 
( 10.36) 

The term on the left-hand side represents the rale of change in the volume in the size range 
bounded by VI and Vl . The fi rst and second terms on the right are the How of volume 
into and out of the range between VI and Vl . Hence by difference, the third tenn on the 
right represents the How from the gas phase into the range. This leads to an alternative 
interpretation of I. The particle current also represents the volume of material converted 
from the gas phase per unit v space in un it volume of gas and unit time. 

In general, the particle current can be expressed as the sum of two terms, one repre
senting diffusion and the other representing migration in v space (10.5). Diffusion leads to 
a spread in v space of a group of panicles initially of the same size. The diffusion term is 
proportional to all/av (or an/ag), which is very important for homogeneous nucleation. 
For the growth of larger particles, diffusion can be neglected in comparison with migration 
because an/au is relatively small. The particle current is then given by the relation 

d, 
l (v ./ ) :::::::11 -

dl 
( lO.37) 

where dv/dl is the growth law (Tabl e 103). According to (10.37), all particles of the same 
initial size grow to the same final size . By substitution of ( 10.33) with the appropriate growth 
law, (10.33) can be solved for n(v, r ). 

Example: We consider the case of a growth law 

<I, - = F(t)u 
dl 

which would hold for reaction in a droplet phase. Derive an expression for 
n(v, t). 
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SOLUTION: Substitution in ( 10.33) gives 

which can be written 

an all 0 
- ~ - F (I)al ao 

allO Oli O 
-+--~O ar a In 0 

(i) 

where r = J~ F(l) l lf '. The solution to thi s equation. obta.ined by the method of 
characteristics. is 

nv= /(In o - r) (ii ) 

where / represents a functional relationship that is determined by the known 
distribution at any time. The result (ii) can be checked by substitution in ( i). If 
at f = O. which corresponds to r = O. the distribution function is given by a 
power law 

n(o,O) = const 01' 

then the functional form f. which satisfi es (ii), is 

no = const e (p+l)( ln ~- r ) 

0' 

/I = const oPe- (p+ l )r 

Thus if the distribution begins as a power law form. it will retain the same 
dependence on particle size as growth continues if du / dt '" u (Brock. 1971). 

The distribution with respect to size of a chemical species converted from the gas 
phase depends on the mechanism of conversion, In general, species that form by gas-phase 
reaction and then diffuse to the particle surface are found in the smaller size range: species 
that form in a droplet phase tend to accumulate in the larger size range. 

MEASUREMENT OF GROWTH RATES: 
HOMOGENEOUS GAS-PHASE REACTIONS 

The growth law for a polydisperse aerosol can be detennined by measuring the change in 
the size dis tribution function with time. In experiments by Heisler and Friedlander ( 1977). 
small quantities of organic vapors that served as aerosol precursors were added to a sample 
of the normal atmospheric aerosol contained in an 80-m) bug exposed to solar radiation . The 
bag was made of a polymer film almost transparent to solar radiation in the UV range and 
relatively unreactive wi th ozone and other species. Chemical reaction led \0 the formation 
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of condensable species and to :lerosol growth. The change with time of the size distribution 
function was measured with a single particle optical counter. 

The number of particles per unit volume larger than a given particle size d" , .r:. li d (lip) 
- " d (tlp ) is shown in Fig. 10.5 for an experiment with cyclohexene. Consider a horizontal 

line on the fi gure corresponding 10 constant values of this integral. In the absence of 
homogeneous nucleation, each such line corresponds to the growth with time of a particle of 
size given initially by the curve for r = O. No particle can move across such a line because 
the total number larger is conserved . 

The growth rate, d (tlp)fdl ~ 6t1p f t::.r, can be obtained from adjacent distributions in 
Fig. 10.5 as a func tion of tip and of the time. The data were then ploued with dvftlt as a 
function of particle diameter as shown in Fig. 10.6. For this set of data, an approximately 
linear relationship was found with an intercept on the positive tip axis. 

Figure 10.S Number concentrJtions of panicles larger than a given diameter. dp , at various times in 
a smog chamber experiment. Initial concentrations were 2.02 ppm cyc1ohexene. 0.34 ppm NO. and 
0.17 ppm NO!. The time between measuremenl~ was about 3 to 4 min. The first measurement shown 
was made 12 min afte r the addition of the reactants (Heisler and Friedlander. 1977). 
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To explain these results, it was assumed that a single condensable species, or a small 
group of species with si milar thermodynamic properties, fo nned in the gas as a result of 
chemical reaction. Molecules of these reaction products the n diffused to the surfaces of 
existing aerosol particles. The data were correlated by a diffusion-controlled growth law 
modified by the Kelvin effect in the small saturation ratio approximation ( 10.20) as shown 
in Fig. 10.6. The clllo ff particle diameter probably results from the Kelvin effect. For the run 
shown, the critical diameter was about 0.28 J.un. The line is the result of a least-squares fi l 
using ( 10.2 1) combined with ( 10.23) in calculming the growth law. The curvature in the line 
results from the foml of the interpolation formu la (10.2 1). Aerosol vol ume distributions 
calculated from the data ate shown in Fig 10.7. Material accumu lates in the size range 
near 0.6 Il-tn , which is particularly efficient for light scattering. Small part icles grow little 
because of the Kelvin effect. 
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Figure 10.6 Panicle growth rates between the founh and fifth size d istribution measurements for the 
data of Fig. 10.5. The solid line is a least-square best fit of the diffusional growth law. modified to 
include mean free path effects (10.21 ) and the Kelvin effect (10.24). The intercept on the size axis is 
the average critical size, d;. 
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Figure 10.7 Growth in aerosol volume distributions by gas-to-particle conversion calcu lated from 
the growth relationship shown in Fig. 10.6. The peak occurs near the size range most efficient for 
scuttcring of visiblc light. 

SIMULTANEOUS HOMOGENEOUS AND HETEROGENEOUS 
CONDENSATION 

Theoretical Aspects 

In many cases of practical interest. condensation takes place through both pathways 
discussed above, homogeneous and heterogeneous. These are very complex systems that in 
general must be analyzed on an ad hoc basis. In this section, an approximate set ofequations 
is derived incorporating both processes in tenns of the moments of the size distribution of 
the stable aerosol. dp > d; (Friedlander, 1983). 

The behavior of the stable aerosol is linked to the subcritical panicle size range in 
several ways: (I) Stable particles originate from the subcritical size range by nucleation. 
(2) The growth of stable particles takes place primarily by condensation of the monomer, 
but also by the scavenging of subcritical clusters. (3) Monomer molecules evaporating from 
the stable aerosol may return to the total monomer pool. 
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If the panicles are sufficiently large, il is permissible 10 pass from the discrete to the 
continuous particle size distribution and particle current. The basic starting equation for the 
analysis of the behavior of the stable aerosol in a batch reactor is the continuity rel3tionship 
(10.33) for the continuous size distribution function. In terms of lid and d p • this can be 
wri tten 

(10.38) 

where' (dp • /) is the continuous particle current. It is assunted that coagulation among the 
Siable particles is not important over the timescale of interest. Thi s can be justified if the 
time is short and the concentration of stable particles is low. 

For dp > (I;. we use the fo llowing approximation for the particle current. 

d(dp ) , = n<1-- (1 0.39) 
dl 

where d(dl') /d t is the particle growth law. For dp = d; we have' = ' •. the rate of particle 
fonnation by homogeneous nucleution. 

The goal of the analysis is to determine the variation of A and N with time, where A 
and N are given by 

and 

By Leibnitz's rule. Ihe change in the area of the stable aerosol with lime is 

To find the first term on the right-hand size, multiply (10.38) by lfd: and integrate: 

00", 00 ~ d(dp ) 

1 ~ and 1 Vn d dl 2 lfdp-d(d,,) + lfd"d«(/,,) = 0 
d' at d' fJ(dl') , , 

Substituting ( 10.43) in ( 10.42)_ we obtain 

ciA d(d') 100 a n dd(dp
) .. _ = _If(r2 /1. __ ,_ _ dl If(hl(d) 

tit p d (It d' fJ(dl') I' p , 

(10.40) 

( 10.41) 

(10.42) 

( to.43) 

(10.44) 

Here d(d;)/dl represents the change in the critical particle size with time due to the variation 
of the saturation ratio with time. 

The integral on the righi-hand size of (10.44) is 

1
00 fJ d(dp) 

11,/ dl lCd2(/(d) 
d' fJ(dp ) I' I' , 
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( 10.45) 

The growth law for particles smaller Ihan the mean free path of the carrier gas is 

d(d) ( kT ) '" - d P =v,2(c , -cs) -- =(S - I) BI 
I 2ITm l 

( 10.46) 

where C l and Cs arc the concentrations of the condensing species in the gas and at Sa!umtion, 
respecli vely, and 

BI :::: 2 11 5 V , (-"I-) 1/2 
2IT III I 

(We have neglected the effect of cluster scavenging on growth.) Substituting (1 0.46) in 
( 10.45) gi ves 

( 10.47) 

Substi tuting (10.47) in (10.44) with the condition 11 ,/ -+ 0 as dr' -+ 00 gives 

d A (1«(1*) 
- ,- = _rr dl~ 2 11 ~_, ,_' + I e2/3 SI + 2IT 8 , (S - I)M1 ( ( ( t 

(10.48) 

where M l = .r:. IIdl1pd(dp) and .fl is the monomer surface area . The fi rst term on the , 
right-hand s ide represents the change in stable area. A. due 10 the moving boundary d; that 
separates the stable from the unstable aerosol. To simplify the analysis. we consider cases 
in which Ihi s term can be neglected. This assumption can be tested aft er the calculation is 
completed. Hence, as an approximat ion we have 

(I A ~JJ 
- :::: l k*·· .\' , + 2 IJ ,(S - I ) M I 
d, 

( 10.49) 

The first teml on the right-hand side is the increase in area due to the formation of 
stable partic les: the second term is the gro..yth of ex isting stable particles. As noted above. 
we have neglected the moving boundary condition term in (l (d; )/dl. The moment, Ml, is 
obt'lined by multiplying both sides of (10.47) by dp and integrating by parts: 

d M . (/ J,~ II ,/l//I (I (cl/l ) l eo J [dp"d d;~p) ] 
-- :::: = - c/(c/p ) 
dt (/1 J; Jdp 

100 d (dp) + 11,/--(/ «(/,,) 
d' dl , 

(l 0.50) 

Carrying out the integrations on the right-hand side using (10.46) and neglecting the term 
in d(d; )/ dl . as before. we obtain 
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Also, a monomer balance gives 

del • ( kT ) 1/ 2 
- = R - Ik -c.(S-I) -- A 
dt 2rrml 

or dividing by the sal\.lration concentration Cs 

dS R /k* BI A 
- ~ - - - - (S - 1)-
dt c, c, 2V1C. 

(10.51 ) 

( 10.52) 

(1053) 

Differentiating (10.41 ), integrating the continuity relation, ( 10.38), and neglecting the 
term in d (d; )/dt. as before, we get 

dN 
- ~I 
dl 

(10.54) 

Thus, we have Ihe followi ng set of differential equations. which are applicable to the 
behavior of the Slable particles in a uniform batch reactor: 

and 

dA . 1/3 - = Ik ~ Sl +2rrBI(S - I )M I 
<I I 

dM1 • - = /d" + (S - I )BIN 
dl 

dS R Ik" BIA 
- ~ - -- -(S - I)--
lit II , II , 2VIlis 

dN 
- ~ I 
dl 

The dependence of I on S is known from homogeneous nucleation theory discussed ear
lier in this chapter. Thus. there are four differential equations in five unknowns, A, M 1• S, N. 
and /. with a relationship between I and S. The set of equations for the dynamics of the 
stable aerosol is remarkable because the calculation of the important moments. A and N. 
does nol require the determinatio n of the size distribution of the stable particles. 

Oscillating Aerosol Reactors: An Experimental Study 

Badger and Dryden ( 1939) studied aerosol formation in batch and flow reactors. They 
were interested in the aerosol that fomls in coal gas which also contains trace amounts of 
nitric oxide. The ni tric ox ide reacts with diolefins in the coal gas. such as butadiene and 
cyclopentadiene. to foml products of low vapor pressure. These condense and produce 3 

sticky aerosol present at concentralions usually less than 0.5 mg m- 3 which may foul the 
gas transfer system. 

The experiments were made in a [0_fI3 gas holder. In the flow reaclOr studies, a mixture 
of NO in ni trogen was added at a constant rate to a stream of coal gas entering the holder. 
Aerosol samples were withdrawn from the center of the gas holder. and the particles were 
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observed by using ultramicroscopy and by thermal precipitation with optical microscopy. 
AI certain values of the contro llable pammelers of the system, sustained oscillations of 
the aerosol number density with lime were observed that continued as long as the system 
was observed. The period o f the oscillation was about I hr and the residence time was 
2 hr (Fig. 10.8). 

The experimental results can be explained as follows. At the start, in the absence 
of particles in the e ntering reactant stream. the concentration of monomer formed by 
reaction between NO and the coal gas components mounts. increasing more rapidly than 
the depletion by now from the reactor. Homogeneous nucleation then takes place, and 
the panicle concentration rapidly increases. Condensation on the growing panicles then 
depletes the monomer concentration to the point that nucleation ceases. Meanwhile, the 
particle concentrat ion stans to fall because of the flow of the gas through the holder and, 
10 a lesser extent , because of sedimentation and coagulation. As the aerosol is depleted. the 
monomer concentration increases unlil nucleation again generates high concentrations of 
new panicles and the process repeats itself. 

Thus, at any instant, the gas shou ld contain several di fferent generations of panicles, 
each of a characteristic size. Microscopic o bservations of aerosol s:unples deposited by 
thennal precipitation indicate that this is the case. 
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Figure 10,8 Oscillatory behavior of 
particle number density (dp > O.3l-/m) 
in a now reactor study of coal gas con
taining NO at a concentration of I 1.6 
ppm. Measurements of deposited pani
cles were made with an optical counter. 
It is likely that many more particles 
were presenl in the ultr"Jfine range 
(dp < 0.1 tun) and not counted. (After 
Badger and Dryden, 1939.) 



298 Gas-fo-Particle Corn.·ersioll 

The number density shown in Fig. 10.8 is for particles larger than 0.3 /.L m measured 
by optical microscopy. The measured number density is almost certainly much smaller 
(perhaps by orders of magnilUde) than the true number density of stable particles. most 
of which are ultrafine (dp < 0.1 /.Lm). The variations shown in Fig. 10.8 are probably 
more closely related to particle surface area A than to the lotal number density; most of the 
stable surface area is associated with particles larger than 0.1 J.lm during much of the cycle. 
However, the same explanations for oscillalions in A apply as for N. 

This qualitative explanation for the oscillatory behavior of the particle number density 
is supported by theory. Assume the system can be modeled as a continuous steady-state 
stirred tank reactor (CSTR): that is. reactants enter and products leave from a perfectly 
mixed tank with composition equaJ to that of the products. The set of equations derived in 
the previous section applies, but a new term must be subtracted from the right-hand side in 
each case to account for the loss of particles from the CSTR by the Row process. Equation 
(10.49) for the change in aerosol surface area with time becomes 

dA . ~/J A dr = Ik ~ 51 +2BdS - I )MI - -;- (lO.5j) 

where the residence time. r . is equal to the chamber volume divided by the volumetric 
Row rate. Corresponding terms. M I/ r . Si r . and N I r. are subtracted from ( 10.51). ( 10.53). 
and ( 10.54). The result is a set of four nonlinear first -order ordinary differential equations 
containing both posi tive and negative terms. 

We follow the analysis of Frank-Kamenetskii (1955). which was originally applied 10 

the behavior of sets of coupled chemical reactions. Lei the dependent parameters. A. M I. S. 
and N. of the CSTR equations be represented by Xi . The equations for the dynamics of the 
stable aerosol can then be wri tten in the foml 

tlx; 
- = F;(Xk) 
dl 

(10.56) 

We may seek stationary values of the parameters XI by selling the right-hand sides of these 
equations to zero. This results in a set of algebraic equutions: and if there are finite positive 
real solutions. these are the stationary solutions. They correspond to the balance between 
aerosol formation and depletion by Row through the CSTR. 

Let the values of the stationary parameters be X I and the deviations from the stationary 
values be S; 

Sj = X; - XI ( 10.57) 

If the system is near the stationary state. then the change in the deviation with time can ~ 
represented by a set of lineur relationships 

(iE l '" dr = 7 JikSk (10.58) 

where 

{1Q.S9J 

Systems of coupled differential equations of Ihis type can lead to periodic behavior for 
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cenain values of the characteristic parameters. The values of Xi should either tend to the 
stationary solutions or oscillate around them, as in the experiments of Badger and Dryden 
(Fig. 10.8). Based on an analysis of thi s kind, Pratsini s et al. ( 1986) delemlined the conditions 
for instabilities in these equations and for the ex istence of osci llating number densities. 
However. a detailed comparison of theory with the experiments of Badger and Dryden was 
not possible because of the unknown propenies of the aerosol material. 

EFFECTS OF TURBULENCE ON HOMOGENEOUS NUCLEATION 

In practical applications, homogeneous nucleation often occurs in turbulent flows; examples 
incl ude vehicular and aircraft emi ssions, fugitive and accidental releases from industrial 
sources. and mixing in industrial aerosol reactoTS. The complexity of turbulent fl ow fi elds, 
coupled with uncen ainties in nucleation theory, preclude exact analysis of homogeneous 
nucleation in turbulent fl ows. The effects of turbulent fluctuations are usuall y neglected. and 
calculations arc based on mean velocity, temperature. and concentration profil es. However. 
such calculations can lead to serious error because of the highly nonlinear dependence of 
the nucleation rate on concentration and tempemture (10. (6). The di scussion in this section 
is limited to panicle formation in free turbulent jets that have been well-characterized with 
respect to heat. mass and momentum transfer. and are of practical interest. Emphasis is on 
the application of scaling concepts rather than on detai led calculations. 

Scaling Theory 

A schematic diagram of the jet struc ture is shown in Fig. 10.9. As discussed in the last 
chapter. processes occurring in the shear layer of a jet strongly affect panicle formation 
by homogeneous nucleation. Lesniewski and Friedlander (1998) hypothesized that there is 
a range of operation for which particle formation occurs in the shear layer of the jet but 
is quenched by dilution, depletion, or nucleation suppression as the particles move down 
the axis. If nucleation is confined to the shear layer, useful scaling laws can be derived fo r 
correlating panicle concentration data. 

Previous studies of heat and mass transport in turbulent shear layers have shown that 
mean and root-mean-square fluctuation val ues of temperature and concentration depend 
only on 'I = y/z (Sreenivasan et aL 1977). where y and z are the radial and axial 
coordinates. There is also evidence that probability density func tions (PDFs) for the 
fl uctuating temperature and concenlralion depend only on 'I and not on the Reynolds number 
(Konrad, 1977; Broadwell and Mungal, 1991 ). If the Lewis number of the binary gas mixture 
is unity, heat and mailer spread at the same rate and the local average nucleation rate is a 
function only of position in the shear layer for a given set of gas stream temperatures and 
concentmtions. If the PDFs for the temperature and concentration fluctuations depend only 
on 'I. the local average rate of homogeneous nucleation in a turbulent fl ow is given by 

1= fo ' / (fJ . To,Too.co.coo). P «()d() (10.60) 

where / is the instantaneous nucleation rale, T and c are the temperature and vapor 
concentration, () = (T - Too)/(To - Too) = (c - coo)/(co - coo), and P(B) is the PDF for 
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Figure 10.9 The axisymmetric free turbulent jet. The initial region of the axisymmetric jet. extending 
to 5-10 nozzle diameters. consists of an undisturbed cone of nozzle fluid surrounded by the shear 
layer. For nucleation-controlled growth. particle fonnation is confined to the shear layer. 

the turbulent flow. Both the instantaneous nucleation rate and the PDF can be taken from 
theory or experimental data: scaling laws can be derived without assuming a detailed fonn 
for either. 

The total rate of particle formation-that is, the number of particles fonned over the 
, entire shear layer per unit time-is of interest in many applications. In the limit of negligible 

coagulation and vapor depletion, the total rate of particle fonnation in an ax.isymmetric shear 
layer is 

- 27l' Z3 11)2-
Y ~ -- /Ildll 

3 " 
(10.61) 

where lIt and '12 define the edges of the shear layer. Because the PDFs are independent 
of Reynolds number, the particle fomlation rate is a function on ly of z and the nucleation 
rate, which depends on Ihe gas stream temperatures, vapor concentrations, and material 
propenies of the condensate. 

In a free turbulem jet. the length of the shear layer is 5 1.0 10 times the nozzle diameter, 
d. If nucleation is confined to the shear layer, according to (10.6 1) the particle fonnntian 
rate is proportional to d3 and is independem of the initial jet velocity 110. Because the 
volumelric flowrale of a turbulent jet (Q) is proportional to uOd2 and Y 10 N I Q. the particle 
concentration in the gas ex iting the initial region (Ns ) is proportional to d/llo. Moreover, 
because the particle concentration downstream of the shear layer changes only by dilution, 
N '" Nsil/l. . and the group Nuol./d2 should be constanl at any point on thejel axis fora 
given initial temperature and vapor concentration conditions. 
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Experimental Tests of Scaling Theory 

In experiments designed to test the scaling laws. size dis tributions and number concentra
tions of dibutyl phthalate (DBP) aerosol were measured for different jet velocities, vapor 
concentrations, nozzle diameters. and sampling posilions in a bench-scale condensing jet. 
Two different nozzle diameters were used. 0.235 and 0.375 cm. and jet Reynolds numbers 
were greater than 3000. 

Particle size distributions were measured 20 nozzle diameters downstream of the 
nozzle ex it. on the jet centerline (Fig. 10.10). At low DBP vapor concentr.ltions. the size 
distributions were unimodal with count mean diameters of 0.4 10 0.5 j.Lm and mass mean 
diameters of about 3 j.Lm. As the vapor mole frac tion increased, the count mean diameter 
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Figure 10.10 Evolution of the size distribution as the nozzle concentration of DBP. Xo increased. 
Lines are fits to data measured with an e lectrostatic classifier and an optical particle counter on the 
jet centerline at 20 nozzle d iameters. The area under each curve is proportional to the total particle 
volume per volume of gas. At low vapor concentrations (xo = 2.5 x 10-1 ), most of the aerosol mass 
is in 1- to 3-J.l.m particles. which fonn by nucleation in the shear layer and grown by condensation 
from the gas. At slightly higher vapor concentrations (.IO = 3.1 x 10-1). a submicron mode breaks 
out, the sign of the onset of particle fonnation downstream from the shear layer. At intennediate 
vapor concentrations (xo = 4.3 x 10- 4 ). the smaller mode grows. At the highest vapor concentrations 
(xo = 4.9 x 10-4 ). a third mode of larger part icles appears due to coagulation of the other modes. 
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increased. At a certain concentration, in the DBP experiments 3.5( lOr", a second submicron 
mode developed in !.he size d istribution, suggesting that nucleation occurred outside the 
shear layer. Eventually, coagulation became significant; a third mode appeared at 5 j.l.m, 
and the two smaller modes grew together. At very high vapor concentrations, coagulation 
would dominate particle growth. 

In Fig. 10.11 , data taken at an axial distance of 20 nozzle diameters are shown as a 
function of DBP vapor concentration for different jet velocities and nozzle diameters. At 
a given value of .To, the measured particle concentration decreased as the nozzle diameter 
decreased and the initial velocity increased. The data collapsed onto a single curve when 
plotted as N lIo/d versus th~ vapor concentration, consistent with scaling predictions. Axial 
particle concentration profiles showed similar trends. 

Figure 10.11 Scaling of particle number concentration in a turbulent jet. (a) Aerosol number density 
measured at 20 nozzle diameters on the jet centerline. (O)d = 0.375 cm. Re = 4700: l':.d = 0.235 
cm. Re = 4700: (+) d = 0.235 cm. Re = 7100. For a given value of Xo. N increased with d and uo. 
(b) Data of (a) replotted as N uold versus xo: the data collapse to a single curve. The data demonstrate 
the effects of varying bmh nozzle diameter and velocity. 
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Effect of Splitting the Flow into Multiple Streams 

The scaling re lationships can be exploited to decrease the overall particle formation rate by 
splitting :l large nozzle flow inlo multiple smaller streams. Consider a large stream ('T t) 
splil inlo " smaller. noninteracting jets with equal diameters. The temperatures and vapor 
concentrations are the sante in both systems. Two additional relations are needed to compare 
their p:lrticle formmion rates. The finn is that the total mass fl ow for the multiple jets is 
equal to t~e single je~ fl ow li~ = II . IiI " . The ralio of total particle fomlation rates in the two 
systems. YOtO! = II' Y" and Yl• is then 

- 3 Yntot lid" IRe, 
Y, = df = ,, 2 Re" 

( 10.62) 

If the system is operated such that the main How :lnd the individual small jet flows have 
the same Reynolds numbers. Rei = Ren. then tin/ti, = uII /d, = 1/ 11 and YOIOC/Yl = 1/ 11 2. 
The ratio of partic le number concentrations in the two systems is also equal to 1/112. By 
splitting a large jet How into 10 smalle r jets. in the case of constant Reynolds number :Uld 
total mass fl ow. the overall p:lrticle fo rmation rate should be decre:lsed by a f:lclor of 100. 
Stream splitting leads 10 a decrease in particle formation because the condensable vapor 
has a shorter residence time in the shear layer. or "nucle:l tion zone" of the smaller jets. and 
the residence time in the shear layer is proportional to tI/,IO. which is smaller in the split 
streams. For the analysis to hold. both the large and smail jets must be turbulent. The scaling 
relationships hold in jets with low nucleation rates. in the region downstream of the shear 
layer. where no new particles form. 

104 ,--------------y---, 

10 ' 10 2 103 10' 
N (#lcm l ) 

for if = 0.235 cm 

Figure 10.12 Particle number conccnlntt ion in jct with 0.375-cm-diamcler nozzle versus particle 
concentration in jet with 0.235-cm nozzle. tn agreement wi th the stream spli tt ing prediction (solid 
line). NJ,., 0.37km/NO.23km = (0.375/0.235)2 = 2.6. Data were measured at 20 nozzle diameters on 
jet centerline with Re = 4700. 
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The stream splitting concept was tested experimentally by measuring the panicle 
concentration in jets with two different nozzle diameters and the same Reynolds number. 
The results are shown in Fig. 10.12. For a given axial position and vapor concentration. 
the aerosol concentration measured on the jet centerline was proportional to the nozzle 
diameter. For example. at 20 nozzle diameters. for Re = 4700. the concentration in the jet 
with d = 0.375 cm was 5400lcm3. and the one with d = 0.235 cm was 2 100/cm3. The 
ratio of the two measured panicle concentrations was close to the theoretically predicted 
value (0.375/0.235)2 = 2.6. The stream splitting corre lation held for the entire range of 
vapor concentrations tested in the experi ments. 

PROBLEMS 

10.1 Estimate the time it takes for an O.I-~m water droplet at a temperatureof25°C to evaporate 
completely. Take into account the Kel vin effect and assume it applies to panicles of vanishing 
diameter. Assume also thaI the vapor pressure of the waler in the bulk of the gas far from the 
surfacc of the panicle is zero. NeglecI the heat of evaporation in your calculation. 

10.2. Dctennine the size of the smallest stable drop at the critical saturation ratio for toluene 
at 300 K. Of how many molecules are these drops composed? 

10.3 The total surface area of the Los Angeles smog aerosol is of the order of I 000 ~mllcmJ. 
Estimate the maximum rate of fomlation of a condensable species by chemical reaction that can 
be sustained withom homogeneous nucleation taking place. Express your answer in Ilglml hr as 
a function of the saluration ratio. The molecular weight of the condensable species is 100 and 
its vapor pressure is 10- 7 mmHg. 

10.4 Derive an expression for the form of the size distribution fu nction l iS a function of time 
and panicle size when growth is diffus ion-limited. Assume as a model an aerosol in a box with 
condensation the only process taking place. 

10.5 Coarse particles emitted from coal combustion may carry small amounts of relatively 
volatile metallic clements that condensed in the postcombustion gases (R agan and Friedlander. 
1978). Growth laws for limiting cases of gas-la-particle conversion are summarized in Table 
10.3. Assume that the residence time in the combustion system during which condensation 
occurs on the coarse particles is the same regardless of the coarse particle diameter. 

(a) Consider only the cases of transpon from the gas to panicles in the continuum and 
free molecule ranges. Show that the mass fraction of deposited species x, for a particle 
of a given size is .f / "" d;' in the free l1lodlccule range and XI "" tI;2 in the continuum 
rangc. Assume thaI the mass fraction of deposited species is so small that the change 
in panicle diameter due to deposition from the gas can be neglected (Flagan and 
Friedlander. 1978). 

(b) Data on trace clement concentrations in the coarse (d, > I /.-Im) frac tion of aerosols 
emitted in coal combustion are given in Table 1.2. Plot the mass frac tions in ~g/g 
for As. Ni. St:. and C(I as a function of panicle diameter (log-log) and compare the 
resulting slopes with the theoretical relationships derived in part (a). 
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The General Dynamic Equation 
for the Particle Size Distribution 
Function 

G 
as-to-particle conversion. coagu lat ion and panicle transport have been discussed 
in previous chapters. These processes determ ine the change in the size distribUlion 
function with lime and position. A general dynamic equation (ODE) [or ,, (r . II. t ) 

that includes all o f these processes is set up in this c hapter. This equalion is sometimes 
referred to as a popululion balance equation. By solving the equalion forditTerem ini tial and 
boundary conditions. the size distribution function can be calculated for geometries and flow 
conditions of practical interest. The GDE is of fundamental importance to understanding 
and modeling industrial and atmospheric processes. 

At the begi nning of the chapter it is shown thut the usual models [or coagulation and 
nucleation presented in Chapters 7 and 10 are special cases of a more general theory for 
very small particles. An approximate criterion is given for determining whether nuclealion 
or coagu lation is rate-controll ing at the molec ular level. The continuous form of the GDE is 
then used 10 derive balance equations for scveral momcnts of the size distribution function. 

Because the GDE is a nonlinear. partial integrodifTerential equation. numerical solu· 
tions are usually required. Simple analytical solutions. some approximate. are given ror 
several cases in which two or mOTe processes that modify the size d istribution are occurring 
at the same time. As examples. we consider simultaneous condensation and coagulalion. 
turbulent diffusion and growth. and coagulation with transport to surfaces. Various tenns 
that appear in the GDE such as the collision freq uency func tion and migration velocities 
depend on the gas temperature and pressure. Hence it is necessary to have independent 
information on the gas properties as a func tion of time and position. This can be obtained 
either through experimental measurements or through calculations based on the energy 
equation and the equations of fluid motion. 

Advances in instrumentatio n and analytical methods have made it easier to follow 
the dynamics of aerosols experimentally. This has stimulated development of numerical 
methods for solving the GDE which have been reviewed by Wi lliams and Loyalka (1991. 
Chapler 5). Further deve lopment of numerical methods can be expected especiulJy for 
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turbulent systems that are of grem pr:lctical importance both in the atmosphere and in 
process gases. 

GENERAL DYNAMIC EQUATION FOR 
THE DISCRETE DISTRIBUTION FUNCTION 

The Smoluchowski equation for the discrete size distribution (Chapter 7) can be generalized 
to take into account evaporation from the panicles using the evaporative flux terms that 
appear in nucleation theory 

(11.1) 

In this expression, k refers to the number of molecules in each particle. Equation ( 11.1) 
represents not only a generali zation of the Smoluchowski equation but also the kinetic 
equation that appears in the classical theory of homogeneous nucleation (Chapter 10): 

a/lk 
- = /t-/t+1 a, 

This is shown by grouping coll isions among c lusters (i, j f::. I) in (1 1. 1) as follows: 

au, 1 I: I:oo 

- =- PU, j)/I;lIj - PO , k)II;lIk 
al 2 '-J 

i+i~ 1",,2 
l.j~ 1 

(11.2) 

+ P(i. k - I )lIllIk_ 1 - P( I • k)lIllIk - (lkSkl/k + lrt+ ISk+IIlk+ 1 (11.3) 

The first two ternls on the right-hand side represent colli sions between particles larger 
Ihan a single molecule. The last four terms are equal to h - h + I' Summarizing, (11.1) 
represents the change in Il k due to the ;lIIemal processes taking place within an elemental 
volume. namely coagulation and gas-to-panicle conversion. The elemental volume is fixed 
in space. The value of /lk in the elemental volume may also change as a resu lt of eXlemal 
processes that lead to panicle transport across the boundaries of the volume. These processes 
include diffusion and external force fields such as gravity, electrical potential gradients, and 
thennophoresis (Chapter 2). 

The change in the discrete distribution fu nction with time and position is obtained by 
general izing the equation of convective diffusion (Chapter 3) to incl ude terms for panicle 
growth and coagulation: 

allk + V'l/t V = V. DVllk + [allk] + [allk] _ v· CII ): 
al 8/ growlh af coag 

( 11.4) 

where the diffusion coefficient D is a function of particle size and c is the particle velocity 
resulting from the extemal force field. The summation of the growth and coagulation tenns is 
given by ( 11. 1). Equation (I 1.4) is the general dynamic equation for the discrele dis tribution 
function where k refers to the number of molecules in the particle. This result is most useful 



308 The General DYllamic Eqllatioll/or the Particle Size Distribution FUI/ctiol/ 

for panicles containing a relatively small numberof molecules, say les£ than a few thousand. 
This corresponds 10 panicles smaller than aboul 50 nm. 

COAGULATION AND NUCLEATION AS LIMITING 
PROCESSES IN GAS-TO-PARTICLE CONVERSION 

When a fasl chemical reaction or a rapid quench leads to the formation of a high density 
of condensable molecules, panicle fOnllation may take place either by homogeneous 
nucleation. an activated process. or by molecular "coagul ation" a process in which nearly all 
collisions are successful. What detemlines which of these processes controls? In principle, 
this problem can be analyzed by solving the GDE for the discrete d istribution discussed in 
the previous section. An approximate criterion proposed by Ulrich ( 197 1) for determining 
whether nucleation or coagu lation is the dominant process is based on the cri tical panicle 
d iameter d; that appears in the theory of homogeneous nucleation (Chapter 9) 

(t 1.5) 

where pi p, is the ralio of the partial pressure of the condensable vapor to the saturation 
vapor pressure at the local temperature, T. u is the surface tension. and Um is the molecular 
volume of the rna(erial composing the part icle. This relationship holds best fo r particles 
composed of:l large number of molecu les. say more than 50 or 100, but is used for an order 
of magnitude estimate down to molecular dimensions in this analysis. The value of d; can 
be compared with the molecular diameter of the condensing species: 

[
6 1 ' / 3 

dflm = ;m (11.6) 

When the pan ial pressure of the condensing vapor is very high (compared with the 
vapor pressure). d; approaches molecular dimensions. Equating ( 11 .5) and ( 11.6) and 
rearmnging gives 

In..!!..-. = ( "-) 1/3 (IU;;} 

1', 6 kT 
(tI.7) 

For panial pressures higher than the value corresponding to ( 11 .7), individu:ll molecules can 
serve as stable nuclei . and the problem reduces to the case of the coagulation of coalescing 
spheres (Chapter 7). Calculations of th is Iype Illnde for the commercial synthesis of fumed 
silica showed that thc size ofthecritical 5i02 nuc leus was indeed smal ler than the molecular 
diameter (Ulrich. 197 1). This indicates that classical coagulation theory holds at least 
approxi mately from the beginning of the particle forrnution process. immediately following 
the chemical reactions that generate condensable molecules. In this case. nucleation theory 
does not enter into the dynamics. 

There is another limitation on the npplicability of this analysis. It holds when panicle 
coll ision leads to coalescence and not to the fomlnt ion of solid primary panicles and their 
aggregates. The assumption of coalescing particles usually holds best during the early 
stages of part icle fonna tion. In the later stages. ror highly refractory (low vapor pressure) 
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substances, coalescence slows and solid primary particles fonn. Prediction of the diameter 
of the primary particles and the time of fonnation of their agglomerates requires extension of 
the GDE to include particle coalescence rates in addition to collision rates. These phenomena 
are discussed in the next chapter. 

GENERAL DYNAMIC EQUATION FOR THE CONTINUOUS 
DISTRIBUTION FUNCTION 

As particle size increases (v » 11m), it becomes convenient to pass from the di screte 
distribution 10 the continuous distribution to carry out calculations. The transition to the 
continuous distribution function requires care. For the growth term, this was shown to be 
(Chapter 9) 

[an] ~ 
at growth " a" 

( t I.8) 

The particle current, J, can be expressed as the sum of diffusion and migration tenns in v 
space (Chapter 9): 

( It .9) 

where q = dv/dt is the migration velocity through v space. Similarly, the coagulation 
tenns become 

[: ,, ] = ~ r P(u, v - u)ll(u)n(v - u) d u 
at cl);lg - 10 

- 10
00 

P(v, u)n(v) ,, (v) d v (u» um) (IUD) 

Substituting ( 11 .8) and (11.10) for growth and coagulation, respectively, in ( 11.4), we obtain 
the GDE for the continuous distribution function: 

all .,. aJ.,. D I 1~ - - - -) d- + v • /IV + - = V· VII + - P(u, v - U)II(V)II(U - U U at av 2 0 

- 1000 

P(v. v) ,, (v) /I(v)dii - V· CII (V»Vm ) (ll.1t ) 

Collisions with single molecules are excluded from the coagulation lenns in this expression. 
For the usual case of an incompressible flo w, the second tenn on the left-hand side takes 
the ronn 

v . /IV = V • V" 

An equation of similar form was derived by Hulburt and Katz (1964) in a different 
way. Relationships among the temlS appearing in (11.11 ) have been discussed by 
Dunning ( 1973). 
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Nucleation 1---;~;2+ Diffusion Figure 11.1 Processes taking place in an 
elemental volume included in the general 
dynamic equation. Gas flows produce par
ticle tr.lnsport across the element bound
aries. In addition 10 gravitation. mhcrfOltt 
fields that drh'c flu~es (not shown) are 
clectrical potential and temperature gra· 
dicnts . 
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Processes affecting the size distribution function are summarized in Fig. 11. 1. To solve 
the GDE. ex pressions are needed for I and #(v, ii) as shown later in this chapter. However. 
it is possible to derive usefu l expressions for the dynamics of the number and volume 
concentrations without assuming forms for these parameters. 

THE DYNAMIC EQUATION FOR THE NUMBER CONCENTRATION N~ 

The dynamics of the total number concentration, NCQ. and volume fraction of aerosol 
material. l/J , arc mo ments o f special interest. There is a problem in defining the total 
number concentration, NOll' in all experimental ly meaningful way. This parameter is usually 
measured with a condensation particle counter (CPC) (Chapter 6). The CPC detects particles 
larger than some minimum size that depends to some extent on their chemical nature and 
shape. Let Ud be the minimum detectable particle volume. Then 

NCQ = ( CQ II (V) du 
11,.1 

and assume Ud > u" the critic:11 particle volume for homogcneous nucleation . 

(11.12) 

The dynumic equation for the total number concentration is obtained by integrating the 
GDE with respect 10 U over all values of U > Ud: 

oN~ 1~ 01 ' 1~ --+ v · \1Noo + - du=\1- DIIl/U 
at I'd a" I'J 

+ ~ f~ [LV f3(ii. U - ii) // (ii) // (u - ii) dii] 
- 1, . .1 0 

- f.Joo [1 00 {3(u, ii)n(u)n(ii) tlii] tlu 

{ t t.I3J 
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The growth term is evaluated as follows: 

!.
~ &1 

- dv = 100 - IJ 
I'.! all 

311 

(t I.l4) 

On physical grounds. 100 = 0 because there is no loss of particles by growth from the upper 
end of the d istribution. The term It! is the particle current flowing into the lower end of the 
spectrum . W hen homogeneous nucleation takes place, this tenn is important. For I)J = v·. 
the cri tical particle size. 1,/, is the particle current of homogeneous nucleation theory. Hence 
the dynamic equation for the number concentration is 

aN~ ' !.~ -- + " . V Noo = IJ + V- Dn dv 
al t .", 

+ ~ 1~ [ fo P /1 (0. v - 0)11(0)11(1) - 0) d O] dl) 

_ !.~ [ ( CO /1 (v. O) II (V) II (U) dul {Iv _ a f.~ C: II (Iv 
"d 10 a~ 

( 11.15) 

Experiments are often carried out with the aerosol contained in a large chamber. If the 
surface-to-volume ratio is sufficiently small to neglect deposi tion on the wall s by diffusion 
and sedimentation, ( 11. 15) becomes 

aNoo = IJ + [ &N~ l (11.1 6) 
at a, COIl 

where fa Nco/a, lCOOl, represents the coagulation terms in ( II . I 6). The change in Noo results 
from the competing effects of formation by homogeneous nucleation and loss by co
agulation. 

THE DYNAMIC EQUATION FOR THE VOLUME FRACTION 

The aerosol volume fraction, 4>, is closely related to the mass concentration, which is 
usually dete rmined by fi llrnlion. We assume the fi lter is ideal. removi ng all particles larger 
than single molecules. Then 

. ~ 
4>= fo IIV elV 

The change in the volume fraction. 4>, with time is obtained by multiplying the GDE by I) 

and integrating with respect to v: 

a¢ [&¢l ' 1~ -+ " .'14>+ - ='1- DVlldv at at grov.lh 0 

(1 1. 11) 
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The change in tP resu lting from gas-to-particle conversion can be wri tten as follows; 

[
a¢ ] ~afo~"VdV~_ r~v~ dv 
at ,ro ..... 111 at 10 all 

If homogeneous nucleation is taking place, we can write [a tP/at] groWlh as the sum of two 
tenns: 

[
a¢] = a J;' IIV dv + a Iv":' lit) dv 
at gro"'lh a, at 

( 11.18) 

where v· is the critical particle volume. 
The tenn (a f~' IIV dv)/at represents the accumulation of material in the cluster 

si7.e range below the crit ical particle size range v·. In homogeneous nucleation theory 
(Chapter 10), this tenn vanishes; there is a steady state for this portion of the distribution in 
which material is removed as fas l as it is supplied. (This is actually (rue o nly as a quasi-steady 
apprmdmation.) The second tenn on the right-hand side of (1 1.18) can be written as follows: 

but 

aJ,':'"vdv i N a/ i Na /v /.~ 
v =_ v- dv=- - d ll+ Id v (11.l9) 

01 u' av v' av u' 

/.
00 a/v 

- dv = [/ul oo - [/vl v' 
u' av 

(11.20) 

The term .r:: Idv represents the growth of stable particles (v > VO) by gas-to-particle 
conversion. On physical grounds, thi s is clear because the particle current represents the 
volume of material converted per unit of v space in unit volume of gas and unit time. 

Because there is no loss of material by growth to the upper end of the distribution, we 
obtain 

Uuloo= O 

The term l! v]u' is the volumetric rate at which material is delivered by homogeneous 
nucleation to the stable part of th e size distribution, 

The contribution of the coagulation term latP/a t]ct)3g vanishes identically no mattcr 
what the form of the collision frequency function. The coagulation mechanism only shifts 
matter up the distribution function from small to large sizes and does not change the local 
volumetric concentration of aerosol. 

The balance on ¢ ( 11 . 17) the n takes the foml 

a¢ /.00 - + v · 'V¢ = I dv + {/ vJv' + 
at u. 

I"""lh 
of'lable 

panicle5 

r0l"1n.11ioo hy 
homogclll:OU~ 

",>e IU lion 

'V21°O Dvn d v -

dj"\I~;on 

( 11.21) 

For D ...... (1;2 (free molecule region). the integral 10 D VII dv is proportional to the 
average particle diameter (Chapte r I). Hence this tenn represents the d iffusion of a quantilY 
proportional to the average particle diameter. 
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SIMULTANEOUS COAGULATION AND DIFFUSIONAL GROWTH: 
SIMILARITY SOLUTION FOR CONTINUUM REGIME 

Suppose the aerosol co ntained in a large chamber is composed of particles larger than the 
mean free path of the gas. The surface-to-volume ratio of the chamber is sufficiently small to 
neglect deposition on the wall s, and the composition of the system is uniform. Coagulation 
takes place, and at the same time the particles grow as a result of diffusion-controlled 
condensation but sedimentation can be neglected. Homogeneous nucleation does not occur 
and the syste m is isothermal. A syste m of this type has been used to mode l aerosol formation 
in photochemical air pollution. 

For growth and coagulation alone, the ODE can be written as fo llows: 

an al I l u _ __ 
- +;- = - P(v - v, V)II (V - V)II(V) d v at v II 2 0 

-l eo P(v. v)n(v)lI(v ) dv 

with the collision frequency function for the continuum range given by 

P = 2kT ( _ '_ + _'_) (v l/3 + v1 /3) 
311- v l/ 3 vl / 3 

The particle current is assumed to be given by (Chapter 10) 

d , 
I = li -

d, 
The diffusional growth law (Chapter 10) can be written in the form: 

d u = 3 1/3(4)1")2/3 Dpsu", (5 _ l ) u l /3 = B (5 _ l) v l / 3 
dl kT 

( 11.22) 

(1 1.23) 

( t 1.24) 

(11.2S) 

where S is the saturatio n ratio. Ps is the saturation vapor pressure, v'" is the molecular 
volume in the condensed phase. and B is a constant de fined by this expression. Latent heat 
effects in condensation are neglected, as is the Kelvin effect 

The similarity transformation , " = (N!,/1J )1/1(1/ ) (Chapter 7), is still applicable in this 
case (Pich et al., 1970), but the volumetric concentration is no longer constant because of 
the condensation of material from the gas phase. Substituting the self-preserving form in 
( 11 .22) with (1 1.23) through ( 11 .25), it is found that similarity is preserved provided that 
the salUration ratio changes with time in a special way and that the dimensionless group, 

c = 3" [ 2 ] 8 (S _ ') 
4kT iP2/ 3N )j,3 

( 11.26) 

is constant. This group is a measure o f the relati ve rates of condensatio n and coagulation. 
When C is small. condensation proceeds slowly compared with coagulation. The time rate 
of change of the total number of particles is given by an expression of the same form for 
coagulatio n without condensation (Chapter 7): 

dNoo 2kT ~ -- = --(I +ab)N~ 
dt 3j.L 

(11.27) 
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but the values of the moments (I and b are different. The volumetric concentration increases 
as a result of condensation at a rate given by 

[ 

2kT ] GC/(t+Gb) 
rP = ¢o 1+ 311- ( I + ab )Noc(O)1 ( 11.2l1) 

where ¢o and Noo (O) are the values at t = O. In the imponant special case of constant 
saturation ratio, it is found thut the tOlal surface area of the system is constant. The decrease 
of surface area by coagulution is. in this case, balanced by the format ion of new surface 
as a result of vapor condensation. The value of ah is 1.05 while the exponent in ( 11.28), 
aC/( 1 + ah), equals In. Calculated values of Nool Noo (O) and rP/¢o are shown in Fi g. 11.2. 
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.' igure 11 .2 Variations of number and volume concentration with lime for a self-preserving aerosol 
wi th constant saturation ratio and constant surface area. The value of lib is J .05 for this case. 
Noc(O) = II? cm- 3 and T = 20Ge. The number concentra tion decreases as a resul t o f coagulation. 
and the volume concentration inc reases because of condens:ll ion. 
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If the siz.e d istribution reaches a self·preserving form. a special relationship exists 
among the number, surface area, and vol ume concentrations, The surface area per unit 
volume of gas is 

A = roo 7r lPII(V) dv = (367r }1 /3 roo 1)2/3/1 tlv 
Jo P Jo (1 1.29) 

Substituting the self-preserving transformation (Chapter 7). we obtain 

A = (367r)1 / l N).J\p2/l 10
00 

" 2/3 ,,, tI'l (t 1.30) 

In the special case of constant A (and saturation ratio) thc intcgral is equal to 0.95 1 (Pich 
et al.. I 970) so that in this case 

SIMULTANEOUS COAGULATION AND 
GROWTH: EXPERIMENTAL RESULTS 

A 
/3 = 4.60 

N~ ¢l2/3 
( lU I ) 

Experiments on simultaneous coagulation and growth were made by Husar and Whitby 
(1973). A 9O_m3 polyethylene bag was filled with laboratory air from which part iculate 
mailer had been removed by filtration . Solar radiation penetrating the bag induced photo· 
chemical reactions among gaseous pollutants, probably S02 and organ ics, but the chcm ical 
composition was not detcmlined. The reactions led to the fomlation of condensable species 
and photochemical aerosols. Size distributions were measured in 20-min intervlIls using an 
electrical mObility analyzer. The results of one sel of experiments for three different times 
arc shown in Fig. 11 .3. 

The number. surface. and volume concentrations were calculated from the size di stribu
tion function and arc shown in Fig. 11.4. The variation with time ofthe number concentration 
is interpreted as follows: In the absent e of foreign nuclei. particles are fomled initially by 
homogeneous nucleation . As concentrations mount, coagulation takes place, and growth 
occurs on nuclei already generated. The number concentrntion reaches a maximum and 
then decays. The maximum concentration is reached when the rate of fonnation by self
nucleation and rate of coagulation are equal. The maximum concentration is determined by 
selling aNoo/at = 0 in ( 11.16): 

Id - _ [
8Nro ] 

- at tN, 
( 11.32) 

As growth continues, the aerosol surface area becomes sufficiently large to accommodate the 
products of gas-Io-particle conversion. The saturation ratio decreases, leading to a reduction 
in the particle formation ratc. The decay in the number concentration for t > 80 min in 
Fig. 11.4 is probabl y due to coagulation; calculations for free molecule aerosols support 
this hypothesis. 
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t' igun! 11.3 Size distributions of:1I1 aging free molecule aerosol gencrated by c)(posing filtered 
laboratory air in a 9O-m) polyethytcnc bag to solar radiation. Ch:mge in the distribution function 
results from the combined effccts of coagu lation and growth (Husar and Whitby. 1973). 

Unlike the case of coagulation without growth . the vol ume fraction of dispersed 
material increases with time as :l result of gas-la-part icle conversion. The tot:ll surface 
area. on the other hand. tends to an approx imatel y constant value. Coagulation tends to 
reduce surfllce arell. whereas growth tends to increase it . and the two effects in this case 
almost balanced each other. 

The ratio A /N~/q,2/3 reaches a constant value after about I hr. indicating that the 
asymptotic. self-preserving stage has been reached . The relationship ( 11 .24) holds for both 
the continuum and free-molecule ranges. but the value of the integral wou ld be expected 10 
vary somewhat. As shown in Fi£. 11.4, however. the value o f the ralio falls very close to 
4.60. the value for the continuum range with conS\:Lnt A ( 11.3 I ). 

In Fig. 11.5. the data of Fig. 11 .3 have been replotted in the self-preservi ng form. As a 
good approx imalion. all the dma fa ll o n a si ngle curve. The theory for the continuum range 
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Figure 11.4 Evolution of the moments of the size distribution funct ion for the aerosols shown in 
Fig. I 1.3. Thc peak in the number distribution probably results when fommtion by homogeneous 
nucleation is balanced by coagulation. Total aerosol volume increases with time as gas- to-particle 
conversion takes place. Total surface <lrea. A. increases at first and then <lppro<lches <In approximately 
constant value. due probably to a b<llance between growth and coagulation (Husar and Whitby. 1973). 
The results should be compared with Fig. 11.2. 
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Figure 11 .5 Si7..e distributions of Fig. 11.3 
plotted in the self.preserving foml (Husar 
and Whitby. 1973). The curve is based on 
the data. The self-preserving distribution for 
simultaneous coagulation and growth in the 
free-molecule range has not been calculated 
from theory. so no comparison is made. 
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discussed in the previous section is not di rectl y applicable, so no comparison between theory 
and experiment has been madc. 

THE GDE FOR TURBULENT FLOW 

In many, if not most, cases of practical interesl, the fluid in which the particles are 
suspended is in turbulent motion. In Chaptcr 7. the effects of turbulence on the collision 
frequency function for cO!lgulalion were discussed. In the I:lsl chapter, nuclealion in 
turbulent flow was analyzed through certuin scaling relations based on the foml of the 
concentrntion and velocity fluctuations in the shear layer of a turbulent jet. In this section 
the GDE for turbulent flow is derived by making the Reynolds assumption thai the flu id 
velocity and size distribution funct ion can be wrillen as the sum of mean and fluctuating 
components: 

v = v + v' (11 .33) 

11 =;1+11' (It.34) 

It is assumed that homogeneous nucleation does not take place and that the particle current 
is proportional to the concentration through the growth law: 

I = qn (1I .3j) 

The growth law can also be written as the sum of mean and fluctuating tenns: 

q =(j+ q' ( 11.36) 

The fluctuations in growth rate result from local variations in the temperature and in 
the concentrations of the gaseous species involved in gas-la-pan icle transfonna tion pro
cesses. 

As an example. when the growth process is diffusion-lim ited. q = 2:nDlip /JV",/kT. 
where p is the partial pressure of the diffusing gas at large distances from the surface and 
PJ = O. Then for an isolhcnnal system we hllve 

(11.37) 

where p' is the fluctu:lting partial pressurc of the condensing species. This form for the 
diffusional flux is bascd on a quasi-steady-stlltc approx imation and may not hold for rapid 
changes in concentration in the gas surrounding the particle. 
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Substituting (11.33). (1 1.34). and (1 1.35) in the ODE. averagi ng with respect to time. 
and making use of the equation of continuity. " . v = O. we obtain 

vii Biiij a"'q' _ , - + v · ",-, + -- + -- = - V· II ' V' + OV· ;' at av vv 

' /.' + - P(v. v - v)ii(u) ,i ( v - u) tlv 
2 0 

- fo OQ 

P(v. u) ii(v);,(u) (Iu 

'/.' + - P(V. v - v)II'(v)n'(v 
2 0 

v) (iv 

/.
~ a,. 

- P(v. V)II ' (V)II'(U) dv - Cs -;-
o oz ( 11.38) 

As a result of time averaging. several new terms appear in the ODE. The fourth term 
on the left -hand side. the fluctuati ng growth term. depends on the correlation between the 
fluc tuating size distribution function ,/ and the local concentrations of the gaseous species 
convened to aerosol. II resu lts in a tendency for spread to occur in the p;lrticlesize range-a 
turbulent diffusion through v space (Levin and Sedunov. 1968). 

The first term on the right-hand side is a well-known form that represents the change 
in ii resulting fro m turbulent diffusion . The sepUfllte components of Ihe vector flu x ,, 'v' are 
usually assumed to follow an equation of the form 

, a,i 
II 'V· = -E:j-

• aXj 
( 11.39) 

where the eddy diffusivity. Ej. is a function of position and i = I. 2. 3 refers to the 
components of the Cartesian coordinate system. The second and third tenns from the 
last are the contributions to coagulation resulting from the fluctuating concentr.lIions. The 
importllnce of these terms for turbulent fl ows in ducts or in the lItmosphere has not been 
carefully studied. 

THE GDE FOR TURBULENT STACK PLUMES-

One of the most obv ious manifestations of air pollution is the visible plume formed 
downwind from a stationary source. A relatively si mple model for such systems is the 
continuous point source in a turbulent fluid with a mean veloci ty. ii(x. z). The coordinate 
x is measured downwind from the source. parallel to the ground. and l is the coordinate 
perpendicular to the surface (Fig. 11.6). The velocity components in the y and z directions 
vanish. and diffusion in the x direction can be neglected compared with convection. 
Brownian diffusion is also neg lected compared with eddy diffusion. These are the usua l 
simpli fy ing assumptions made in the theory of diffusion of molecular species in turbulent 
stack plumes. and with them ( 11.38) becomes 
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Figure 11.6 Schematic diagr.lm of turbulent slIlcl: 
plume with coordinate system employed in the text. 

II," + - {J(v. U - v)ii(v) ii(u - v) (I v 
2 0 

- fo OO {J(u. v)n ( u)1"i ( v) tlv 

I 1," • - - -+ - ,.,,(u, U - u)/I ' (U)II ' (U 
2 0 

v) d v 

I,~ a" 
- {J(u, V)II ' (U) /I ' (v) t!V - c.-

o aZ 
( 11.40) 

Away from the immediate neighborhood of the source when concentrations have decreased 
suffic iently as a resul t of coagu lation and dilution. additional coagulation can orten be 
neglected. When we restrict attention to particles smaller than a few micrometers for which 
sedimentation is not important. as we11 as neglect the turbulent growth tenn in the absence 
of further information. ( 11 .40) takes the fo llowing form : 

- a,i anq aE}, (a/i j ay) aE~ (a ,i ja:) u- + - = + (II.~ I) ax au ay al. 

for a constant mean velocity. D. 
We wish to know how the size distribut ion function changes with position downwind 

from the slack for a gi ven foml of the growth law, ij. This problem has a surprisingly simple 
solution for a growth law of the fonn 

q = V(u)X(x) (I t.42) 

where V and X arc arbi trary functions of u and x. respectively. 
Only x and u appear as independent variables on the left-hand side. while y and: 

appear on the righ I-hand side. Hence we try as a solution 
I _ 

ii = V g(.~)Noo(;c . y. z) (11.'13) 



Coagulatioll alld Stirred Sell/illg 321 

where g is an arbitrary func tion of s = Ifo X dx / [; - fo dll / VJ and Noo (x. y. z) is the 
distribution in space of the number concentration of panicles: 

Hoo(x. y , z) = 100 

n(lI , x . y. z) dll (1 1.44) 

Substituting ( 11.43) in (1 1.41), we obtain 

- dg - 8Nro - dg 8,, (8Nro /8y) 8,, (8Nro /8z) 
XNoo- +Ug-- -XNoo- =g +g (11.45 ) 

b b b ~ a. 
Rearranging lenns. we have 

DoN°o = oe,,(oNo%y) + oez(oNo% z.) 
ox oy oz 

{I 1.46) 

This is the equation for the distribution in space of the number concentration of particles 
that can be derived independently from ( 11.41 ) by integrating over all values of u. Hence 
the foml (11.43) is indeed a solution to (I 1.41) with the growth law (I 1.42). 

Aparticularlysimplesolution is obtained in the case ofagrowth lawofthe form q = uX 
corresponding to a droplet-phase reaction (Chapter 10). If the initial size distribution is of 
a power law form, ii = bill' Hoo. substitution in (11.43) results in the following expression: 

- [ I XdX] ii=bllPNoo exp - (p+l) [; ( 11.47) 

The power law form cannot hold over the entire size range because singularilies develop 
in certain integral functions. As a result, integrals of the type (I 1.44) must be truncated at 
the upper or lower ranges or both. 

The growth law is, in general, a function of the local concentrations of the reactive 
gas-phase species: 

(1 1.48) 

where the func tion V(II) depends on the conversion mechanism (Chapter 10), and the e; are 
the concentrations of the reactive gases. Because the concentrations are in general functions 
of x , y. ;z: , it is clear that the form ( 11.42) is an approximation. A complete solution to the 
problem would require simultaneous solution of the GDE and the equations of conservation 
of the gaseous components that participate in the reaction, including the chemical kinetics. 
This general problem is beyond the scope of thi s text. 

COAGULATION AND STIRRED SETTLING 

Suppose a chamber is filled with an aerosol that is kept well-mixed. The particles are 
coagulating and at the same time sett ling and diffusing to the walls. This Iype of model 
has been used to analyze the behavior of radioactive panicles generated in a nuclear 
reactor accident and then collected in a vessel specially designed for the purpose. The 
contents of the containment structure are mixed as a result of natural convection induced 
by temperature gradients present under postaccident conditions. The effectiveness of the 
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vessel in containing the products depends on the severity of the accident. with core me ltdown 
representing a very severe test. Both theoretical and experimental models of such systems 
have been stud ied. The goal of the analysis is to predict the decay rate of the cloud in the 
vessel and the size of the pan icles. based on certain assumptions concern ing the amount of 
material in the aerosol phase. Assumptions are also made concerning the leak nne from the 
containment vessel. 

We consider onl y the one-dimensional problem in which the chamber is replaced by 
two parall el. horizontal pl ates a dis tance II apart, and sedimentation occurs in the z d irection. 
All three componen ts of the mean velocity vanish. The equation for the mean concentration 
( 11 .40) takes the fo llowing fonn: 

an a(o +£)(an /az) I r _ _ _ _ _ _ _ 
at az + 2: 10 fJ(u - u, u),, (u - u),, ( u) d u 

_ roo fJ(u. v)ii (u)ii(ii ) ,I v _ c, a"i 
10 az 

( 11 .49) 

The fluctuating coagulation terms can be neglected bec;lUse the concentration is approx
imate ly uniform aw;.y from the walls. Moreover. because the system is well-sti rred. the 
concentration through the bulk is approx imate ly unifo rm up to a small distance. 0, from 
the bottom of the chamber corresponding to the region where the eddy d iffusion goes from 
its value in the bulk of the flu id to zero (at the wall). To a certain extent. this distance is 
arbitrary and need not be defi ned exactly for this analysis. 

The average concentration in the chamber is defi ned by 

[ii I = ~ r;; dz 
h 10 

(1 150) 

The concenlration in the bulk of the fluid is approx imately equal to [n I. because the volume 
of fluid bounded by ° and the wall is small. Outside region 0, Ihe panicle fl ux toward the 
bottom of the chamber is g iven by [ ii ]CS. because the concentration gradients and, therefore. 
diffusion are negl igible. 

Assuming a quasi-stationary state. the flu x of part icles to the bottom of the chamber 
will also be LiiJc,; that is. 

[ - (0 + £) a~ + ncs] = liilc, 
a.. taO 

(lUI) 

When we integrate ( 11 .49) term by leml with respect to l over the height of the chamber 
with this boundary cond ition. the following results arc obtained: The unsteady term takes 
the form 

l h an dz = af: Ii dz = " a[/il 
o at at at 

The combined diffusion and sedimentation terms can be integrated as follows: 

J.
h al(O + c)(an /az) - csli] / __ 0 [ - ] 

'l ( .. - - n es o u, 

( 11 .52) 

(I U 3) 
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Deposition on the roof of the chamber has been neglected, and (11.51) has been introduced 
for the floor of the chamber. For the coagulation term. we have 

lh 1" P(u - ii. ii)'-i(u - ii)n(ii)dii dz 

= 1" P(v - ii , ii) [lo h 

ii(u - v)n(v) 'IZ] ,Iv (\1.54) 

Except for a small region near the wall, ,-; is almost independent of z at any time. Hence 

10
k 

ii(v - v)ii (ii) dz = [ii(v - ii)J[ii(ii) Jh ( \ 1.55) 

with an analogous result for the other coagulation tenn. Thus the result of integrating (1 1.49) 
with respect to z is 

ai"~] Ii" --)[-( -)] [-(-)J d--- =- P(I) - u, V n I) - I) /I I) I) 

0' 2 0 

1~ ( -)[-( )][-(-)] d- c, [',J - P v. U II U II U I) - --

o " 
(11.56) 

This is the equation that is usually solved in calculating simultaneous coagulation 
and settling in a well-mixed chamber. Numerical solutions for special values of the col
lision frequency function have been obtained by Lindauer and Castleman (1971 ). They 
repon results for the decay in the mass concentration as a function of chamber height 
and time. 

In the coagulation process. small particles from the low end of the size distribution are 
transferred to the large panicle size range. The large particles formed in this way settle to (he 
floor of the chamber. A quasi-steady state may develop for the upper end of the di stribution 
in which the rate of formation in a given size range by coagulation is equal to the rate of loss 
by sedi mentation. This is equivalent to equating the first and last terms on the right-hand 
side of ( 11.56), which for coagulation in the continuum regime, gives 

kT {" [1 + (' ~ ') '13J n(,M, _ ,) d, = c,n 
3p,Jo v Iz 

(11.57) 

where II = [iiI. A panicu lar solution that satisfies (J 1.57) and (he requirement that the total 
aerosol volume per unit volume of gas is finite is 

(t 1.58) 

where A I and A2 are constants (Fig. 11.7). This can be tested by substitution in (1 1.57), 
which also shows that 

(n) 1/ 3 ppg 
AI ="6 JrkTh[3+B(2/3.2/3)] 

(11.59) 

where B is the beta func tion. The constant A I has dimensions L - 5. The total aerosol volume 
concentration is 
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log JI' 

Figure 11.7 Upper end of the size distribution for 
the steady state between coagulat ion and sedimen
tation. The solution breaks down for small values 
of the part ide diameter beeause the second tenn on 
the right hand side of ( 11.56}-representing loss 
by coagulation-has been neglected in (11.57). 

(11.60) 

The integral can be expressed in terms of a gamma fun ction. and A2 can be evaluated in 
this way: 

(11.61 ) 

The rate o f particle deposition (volume of particulate matter per unit surface per unit time) 
has the dimensions of velocity and is g iven by 

sed imentation flux = 100 

CI VII(V) (Iv ( 11.62) 

(11.62a) 

~ (;)2/3 r (7/3) Pp8 115 

" l 8lr(5/3»)7/5 /1-A;15¢' 
(t 1.62b) 

Hence the sedimentation flux is proportional to ¢'7/5 for the steady state. The analysis 
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is approximate because the second coagulation term on the right-hand side of (11.56) is 
neglected. 

In a quasi-steady-state sitIJution. the concentration of suspended material changes 
slowly with time. The sedimen tation flux then represents the rate of loss of material from 
the volume of the chamber above unit area of floor. The resu lts of the calculation of the 
volumetric concentration compare well with the numerical computations of Lindauer and 
Castleman (1971) for long times. 

COAGULATION AND DEPOSITION BY CONVECTIVE DIFFUSION 

The combustion of fuels in vehicular engi nes is a major source of submicron particles 
in urban atmospheres. An earlier example in the United States was the emission of lead 
containing particles from the combustion of gasoline contain ing lead tetraethyl. Another is 
the emission of soot from diesel engines. In these systems small submicron particles foml 
by homogeneous nucleation. These panicles coagulate. and some deposit on the walls of the 
tailpipe by combined Brownian diffusion and thennophoresis because the walls are usuall y 
cooler than the exhaust gases. In principle, ( 11 .40) must be solved with an addi tional teml for 
transport by thermophoresis-a formidable task. An approximate calculation can be made 
by adopting the following simpli fied model: A gas carrying many panicles smaller than the 
mean free path flows through a straight pipe with smooth walls at constant temperature. 
Panicles deposit by diffusion on the walls that behave as a perfect sink (n = 0). 

If the rate of coagulation is rapid compared with the rate of loss to the walls of the 
pipe, the two processes-coagulation and surface deposition-can be treated separately. 
For the purposes of the calculation, the flow can be broken into two parts: I.n the turbulent 
core, coagulation controls the shape of the size distribution. which is then determi ned by 
the solution to the equation for coagulation under steady fl ow conditions. 

Ncar the surface, the flux of particulate matter to the wall is 

- ail 
J ~-(D+')a, (! 1.63) 

when d iffus ion alone control s transport, The bars that denote ti me average quantities arc 
omitted in the rest of this section to si mplify the notation. If thermal gradients are present. 
these must also be included in the driving forces for surface deposition. Equation (11.63) can 
be integrated for different forms of the eddy d iffusion coefficient c(z) in the viscous sublayer. 
The resul t using the generally accepted dependence E '"" yl is discussed in Chapter 3. 
However, to simplify the forms of the expressions derived in the rest of the discussion, it is 
convenient to use e '"" y4, which gives (Deissler, 1955) 

J = kll = O.079Ulljt /2 Sc- Jj 4 ( t 1.64) 

The total local flux of particle volume (proponional to mass) to the walls of the pipe is 

100 U f'" 100 

Jvdv=O.079~ IID3/4V(/1) 
o "0 

(11.65) 
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For spherical particles much smaller than the mean free path of the surrounding gas 
molecules. the diffusion coefficie nt is given by (2. 17) and (2.19). with a = 0; 

D _ kT _ 3kT [ kT ]'" 
- f - 2pd~ 27r1ll 

(11.66) 

where III is the molecular mass of the gas molecules and IIIp/ kT has been substituted for p. 
For gas molecules that behave as rigid elastic spheres. this expression can also be written .. 

_ 4DII ('0)2/3 
D ~-- -./2 , ( 11.61) 

where 0 11 is thc coefficient of se lf-diffusion for thc gas and u". is the molecular volume of 
thc gas moleculcs. Substituting in ( 11.65). the result is 

/,
og 0. 17Ufl l2 u},f2 /,ro, 

Judl)= 3(4 111)1 /-(11) 
o (v/Dld 0 

(11.68) 

Thc cll1culatioll is easi ly c:mied out whcn thc size di stribution is self-prcserv ing. Substituting 
/I = (N~N)I/I(II) (whcrc ¢ and Nog arc time-averagcd quanti ties in kceping with the 
turbulcnt nature of thc flow) in (1 1.68) and taking 11/ DII = 0.7. the value for air. wc obtain 

l og J u (Iv = 0.23U f l f?v!f2¢ 1/ 2 N~,// l og 1/1 111 /2 (/'1 (11.69) 

The integral foog '" 111 /2 dll equals 0.89 whcn cvaluatcd from the self-preserving distribution 
for the free molecule range. The heaviest mass deposition occurs upstream where Nog and 
¢ are largest. 

The change in ¢ with x is given by a mass balance on a small element of the pipe wall 
(Fig. 11 .8); 

(1 1.70) 

Substituting (11 .69). we obtain 

d · 
- ~"" drp = 0.20fl/2v::-¢1/2N~ dx ( 11.71) 

The variation of Nog with distance is obtained from Chapter 7. the expression for free 
molecule coagulation; 

d~ 

, '" ;;jI;;" ...... -
~:;\:} :!!= . 
''' ? lilt / Ii 

U (/ Nog = -0.334 (2.) '" (6kT) 1/ 2 rpl /6 N~/6 (11.72) 
t1x 47r P" 

, "",.,,~ f i • • 

if. • : • • • : • 

I ?? (7?? ;tj~ 

Hgure 11 .8 Coagulation and deposition 10 

Ihe wall in a turbulent pipe now. Initially 
high particle concentr.l.tions decrease due 
10 coagulalion and deposition. Processes 
occur in vehicular tailpipes. 
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When we combine ( 11 .72) with ( 11 .7 1). the result is 

d tfJ O.25 f L(2 u).f2u (INoo 
tfJ L/J = (/p;pt:(3/4;r )1 /6(6kT/ pp)1 /2 N:l,3 

Inlegrming with the initial condition tfJ = tfJo lit Noo = 00. we obtain 

(
-+. "1/3 _ A.2/3 ) _ 28 
"'0 '" - N~j/ 

where 8 is the constant coefficient 0 11 the right hand side of ( 1 1.73). 
When we substitute ( 11.74) in ( 11.72). a d ifferential equation 

variation of particle volume along the pipe: 

[-+.2/3 tfJ2/3 13/2 dA. 082 
'1'0 - 'I' = _ -_ f L/2 1/2(?8)3/2 I 

' I ' I u'" - l X tfJ - lpipe 

( 11.73) 

(1 1.74) 

is obtained for the 

(1 1.75) 

The deposition up to any point in the pipe can be obtained by numerical integmtion of this 
expression. 

In practice. the surfaces over which the gas flows become roughened as a result 
of particle deposition. corrosion. and ~al ing. Hence the deposition rates arc probably 
significantly greater than those calcu lated from ( 11.75) based on ( 11.64) for mass transfer 
in smooth pipes. In addition. the tailpipe fl ow is unsteady because of the usual patte rns 
of dri ving in traffic. These factors contribUle to the reentrainment of agglomerates fonned 
on the surface and the appearance of large mass fractions of coarse particles (> JO 1.L1n) 
in the exh:mst gases (Habibi. 1973). The actual size distribution of particles leaving the 
tailpipe is then considerably broader than the self-preserving distribution because of both 
reentrainment and the v:Lri:Ltion in residence times across the pipe. 

CONTINUOUSLY STffiRED TANK REACTOR 

An aerosol flows steadily into and out o f a chamber that is kept well-stirred (Fig. 11.9). In the 
chamber. processes that modify the size distribution take the place of the type represented 
by the temlS in the ODE. If the flow is maintained for a sufficiently long time-about 
fi ve times the mean residence time-the chamber contents tend to approach a ste:Ldy state. 
The steadY-Slate distribution is determined by the size di stribution of the input. the fl ow 
rate. and the growth . coagu lation, and deposition processes taking place within the tank . 
Such a system is analogous to the cont in uously stirred tank reactor (CSTR) often employed 
in modeling chemical reactors in industry or the laboratory. A basic assumption is that the 
concentration in the reactor is everywhere unifoml and equal 10 the concentration at the exit. 
Such aerosol systems have not been carefully studied experimentally. They are of interest 
because of their potential use as aerosol generators. Because they represent a simple model 
of a chemical reactor. they may be useful in the design of processes for minimum or al least 
controllable pollution production. 

The CSTR for aerosols is in some respects simpler to analyze than the unsteady or 
spatially varying systems considered previously. We consider a reactor of volume B with 
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Q 
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Q 
) 
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Figure 11 .9 Stirred tank reactor of vol
ume B. The distribution at the inlet is 
Ilo(u) . The distribution in the reactor and 
in the exit stream is II (V) . 

an aerosol entering of size distribution 1I0(V), In the steady state, for a volumetric flow of 
gas Q, a balance on the number of particles in the size range v to v + dv gives 

QII(V) = QIIO(V) + B . ~ B . (
net rate of fonnatiOn) (rate of dePOSitiOn) 

per umt volume per umt volume 

We consider the following simple problem that can be solved analytically: An aerosol 
with size distribution IIO( v) enters the reactor continuously, Chemical or physical processes 
within the reactor produce condensable species that deposit on the aerosol particles, In the 
steady state, the balance on particles in the size range v to v + dv becomes 

110 II d(lIq ) 
- = -+--
r r dv 

( 11.76) 

where the mean residence time r equals B/ Q. Particle deposition on the walls has been 
neglected. Equation {I 1.76) is an ordinary linear equation. Taking IIq as the dependent 
variable, the integrating factor is exp(f dv / qr } and the solution to (11.76) with II = 0 at 
v = 0 is 

1 (f d") 1" (f d") no n = -exp - - exp - - dv 
q qr 0 qr r 

(lLTI) 

If the growth rate is diffusion controlled, q = A V 1/3, where A is a constant. Now suppose 
the aerosol entering the chamber is monodisperse: that is, no = Noo(v- vol , whereo (v-vo) 
represents the Dirac delta funct ion and No is the number of particles per unit volume of size 
Vo, Then the integral on the right-hand side of (1 1.77) becomes (exp«3/ 2)A v~/] / r»No/ r 
and the size distribution of the aerosol leaving the chamber is 

II(V) ::::; -- exp - -1 I [3("i"-"''') ]) No 
Av t/ ] 2 Ar r 

(v > vol ( 11.78) 

Thus the result of particle growth in the chamber is to convert a monodisperse aerosol into a 
polydisperse aerosoL This is the reverse of what occurs in a condensation aerosol generator 
(Chapter 10), 
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Why does this spread in the dis tribution occur? The reason is that there is a dis tribution 
of residence times for the particles in the CSTR. Some particles stay for times longer than 
f and others for times shorter so that the growth period varies among the particles leaving 
the reactor at any time. 

In practice. deposit ion o n the walls of the chamber must be taken into account. Small 
particles will be preferentially removed by diffusion, and large particles will be removed 
by turbulent deposit ion and sedimentmion. Quantitative estimates of such deposition rates 
arc usually diffic ult to make. The panicle size distribution in the effluent from a CSTR has 
been discussed by Bransom et al. ( 1949) for the case of ho mogeneous nucleation in the 
reactof. 

PROBLEMS 

II, I According to Ulrich ( 1971 ), process conditions typical of pyrogenic silica aerosol reactors 
are: s ilica mole fraction in vapor phase = 0.07, pressure = I atm. T = 1800 to 2 100 K. 

(a) Calculate the diameter of the critical silica nucleus under these conditions. taking 
T = 2080 K. 

(b) Compare this value with the diameter of the silica molecule. The follow ing data on 
the material properties of silica are provided (Kingery, 1959): 
Silicll density = 2.2 g cm- 3 

Si lica vapor pressure at 2080 K = I Pa 
Silica surface tension at 2080 K = 300 dyne cm- I 

11.2 Derive II general expression, based on the ODE. for the change in the total surface area 
of an aerosol with lime and position. 

11.3 An aerosol issuing from a point source is dispersed in a stelldy turbulent plume in the 
atmosphere. Derive an expression for the variation o f the extinction coefficient. b (Chapter 5), 
with position in the plume assuming that (a) the only mechanism affecting the light-scal1ering 
ponion of the size di stribution is turbule nt diffusion and (b) the only mechanisms are IUrbulent 
diffusion and growth. 

11.4 An aerosol is injected at a point into a turbulent gas over a very short time period (an 
instantaneous point source). Set up the equation describing the dynamics of the size dist ribution. 
Assume that the mean flow is unifonn so that the cloud. once released, spreads only radially 
with respect to the me"n flow. Settling is not imponanl. 

1.1 .5 A well-stirred vessel contains a coagulating, sedimenting aerosol. Assume that the upper 
end orthe size distribution has reached a steady or quasi-steady slate such that the rate of loss by 
sedimentation is equal 10 the rale of formal ion by coagulation. Consider two cases: The mass (or 
volumetric) conccntr:l.Iion of aerosol in one i" double that of the other. In both cases, the steady 
sta te has been attai ned. What are the relative rates of loss of matter by sedimentation? 

11 ,6 As an idealized model for the automobile exhaust aerosol. assume that the distribution is 
self- preserving with a "cry high initial number concentration. and that deposition to the tailpipe 
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walls occurs by diffusion. The aerosol mass lo.1ding 10 ft upstream from the exit is 1 mglftl 
(STP). and the average temperature is 4OOcF. The densi ty of the aerosol material is 2 glcm). and 
the gas velocity is 90 fllsec. Estimate the fraction of the aerosol that deposits on the walls by 
diffusion before leavi ng the tailpipe. As a fi rs t approximation. assume that the tailpipe wall is 
smooth. 

11 .7 A monodisperse aerosol enters a CSTR in which growth occurs only by diffusion. Show 
by integrttlioll of (11.78) that the total number concentration is conserved. 

11.8 The general dynamic equation discussed in this chapter does not include terms for the 
inenial transpon of particles. Discuss possible methods of incorporating panicle transport by 
the inertialmcchanism in the GDE. 
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Chapter12 

Synthesis of Submicron Solid 
Particles: Aerosol Reactors 

Solid submicron particles may (onn from condensable molecules generated in a gas 
by chemical or physical processes. This method is used routinely for the com mercial 
production of fine particles and materials fubricmcd from them. as well as for pilot 

and laboratory scale production. Similar processes occur in fine particle formation in many 
other cases ranging from coal combustion to meteor bum-up on entering Earth's atmosphere. 
The smallest individual particles composing such aerosols (IJrimary particles) range from 
less than 10 om to about I pm. depending on the application. 

Aero.ml reactors are technological systems used in the synthesis of particles of desi red 
properties; aerosol reaction engineering refers \0 the design principles and methods. Key 
factors are aerosol precursor properties and reactor process conditions. The most important 
process conditions are usually the aerosol volume concentration (volume of particles per 
unit volume of gas) lind the time- temperature history of the system. The basic principles of 
aerosol reaction engineering are still under development (Ulrich, [984; Gurav et al .. 1993; 
Marijni ssen and Pratsinis. 1993; Pratsinis and Kodas, 1993; Wu et a!.. 1993: Siegel. 1994). 
and the field can be expected to change rapid ly over the next few years. This chapter 
discusses e lements of aerosol dynamics relevant to reactor design for one-component 
system. Applications to multi component cases such as coal combustion and meteor burn-up 
are not covered. 

Table 12.1 gives examples of aerosol reactors thm have been used for fine-particle 
production. The most important full- scale commercial systems are (a) flame reactors for 
production of pigments and powdered maieriais and in the manufacture of optical fibe rs, 
and (b) pyrolysis reactors for carbon black manufacture. Primary particles produced by 
these systems range from a few nanometers to a few tenths of a micron in size. Large 
pilot aerosol reactors arc operated for the conversion of 50.t and NO", to (NH..h50 4 and 
NH..N03 aerosols using high-energy electron beams to irradiate flue gases from fossi l fuel 
combustion. The goal is to convert the pollutant gases to a part iculate fertilizer product. 
Nanometer metal panicles are produced in large pilot-scale evaporation--condensation (Eq 
genermors operated at low pressures, usual ly a few torr. Examples of commercial and pilot 
scale reactors are discussed in the next section. 

Aerosol product properties of interest include primary particle size (and/or size distribu
tion) and substructure (grain boundary, pore size, and defect concentrations and crystalline 
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TABLE 12.1 
Comparison of Aerosol Processes for Powder Production (from Pratsinis and Kodas, 1993) 

Max Sil.C 

(/-1 m) 

Flame 

Spread Broad 
Morphology Solid. agglo-

Max'" (K) 
Material 

mcr~tcs 

2500 
Oxides 

Complexity Low 

Evaporalion/ 
Condensation 
Readion 

0.1-10 

Narrow 
Solid 

<'''110 
Metals. 

Laser 

Narrow 
Solid 

2000 
NOlloxides. 

oxides oxides 

Low Medium 

Plasma 

Broad 
Agglomemte.s. 

solid 

25.000 
NOlloxides. 

oxides. 
sclui. 
conductors 

High 

Spray 
HoI Wall Pyrolys is 

10 0.10-100 

Narrow B~d 

Spherical. Spherical. 
solid sol id. 

poro.". 
hollow 

2000 1600 
NOlloxidcs. Nonoxidcs. 

oxides. oxides 
semi-
conductors 

Low Low 

state). Also important are the properties of the aggregates includi ng frac tal dimension and 
part icle bond energies (Chapter 8). Methods have been developed for rel:uing particle 
propert ies to process conditions and the propert ies of the solid material composing the 
part icles, usually the solid-state diffusion coefficient, surface energy. and particle density. 
Commercial processes for the manufacture of fi ne particles were for the most part designed 
with limited recourse to the principles of particle fo rmation and growth. Requirements for 
product properties for existing commercial applications are not exceptionally demanding. 
compared with anticipated needs for advanced material s. Commercially produced particles 
are polydisperse, but the size range can be controlled. The individual particles may be 
polycrystalli ne with internal grain bou ndaries and significant necking between particles. 
It shou ld be possible to exploit the available theory (and foreseeable advances) to pemlit 
significant improvements in product propert ies, while re taining the high throughputs of 
commercial production methods, without excessive cost increments. 

The coll ision-coalescence mechan ism of particle growth discussed in Ihis chapler is 
thought to control primary particle size in fla me reactors. The emphasis is on the synthesis 
of transition metal oxide particles, which are important in the manufactu re of pigments. 
additi ves. and ceramic powders. Also discussed are the factors that dctennine the fomlation 
of necks between part icles and part icle crystallinity. As demands on product quality become 
more stringent, more research will be needed on particle size, uniformity. crystallinity, and 
aggregate formation. 

AEROSOL REACTORS: COMMERCIAL AND PILOT SCALE 

Flame Reactors 
The fl ame reactor is the one most widely used for the commercial production of inorganic 
oxide particles by aerosol processes. The aerosol precursor in the form of a vapor is 
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mixed with oxygen, fed into a reaction chamber and burned. Inert gases and fue ls such 
as hydrogen or methane may also be present. An important commercial product made this 
way is pyrogenic silica with silicon tetrachloride vapor as the aerosol precursor (Fig. 12.1). 
Pyrogenic silica is used as a filler in si licone rubber and in natural and synthetic rubber and 
to modify the rheological properties of paints, resins, and inks. Annual worldwide silica 
production ( 1991) was an estimated 105 tons. 

The stoichiometry of the reaction (but nol the true chemical reaction steps) can be 
represented by the equations 

2H2 + O2 -+ 2H20 

SiCL! + 2H20 -+ Si02 + 4HCI 

Because the reaction occurs with water vapor. the process is called flame hydrolysis. The gas 
leaving the furnace , which contains silica particles, gaseous hydrochloric acid, hydrogen, 
and a small amount of chlorine, is passed through a series of tubes to provide residence 
lime for agglomeration. The agglomerates are collected in cyclone separators that may be 
followed by a bag filter .. Rame temperature is varied over the range l850°F 10 2000°F 
by varying air, hydrogen, and silicon tetrachloride concentrations. At the lower end of the 
temperature range, the product particle size is smaller and the surface area is higher. Nominal 
particle sizes for the various grades range from 7 to 27 nm, and surface areas range from 
100 to 380 m2/g. The particles form as a result of the collision--<:oalescence mechanism 
discussed Inler. 

The flame process is also used in the production of nanoparticles from other aerosol 
precursors. Examples are alumina and titania. commercial products produced from the 
vapors of AICl) and TICI" , respectively. Mixed oxides are produced from a vapor precursor 
mixture-for example, 99% SiC", and 1% TiCI". Zirconium oxide is also produced on a 
pilot scale. 

Hel removal 

Mi)(ing chamber Cyclon\ I Gas 

Vapo 

~ / "lo' SiO 
liquid 

,..t Flame 

SiCl" Reactor 

= Hopper 
rizer vapor 

, 

~ ''---
I ~ Product 

Cooling section Deacldlfier 

Figure 12.1 Schematic diagram ofthc process for the manufac!ure of pyrogenic silica. (After Michael 
and Ferch, 1993.) 
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Figure 12.2 Schematic diagr,lI11 of process for the fabrication of optical fibers. (Aftcr Nagel ct al., 
1985.) 

In the fabrication of optical fibers, a silica aerosol generated by the oxidation of silicon 
tetrachloride vapor in argon or he lium passes into a quartz tube preform about a meter long 
with 25 mm o.d. and 19 mm i.d. (Fig. 12.2). The silica aerosol deposits on the walls of the 
tube by themlOphoresis. Detailed infonnation on the particle size d istribution of the aerosol 
that forms has not been published, but the size range is said to be 20 to 100 nm. Because the 
particle size is in the free molecul e range. the thermophoretic velocity is almost independent 
of the diameter. The rotati ng tube is heated by a traversing oxyhydrogen torch that sinters 
the deposited silica aerosol to form a surface layer without defonning the substrate tube. In 
this way, the core or cladding is built up layer by layer. The composition of the individual 
layers can be varied between torch traverses to produce the desired refracti ve index gradient 
in the fiber. 

The principal dopant added to the silica for control of the refractive index is gennanium 
dioxide with germanium tetrachloride vapor as the aerosol precursor. After mounting the 
preform vertically and heating it above the glass softening temperature, the I-Ill preform 
is drawn into a I 25-J.Lm-diameter optical fiber 50 to 100 km long. This product of :lerosol 
processes is of a very high purity capable of transmitting light over long distances with very 
little attenuation. 

Pyrolysis Reactors 

Carbon blacks. the o ldest ll1:1nuractured aerosols, arc an amorphous form of c:lrbon used 
in ntbbcr. pigments. :lnd ink. The surface area of the blacks used in ntbber goods is in the 
range 10 to 150 m2/g. and the pri mary panicles have all average dimlleter of 20 to 300 nm. 
Pigment carbon black particles :Ire smaller, with areas of 300 to 500 m2/g. Carbon blacks 
arc made by feeding a heavy petroleum oil and air into a reactor where panial combustion 
of the o il raises the temperature to 1100 to I 700°C. causing decomposition of the unburned 
hydrocarbon. The hot reaction products incl uding carbon black are cooled by a water spray. 
and the particles arc collected by cyclones :lnd bag fi lters. 

Reactors designed to produce higher surf:lce-area grades arc operated at high gas 
ve locities. temperatures. and turbul ence. The reactors have three zones: a mixing zone 
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in which the feedstock is introduced :IS a spray into a gas- air mixture. a cylindrica l reactor 
where carbon is generated by the chemical re,lc tions ilnd p,uticle fonn:ltion occurs. ,md a 
third zone consisting of a water que nch. The mechan isms of panicle fonnation arc nOI wel l 
understood. bUI ,Ippcar to be a combination of nucleation and growth fo llowed by particle 
colli sion and coalescence . si milar 10 ino rgan ic ox ide particle formation . 

Electron-Beam Dry Scrubbing 

In electron-beam dry scrubbing (EB DS). flue gases from the combustion of medium- to 
high-sulfur fue ls are injected with water and :unmonia vapor. and exposed to high-energy 
e lectron beams (R:ltafia-Brown et al. . 1995). The 502 and NOx react to form ammonium 
sulfate and ni tr:lte, lllld the aerosol product is collected for sale as a fertilizer. Several existing 
installations are operated on a large p ilol scale . about I % of plant-scale gas flow rates. 

The EBDS process is sho wn schematically in Fig. 12.3. An e lectrostatic precipitator is 
used to remove flyash from the flue g:lses before they pass to the treatment system to prevent 
contamination of the fertilizer byproduct. The flue gas is then cooled From about 200°C 10 

6O-80°C in a water spray cooler. and ammonia is added. The conditioned flue gas enters 
the irradiation chamber (reactor). where high-energy electrons generate hydroxyl (OH) and 
hydroperoxyl (HOl ) radicals by collision with the water molecules. These rad icals play the 
major ro le in the formation o f sulFuric and nitric ac ids that react with ammonia to Form the 
sul Fate and ni trate. 

Hi gh levels of 501 remova l (>98%) with up t080%NOr removal have been reported for 
in let concentrations o f 3000 and 500 ppm of 502 and NO .•. respectively. The mass median 
d iameter of the aerosol product Falls in the size range 0.6 to 1.0 /.Lm. The part icles tend to be 
sticky because o f their hygroscopicity and the high relative humidity. and particle collection 
is difficult. Recent efforts at commerciali zation have focused on the use of a pulse power 
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Figure 12.3 Schematic diagram of electron-beam dry scrubbing system. (After Rata tia-Brown el aI. , 
1995.) 
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electron beam, developed in the United States for si mulation of nuclear weapons effects. 
The economic competitiveness of the process depends strongly on the market value of the 
fertil izer product, which fluctuates widely. 

Evaporation-Condensation Generators 
In the evaporation--condcnsation (EC) generator. a solid material. usually a metal. is 
evaporated into an inert gas; as the hot vapor mixes with the cool gas, aerosol formation 
takes place. Granqvist and Buhrman (1976) madc a systematic study of acrosol properties 
using a chamber consisting of a glass cylinder. 0.34 m in diameter and 0.45 m high. fitted 
with water-cooled stainless Steel endplates (Fig. 12.4). Samples of different metals including 
AI. Mg. Zn. and Sn were placed in an alumina crucible mounted in the chamber and heated 
by radiation from a graphite heater element. An inert gas. usually argon at 0.5to 4 torr. was 
introduced into the chamber, and the crucible was heated at constantlempennure and inen 
gas pressure. Hot metal vapor from the crucible mixed with cool surrounding inert gas to 
nucleate and fonn particles ranging from about 3 to 100 nm. Particles were collected by 
thennophoretic deposition on a cold plate above the crucible. This system was cap'lble of 
producing a few milligrams of powdered material over 1I reasonable period of operation; it 
has served as a prototype for similar systems operated lit higher production rates. 

The effect of metal vapor pressure on median particle diameter for magnesium and zinc 
particles was studied at lIrgon pressures of 2.5 and 3.5 torr. The median particle diameter 
was roughly proportional to the vapor pressure. for a given inert gas pressure. Increasing the 
inert gas pressure or atomic weight significan tly increased part icle size (Fig. 12.5). Electron 
diffraction showed that in all cases. the particles were crystalline. Size distributions were 
correlated by lognomlal size distribution func tions. 

Based on earlier measurements and their own experimental data. Kim and Brock (1986) 
proposed a theory for particle formation in EC genemtors. Particles were genemted in their 
experiments by passing a current through a tungstcn wire that held the sample material. 
The source was held at a fixed tcmperature. and thc chmllber walls were held at u tower 
tempemture. The inert gas pressure was a few torr. Ovcr a widc range of operating conditions. 
a well-defined spherical shell of smoke fomled concentrically at some distance from a 
tungsten wire source. Assuming radial symmetry. Kim and Brock incorporated uppropriate 
tenns in the ODE for radial diffusion and flow. themlophoresis. nucleation. condensution. 
and coagulation. The temperature distribution in the gas was calculated from an encrgy 
balance, and a monomcr bulance was used for the condensable vapor molecu les. 

An approximate solution to the GDE was obtained usi ng a momcnts methods. The 
calculated radial di stribution of the saturation ratio showed a maximum bctween the source 
and chamber walls. The principal locus for partic le formation and growth was a thin shell 
surrounding the supersuturation maximum. Thi s is very similar to the behavior of the 
diffusion cloud chamber (Chl.lpter (0) in which nucleation also lakes place in a narrow region 
around the supersalUr.ltion maxi mum. The calcu lat ions ind icated Ihat condensation and not 
coagulation was the domi nant growth process in the EC generator. After fonnal ion. the 
primary particles coll ided downstream to form chains. Mean particle diameters calculated 
in the region of high panicle concentration increased with inert gas pressure. source 
temperatufC. and atomic weight of the camer gas in qualitative agreement wi th the data 
shown in Fig. 12.5. 
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Figun.' 12.4 Evaporation-condensation generator for the synthesis of ultrafine metal particles. The 
cylindrica[ glass chamber was 0.34 m in diameter and 0.45 m in height. Meta[ vapor from the alu mina 
c rucible mixes with the inert gus. The vapor nucleates: particles grow by condenSlltion and deposit 
on the cooled copper platc by thcmlOphoresis. (After GT<lflqvist nnd Buhrman. 1976.) 
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Figure 12.5 Sizes of Al and Cu panicles produced in an evaporation-condensatioll generator. Median 
panicle diameter increased with increasing inert gas pressure and atomic weight. (After Granqvist 
and Buhrman. 1976.) 
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While the si7..e of the primary particles formed in the EC generator is detemlined by 
nucleation and condensation. the factors that control primary particle size in industrial flame 
reactors are significantly different as di scussed in the next section. 

THE COLLISION-COALESCENCE MECHANISM 
OF PRIMARY PARTICLE FORMATION 

Industrial flame reactors are operated at high panicle concentrations and high gas tempera
tures. As a resu lt. particle collisio n rates are high: primary particle size is dctcrmined by the 
relative rates of particle collision and coalescence (U lrich. 1971 ). The collision/coalescence 
mechanism for particle formation is based on a series of steps assumed to proceed as follows: 

• A chemical (or physical) process converts the aerosol precursor to condensable 
molecules. 

• The condensable molecules sclf-nucleate to form a cloud of stable nuclei that 
may initially be single molecules (corresponding to a nucleation process with zero 
activation energy). 

• Stable nuclei coll ide and. initially, coalesce to form larger particles. The panicles 
may be liquid or solid during the coalescence period. 

• Coalescence ceases o r slows significantly as part icle size increases and/or the gases 
cool. 

• Fractal-like agglomerate structures form as coalescence ceases. 

• Coalesccnce and neck fonnation may continue for particles within the agglomerate 
structures if the panicles are not coolcd and co llected. 

Some ofthesc processes may goon simultancously. For example. chemical or physical 
processes may continue to release condensable monomer molecules throughout the process 
of particle formation. In this case, after an initial surge of particle formation. further releases 
of monomer molecules will deposit on existing panicles without generating new part icles. 
The individual (primary) particles composing the agglomerates are much larger than the 
original condensation nuclei. Indeed for very low vapor pressure materials the original nuclei 
may be single molecules. The size of the primary particles depends on the temperature-
time history and material propert ies. At high temperatures, the individual particles grow 
because part iclc coalescence occurs almost on contact. resul ting in agglomerates of large 
individual particles. hence small specific surface area. At low temperatures, however. 
particle coalescence takes place slowly compared to collisions, produc ing fractal-like 
agglomerates with a high specific surface area. 

These concepts can be placed on a quantitative basis by introducing characteristic 
times for collision and coalescence, defined as the average time between binary panicle 
collisions. r ... . and the time for two particles to coalesce after making contact. fJ . respectively. 
Figure 12.6 illustrates the effect of the characteristic times on the type of part icles produced 
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by the collision--coalescence process: A cloud of very small stable particles is present 
init ially. When the coalescence time Tf is much smaller than Te . the particles rapidly 
coalesce on collision and form spherical particles. Classical coagulation theory applies. 
When Tf » Te. colliding particles cease to coalesce and form dendritic structures-that is. 
fractal·1ike agglomerates. There is a continuu m of states between these two limiting cases 
that can be analyzed by allowi ng for a fi nite mte of cOlllescence once IwO particles have 
coll ided. In the sections Ihal fo llow, the coll ision and coalescence processes arc incorporated 
in a single theory by extending the Smoluchowski equation (Chapters 7 and 8) to include 
a finit e rate of coalescence. Expressions are derived for Te and Tf in terms of material 
properties and process conditions from the cotli sion--coalescence theory. The results have 
direci application to flame reactors and may also apply to the EBDS system. 

In the simplest cases, discussed below, a chemical reaction releases a large number 
of condensable molecules at t = O. The dynamics of the system then depend on aerosol 
processes alone. Landgrebe and Pratsinis ( 1989) gave criteria for detemlining when chem
ical kinetics must be taken into account. Floess et al. ( 1997) combined a dctai lcd chemical 
kinetic model with the general dynamic equation in a study of the synthcsis of fumed silica 
in a hydrogen-air fl ame reactor. 

EXTENSION OF THE SMOLUCHOWSKI EQUATION 
TO COLLIDING, COALESCING PARTICLES 

For an aerosol composed of particles that collide and coalesce at a fi nite rale. the particles 
in a given volume range I) to I) + (/1) at any instant will have a distribution of surface areas 
that depends on the previous history of the particles in the volume range. As a limiti ng 
case. the aerosol cloud can be characterized by a di stribution function thaI depends ollly on 
particle volume and surface area and no other morphological details. The analysis does not 
take into account the fractal nature of the agglomerates. and it holds best in the early stages 
of agglomerate formation. 
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Let the distribution function for particles in a volume range between u and u +dl1. and 
the area range between a and a +da at time r be I1(U. a.r). The Smoluchowski equation for 
the continuous size di stribut ion function (Chapter 7) becomes (Koch and Friedlander, 1990) 

all anil aI/ V I /, " , , - + - +- =- era -asrh(u) - asph(V - u) ] ar aa au 2 0 

x 10° P(u' , u - u'. a' . a - a')n(v', a')n(v - u'. a - a') da'dv' 

- n (v, a) r;,o ( 00 fJ(u.u'.a.a ') II (v'. lI') da 'd u' (1 2,1) . 10 10 
where il and V are time rate of change of p:lrticle surface area and volume. respective ly. The 
collis ion frequency function fJ is assumed to depend on panicle volu me and area only. The 
second (enn on the left-hand side of ( 12.1) represents the drift through panicle surface area 
space caused by pan icle coalescence. The third term represents the drift through volume
space due to molecular condensation from the gas phase. This term would contri bute if 
a chemical reaction thai forms condensable molecules continues during the colli sion and 
coalescence processes. 

The right-hand side of (12.1) is the change in II(V . a.1) due to collision. The step 
function e is introduced because the surface area of a particle produced by collision must 
be greater than the sum of the minimum surface areas (lI"",, ( U» of the two origi nal colliding 
part icles. The total surface area of particles per unit mass of gas contained within the volume 
r:lI1ge v to v + du is 

Av = i// (u. a'. f )a'(I) tla' 

" 
(12.2) 

Multiplying (12. 1) by a and integrating with respect to a gives 

(IA v 1 ' (/a' , 
-- - II (V, 1I . I)-cia = D.e<>11 

(/1 ~ lit 
(12.3) 

where condensat ion has been neglected. that is. V = O. The second tenn of (12.3) represents 
the surface area reduction of particles in the volume range u to u + tlv resu lting from 
co:Llescence. The term .!leon is the net change in surface in the range u to u + d u resulting 
from collisions. Both area and volume are conserved at the instant of collision. However. 
the area begi ns to relax toward the equilibrium shape (sphe rical for a liquid) at a rate thai 
depends on the coalescence law da/t!1 discussed in the nex.t section. 

RATE EQUATION FOR PARTICLE COALESCENCE 

General Considerations 

There is an extensive literature on the r.ue at which spherical panicles in contact coalesce as 
a result of various mechanisms for molecular tmnsport in the contact region . Thi s literature, 
deve lo ped largely for application to sintering in the ceramics fi eld, has been summarized by 
Kingery et a!. ( 1976. Chapter 10): and Brinker and Scherer ( 1990, Chupter I I). For liquids. 
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the mechanism of coalescence usually considered is viscous now. For solids. diffusion 
and evaporation--condensation arc the mechanisms usuall y cited. Diffusion can take place 
through various rOllles as discussed lmer. These mechanisms can be incorporated in the 
GDE through suitable expressions for il = da/tll as shown in (12. 1) and the expressions 
that follow. Examples are given for viscous fl ow and diffusion. Both tr.msport processes 
are driven by deviations in particle shape from the spherical. The effect on the chemic'll 
potential is expressed through the Laplace fonnula that relates the local nonnal stress.1t the 
surface of the particle to the external pressure in the gas. 

Viscous Flow Transport 

The coalescence of the two small droplets in contact is driven by the tendency for the 
doublet to approach a spherical shape corresponding to minimum surface free energy for 
the doublet vol ume. For liquid particles including glassy materials like silica, coalescence 
takes place by viscous flow. For a Newtonian liquid. during the initial stages of coalescence 
of two liquid spheres of equal diameter. a neck forms at the contact point with a radius that 
grows as ( 1/ 2 (Frenkel. 1945). After a short initial period in which coalescence is very rapid, 
the rate of decrease in the surface area becomes linear in the deviation of the doublet surface 
area from the sphere of the same vol ume as the doublet (Koch and Friedlander, 1990): 

{itt I 
- = --(0 - Osph) ( 12.4) 
(/1 r, 

where 

a surface area of doublet 

a .\ph = surface area of sphere of same volume 

rf = characteristic time independent of surface area but dependent on the mechanism 
of coalescence 

Forthe viscous flow mechanism. Frenkel ( 1945) found that 

7r JuJp r, =--
cr 

where J.L is the viscosity of the particle material and (J is the surface tension. 

Transport by Diffusion 

(12.5) 

The coalescence of crystallites in contact is much more complex than the coalescence of a 
Newtonian liquid. For coalescing liquids, the equi librium shape is a sphere. Forcrys(allites 
in contact, the equilibrium fonn is presumably detennined by a Wulff construction; exact 
calculations for such complex configurations have not been made. To estimate '(f for 
crystallites. it is customary to assume a simple geometry- for example, two spheres in 
contact as in the case of liquid droplets in contact. The particle properties are assumed to 
be isotropic. 
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For shon times, the radius of the neck between two solid panicles grows as t l IS whcn 
lattice diffusion dominates (Kingery and Bcrg, 1955). Artcr a shon initi al period thc rate 
of decrease in the surface area for coalesc ing solid panicles approaches the linear rate law 
(12.4) with Tf given by (FricdlandcT and Wu, 1994) 

3 kT IJ 
Tf = --- (12.6) 

647l" DCTlJm 

where T is the absolute temperature, IJ is thc particle volume, D is the solid·state diffusion 
coefficient. CT is the surface tension. and IJm is the molecular volumc. The value of D 
corresponds to the dominant transport routc- forexamplc. latt ice. grain boundary, OT surface 
diffusion---di scussed in the ·next section . 

Molecular Dynamic Simulations: Solid-Liquid Transition 

Molecular dynamics (MD) computations of coalescence have been made for silicon nano-
part icles r.mging in size from 30 to 480 atoms. corresponding to a max imum diameter 
smaller than 3 nm (Zachariah an d Carrier, 1999). The computations wcre based on an 
interatomic potential developed for silicon atoms with covalent bonding. The particle 
structure was assumed to be amorphous. The MD simulations indicate that the tr.msition 
between sol id- and liquid-statc behavior occurs over a wide temperature range significantly 
lower than the melting poi nt of bulk silicon ( 1740 K). a well-known effect for nanoparticles 
(Chapter 9). The broadest transition occurred for the smallest panicl es studied (30 atoms), 
probllbly because the surfacc atoms make up a large fraction of the particle mass. 

Figure 12.7 shows values of Tf calcu lated in two different ways as a function of 
temperature for particles of di fferent si ze. One set of curves (solid lines) was calculated 
from the phenomenological re lationships (12.5) and ( 12.6). For the solid part icles (low 
temperature). MD simulations were used to obtain the diffusion cocfticient and surface 
tension that appear in ( 12.6). For the liquid-like panicles (high temperature), data for the 
viscosity and surface tension that appear in (12.5) were obtained from experimentll l results 
reported in the literature. The dashed lines in Fig. 12.7 were calculll ted directly from MD 
simulations of the decrease in the moment of inertia of two coalescing spheres. 

The fi gure shows good agreement between the MD calculations of Tf based on 
the momcnt of inertia and values c:l\culated from the phenomenological theory. (The 
phenomenological theory for the liquid was corrected by a factor of 10 to improve agreement 
on the grounds that the viscos ity data for bulk sil icon is not accurate for very small part icles.) 
At the higher temperatures (T ~ 1200 K) when the particles tend to be most liquid-like. 
the dependence of Tf on particle size :lI1d temperature is relati vely weuk. At the lowest 
temperatures, far below the bulk melting point. the dependence on size and temperature 
is strong. 

MD simulations shed light on the solid- liquid transition that determines primary 
particle size and the onset of aggregate (agglomcrate) fonnation discussed latCf in the 
chapter. MD calculations also provide a test ofl hc validity ofthc phenomenological theorics. 
However. the simulations shown in Fi g. 12.7 are lim ited to very small particles and very 
short coalescence times ( Tf < 10- 8 sec). For largcr values of Tf and larger particles. the 
computations became intractablc, Calculations such as these and improvcments on them 
wi ll be vi tal to further advances in the theory of nanoparticle fonnation. 
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Figure 12.7 Computer simulations of coalescence timcs for particles composed of varying number.; 
ofsiticon :lIorns. The dOlled tines connec t the moleculardYl1:lmic computations based on the approach 
of the moment of inertia of two coalescing panicles in contact to the value for the sphere of the same 
\'olume. The solid Jines show calculations based on the phenomenological theories. ( 12.5) and (12.6). 
Values calculated from ( 12.6) (for the liquid) were multiplied by a factor of 10 on the grounds that 
viscosity values for bulk si licon are too small for nanoparticles. (A fter Zachariah and Carrier. 1999.) 

The tests of the phenomenological theory were based on diffusion coeffici ents (deter
mined from the MD si mulations) that fell in a range that corresponded to surface diffu sion. 
This is to be expected bccllUse of the very small pan icle size for which the MO simulations 
were made. As p:tnicle size is increased. bulk diffusion processes arc likely to become more 
important. More is known about diffusion mechanisms for this process than for surf<lce 
diffusion. The factors thm detennine bulk diffusion are reviewed in the next section. 

SOLID-STATE DIFFUSION COEFFICIENT 

Temperature Dependence 

According to the analysis in the previous sections, the primary particle size in flame reactors 
is detennincd by the relative rates of particle collision and coalescence. For highly refractory 
materials, the char-Jcteristic coalescence time (12.6) depends on the solid-state diffusion 
coefficient. which is a very sensitive func tion of the temperature. The mechanisms of solid
state diffusion depend in a complex way on the structure of the solid. For example, a perfect 
cubic crystal of the substance A B consists of alternating ions A and B. Normally there 
are many defects in the lattice struc ture even in a chemically pure single crystal; defect 
types are shown schematically in Fig. 12.8. The mechani sm of diffusion in crystalline 
solids depends on the nature of the lattice defects. Three mechanisms predominate in ionic 
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• • • • • • • • • • • 0 • • • • • • • • • • • • • • • 0 • • • • • • • • • • • • • • • •• •• • • 0 • • • • • • • • • • • Figure 12.8 Binary ionic crystal showing defects thai can lead to lattice diffusion. (II) Frenkel defect 
(vacancy-inters titial pair). (b) Schottky defect (anion-cat ion vacancy). (After Kingery ct al.. 1976.) 

solids. If the diffusing species is transported by jumping from ils initial lattice site to a 
vacant adjacent site. the diffusion process is said to occur by a l'ocClncy mechall ism. This 
mechanism depends on the presence of Schottky defecis-that is, equal numbers of anion 
and cation vacancies. If the diffusing species occupies an interstitial lattice position and 
moves directly from onc interstitial site 10 another. the process is an i lllerl'ti l iaf mechanism. 
This corresponds \0 Frenkel defects-that is. equal numbersofinlerslilial ions and vacancies 
in the corresponding sublattice. Finally, if transport occurs by the intersti tial atom moving 
into a normally occupied lanice site. forci ng the o riginal resident into an interstit ial site. the 
process is called an interslilill/c), meclulllism. The situation is further complicated by the 
presence of impurities that will not be discussed here. 

According to the vacancy mechanism for latt ice diffusion. 

1-
0 = -r2ZwlI! 

6 
(1 2.7) 

where .f:2 is the j ump distance. Z is the number of nearest neighbor sites, w is the atomic 
jump frequency, 1/ is the fmction of atomic defects. and ! is a correlation function. Both the 
jump frequency and fraction of atomic defects arc activated functions of the temperature. 
so the solid state diffusion coeffi c ient typically has an Arrhenius form. For cubic crystals. 
one value of 0 is sufficient to characteri7.e the material because the structure is isotropic. 
For other crystal structures. several diffusion coefficients may be necessary, depending on 
the direction of diffusion. Thi s level of complexity has so far not been considered in studies 
of particle coalescence. 

At themml equilibrium, the defect fraction. II . in a perfect crystal is given by a 
Bolt7.mann relationship: 

1/ = exp(-GJlkT ) (12.8) 

where G J is the free energy of formation of the defect. For metals. II is typically a few pans 
in lif at the mclting poin!. Thc j llmp frequency w is a themlally activated process which 
can be expressed in a similar form 
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w = vexp(-Gml kT ) (12.9) 

where \I is Ihe vibration frequency of an atom about its equilibrium position in the jump 
direction and Gm is the Gibbs free energy difference between ions in the lattice site ;md the 
maximum val ue needed for a successful transi tion to another site. Hence the new product 
in ( 12.7) depends strongly on thc temperature, with the result that solid-state diffusion 
coefficients generally huve un Arrhenius form 

D = Doexp(- E j RT) (12.10) 

where E, the acti vation energy, is the sum of G f and G m. Because values of the pam meters 
in (12.8) and (12.9) are usually not known, diffusion coefficients for the individual ions are 
measured and correlated by ( 12. 10) for extrapolation or interpolation. 

Values of D for Lattice Diffusion 

Values of D range over many orders of magnitude fordifferent substances. Here weconsider 
only metals (briefly) and metal oxides. Metallic diffusion has been especially well-studied 
because of its industrial importance and the relati vely simple transport mechanisms. Most 
metals have face-centered cubic, body-centered cubic, or hexagonal close-packed structures. 
Each atom is related geometrically to its neighbors in a similar manner so only one kind of 
lattice site need be considered in analyzing transport . Extensive data sets are available on 
self-diffus ion in solid elements including metals, carbon. silicon. and phosphorus as well 
as in homogeneous alloys (Brandes and Brook. 1998). 

There are many more mechanisms of diffusion for ionic crystals, than for simple 
metals. Limiting the discuss ion to binary compounds. there are two sublauices, one for 
cations ,wd the other for ;mions. Thus there are a variety of combinations of vacancy and 
interstitial defects that can serve as diffusion palh:>. In addition. ionic compounds often 
possess nonstoichiometric vacancies resulting fro m mul tiple ox idation sltltes of crystal 
components, usually the cation. Diffusion coeffi cients for cations and oxygen have been 
measured for many ox ides in tracer studies (Kingery e\ .. I.. 1976: Kofstad. 1972). 80th 
cation and oxygen difrusion coefficienlS vary with the panial pressure of oxygen in the 
surrounding gas. 

In the case of coalescence/sintering. diffusion is d riven by the chemical potential 
gradient in the solid Ihat results from the surfacedefomlation (deviation from the equilibrium 
crystal shape usually assumed to be a sphere). In general. tracer diffusion coefficients for 
the anion and calion dilTe r. There is a coupling between the diffusion fluxes of anions and 
cations due to the constraints of local electroneutrality and absence of current fl ow. An 
analysi s leads to an equation for the effective diffusion coefficient of the ion pair that is of 
the same fonn as the Nernst equation for ion diffusion in solution: 

D ~ I,d + 1,,1 
IZ211DI + lz-d I D! 

(12. 11 ) 

where 1:::1 is the magnitude of the ionic charge and I and 2 refer to the ions. This result 
holds in the ideal solution limi t. It is easy to see that the rate of diffusion is controlled by 
the slower moving component when the diffusion coefficients are markedly different: that 
is, D :::::: [D1 (I.oII + 1.o21)1/[1z211 when DI « D2. 
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High DitTusivity Paths 

In most crystall ine materials, there arc also much larger scule structural imperfections thun 
the point defects at the alomic or ionic scales that lead to lanice diffusion. Certain large· 
scale imperfections called dislocatiolls can be welkharacterized mathematically (Read. 
1953); imperfections in polycrystalline materials, composed of many small grains (crystals) 
of different particle size and orientation. are more difficult to characterize. The regions 
separating the individu<ll crystals are called grai n boundaries. Transport of ion s and atoms 
along grain boundaries and dislocations is much faster than through the crystal lattice itself 
at low temperatures. At high temperatures. diffusion through the solid lattice becomes 
dominant. All of these mechanisms may contribute to diffusion in coalescing particles. 

An interpolation formula often used for the effective diffusion coefficient that includes 
both lattice and grain boundary (or other) diffusion processes is 

Doff = (1- f) Dv + fD B ( 12.12) 

where Dv is the perfect crystal or lattice value o f the diffusion coefficient, DB is the 
average value in the structurally fluwed material, and f is the average fmction of the time 
the diffusing species spends in the flawed material (dislocations and grain boundaries). 
The effective diffusion coefficient. Deff. is assumed to be the value for the rate-controlling 
diffusing species. usually the ion that moves more slowly through the particles. The re lative 
influences of grain boundary and lattice diffusion depend o n the ratio DB/Dv and f. If 
lattice diffusion is the dominant mechanism, f -+ 0 and Doff:::::: Dv. If DBI Dv and J arc 
large, which is likely in polycrystall ine particles, grain boundary diffusion tends to dominate 
and D.ff :::::: Dllf. Grain boundary diffusion is also an activated process, but the activation 
e nergy is usually smaller than that for latt ice diffusion. 

Applying basic concepts o f solid-Slate diffusion to lransport across the boundaries of 
coalescing submicron particles is difficult. Information is lacking on the crystalline state 
and the nature of the stnlctu ral imperfections in the colliding particles. However. values 
of the sol id-state diffusion coefficient can provide qualitative guidance in estimating the 
effects of material properties on primary panicle size as d iscussed in a later section. 

Nanosized particles have high rJt ios of surface area to vol ume, and it is expected that 
surface diffusion is of importance. The driving force for surface diffusion is the gradient of 
the chemical potential along the s urface. The form of the diffusion coefficient for surface 
diffusion is similar to that for grain boundary diffusion. c)(cept that the grain boundary 
width b is replaced by the width o f the surface layer. Because of the si milarity between the 
fonns o f the diffusion coefficient. surface d iffusion can sometimes be treated in a manner 
equivalent to grain boundary diffusion. 

ESTIMATION OF AVERAGE PRIMARY PARTICLE 
SIZE: METHOD OF CHARACTERISTIC TIMES 

When we introduce a suitable coalescence Tme Jaw, the extended Smoluchowski equation 
(12. 1) can. in principle. be solved numerically for II(U. lI. t ) with the appropriate in itial 
conditions. Using the linear rate law (12.4) for solid-state d iffusion. Xiong and Pratsinis 
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(1993) obtained nume rical solutions for the distributions of panicle surface area and volu me. 
The analysis in this chapter is limited to the estimmion of the average primary panicle size, 
determined by the interaction between colli sion and coalescence. 

Retuming to (12.3) and substi tuting the linear foml of the coalescence law ( 12.4). we 
obtain 

tlA " (A " - A" .• ph) -- + = 6 l 'oll 
til Tj 

m .D) 

where A ".sph is the minimum possible surface area in the size range v to v +(/v. Multiplying 
( 12. 13) by v and integrating over v. the collision teml on the right-hand side vani shes because 
there is no net change in surface area by collision processes alone. Coalescence drives the 
reduction in surface area. and the integral of the fi rslterm on the left-hand side becomes 

dJOIJO A ~ d v {lAm 
= 

dt dt 
( 12.( 4) 

where Am is the tOlal surface area per unit mass of gas. The integral of the second lenll on 
the le ft-hand side of (12. 13) can be written as 

1<;<) (A " - A".spb)v {Iv 1 

( ) = - (_) (A. - A,,.) 
o Tj v Tj V 

( t2. IS) 

where ii is an average particle volume defined by the relmion 

[ 00 A. I 
10 Tj(V) du = Tj(ti) Am 

( 12. tSa) 

The term A sph is de fined by 

-100 
A •.• ,. 

A sph = t j (u) -- du 
o Tj (U) 

( 12. 16) 

The evaluation of A sph presents a closure problem because the teml A ".sph. which is a 
function of time. is not known overlhe path of the system. However, A sph is closely related 
to the minimum surface area of the aerosol- that is. the surface area that wou ld be attained 
if each individual agglomemte pan icle became spherical. Indeed. the two would be equal if 
the aerosol were monodisperse with size ti. When the rate of coalescence is fast compared 
with the collis ion rate. the minimum surface area can be approximated by the self-preserving 
size distribution for coalesci ng spheres (Chapter 7). 

Substituting ( 12.14H 12. 16) in ( 12.1'3) g ives 

dAm I -- = ---(Am - A ~ph) ( t2. 17) 
tI/ Tj (li) 

This expression is the start ing point for estimating the avemge primary particle size. In itially, 
for a hot gas containing many small panicles that coalesce almost instantaneously. T, --7 0 
and A", ;::;:: Asph. As the gas cools. t j stans to increase: that is. coalescence is not quite 
instantaneous. This is seen from (12.6) and the strong (Arrhenius) dependence of D on 
T . Next we assume that ti = ,pm / N",. and we take the minimum surface area. in which 
each particle has relaxed to the spherical shape. as an appro)(imation for A$ph . (This would 
be exact if the aerosol were monodisperse.) Here ,p", is the total volume and N", the total 
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number of the aerosol panicles per unit mass of gas. It is convenient to introduce a new 
variable. which represents the frac tional deviation of the aerosol surface area from the state 
in which each particle has re laxed to the spherical shape: 

Am - Asph o = =,--:.c", 
Asp!' 

Combin ing ( 12. 18) and ( 12.17) gives 

dO [I I ] I 
dI + rf(ii) - r~ (ii) () = r,,(ii) 

where r~ is the characteristic col1 ision time. defi ned by 

llAsph t/ ii 
- = ------ =--
r" Asph fit 3ii lit 

(12.18) 

(12.19) 

(12.20) 

As shown by ( 12.19) the behavior of the system de]>cnds on the relati ve values of the 
col lision and coalesccncc timcs which arc detcrmined by the process condit ions :lnd material 
properties. If the size distribution remains nearly self-preservi ng throughout the time of 
interest. the fractional change in average particl e volu me with time in the free molecule 
regime (Chapter 7). is 

2. = ~ t/ ii = ~O' (6kT) 'i2 (2.) 1/ 6 ljJii - S/ 6 

T~ U dl 2 Pp 41f 
(12.21) 

Thus when the average panicle size ii is very small. T" is very small . Equation ( 12.2 1) holds 
also when dilution takes place by turbulent mixi ng. for example, along the center line ofa 
turbulent jet (Lehtinen et al .. 1996). Substituting ( 12.2 1) into (12. 19) gives 

3dO = I _ [r" - 1] 0 
d ln ii rf 

(12.22) 

with fJ = 0 at the st;ln of the process. Equation (12 .22) shows the importance of the ralio 
of the col1ision to coalesce limes in the panicle formation process. 

Consider the case of a hot gas that cont:.ins a high concentration of very small aerosol 
panicles that collide and coalesce. Initially. Tf « T~ and the particles coalesce as fast as 
they collide. The value of f} remains very near zero. and the classical theory of coagulation 
for coalescing panicles holds (Chapter 7). As coagulat ion proceeds and the gas cools. r, 
increases rapidly. This can be seen by inspection of ( 12.6). which shows the dependence of 
Tf on particle volume and the diffusion coeffi c ient. The dilTusion coefficient. in particular. 
is a very sensitive funct ion of tem perature through an Arrheni us re lationship as discussed 
in the previous section. 

As shown by ( 12.21 ). the val ue ofT" also tends to increase as the temperature decreases 
and the average particle size increases. At some point Tf becomes larger than r(' and the 
ternl in brackets on the right-hand side of ( 12.22) changes sign. The value of dO / ll In ii 
incre:lses rapidly after the point where rf = Tr. Physically this corresponds to the rnnge 
where collisions take place more rapidly than coalescence. As a result. fractal-like structures 
begin to develop. The detailed behavior of the system depends on the time-temperature 
history of the gas. 
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Figure 12.9 Primary diameter til' for Ti02 particles as a function of distance for a plug now of a gas 
being cooled. The initial gas temperature To = 2000 K. the temperature of the pipe wall is 1000 K. 
the gas velocity is 100 mscc- I • and the aerosol volumetric concentration is 10 - 3, The point at which 
Tc equals rj is shown (Lehtinen ct al. . 1996). 

Calculations based on these equations have been made for the formation of li02 
panicles in a uniform (plug) fl ow through a pipe and for the center line ofa free jet (Lehtinen 
et al., 1996). or special interest is the panicle size shown in Fig. 12.9 as a funclion of axial 
distance from the point where the aerosol is introduced. For both the pipe and jet flows, 
the calculated panicle size levels off rapidly after the point at which rf = re' At this 
point. agglomerate structures begin to form. If the syslem were fro:..ell al this point. rhe 
filial primal)' particle size would be derem,ined. However. if the temperature remains high. 
the primary pan icles composing the aggl~merates continue to grow in size as a result of 
coalescence. 

Very small panicles melt at temperatures less than the bulk melting point (Chapter 9). 
The calculated melting point reduction for spherical Ti02 panicles was greatest during the 
earl iest stages of panicle fonllation but was less imponant for particles larger than about 
5 nm. The reduction in melting point means that in the earliest stages. the characteristic 
coalescence time has been overestimated in these calculations. This. however. has lillie 
effect on the results. because at the early stages solid-stale diffusion is fast enough for 
complete coalescence of two particles before funher collisions. 

Finally. the reader is reminded thai the analysis is based on Ihe use of the linear 
approximation (12.4) for the decay with time of the area of a doublet. The characteristic 
coll ision time used in the calcul ations was based on the free molecule regime. 
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PRIMARY PARTICLE SIZE: EFFECTS 
OF AEROSOL MATERIAL PROPERTIES 

The effect of the propertics o f the solid material composing [he particles on particle size 
can be studied by injecting various aerosol vapor precursors at fixed particle volume 
concentration (volume of solids per unit vol ume of gas) into a given aerosol reactor 
configuralion. This approach was introduced by Windelcr et al. (l997a.b). who used a 
free jet aerosol generator as the reactor configuration . In its simplest form. this approach 
requires that the kinetics of the react ions th:lt conven the metal compound in vapor fonn 
[0 [he condensable oxide be very fast compared with the aeroso l processes Ihat fo llow. 
Vapors o f compounds of three metals-AI (CHJh. TiCl;. and Nb2Fs-were se lected for 
sludy. Their oxides have so lid-state diffusion coeffi cients ranging over sevcl"JI orders of 
magni tude. Values of the molec ul ar vol ume were nearly the same and surface tensions 
varied relat ively little. compared with variations in D . The oxides had melting points much 
higher than the flame temperatures. and it W:lS assu med that solid-statc processes controlled 
growth after the particles had become larger than a fe w nanometers. 

The aerosol precursor g:ls was introduced as a jet into a low-veloci ty methane-air 
fl ame lit veloc ities ranging from 4.8 to 53.2 m/sec. The highest fl ow rllte corresponded to a 
turbu lent jet. and lowcr veloci ties corresponded to transitional and laminar fl ows. Aerosol 
volumc loading ranged from 10- 7 to 10- 6 • and the flame was opel"Jtcd undcr sto ichiomctric 
conditions at fl ow mles of 8.8 and 33 liters/min to obtain different jet tempemture profiles. 
Vapor concentmlions were adjusted so lhat aerosol volume loadings were the same for each 
set of fl ame cond itions (temperature profi les and gas fl ow regimes). After an in it ial period 
of heating during which the aerosol precursor gases reacted in the flame. the enti re gas 
fl ow cooled as surrounding room temperature air was e ntmined into the flame. Maximum 
temperatures in the aerosol prccursor jet mnged from 1050 to 1920 K. The jet orifice was 
1.2 mm in d iameter. and the aerosol mass production ratc I"Jnged from 0.05 to 1.0 glhr. 
Aerosol samples were collected for electron microscopy for varying volume loading. axial 
di stance along the jet. exit velocity. and jet temperature. 

Particle formation is thought 10 have proceeded as follows: Metal oxide molecules 
formed as the aerosol vapor precursor re:lcted near the jet orifice. The oxide molecules 
collided to form part icles that grow by the collision-coalescence mechanism until the 
temperature fell to the point where coalescence was quenched. Part icle coalescence was 
probably driven by solid-state diffusion and. perhaps. surface diffusion. Metal oxides with 
higher diffusion coefficients would be expected to form larger primary particles because 
they continue 10 coalesce at lower lempemlUres during the cooling period. 

Electron micrographs of samples of the three different metal ox ide panicles are shown 
in Fig. 12. 10. The process parameters including fl ame conditions. jet velocity. lind lIerosol 
volumetric loading were thc samc for the three materials. The alumina particles were 
smallest «(Ip = 4. 1 nm) and fonned large agglomerate structures. Titania panicles were 
largcr (til' = 11.6 nm) and tended to be more spherical. Largest and most spherical were the 
niobia particles with ti" = 22 nm. 

Values of D have been reported for self-d iffusion of AI and 0 in Al20 3 with Do < DAI • 

as well liS for self-di ffusion o f Ti and 0 in Ti02 wi th Do < 1>11. Diffusion coefficients 
for Ti02 were much largcr than fo r AI20 3 (Fig. 12. 11 ). Hence. the particle size o f alumina 
wo uld be expected to be smaller th:m fo r titania. in agreement wi th experiment. For niobia. 
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(a) Niobium O.,'i(/II 
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(c) Alumilla 
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Figure 12.10 Electron micrographs o f particles of different metal oxides generated under the same 
processcondi tions(precursor jet velocity and volumetric loading) (Windcler et al., I 997b). SubstartCCS 
were selected for widely differing values o f Do (assumed to be rale-li miting ionic species). (a) NblOj 
highest Do. (b) TiOl medium Do. (e) A120 ) smullest Do. CompMe with Fig. 12. 11 . 
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Figure 12.11 Solid-staledif
fusion coefficients for oxygen 
in the oxides studied by 
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TABLE 12.2 
O)(ygen Diffusion in Inorganic Oxides (Fig. 12.11 ) 

Material 

Nb~o; 

Tid; 
A1203 

Activalion Energy 
(kcal/mol) 

4!!.5 
67.5 

152 

·Mas.inni. Y .• emu. ier. l . I' .. and Streiff. 11. . (197~ ) J. !WJid S,"" Chr", .• 2-1 . 92. 
-o.rry. D. J .. Ltt,. D. G .. and Cml,..,n. J. M . ( 198 1) J . Ph)'", Ch~n' .• Wllds. 42. 51. 

' Oi. hi . Y .• and Kmg~ry. w. D. ( 1960)J. CMm. Ph.'" .... 33. 48-1. 

1.85 x 10- 1 

2.40 x 10- 2 

1.9 X 10J 

onl y values of Do have been reported. and these were significantly larger than di ffusion 
coefficients for ti tania or alumina (Fig. 12. 10). Niobia panicle sizes were much larger than 
titania or alumina (Fig. 12.9). However. lacking data on niobium diffusion (or the effective 
diffusion of niobia). the hypothesis that particle size increases with increasi ng 0 could not 
be verifi ed in this case. Oxide propenies relevant to this siudy are shown in Table 12.2. 

It is interesting to note that for the three substances studied. the primary particle sizes 
increased with decreasing oxide me lting points: 2054°C, I 843cC. illld 15 12cC for AI20 .l . 
Ti02 , and Nb20, . respectively. 

In geneml. primary part icle size increased with volume loading. solid-state diffusion 
coefficient. and rmlximum tempemture. Larger part icles were also obtained by decreasing 
the jet velocity. The number of particles per agglomerate increased wi th volume loading 
and decreased with solid-stale di ffusion coefficient and maximum temperature. 

PARTICLE NECK FORMATION 

Industrial aerosol processes are usually carried out at high particle concenlr.J.tions so thm 
collision and coalescence have a major effect on the morphological properties of the product. 
Individual isolated primary panicles occur rarely. and the product is composed of groups of 
adhering panicles ranging from loosely linked particles. sometimes termed agg/omel"lltes. to 
strongly necked particles. called aggregat~.f or hard agS{omertites. For strongly aggregated 
panicles. it may be di ffi cul t 10 define the primary particles because the necks connecting 
them are so thick. 

In commercial :lpplicat ions of submicron powdered materials as additi ves. fill ers. and 
pigments, nonagglomerated or weakly agglomerated primary particles are usually desired. 
Quantitative. predicti ve methods for describing neck formation and the nature of the bonds 
between particles are nOl available. In the absence of proven methods, we discuss some 
guidelines that may serve as a starting point for futu re research. 

In previous sections it was shown that the primary panicle size is approltimately 
determined by the condition that Tf = f i"' The theoretical analysis that led to this concl usion 
can be extended 10 explain qualitatively the nature and slrenglh of Ihe bonds belween the 
primary particles. During the time period before Tf ~ Ti"' coalescence is rapid and the 
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panicles are nearly spherical. As Tf and Te approach each other. two limiting types of neck 
fonnation processes occur. Figure 12. 12 shows that when dTf/dl » dTe/dt during the 
time that Tj :::::: Te . the sharp increase in Tj free 7.es the particles almost between collisions. 
Subsequent collisions do not produce further coalescence but lead to agglomerates held 
together by weak forces (van der Waals. for example). On the other hand, if Tf increases 
only a lillie fasler than Te as the two characteristic times intersect, the panicles ha ve time 
to coalesce partially before bei ng quenched (Fig. 12. 12b). The resulting agglomer3tes 
are probably held together by necks comprised of strong chemical forces (ionic/covalent 
bonds). 

Studies of the slretchiQg of nanopanicle chain aggregates (Chapter 8) (Friedlander 
et a!., 1998) provide insight on the energies that hold particles together. Chain aggregate 
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Figure 12.12 Effect of variation of collision and coale.'\Cence roles on the fonnation of necks between 
primary panicles. (a) The coalescence time increases sharply while the time between collisions 
changes little. This resuhs in agglomerates composed of weakly bonded primary panide.~. (b) The 
coalescence and collision processes proceed Ilt similar f"Jtcs producing strong necks betwccn the 
primary panicles. 
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stretching appears to involve two phenomena: (i) grai n boundary sliding between adjacent 
necked particles that foml the backbone of the chain and (ii) separation and straighten
ing of folded particle chains held together by re latively weak (perhaps van der Waals) 
forces. 

If the gnses in which llgglomerates are suspended continue to be heated, the agglomer
ates become more compact (higher fractal di mension) and eventually coalesce. The resulting 
partic les have u much smaller collision di ameter than the original agglomerates lmd a smaller 
standard dev iat ion. As an example. Kruis et al. ( 1998) prepared compact PbS particles in the 
lO-n m size range by heating PbS agglomerates produced in an EC generator. The resul ting 
aerosol was passed through an e lectricnl aerosol classifier to produce monodisperse PbS 
particles of interest in stud ies of quantum confi nement e ffects. 

PARTICLE CRYSTAL STRUCTURE 

Basic Concepts 

The faclOrs thnt determine the crystal structure of particles formed in aerosol reactors have 
not been studied systematically. In Ihis section, we identify key theoretical concepts and 
review relevllnt experi mental observations. Consideration is limited to single-component 
systems. Part icle cryslal structure depends on a combination of thermodynamic (equil ib
rium) factors and rate processes. The equil ibrium shape of a part icle is determined by the 
surface energies of its cryslal faces according to the Wulff construction (Chapter 8). Another 
fnctor that may enter into the process is the excess pressure inside small pnrticles according 
to the Laplace fonnula (Chapter 9). Thus the equilibri um form may vary with panic le size 
depending on the phase di agram. 

Because particle fomunion is a dynamic process. kinetic factors including rates of colli
sion. coalescence. and annealing limi t attainment of equil ibrium behavior. For exumple, the 
collision-coalescence mechanism d iscussed in previous sections may lead to the formation 
of part icles incorporaling smaller panicles in various stages of coalescence. This results in 
grain boundaries and other defects in the part icles. The extent 10 which these defects are 
removed by annealing probably depends on lhe melting point reduction of fi ne part icles 
(Chapler 9). A comprehensive analysis incorporating lhe rate of annealing into the dynamics 
of particle fomlation has not been made. There is a body of experimental observations that 
provide some guidelines for further conceptual developments. 

Experimental Observations 

Information is available on the crystal structure of commercial nanoparticle powders pro
duced in flame reactors (Ettlinger. 1993). The most common industrial product. nanoparticle 
silica. is amorphous. Alumina occurs primarily in two forms. the thermodynamically stable 
(X form (hexagonal) and the unstable A form (cubic). The (X form results when alumina is 
heated above I 200°C; commerci al rlanopart icle alumina has been reported to be in the 6 



356 Synt"e~'is ojSllbmiclV1I Solid Particles: Aerosol Reactors 

group of the A form. Nanoparticle titania (-20 nm) is an important component of cosmetic 
and medical preparations used as a protection against sunlight ("sun block") because it 
absorbs in the UV range. The anatase form absorbs radiation of wavelengths less than 
385 nm while rutile absorbs wavelengths less than 415 nm. Anatase and rutile are both 
tetragonal fomls of ti tania, but anatase usually occurs in near-rectangular octahedra while 
rut ile forms prismatic crystals that are frequen tly twinned. Commercial nanoparticle litania 
is reported to be 70% anatase and 30% rutile, the thermodynamically more stable foml. 
The rutile proportion increases significantly as the temperature of manufacture increases 
above 700°C. For zirconia. the monoclinic is the predom inant form. with the remainder 
tetragonal. At about I 100°C the monocl inic form is converted to the tetragonal. 

The crystalline properties of si l icon . silicon nitride. and silicon carbide nanopanicles 
produced in a laboratory aerosol reactor were measured by Cannon et al. (1982). Panicles 
were produced using a C0 2 laser to irradiate aerosol precursor gllses. For example. silane 
(SiH.d used to produce silicon particles could be heated adiabatically to the reaction 
temperature as long as the gas pressure was maintained above 0.05 atm. At lower pressures. 
hem conduction to the cell walls balanced the heat absorbed by the gases. Silicon panicles 
were generated at about lOOO°C by silane decomposition: 

SiH4 (g) ~ Si Cs) + 2H2 (g) 

Panicles produced at low laser intensities « 280W /cm2) were amorphous, while x-my 
analysis of powders produced at higher intensities showed evidence of the cubic foml of Si. 
For crystalline Si powders, the panicle to crystallite diameter ratio was 3 to 5. Mechanisms 
proposed for the polycryst:l lline structure included (i) crystallization from an amorphous 
solid, (ii) the coalescence of agglomerates of primary particles, and (ii i) crystallization 
from the liquid phase. The last mechani sm was regarded as unlikely because the measured 
temperatures in the reaction zone were below the melting point of Si. Si licon nitride particles 
produced by the reaction between silane and ammoni a in the size range 10 to 25 nm were 
amorphous. However, when heated in nitrogen between 1300 and 1400°C. the amorphous 
powders crystallized. Crystalline si licon carbide particles were produced by the reaclion of 
silane and methane in argon. 

BET studies of both the commercial and laboratory scale panicles discussed above 
indicate that there is little inte rnal area accessible to BET adsorbate molecules. This holds 
fo r both amorphous and polycrystall ine panicles. If the indi vidual particles are composed of 
multiple crystalline substructures, internal defects capabl e of adsorption would be expected. 
However, the BET measurements show that internal pores. if they are present, are not 
accessible to adsorbate gases. A possible ex planation is that annealing by solid-state 
diffusion occurs sufficiently rapid ly at the temperatures of formation to block access of the 
external gas to di slocations and grain boundaries. However. the origins of the crystalli tes 
within the panicles and the mechanisms of crystallization are not understood at present. 

PROBLEMS 

12.1 (a) Prepare a fi gure that shows the number ofTiO! molecules as a function of panicle 
size for particles ranging from molecular dimensions to 20 nlll. 
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(b) Plot the fraction of the total number of molecules present on the particle surface as 
a function of particle s ize over the same size ran£e as part (a). The density of Ti02 
(rutile) is 4.26 g/CIll J• 

12.2 The atomscomposin£ very small particles movellround by self-diffusion and sample other 
sites in the particle. Plot the time it would take for atoms ori£inally at the center of a spherical 
5-nm si lver panicle to reach the surface 3.~ a function of temperature over the temper.lIure mn£e 
from 300 K to the mehing point. 1235 K. For this purpose defi ne a chamcteristic time based on 
a solution to the. diffu sion equation in spherical coordinates for atoms movin£ from the panicle 
center to its periphery. Neglect thc cffect of melt in£ point reduction on the behavior of the 
system. Thc diffusion coeffici ent of crystalline (fcc) si lvcr is given by 

where 

Do = 0.67 cm!/scc 
E = 45.2 kcaVmole 

D = Doexp(-E/ HT) 

12.3 A cloud ofTiO! molecules is gcnerated in a gas llt I = 0 by a vcry fast che micHI reaction. 
The molecules collide to fonn particles that grow by coagU lation at a constmll gas temperature of 
lOOO°C. The volumetric concentmtion of ae.rosol material is 10- 6 cc solidslcc gas. TIle aerosol 
can be assumed to be in unifonn constant velocity ("plug fl ow reactor"). When the avemge 
particle size has reached 10 nm. the gas is suddenly quenched: that is. the temperature is reduced 
to the point where the coalescence time is equal to the collision time. 

(a) Clliculate the time necessllry for the volume average particle s ize to reach 10 nm. 
assu ming perfect coalescence. 

(b) Calculate the tempemture to which the gas must be reduced such that fr = f f. 
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Chapter13 

Atmospheric Aerosol Dynamics 

The atmospheric aerosol has profound e ffects on the nature of the air environment. 
Effcctson human hC:llth have led 10 the establishment of ambient air quality standards 
by the Uni ted States :lIld other induSlrial nmions. The optical properties of the :lerosol 

affect loe'll and rcgionul visibility and Eanh's radiation balance. hence global cl imate. There 
is evidence that reactions that take place on the surface of the slratosphcric :leroso) piny 
a major role in the destruction of the stratospheric ozone layer. Particularly complex (and 
poorly underslOod) ;Ire the indirect effects of the ,Ierosol serving as condensation nuclei 
for the formal ion of clouds which in tum affect the radiation balance. For an extensive 
review of the properties orthe atmospheric aerosol and its effects, especially health related. 
the reader is rererred to the document prepared by the U.S. EPA (1996) for use in setti ng 
the ambient ai r quality standard for part iculate matter, Atmospheric aerosol properties and 
dynamics are reviewed in detail by Sei nfeld and Pandis (1998). 

The e ffects of the atmospheric aerosol are largely determined by the size and chemical 
composition o r the individual particles and their morphology (shape andlor fractal charac
ter). For many applications, the aerosol can be characterized sufficiently by me:lsuring the 
particle size distribution func tion and the average distribution of chemical components wi th 
respect to particle size. Particle-to-part icle variations in chemical composition and p:lrt icle 
structure are less o ften measured, although they may have significant effects on biochemical 
and nucleation phenomena. In this chapter we focus on certain important general izalions 
concerning si7.e and chemical composition distributions and their interpretation through the 
principles or aerosol dynamics. Particle Il:,orphology is discussed brieRy. Emphasis is on 
the submicron aerosol. which plays a key ro le in rmlily or the errects mentioned above. 

How can the atmospheric aerosol present al any measurement poi nt be related 10 its 
sources, natural and man-made? Receplor modeling mukes usc or the aerosol chemical 
composition at a sampling site to resolve source contributions. and the re lationship or 
receptor modeli ng to aerosol dynamics is discussed. The large chemical databases that have 
been collected ror source apportionment make it possible to study the statistical variat ions 
in aerosol chemical composition. These show surprising regu larities that pemlit inrerences 
concerning the causes o r the variations . 

01)' deposition is discussed brie Ry as it relates to atmospheric residence times. Wet 
deposition is beyond the scope o r this text: basic mechanisms are reviewed by Pruppacher 
and KJell ( 1997) and by Sei nreld and Pandis (1998). 

359 
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Our understanding of the atmospheric aerosol has been strongly influenced by the 
many field studies conducted in Californi a. An example is the Aerosol Characterization 
Experiment (ACHEX). the fi rst large-scale study of the atmospheric aerosol involving a 
multidisciplinary group of investigators (Hidy et ai. , 1980). The California aerosol is closely 
linked to phOiochemical smog processes and to vehicular emi ssions. so caution is necessary 
in extrapolating the results of that study and later ones in California to aerosols in colder, 
more humid regions with di fferent types of emiss ion sources. 

ATMOSPHERIC AEROSOL SIZE DISTRIBUTION 

General Features 
The size distribution of the atmospheric aerosol resu lts from the action of the dynamic 
processes discussed in this book. on particles and gases introduced into the atmosphere 
from natural and man-made sources. Measurements of atmospheric size distributions at 
various California locations are shown in Fig. 13. 1 as dV Id log dp versus log dp' Ploued 
in this form, the aerosol mass in any size range is proportional to the area under the curve 
between the size range limits, assumi ng that particle density does not vary with particle size. 
Figure 13.1 shows that there are usuall y two modes in the mass distribution: the coarse lIIolle 
corresponding to panicles larger than 2 to 3 j.Lm in diameter and the (lcelll/lIIll11ion mode 
between about 0.1 and 2.5 j.Lm . Distributions of this fonn have been observed at many 
different geographical locations. This important generalization. due to K. T. Whitby. has 
had a profound e ffect on our understanding of the atmospheric aerosol. Particles smaller 
than about 0. 1 j.Lm. the IIlfrajine range, sometimes appear in the form of an additional mode 
if freshly formed or emitted. Usually. however. the ultrafine mass d istribution decreases 
monotonical1y with decreasi ng particle size. Aerosol number and volume concentrations in 
each size range can be grouped according to the type of atmospheric region. Approximate 
val ues for these integral parameters are given in Table 13.1. 

Atmospheric aerosol distribution fu nctions may also be plotted in the fonn 10g(dN Id 
log tip) versus log tip (Fig. 13.2). but the area under the curve docs not have a direct physical 
interpretation. However. the slope of the curve on the log-log plot is o ft en approximately 
constant over one or two decades in the particle diameter. and the size distribution function 
can be represented by a power law: 

IId(dl,)""'" d; 

A value of p = - 4 ("Junge" d istribution) provides a useful approx imation for many 
continental aerosol distributions over the size range 0.2 < tip < 10 j.Lm. The power law 
form also simpl ifies Mie theory calcu lations o rI ight scattering (Chapter 5). Small devi ations 
from the power law in the range around I to 3 j.Lm lead to the bimodal volu me distributions 
of Fig. 13.1. 

In this section. basic concepts from aerosol dynamics and the general dynam ic equa
tion (ODE) are employed to explai n important fealures of atmospheric size distribution 
functions. The goal is to provide physical insight into these features. For the appl icalion 
of numerical methods to modeling atmospheric aerosol dynamics. the reader is referred to 
Wexler et al . ( 1994) and Jacobson ( 1997). 
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Figure 13.1 Atmospheric aerosol sir.c distributions measured at various locations in California 
by Whitby ,lnd Sverdrup (1980) :t~ p;lrt of a SHlIcwidc •• erosol study (Acrosol Chardctcrization 
Experiment). The bimodal distributions include II coarse mode (dp ;0. 2,5 Jim) composed of wind
raised dust and other large pan icles. lind they also include the accumulation mode (0.1 ~ l i p < 2.5 
II. m) resulting largely from gas-to-pan icle conversion. 

Coarse Mode (dp > 2.5 I'm) 

The coarse mode is largely composed of primary particles generaled by mechanical pro
cesses such as soil dust raised by the wind andlor vehicu lar traffic .md construction activities. 
Coarse particles arc al so e illilted in gases from industrial sources such as coal combustion 
and smelting. The COarse mode often peaks at about 10 Jim . The chemical composition orthe 
coarse mode is for the most part the sum of~he chemical components of the primary aerosol 
emissions. However. there may be some contributions from gas-to-particle conversion. such 
as ammonium nitrate. as discussed below. 

The atmospheric residence time of the coarse particles depends on the interaction 
between sellimelllaliOIl . which leads to deposition. and IIIrbuiel/J mixil/g. which maintains 
part icles in suspension. Because turbulent mixing is a stochastic process, there is a dislri
bUlion of residence times for panicles of a given size originally present al a given location 
in the atmosphere. The rate of coarse panicle deposition can be estimated by solving the 
equation of turbulent diffusion with simult:meous seliling for the atmospheric conditions 
of interest (Pasq uil l and Smith . 1983). An approximate estimate of residence times can be 
made as rollows: In the lower troposphere near the surface there is suffic ient mixing to 
keep aerosol part icles smaller than about 50 11 m approximately uniform with height. For a 



TABLE 13.1 
Modal and Integral Parameters for Various Types of Aerosols (from Whitby and Sverdrup, 1980) 

Ullrafine (Nuclei ) Accumulation Coarse Jnt~ral Parameters 

d~ • N d~ • N dPl: 4J N 411<>101 S(o~"1 N~ 

Aerosol Type (JLm) (ILm) cm- 1) (cm- J ) (ILm) (Jim) cm- l ) (cm- l ) (JLm) (ILml cm- l ) (cm- l ) ( ILm] f cml ) (/Lml/cm1) (cm- J ) 

Clean continental bad:!!TOUnd 0.03 6 x 10-3 10' 0.35 l.S 800 6.0 5 0.72 6.5 42 1.8 x 103 

Average background 0.034 3.1 x 10-2 6.4 X !OJ 0.32 4.5 2.3 x IOl 6.0 25.9 3.2 30.4 148 8.6 x HP 
Urban average 0.031! 0.63 1.1 x lW 0.32 38.4 ]2 x loJ 5.7 30.8 5.4 69.8 1130 1.4 x llf 

Urban ::lIld free"'ay 0.032 9.2 2.1 X ]di 0 .25 37 .5 37 X l rP 6.0 42.7 4.9 89.4 3200 2.2 X lot' 
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Figure 1.3.2 Atmospheric aerosol number distribmions measured during August and September 1969 
in Los Angeles. Such dataean frequemiy be correlated over two particle size decadcs 0. 1 < dp < 10 
lAm by a power law re lat ionship. However. da ta of this type can often be satisfactorily corre lated by 
bimodal volume distributions (Fig. 13. 1) because of small but highly significant deviations from the 
power law foml. (After Whitby et al. . 1972.) 

unifomtly mixed layer of height H . the rate of loss of particles of tenninal sett ling velocily. 
c,. in the absence of coagulalion is given by [Chapter I I. Eq . ( 11.56)J 

d ll Cs 
- - =-11 

dr H 
(13.1) 

and 

_ I J (I" c. 
r =--- =-

(" " dl H 
( 13.2) 

where n is the average concenlration in the mixed layer and rc is the time necessary 10 
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reduce the concentration to l i e of its original value. During the day, there is frequently a 
well-mixed turbulent layer next to the ground capped by an inversion at about I km above 
the thennals driven by surface heating. For a 20-J.Lm particle with PI' = 2 glee. Cs = 2.44 
emlsee (Chapter 2). Taking H = I km, we obtain rIO = 4.1 x 104 sec:;:,;; II hr. Thus for 
coarse particles, r<" ranges from a few hours to a day or two. 

Accumulation Mode (0. 1 < dp < 2.5 /Lm ) 

The accumulation mode results largely from gus-to-particle conversion by chemical reac
tion, the condensation of water and other vapors, and the attachment of panicles from the 
ultrafine range by coagulation. A smaller pan of the accumulation mode is directl y emitted 
as primary particles. This mode is stable with respect to deposition , interacts linle with the 
coarse mode, and has a relatively long atmospheric residence time. It is for these reasons 
that it is called the accumulation mode. 

Figure 13.3 shows the diurnal varialions in the size di stribution of the accumulation 
mode of the Pasadena. California aerosol on a day that photochemical processes caused gas
to-panicle conversion. Measurements were made at a fixed site . The accumulation mode is 
small early in the morning. grows to a maximum at noon. and then decreases continuously 
through the evening umilthe early morning. Growth and decay resu lt from the intemction 
between gas-to-panicle conversion and advection-that is, the air movements that in Los 
Angeles involve strong afternoon sea breeles that sweep OUI aerosol and other reaction 
products. Aerosol growth may take place by various mechanisms that depend in different 
ways on particle size (Chapter 10). The growth process can be simulated by calculations 
based on the GDE (Chapter II ). 

For sufficiently long residence times, accumulation mode aerosols in a given volume 
e lement of air would be expected to approach a self-preserving fonn as a result of Brow
nian coagulation (Chapler 7). However, accumulation mode size distributions plotted as 
dV I d log dp versus log (Ip are usually broader and have a lower peak than the self
preserving distribution (SPD). The broadening of the d istribution (compared with the 
SPD) may result from averaging of instantaneous size distributions over the measurement 
time of the instrument. If the instantaneous size distributions are locally self-preserving. 
averaging over many di stributions will lead to a broadening. For example, the electrical 
mobility analyzer may require several minutes to detennine a di stribution, which leads 
to contributions from many different air parcels. Moreover, reported accumulation mode 
distributions are often avemged over measurements made on many different days, adding 
to the spread. A test of the applicability of self-preserv ing size distribution theory to the 
accumulation mode would require making measurements with instruments that have a very 
shon time of resol ution. 

Example: Derive an expression for the volume distribution dV It! log (/1' over the 
panicle size range where the power law distribution holds with (J = - 4. 

SOLUTION: The volume of partic les in the size range (/1' todp+d«(/I') is given by 

'U/3 
dV = -t-nd(dp)d(tlp) 
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Figurt! 13.3 The volume distribution of the Pasadena. Cali fo rnia aerosol measured on September 3. 
1969. Photochemical processes acting on vehicu lar em issions lead to the increase in accumulation 
mode panicles from 4 A.M. to noon. Advection of cleaner air clears out the aerosol products in the 
afternoon. (After Whitby et aI. , 1972.) 

Dividing by d log dp • we obtaill 

dV 2 . 3r((/~ 
d log d

l
! = --6- 11d 

Substituting the power law form 11J = Ad;;4 gives 

d V 2.3AlT 

d log dp 6 

Thus the volume distribution function is constant over the particle size range where 
the power laW exponent p = -4. Can the constant volume distribution for p = - 4 be 
compatible with the bimodal volume distribution that covers much the same particle 
size range? The power law and bimodal volume distributions are equivalent only as a 
very rough approximation. Most of the aerosol volume is present in the accumulation 
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and coarse modes. The constant volume distribution approximation is equivalent 10 

representing bolh lhe accumulation and coarse modes by the same horizontal line. 
dV / d log dp = 2.3A1I" / 6. This ho lds over the size range extend ing from about 0.2 
IL ffi at the lower end of the accumulation mode 10 near 10 J.1 m al the upper end of the 
coarse mode. The straight-line approximation corresponding to p = - 4 improves 
as the minimum in the bimoda1 distribution becomes shallower. 

U1trafine Range (dp < O.l/"m) 

The ultrafine range is usual ly co mposed of emissions from local combustion sources or 
particles generated by atmospheric photochemical activity that leads to homogeneous 
nucleation. The principal mechanism of decay of the ultrafi ne range is attachment to panicles 
in the accumu lation mode by diffusion. Neglecling the Brownian motion of the coarse 
panicles compared with the fine panicles. the fractional rate of decay of panicles in the 
ultrafine range is given by (Chapter 7) 

dn /,' .0 
- - ~ 211"flD tfpfl,/tf(tfp) 

dt 0.1 
(13.3) 

where n is the number o f particles of a given (discrete) size in the ultrafine size range. D 
is their diffusion coefficient and nd is the size distribution function. The integral on the 
right-hand size is cut off at I J.1rn because removal by attachment to larger panicles (coarse 
mode) can usually be neglected. The characteristic residence time for panicles of a given 
size in the ultrafine range is given by 

I dn /, '.0 'u-1 = --- = 211"D tlplldll (d,,) 
II dl 0.1 

(13.4) 

-, -
r.. = 211" Dd.",Nx (13.5) 

where dpo. is the average panicle diameter of the accumulation mode and NK is the number 
density of that mode. We can estimate the residence time for the removal of 10 nm (0.01 
J.1m) panicles in an urban atmosphere using the values in Table 13.1. For NK = 3.2 x l~ 
cm- 3• dpa = O.321Lm and D = 5.24 X 10- " cm2/sec . 'y ~ 6 min. For average background 
air (NK ~ 2.3 X 103 cm- 1), the residence time for O.OI-Mm panicles would be about 
80 mins. 

Residence Time and Dry Deposition 

The variation of the almospheric residence time wi th particle size is illustrated in Fig. 13.4. 
which shows the limiting behavior for ultrafine and coarse panicles. In the ultrafine range, 
r .. '" D- 1• Because D ..., d;2 in the free molecule range (dp < 0.07 J.1m). rll ..... tf;. For 

the coarse part icles according to (13.2). Tr ..., d;2 based on the dependence of the terminal 
settling velocity on tip. For both coarse and very fine panicles. the residence time is of the 
order of minutes to hours (depending on other factors discussed above). Accumulation mode 
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residence times, however, peak at time scales of the order of a few weeks or more because 
wet removal processes predominate rather than dry deposition. Hence accumulation mode 
aerosols can be transported over much longer distances (including intercontinental scales) 
than the ultrafine and coarse mode particles. However. the material that originally composed 
the ultrafine particles remains suspended over the same distances because of its attachment 
to the accumulation mode. 

The residence time distribution curve (Fig. 13.4) provides further insight into the orig ins 
of the bimodal distribution. The peak in the residence time curve fall s in the size range 
0.1 < dp < 1.0 llm corresponding to the accumulation mode. Although the coarse mode 
has a short residence time. it is continually reinforced by fresh injections of crustal material 
and, perhaps. anthropogenic sources. Thus the two modes are essentially uncoupled. 

Finally, we discuss the relationship between the residence time and the dry deposition 
velocity, Vd, defined as the ratio of the particle flux (#/cm2 sec) toward the surface to 

10- 3 10-2 IO- t 10 lei' 

Figure 13.4 The atmospheric aerosol residence time goes through a maximum in the size range 
corresponding 10 the accumulation mode 0.1 < dp < 2.5 Mm. Smaller (ultrafine) particles rapidly 
attach to the accumulation mode by Brownian motion. Larger particles arc lost by sedimentation. The 
estimated residence times are for a continental aerosol with Nco = 1.5 x 10" cm-3 and height of 
the milled layer 1.5 km (After Jaenicke, 1980.) Also shown is a dry deposition velocity curve with 
a characteristic minimum in the accumulation mode size range. The deposition velocity approaches 
the senling veloci ty for large particles. and settling controls their residence time. Diffusion and 
interception dominate deposition for submicron particles (Chapter 3) but do not usually have a 
significant effect on their residence times as e xplained in the text. 
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the particle concentration at a reference height about 10m above the ground. The basic 
mechanisms that underlie dry deposit ion were discussed in Chapters 3 and 4. For a 
turbulent boundary layer over a rough surface, particles are transported by eddy diffusion 
to the roughness e lements on which they deposit by diffusion , interception. impaction, and 
sedimentation. For submicron particles. diffusion and interception dominate: the smallest 
particles are removed by diffusion, which is most effective as part icle size decreases. As 
particle size increases. deposition by interception may contribute. With further increases 
in particle size, sedimentation and, perhaps. impaction take over; when sedimentation 
dominates. we have Vd ...... d;. The fonn of the deposition velocity curve is shown in 
Fig. 13.4 with the residenc~ lime. There are aClUally a fam ily of Vd curves depending on 
the surface roughness and the wind fi eld. These curves typically show a minimum in the 
size range 0. 1 < dp < 1 11 m. As discussed above. dry deposi tion plays a detennining role 
for both the residence time and the particle size d istribution of coarse mode particles. For 
submicron particles. however. dry deposition has a minor effect on residence time and size 
distribUlion. 

AEROSOL DYNAMICS IN POWER PLANT PLUMES 

Studies of aerosol size distributions in power plant plumes clearly show that gas-to-particle 
conversion is an important source of submicron aerosol. Condensable material is formed 
primarily by the oxidalion of S~ to sulfates and NO .. to nitrates. both usually presenl 
as ammonium sails. II is somewhat easier to analyze plume aerosol dynamics than urban 
aerosol behavior because (in selected cases) the plume aerosol originates from a single 
source and is sufficiently well-defined to follow many kilometers downwind. By using 
ground-based mobile laboratories and/or suitably instrumented aircraft . the aerosol and 
associated gases can be measured. 

The GDE (Chapter II ) describes the basic processes that modify the particle size 
distribution. Because the atmosphere is generally turbulent, it is appropriate to time smooth 
the GDE which then takes the steady-state fonn: 

where 

n, ~ 
v ~ 
K 

c, 

V. Vii" = v. KVnd + [an,,] + [and ] _ Cs and (13.6) 
at grov.lh at coag az 

time-averaged size distribution function 

mean wind fie ld 

eddy diffusion coefficient 

terminal sett ling velocity 

Most of the terms that appear in this equation can be evaluated fai rly easily. al least 
approximately. For example, there is an extensive literature on the wind fie ld and the eddy 
diffusion coefficients for the dispersion of passive (nonreactive) air pollutants in plumes 
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with sedimentation (Pasquill and Smith. 1983). Time·avemged coagulation calculations can 
be made based on meanconccntrations. Estimating the fluctuating coagulation tenns is more 
difficult and the processes are not well understood. However. they are expectcd tobesmaller 
than the mean tenns. Much less is known about the particle growth ra tc. the second term on 
the right-hand side of ( 13.6). This tenn includes gaNo·particie conversion processes that 
playa major role in shaping atmospheric aerosol size distributions as discussed in the rest 
of thi s section. 

Gas-phase molecules in the atmosphere can be converted 10 Ihe aerosol phase by 
homogeneous (gas phase) or heterogeneous (aerosol phase) reactions. Both mechan isms 
may be operative over different particle size ranges. Infonnation on the dominant growth 
mechanisms can be inferred by an analysis of aerosol dynamics in power plant plumes 
(McMurry et al.. 1981; Wilson and McMurry. 198 1). When homogeneous gas-phase 
reactions are controlling. there are two possible pathways for the reaction products to enter 
the size distribution function: 

1. The condensable material which includes molecules. cl usters. and stable nuclei 
may be effi ciently scavenged by the existing aerosol. In this Colse, there is little new particle 
fommtion: the particle number concentration relllains constant or decreases by mixing. 
Deposition to particles in the accumulation mode (0. 1 < lip < 2.5 /.Lm) is diffusion
controlled and can be calculated from an expression of the fonn (Chapter 10) 

li(lip) = Fa(I)C 

lit lip 
(13.7) 

where 

FI (I) = function of concentration of condensable molecules 

C = part icle-size-dependent correction factor ncar unity for dp > O. I/.l.m 

The growth rate is inversely proportional to particle diameter so that smaller particles grow 
faster than larger ones. 

2. The second path w:ty for condensable molecules generated by gas phase reaction is 
operntive when the concentrations of preexisting particles are very small. In this case the 
condensable molecules form stable particles by homogeneous nucleation. The stable nucle i 
collide and coagulate when thei r concentrations are high and grow from lip < 0.1 /.Lm into 
the size range around 0.2 /.L1ll. An example is the aerosol that fonns in plumes in clean. 
low-humidity air. Figure 13.5 shows data for the Navajo power plant plume originating ncar 
P:lge. Arizona. The increase in aerosol volume concentration in the plume was accompanied 
by sh:lrp increases in number concentration: the ex isting aerosol was unable to collect 
sufficient condensable material to prevent new particle fonnation. Plume measurements 
provide a convinci ng case study of atmospheric homogeneous nucleation. 

When the rate of conversion of gas-phase molecules is contro lled by aerosol phase 
processes such as the reaction of S02 in accumulation mode microdroplets. a volume-based 
growth law (Chapter 10) holds which can be expressed as fo llows: 

d (d,) ~ F,(t)d 
lit • p 
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Figure 13.5 Aerosol volumc dislribut ions for the Navajo (Page. AZ) power plant plume on 7/10n9. 
This is lin example of a low-humidity (5 10 20% RH) high-solar-radiat ion environment. The aerosol 
volume excess over background is associated primari ly with particles smaller than 0.3 It lll. This is 
best explained by homogeneous gas-phase reactions that form a condensable product and not by 
aerosol-phase reactions. (After Wilson and McMurry, 1981 .) 

This ronn is quite different from the diffusional growth expression ( 13.7) in its dependence 
on panicle size: in this case. larger particles grow faster than smaller ones. McMurry el 
al. ( 198 1) analyzed data for severa l power plan! plumes (Fig. 13.6a). They found thai both 
d iffusion 10 the particles and droplet phase reaction contributed to pl ume aerosol growth 
(Fig. l 3.6b). However, the droplet-phase reactions accounted for less than 20% of total 
aerosol volume growth. 

CHEMICAL COMPOSITION OF URBAN AEROSOLS 

Introduction 

There have been many measurements of the elemental composition of urban aerosols 
stimulated by the need for large databases in aerosol source apport ionment (discussed 
in a later section). Table 13.2 compares concentrations in the fine and coarse fractions for 
various U.S. cities. The results show remarkable similari ties in the order of magnitude of 
the concentra tions from ci ty 10 cily for each element. Soil dust is a major component of the 
coarse fraction as indicated by the strong enrichment in al uminum and silicon in every city. 
The coarse fraction is much less ac ti ve chemically both with respect 10 its mechanisms of 
fOml:llion and as a site for reaction, compared to the fine fraction discussed next. 
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Figure 13.6 (a) Volume distributions for the Cumberland power plant (Clarksville. TN) measured at 
various locations in the plume downwind from the plant on 8/1 on9. Secondary aerosol accumulated 
in all panicles up to I J.tm-in contrast with the Navajo plant aerosol (Fig. 13.5) which was limited to 
dp < 0.3 Itm. (b) Particle diameter growth rates calculated from data shown in part (a) with a best
fit curve based on an interpolation fonn ula that reduces to the diffusion mechanism for the smaller 
particles ( 13.7) and droplet phase reaction for the larger particles (13.8). (After McMurry et al.. 1981.) 



372 Atmospheric Aerosol Dpwmic.f 

TABLE 13.2 
Chemical Composition of Selected Aerosols (ng/m3) (from NRC, 1979) 

Charleston, W. Va. 51. louis, Mo. St. louis, Mo. Portland, Oreg. Portland, Oret:. 
1976-Urban 1976-Urban 1976--Rural 1977/78-Urban 1977/78-Rural 

Species Fine Coarse Fine Coarse Fine Coarse Fine Coarse fine Coarse 

Mass 33..&00 27.100 23. 100 23.100 17.000 16.200 25.000 39.000 14.300 16.300 
C 5.200 3.200 6.800 6.900 ·UOO J.WJ 
NO) 350 360 250 ,., 
50;- 9.900 1.020 8.500 ''" 7.400 450 2.500 1.300 1.830 710 
N, 190 34 280 750 250 400 
AI " 1.100 170 '''' 10 600 190 1.900 110 690 
51 410 2.800 2l" 3.400 170 2.400 200 6.000 180 2.200 
CI 40 80 165 320 20 100 840 810 39() 320 
K 100 29() 180 300 11O 240 150 320 120 155 
C, 100 96() 130 2.600 100 1.800 12{) 1.270 ., 410 

TI II 77 190 " 9 160 • '8 
V <2 <1 12 12 • 3 
M, 7 10 24 27 , 

" 32 " 8 16 
F, 15O '90 240 1.000 110 m 200 1.800 60 .,,, 
C, 20 • ., II 10 3 26 58 17 " z., 32 '" '''' "" 60 24 62 7" " 12 
A, 26 , 3 
So 7 3 , 2 I I 
B, 150 39 145 30 2l , 240 " 38 
Pb 660 120 630 190 170 30 '" 410 100 '" 

Chemical Composition of the Fine Aerosol 

The /ine fractio n o f the aerosol includes the accumulation mode (0.1 < dp < 2.5 I-l.In) 
and the uilrafine panicles (dp < 0.1 /1m). The chemical characteristics of the fine fraction 
which are central to the health effects and to the optical and nucleating characteristics of 
the aerosol can be d ivided into the following categories: 

I. The primary component includes eleme ntal (black) carbon and high-molecular
weight organic compounds directly emitted into the at mosphere by combustion processes 
such as the bUnling of fuel and biolllass burning incl uding forest fires. Other sources of 
submicron primary particles include metall ic compounds from high-temper:lture processes 
(smelting, weld ing. etc.). There may also bccontributions from the smaller particles present 
in wind-raised dust and the marine aerosol near coastal sites. 

2. The secondary componelll results from atlllospheric chelllicul reactions that produce 
inorganic ionic species of which the most important are NHt. SO~- and NO}. Organic 
vapors al so react in the atmosphe re to form conde nsable products. For example. cyclic 
o lefins react wi th O7.0ne to foml less volatile dicarboxylic acids. The secondary chemical 
species normall y reported in studies o f atlllospheric :Ierosol composition are relati vely stable 
reaction products: they have usually survived in the atmosphere and on filter or impactor 



DiSlributiollS ofChcmical Species with Particle Size 373 

substrates for many hours or days before chemical analysis. These compounds are often the 
largest single component of the submicron aerosol. 

3. Water is a major component of the accumulation mode aerosol in amounts that 
depend on the relative humidity. The uptake of water is driven by the strongly hygroscopic 
nature of the secondal)' aerosol components, especially the ammonium su lfates and nitrate. 
The water content depends in a complex way on both the inorganic and organic components. 
The resulting aerosol phase solUlions are likely to be highly concentrated compared with 
fog droplets. for example. 

4. Short-l ived internlediates of gas- and aerosol-phase chemical reactions including 
peroxides and free radicals have been measured in the atmosphere (gas phase) and in 
clouds and rai nwater. Measured concenlrations of H20:?:, aldehydes and organic acids in 
Los Angeles rainwater compare well with equi librium calculations based on gas-phase 
concentrations using Henl)"s law (Sakugawa et aI., 1993). While measurements of short
lived reactive internlediates have not been made for the aerosol phase, it is vel)' likely 
that they are present in the aqueous portion of the submicron particles (Friedlander and 
Yeh. (998). For cloud water concentrations of 0.5 glm3, H20:?: is about equally distributed 
between the gas and cloud water phases. However, the total aerosol water concentration 
per unit volume of gas is many orders of magnitude less than that in cloud water. so the 
fractions of the corresponding chemical species in the aerosol phase are much smaller. 

The total mass of perox ides and radicals in the aerosol is small compared with the other 
species, probably less than a nanogram per cubic meter of air. However. their presence in 
the accumulation mode gives them access to sites. such as the lower regions of the lung 
where their reactivity makes them of special publ ic health concern. 

S. Aerosol acidity is linked primarily to sulfuric acid that accumulates in the aqueous 
component of the aerosol as a result of homogeneous (gas-phase) and aqueous-phase 
reactions of SOl . The sulfuric acid is then partially neutralized by NHJ originati ng from 
animal wastes and other sources usually of biological origin. In measuring acidity, the 
aerosol is usually sampled by filtration over a period of several hours. Even if the gas and 
aerosol phases are locally in chemical equilibrium. as new parcels of air pass through the 
fi lter, the composition of both phases (gas and aerosol) change. This can lead to chemical re
actions among deposited aerosol particles and/or reaction and exchange between the aerosol 
deposit and parcels of air with different gas concentrations. Intricate procedures involving 
denuder trains have been developed to reduce sampl ing artifacts from data on aerosol acidity 
collected as part of an epidemiological study involving many U.S . cities (Spengler et aI., 
1996). The mass median concentration of H'+ was about 20 nanocquivalentslm3 equivalent 
to a few micrograms of sulfuric acid per cubic meIer. The lung may be protected from this 
acidity by the neutralizing presence of ammonia, a metabolic product in the exhaled gases. 
Much effort has gone into the measurement of aerosol acidity. but the evidence linking 
health effects to acid aerosols is not strong. 

DISTRIBUTIONS OF CHEMICAL SPECIES WITH PARTICLE SIZE 

Distributions of chemical species with part icle size detemline (a) the rate of deposition 
of chemical components from the atmosphere and in the lung and (b) their affect on 
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visibili ty degradation. The theory of chemical component distributions is based on the 
GDE and equations of conservation for molecular species (such as S02 and NOz) that 
arc converted from gas to aerosol. Quantitative predictions generally require numerical 
modeling. Measurements of chemical component distributions are almost always made 
using cascade impactors for size segregation followed by chemical analysis of the collected 
material to detemli ne the average composition on each stage (Chapter 6). Certain general 
features that have been observed for chemical component size distributions are discussed 
in this section . Three examples are considered: (i) products of gas-to-particle conversion. 
specifically sulfates and nitrates, (ii) primary aerosols emitted with a narrow size distribu
tion, and (iii) water. 

Sulfates and Nitrates 

Sulfates and nitrates are products of gas-to-particle conversion. They frequently hiwe 
multi modal distributions with respect to particle si7..e. but for reasons different from those 
that produce the bimodlll mass or volume di stributions discussed above. 

Sulfate ion is the chemical component usually present in highest concentration in 
the submicron atmospheric aerosol. Almost all of the su lfate results from the atmospheric 
oxidation of S02 either by homogeneous gas-phase reactions or by aerosol- ordroplet-phase 
reactions. Reaction with the hydroxyl radical OW is thought to be the major gas-phase 
mechanism. Many solution-phase processes are possible. including reaction wi th dissolved 
H20 ! and reactions with O2 catalyzed by dissolved metals such as Fe and Mn (Seinfeld 
and Pandis. 1998). 

Two types of sulfur size distributions have been observed in the Los Angeles aerosol 
as shown in Fig. 13.7. The first and more common type with mass median diameter (mmd) 
of 0.46 to 0.65 /.Lm was observed on days of high mass loadings (above 10 /.Lg/m 3 S04). 
The second type with mmd 0.17 to 0.22 /.Lin was observed on drier days. with fairly high 
oxidant (0.2 ppm) levels but lower sulfate loadings. Calculations indicate that sulfates in 
the larger part icle sizes are formed from aerosol- and droplet-phase reactions. while the 
finer sulfates probably resul t from homogeneous gas-phase reactions. The predominance 
of the larger particle sulfate distribution. particularly on days of heavy loadings. points 
to the importance of droplet-phase reactions. The droplet mode (0.46 to 0 .65 11m) sulfate 
peak occurs in the optimum light-scattering range (Chapter 5). which explains why sulfates 
contribute so heavily to visibi lity degradation . 

Nitric ac id fonns in the atmosphere as a result of the reaction between hydroxyl radicals 
and N02: 

A significant portion of the nitric acid reacls with ammonia to form ammonium nitrate 
according to the reversible reaction 

The ammonium nitrate product is present only in the aerosol phase either as a solid or in 
solution depending on the relative humidity. The author was the first to point out that HNO} 
and NH) in the gas phase may be present in equilibrium with aerosol phase concentr.tlions of 
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Figure 13.7 Normalized suJfll te size distributions measured in Los Angeles. The smaller mode 
(lip ;:::;: 0.2 t/-m) was observed during periods of low relative humidity. in the absence of morning fog . 
The larger mode (tip;:::;: 0.5 /.l. 1lI) occurred on high-humidity dllYs and was observed more frequen tly. 
(After Hering and Friedl:mdcr. 1982.) 

similar order of magnitude in cases of practical interest (Stelson et al .. 1979). Because there 
is a signi fican t temperature effect, material easily shifts back and fonh between the aerosol 
and gas phases. In field studies designed to test the presence of the nilrate equilibrium 
in the Southern California atmosphere. Hildemann et al. ( 1984) found that the measured 
1 NH3J[H N03 J product was generally less than or equal to the calculated product. Agreement 
was better at inland sites tlulI1 in coastal areas. where it appeared that some ni trate is bound 
in large panicles by the reaction of HN03 with sea salt or soil dust. 

Ammonium ni trate appears in the aerosol accumulation and coarse modes (Fig. 13.8). 
The existence of a near-equi librium relationship between NH) and HNO) in the gas and 
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Figure 13.8 Size distribution for ammonium nitrate in the Claremont. California aerosol. J3 July 
1987 (0600-0930) (John ct al.. 1990). Strong nitl"lltc peaks are frequently observed in the coarse 
mode. This is not usually the case for sulfates (Fig. 13.7). 
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NH4N03 in the aerosol complicates aerosol sampling. When fil ters are used for sampling, 
depo~ i ted ammoni um nitrate may evaporate if an air parcel containing low concentrations 
of ammonium nitrate passes through the filter. Alternatively, ammonia and/or nitric acid 
may be adsorbed from the gas by the filter material, leading to high nitrate measurements, 
To minimize these artifacts, denuders are customari ly used to remove the gases before the 
filter, blll removal of the gases may affect the aerosol particles suspended in the gas. 

Primary Submicron Aerosols: PAHs and Elemental Carbon 

Primary submicron aerosols show a different pattern of behavior. Studies of the air in traffic 
tunnels have been made to' characterize primary vehicular emissions. The results indicate 
that polycyclic aromatic hydrocarbons (PAHs) and elemental carbon are emilled in a narrow
particle size range between O.OS and 0.12 11m-that is. the ultrafine range (Fig. 13.9a). In 
the Los Angeles atmosphere, however. the PAH mass d istribution func tion measured over 
a period of several days is usually bimodal (Fig. 13.9b). The lower mode corresponds to the 
size measured in vehicular tunnel s. The upper, broader mode peaks in the O.S- to l.O-pm 
range corresponding lothe usual peak in the accumulation mode. The bimodality is probably 
due to two effects: 0) Freshly enl itted ultrafine particles attach by diffusion to (coagulate 
with) accumulation mode particles, and (ii) particles emitted by motor vehicles serve as 
nuclei for the condensable products of atmospheric gas-phase reactions, including sulfates. 
The atmospheric aerosol averaged over a period of days includes contributions directly 
em itted from vehicles that have relatively short residence times. This is the lower mode of 
the bimodal distribution. The upper PAH mode results from attachment and condensation. 
The more reactive PAHs are depleted to a greater extent in the O.S- to I.O-Ji m range. which is 
evidence for aerosol aging. Similar behavior was observed for elemental carbon measured 
in a traffic tunnel and in an urban atmosphere. 

Water 

Most of the aerosol water is associated with the accumu lation mode in which hygroscopic 
inorganic salts including sulfates and nilrates and some polar organic compounds are 
present. Accurate measurement of aerosol water content is difficult. [n studies by Zhang 
et al. (1 993), particles of a known size were selected from the atmospheric aerosol using a 
differential mobility analyzer. The relative humidity of the air was adj usted (either increased 
or decreased). and the resulting size or size distribution was measured by a second mobility 
analyzer. The measurements indicated that the aerosol could often be divided into more and 
less hygroscopic fractions, and the proportion of the particles associated with each type was 
determined. From the changes in part icle size and assumplions concerning particle growth 
with increasing humidity, the water content was calculated as a function of particle size at 
a relative humidity of 46% for the hygroscopic component (Fig. 13.10). Most of the water 
is associated with particles in the size range from 0.5 to 2.0 j.tm. At relative humidities 
of 80%, the water was about SO% of the dry mass; the water and dry mass were about 
equal at a humidity of87%. Substances dissolved in the aqueous portion of the aerosol that 
are in equilibrium with their vapor in the gas phase will have the same nonnalized mass 
d istribution with respect to particle size as the waler. The distribution should be nonnalized 



Di~'r,.ibllliolls o/Cltemical Species wi /It Pm'ride Size 377 

(.) (b) 

4.0 
3.5 

,,' 10 

~ 
2.5 

<J. 2.0 

Pr = 1.20 IIg/m1 

"i 1.5 
1.0 
0.5 
0.0 

0.0 I 0.) 

Figurt! 13.9 (a) Benzo(a )pyrcne (BAP) size distribu tion measured in the air of a Los Angeles tmffic 
tunnel rcprcse ntative o f direct vehicularemissions. Sharp peaks are observed for BAP(and many OI:hcr 
PAHs) in the .~i ze range around 0. 1 JIm (Venkataraman et al.. 1994). (b) A bimodal BAP distribution 
is observed for measurements made away from strong (veh icu lar) sources. The large-panicle mode 
probably originates from growth of the original O.I -/Im emissions by comlcnsution of second:lry 
aerosol components. espec ially sulfates and nitrates. (After Venkatararnan and Pried lander. 1994.) 
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Figure 13.10 Aerosol water content as a fu nction of particle size at a relat ive humidity of 46% for the 
hygroscopic component of the aeroso l at Claremont, Californ ia duri ng the summer o f 1987. (After 
Zhang et ai., 1993.) 

by the total mass of me dissolved species. Examples of substances for which the equilibrium 
assumption may hold are perox ides. aldehydes. organic acids, and ammonium nitrate. 

An important feature of the aqueous component of the aerosol is its role as a carrier 
of di ssolved chemical species, including short-lived reacti ve intermediates . The assump
tion of equilibrium between the aerosol and gas phases, when appl ic<lble. considerably 
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simplifies estimates of aerosol-phase concentrations; il is usually much easier to mea
sure low concentration reaclive species in the air than to measure the corresponding 
dissolved species. At equilibrium. data on gas-phase compositions can be converted into 
aerosol distributions with respect to particle size if the d istribution function for water is 
known (or assumed) and reliable solubi lity data (or calculations) are available. Care is 
necessary. however, because the aerosol solutions are likely to be highly concentrated, 
hence non ideal . 

MORPHOLOGICAL CHARACTERISTICS OF 
THE SUBMICRON AEROSOL 

There are marked differences between the morphological characteristics of accumulation 
mode and ultrafine part icles. This is illustrated by studies of size segregated samples 
of the atmospheric aerosol collected in Los Angeles using an eight-stage Hering low
pressure impactor. The particles were deposited on electron micrograph grids. Sampling 
times of three minutes resulted in an optimum loading of particles on the grid for electron 
microscopic study. Images of the particles on the fourth and eighth stage (50% cutoff 
d iameters of 0.5 and 0.05 p.m, respectively) are shown in Fig. 13. 11. These samples were 
taken on a day of 70% relative humidity. Most of the water associated with the particles 
evaporates in the sample chamber of the electron microscope. which operates under vacuum. 
However, the impaction of the wet particles o nlO the grid leaves a water halo (Fig. 13. l la). 
Small agglomerates of very fine primary particles (di ameter less than 20 nm) are also 
observed associated with each water halo. These agglomerates may have served as the 
condensation nuclei for the accumulation mode particles or may have been scavenged by 
Brownian diffusion to accumulation mode particles as d iscussed earlier in the chapter. 
Figure l3.llb shows particulate matter collected from the eighth stage of the impactor 
(50% cutoff diameter of 0.05 /-1m). The particulate mailer in this size range consists of 
agglomerates of very fine primary particles. Water does not appear to be associated with 
the material in this size range. The morphology of these agglomerates is similar to those 
present in the water halos shown in Fig. 13.11 a. It is likely that the accumulation mode 
particles shown in Figure 13. lla have aged. and the particles shown in Fig. 13.l lb are 
freshly emitted. 

These two samples. collected within minutes of each other at the same sampling 
location. illustrate the complex nature of the submicron aerosol. The two morphologies 
result in quite different aerosol behavior both physicochemically and biochemically. For 
example, biologically active species such as peroxides, originally in {he gas phase. may be 
dissolved in the aqueous component of the aerosol as discussed above. This is in contrast 
with the ultrafine particles that are probably freshly fomled and have not had time to 
accumulate condensed material or be scavenged by the accumu lation mode. In this regard. 
very small (30-nm primary particles) freshly formed perfluoropolymer fume particles cause 
acute pulmonary tox icity in rats (Warheit et al.. 1990). This has encouraged the hypothesis 
that ultrafine atmospheric particles are responsible for the adverse health effects observed 
in epidemiological studies (Pope et al .. 1995). 
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Figure 13. U (a) Electron microgmph of accumulation mode panicles col lected on a cascade impactor 
from air oUiside an engineering labomtory at UCLA. Halos surround residues of what are probably 
inorganic salL~ and polar organic compounds. Soot-like panicles are also present. (b) Aggregates 
of very fine panicles collected on the eighth stage of a low-pressure impactor. These are probably 
soot particles emilled from diesel engine sources such as buses. More volatile p,lrticles may have 
evaporated in the electron microscope. 
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COMMON MEASURES OF AIR QUALITY FOR 
PARTICULATE MATTER: FEDERAL STANDARDS 

For scientific purposes. the particulate component can be defi ned fairl y completely in Icnns 
of the size-composition probability densi ty function (Chapler I). but this q uantity is nOI of 
direct use in practical applications because o f the difficulty o f cltperimenla! measurement 
and the large number of variables involved. Instead. certain relatively simple integral 
functions are commonly used for particulate ai r quality characterization . 

The total mass of part iculate malter per unit volume o f air is perhaps the simplest integral 
property. and it is on Ihis qu.1ntity thm U.S. fede ral standards for particulate pollution have 
been based. Unti l recently there was a single primary (health re lated) s tandard o f 50 J.Lglm3 

(annual geometric mean) and 150 J.Lglm3 (maxi mum 24-hrconcenlralion not 10 be exceeded 
more than once per year). with an upper cutoff in particle size o f 10 J.L m (PM 10). However. 
epidemiological s tudies indicate an association between adverse health effects. including 
enhanced monality. and submicron aerosol concentrations in many U.S. cit ies (Pope et al.. 
1995). This has led to the establishment of an additio nal mass based standard for panicles 
smaller than 2.5 J.Lm (PM2.5) (U.S. EPA. 1996). There is also a sepamte health-based standard 
for lead. one component of the atmospheric aerosol. 

Particulate mass is on ly a limited measure of air quality for several reasons. AUllo
spheric residence times. nucleating characteristics. light scattering. and lung deposit ion are 
all sensiti ve functions o f part icle size. The cloud nucleating characteristics of one 0.05 11m 
and one thousand 0.5-IA.m panicles. which arc of equal mass. are ent irely different. 

Another important air-quality parameter. visibil ity. is closely related to the 3erosol 
extinction coefficient. The extinction coefficient. like the total mass. is an integral function of 
the particle size di stribution. However. for urban pollution it tends to weight the contribution 
o f material in the 0 .1- to I.O-/lm s ize range most heavily (Chapler 5). There is a separate 
mass based U.S. EPA standard for non-heal th rclated effecls such as visibility. 

A central problem in the conlrol o f part iculate air pollution is source apportionment
that is. re lating air-q uality parameters such as mass and visibili ty red uction 10 the separate 
components o f the utmospheric aerosol. Systematic methods for source apportionment of 
the uerosol mass and light extinction have been deve loped and arc used routinely by state 
and federa l regUlatory agencies. They are discussed in the sectio ns th'l t fo llow. 

RECEPTOR MODELING: SOURCE APPORTIONMENT 

Basic Concepts 

Early estimates o f source contributions to paniculate pollution were based on em ission 
inventories-Ihat is. compilations of mass rates of discharge of part iculate matter from 
various sources. Such inventories by themselves arc of limi ted value in determining 
quantitat ively contribut ions 10 the aerosol concentration at a given point. such as an air 
monitoring statio n. Emission inventories make no provision for natural background. or 
particle deposition between the source and the point of measurement. They also do not 
account for products of glls-Io-particle conversion. which contribute significantly 10 the 
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total mass o f aerosols and affect visibi lity and health. An alternative approach, receptor 
modeling. makes use of chemical composition measurements at a sampling ('; receplOr") site 
in conjunction with informmion on the chemical signatures of sources to estimate source 
contributions. A major advantage of receptor modeling is that it requires no information 
on the wind field. The first receptor model to be developed. the c/lemica{ /11ass balance 

method (Hidy and Friedlander, 197 1: Friedlander. 1973). is widely used for regulatory 
applications. The method makes use of two data sets: (i) the chemical composition o f the 
atmospheric aerosol at a given measurement site and (ii) the chemical composition o f the 
aerosol emitted from the principal sources in the region. presunted known. The method 
has been wel l-summarized by Watson et al. (1991) and is discussed in this section. Another 
frequently used approach. multivariate receptor modeling. makes use of atmospheric data to 
estimate not only the source contributions but compositions of the sources as well (Henry. 
199 1). This is achieved by searchin g for correlations among the measured atmospheric 
species: species from the same source tend to be correlated and the correlat ions are used 
to identify the sources. Good reviews of receptor modeling methods are given by Hopke 
(J 985, 199 1). 

Chemical Mass Balance Method 

The basic idea behind the chemica l mass balance (eMB) method is that the materi lll 
collected on a filter or impllclor stage at a given sampling site is composed of a set of 
contributions from various sources: 

" P= Lmj (j ~ 1,2, ... , p) ( 13.9) 

j 

where p, the local mass concentration in mass of species per unit volume of air, is a funct ion 
of position and is averaged over the sampl ing time. The source contribution, III j' is the mass 
of material from source j per unit volume of ai r at the poillf ofmea:mremenr. There are a total 
of IJ sources. The right-hand side of (13.9) represents the sum of the source contributions to 
the total mass, assuming that the sources can be considered di screte. In practice. it is usually 
convenient to lump certain classes of sources, automobi les, power plants, and so on. such 
Ihat j refers 10 each class of source. The source contributions, //I j' are exact quantities; each 
type of source makes a well-defined contribution to the aerosol measured at a point. The 
evaluation of /IIj is the main goal of receptor mode ling, 

The concentration pj of a chemical component i in the aerosol at a given poi nt is related 
to the source contributions by 

, 
Pi = L Cij/llj 

j 

(i = 1,2, ... ,n ) ( 13.10) 

where Cij, the mass fract ion of component i in //I j. is the source concentration matrix, There 
are a total of n chemical components. 

When samples are obtained in discrete size fractions as with the cascade impactor, 
relations si milar to ( 13.9) and (13.10) hold for the discrete frac tions: 
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and 

p 

6p = L t::..lll j 

i 

,. 
t!.Pi = I:>'ijL'ull j 

i 

(13.11) 

(13.t2) 

where the symbol t:. denotes the material in the discrete size range between dpl and dp2. 
The dependence of the ~ i r-qual i ty par.unelers on the properties o f the emission sources 

is thus reduced 10 the IWO quanti ties 6/11}. the mass contributed by source j per unit volume 
of air 10 the size range A dp • and the source concentration matrix Cli' the mass o f chemical 
spec ies i in unil mass of material from source j . 

The chemical mass balance (eMS) method depends on the inversion of ( 13. 11) or 
( 13. 12) to obtain the source contributions 111} or 11111). Values of Pi are measured at a 
given sampling site. The matrix e;) should also correspond to the point of measurement. 
Usually. however. it is assumed that the value of ei} is equul to the value at the source. and 
fractionation by exchange with the gus phase or by sedimentation is neglected. Hence in 
carrying out the chemical element balance. it is necessury to choose e lements for which 
frnctionation is not important. 

In appl ications to field data. the systems of equations ( 13.11 ) and (13. 12) are usually 
overdetermined because there are more chemiclil components measured than sources. That 
is. there are more equations than unknowns. At least two approaches can be used to solve for 
the source contributions. III} : One can choose a set of chemical components equal in number 
to the number of unknown sources. The che mical components chosen for this purpose are 
the ones wi th minimum uncertainty in the experimentally meusured values and which are 
present in high concentrations in the uerosol. The quality of the fit with the rest o f the data 
is measured by the mean square deviation between the measured and calculated chemical 
component concentrntions. 

In the second method. a least squares analysis is performed making use o f all chemical 
components; the contributions of the sources are varied. and the meun square difference 
between Ihe measured and calculated concentrations of euch species is culculated. These 
must be weighted. for example, wi th respect to the experime ntal error in each component. 
Otherwise, the components present in highest concentrntion will dominate the calculation. 
Weighting with respect to the error increases the importance of the components with 
the smallest error. In this way the set o f mass concentrntions leading to the minimum 
weighted least square is determined. This approach can be further genemlized by including 
uncertainties in the compositions of the sources (Watson et at.. 199 1). An earl y application 
of the method to the design of a regional air pol lution control progrnm in Portland. Oregon 
is discussed next. 

Portland Aerosol Characterization Study 

In the 19705. Portland experienced persistent violations of the Federnl Ambient Air Quali ty 
Standard for particulate matter. The princ ipal sources o f the ambient aerosol were uncerwin: 
the importance of industrial sources was especially controversial. The ex isting emission 
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inventory. bllsed on emission Factors and industrial source testing. was used as a basis for 
the installation of new controls. This resulted in an additional reduction of 60.000 tons per 
year in regional industrial emissions. There wasan improvement in airquality. but violations 
of the particulate standard continued; model ing studies were unable to account for more 
than hal f the particulate mass. After a technical review of alternative methodologies. the 
eMB approach was adopted as a basis for a source resolution study. 

Measurements were made of emissions from 37 industry sources. During the same 
period. samples of the atmospheric aerosol were taken and 27 chemical species were 
mell:iUred. Samples of the ambient aerosol were collected for total suspended particulate 
(TSP) mailer and for particles with aerodynamic diameter less than 2.5 j.Lm . Figure 13.12 
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Figu re 13.12 Averuge chemical composition of the IOtal suspended particulate matter ( top) and the 
fine (dp < 2.5 J).m) paniculate mailer (bottom) of the downtown Ponland, Oregon aerosol. (From 
Core et 31.. 1982.) 
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Figun! 13.13 Source appol1iOnmenl of the lotal suspended pal1iculate mallcr (top) and fine (dp < 2.5 
/1 m) particulate mailer (bottom) of thc downtown Portland. OR aerosol. (From Core et al .. 1981 .) 

shows the average chemical composition for the downtown Portland aerosol. and the resul ts 
orthe source resolution are shown in Fig. 13. 13. The largest singlecomponcnt o rthe TSPwas 
soil and road dust. For the fine mode. emissions from vegetati ve burning were the largest 
single component ( 16%) fo llowed closcly by automobile emissions and volati le carbon 
compounds. Thc eMB analys is resulted in the discovery o f 6500 tons/year of previous ly 
uninve moried emiss ions including wood burning. The presence of high conce nlnltions of 

potass ium in the fine mode aerosol is an indicator of smok.e from the burning of wood which 
is enriched in potassium. Primary industrial emissions accounted for on ly about 5% of the 
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total Portland aerosol mass. These findings led to a rethinking of the slrmegy needed to 
meet ai r poll ution standards includi ng major efforts to reduce residential wood burning. 

Visibility is reduced by particulate mailer and in some cases by light-absorbing gases. 
especially NO!. Amllogous 10 the chemical mass balance discussed in the previous section, 
it is possible to prepare an ext incti on budget to estimate the contributions of the various 
aerosol components 10 the extincti on coefficient and visibility reduction (Groblicki et a1.. 
1981: Sloane. 1983.1984). 

Relating the CMB to Aerosol Dynamics 

Conventional receptor modeling gives no information a ll :ttmospheric aerosol dynamics. It 
is possible to ex tend the convent ional CM B approach to obtain informa tion on the particle 
size dependence of the rate laws describing gas-la-particle conversion in a manner simil ar 
to the plume dyn:unics studies discussed above. For this purpose, it is assumed that a parcel 
of air carrying panicles and gases origi nates at the source and moves as a coherent p:lcke t 
to the sampli ng site. Some of the gas molecules are converted to particu late mailer during 
passage of the ai r parcel from the source to Ihe sampling point. The ai r p:lTcel is treated as 
:I small chemical re:lclor; aerosol dy namics calculations are used to link the primary and 
secondary :terosol components. An analysis of this type was made by Gartrell et al. ( 1980) 
for the Pomona. Cal ifornia aerosol. First a chemical mass balance was conducted to obtain 
the pri mary source contributions. The most important primary sources were automobile 
emissions. soi l dust. cement dust, and sea salt. l.ndependently measured volume distri butions 
for the primary components of the aerosol were summed to obtain the (nominal) initial size 
di stribution of thc primary aerosol. The primary :Ierosol was then grown mathematically 
according to various growth laws (Chapter 10) until (he secondary components reached the 
values that had been measured :I( the sampling site. Best agreement between calculations 
and measurements was obtained usi ng different growth nile forms for sulfate and nitrate 
conversion, on the one hand. and the organic secondary component on the other. 

Figure 13.14 shows thc results of the secondary conversion calcu lat ions for Pomona, 
along with the experimental data plolted in the fonn of the aerosol volume distribution. 
Agreement is best in the size rangeO.1 11 m < til' < 1.0 11m. lllere are deviations between the 
calculated lind measured distributions in the upper and lower portions of the size spectrum . 
The spike in the volume distribution at about 1.1 11m is caused by a di scontinuity in the 
primary size di stribution, and presumably would be smoothed out by coagulation for a well
aged aerosol. No allempt was made. ho\Ve~er. to ·'age" the primary aerosol by coagu lation 
except for the lower end of the vehicul ar emissions size distribution. Data on the number 
distributions are given in the original reference. 

STATISTICAL VARIATIONS OF AMBIENT 
AEROSOL CHEMICAL COMPONENTS 

Field Measurements 
Further insight into atmospheric aerosol dynamics can be obtained by analyzing variations 
in aerosol chemical composition with time at a given sampling site. Many long-time 
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Figure 13.14 Distribution of primary component of the aerosol mcasured in Pomona, California on 
lOJ24n2 based on a chemical mass balancc. The calculated linal distribulion is based on assumed 
forms for the growth mechanisms for the secondary components. The points show the expcri mental 
data. (After Ganrell et al.. 1980.) 

data sets for aerosol chemical composition and mass have been gathered, o ften for the 
purpose of source apportionment. The dimensionless geometric standard deviation a,i for 
each chemical component represents the spread in the data around the geometric mean. 
The magnitude of (1/1; is a measure o f the effects o f various random proce:>ses including 
( i) variations in source strengths, natural and anthropogenic. that affect both the primary 
and secondary components of the aerosol. (ii) variations in wind speed and direction. eddy 
diffusion. and inversion height, and (iii) variations in chemical reaction rates (gas· to·panicle 
conversion) dri ven by changes in temperature. solar radiation. and humidity. 

Values o f (1,1 for various aerosol chemical components in the size range dp < 3.5 Jlm 
were calculated by Kao and Friedlander ( 1994. 1995) from a data selthat consisted of eight· 
hour (1 2 to 8 P.M.) samples collected from June 1987 to June 1988 at Duarte. California. a 
residential area located about 20 mi les cast of downtown Los Angeles. Their calculalion.~ 

were based on Ihe definition o f (1gi (without assuming a lognomlal frequency distribution): 

In (1/1; = 
L~I (ln Xi - In Xg;)2 

N I 
(13.13) 

where N is the total number o f data points. X; is the concentration corresponding to a given 
measure ment. and X,i is the geometric mean concentrntion. 

Figure 13. 15 shows (1,1 for various aerosol chemical componellls. Elements present 
in the primary emissions include the metals, silicon, and black carbon (BC). Among Ihe 
pri mary aerosol em ission sources are automotive emissions and tire wear, residua] fuel 
oil combustion. crustal materials. and the marine aerosol. Despite the variety o f primary 
emission sources. values of (1K; fell within a narrow band. 1.85 ± 0.14. Si milar results 
were obtained for data sets at olher Los Angeles sitcs. Thus variations in the ambient 
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concentmtions of the primary components are probably due to meteorological factors. and 
not to variations in source emissions which would be expected to vary in different ways. 
leading to d ifferen t values of {7,;. 

Values or ull ror the secondary aerosol components were larger thnn those or the 
primary species (2.05 ror SO~- . 3.45 ror NO.1. and 2.66 ror NHt ). In the Los Angeles 
nrea. the secondary components :Ire generated locally and depend on a larger set of random 
variables than the primary components. These additional variables include temperature. 
humidity. and solar radiation . which affect the rates of the chemical processes that produce 
the secondary aerosol. Thus differences in ug may help distingu ish between primary and 
secondary components of the aerosol when the second;lry components are fo rmed near the 
point of measurement. and their concentrations <Ire not dominated by long-range transport. 
Refe rring to Fig. 13.15. all of the carbon-containing components including black carbon 
(Bq. volati le carbon (VC). and organic carbon (OC) had values of ull characteristic of the 
primary components of the aerosol. This is somewhat surprising for the volatile carbon 
componenl. 

Values of {7g for the total mass concentr.n ion consistently showed a lower variabil ity 
than values for the indi vidual components of thc aerosol. This probably resulted from 
seasonal variations that arc opposite in sign for some of the major chemical components 
of the fine aerosol especially the sulFate and total carbon (Te). Levels of TC in the aerosol 
tend to be high duri ng the winter and low in the summer. whereas sulfate concentrations 
are high during the summer and low in the winter. These summer maxima accompany 
higher solar radiation intensity, relati ve humidities. and temperatures. TC levels, which are 
related to vehicular sources. are probably highest in the winter because of low inversion 
heights and reduced atmospheric mixi ng. Further insight into the C1IUses of the vll(iations 
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Figure 13.15 Geomctric sl:mdard dcviations (0,, ) of fine-panicle chcmical componcnts: trace ele
ments Al to Pb; VC == (volatile carbon). DC (organic carbon). Be (black carbon). SO~- . NO) . and 
NH: in Duartc. California. Values of 0: fo r the pri mary components (Alto BC) arc approximlllcly 
constant lit 1.85 ± 0. 14 (Kao and Fricdlander. 1995). 



388 Allllo.wileric Aerosol DYllamics 

is obtained from the theory of atmospheric concentra tion fl uctu:ltions d iscussed in the 
next section. 

Relation to Aerosol Dynamics 

Variations in atmospheric aerosol compositions can be linked to aerosol dynamics through 
the equations of conservation of species for the chemical components in the submicron 
aerosol: 

where 

p, 
, 

"P, [ap'l -. -+ v ·'ilp;= - + Ri at at B __ 
,~ 

(13. 14) 

= instantaneous total m ' lSS concentration of component i in the aerosol 

= instantaneous ai r velocity 

[1fT ] 1I_,,!ao = change in Pi due to Brownian d iffusion of the aerosol integrmed over all ...... 
R, 

part icle sizes 

= rate of formation of aerosol component i by gas-to-particle conversion at 
any instant 

Ri = 0 for pri mary chemical components. Coagu lation is incl uded in (13. 14). which can 
easily be shown to be a fonn of the GDE integrated over particle mass. Sedimentation is 
neglected for the submicron range. A time-smoothed conservation equation for the mean 
square aerosol concentration nuctuations 

'-::-'-')"~ """"'2 (p, P'- ~P, 

can be deri ved from ( 13.1 4) (see. fo r example. Monin and Yaglom. 197 1. p. 387). 

a""""'2 
- [v.vp? 2v'p;. 'ilPi] ...!!L + v.vp? ~ + + 2p~ R~ - 2N a, , , 

unslcady ad"ccl;oo 1Ilrbl,lcnl ,~inor p;2 ronllalion dissipalion 

"m, or I'? diffusion by Ir:lnsf~r b, 

""" or p;l rromwme~ ,.s'1O 
-~ ... n_<",nh pal1ldc: 

""'Iali,·c ~i",) CQn,'n">1OII 

(13.15) 

(13. 16) 

Brownian diffusion is neglected compared wi th turbulent transport . The left-hand side 
represents DP?! Df. the Stokes or s ubstantive deriv<ltive of p? The firs t temt on the right
hand side is the turbulent d iffusioll of P? The second temt -2\" P; . 'il Pi is generally 
positive and represents the generation of p? by transfer from the mean now. The thi rd 
term . 2pi R,~. is the contribution of variations in the r:lte of gas-to-particle conversion 
by chemical reaction to the rate of production of P? The last temt is the decrease of 
mean square fluctuations p? due to the action of small scale diffusion (dissipation). Thus 
three types of terms appear o'l.lhe right· lmnd side of ( 13.16). the balance equation for 
p?: (i) turbulent diffusion of p? and tr;tnsfer frOIll the mean now to p? which affect 
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vari3tions in both primary and secondary components, (ii) chemical reaction that affects 
only the variation of the secondary component. and (iii) dissi pation by molecular diffusion . 
Hence as observed in the fi eld studies, second:lry :lerosol components would be expected to 
show larger statistic:ll variations than primary componellis in regions where the second:lry 
components are generated, If the secondary components :lt:l downwind site :lre the result of 
long-range transpon. thei r st:ltistic:ll v:lriat ions would be expected 10 be damped compared 
wilh local primary sources. 

It is known th:l l time me:lns of the temperature and wind velocity at a given point in 
the atmosphere depend strongly on the length of the averaging time interv .. 1. Moreover. 
for a given averaging time the mean values tend to drift. thereby complicating effons to 
characterize the statistical propen ies (Monin and Yaglom. 197 1. pp. 420--42 1). However. 
by lim iting observations to :l given season, time of day, and synoptic conditions (weather 
type) and averaging over n long enough time, the mean values are relati vely stnble. Thus 
averaging over periods of 10 to 20 minutes results in relatively stnble values of the means. 

If the averaging period is increased to several hours ns in the case of the Duane data 
discussed above, o r to even longer times, the menn vnlues change signifi cantly and may 
show very low stabi li ty. These considerations suggestth:lt more :llIention shou ld be paid to 
the selection of sampling time intervals in future studies of the st:lti stics of :lerosol chem ic:lI 
compositions. 

PROBLEMS 

13.1 The size distribution func tion II J (d,,) ::t; aN / adp for the Pasadena 3erosol averaged over 
the measurements in August and September 1969 is shown in the table. 

(a) Determine the mean particle diameter in micrometers. 
(b) Determine the mass median panicle diameter- that is. the diameter for which the 

moss of the larger panicles is equal to the mass of smaller panicles. 
(c) Estimate the total surface area of paniculate matter per unit volume of ai r correspond. 

ing 10 this distribution. 
(d) Many of the constituents of photochemical smog. such as free radicals, are highly 

reacti ve. Assume that such species are destroyed on striking a surface. Estimate the 
time for the concentration of such species to decay to one-tenth of their original 
value in the atmosphere if they are destroyed and not replaced on striking the aerosol 
surfaces. Assume thot the rate at which molecules in a gas collide with a surface is 
given by the kinetic theory expression, 

~=,(E.) 'n 
21fM 

where M is the molecular weight of colliding species = 100 glmole (assumed). R is the gas 
constant (8.3 x 107 ergslK mole), T is the absolute temperll ture (300 K, assumed). ond c is the 
concentrlltion of reac ti ve species. 

(e) Show that the power law fonn of the size distribution func tion holds approximately 
for the dota, and evaluotc the constant of proponionalilY and its dimcnsions. 

(0 Compare the self-preserving size distribution for coalescing sphcres with the data for 
the accumulation mode. For this purpose, plot dV / d log dp versus logd" for the dota 
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Particle Size Distribution Functions Averaged Over 
Measurements Made in Pasadena, August to September 
1969 (Whitby, et al. , 1972) 

d, AN/Ad, AV/ Alog d, 
(~m) (No/em3 ~m) (~m3/cm3) 

0.00875 1.57 x ]01 0.110 

0.0 125 5.78 x lif 0.168 

0.0175 2.58 x 106 0.289 

0.0250 l.l5 x 106 0.536 

0.0350 6.01 x loS 1.08 

0.0500 2.87 ~ loS 2.14 

0.0700 1.39 x 10' 3.99 

0.0900 8.90 x 10" 7.01 

0. 11 2 7.02 x 10" 13.5 

0.\37 4.03 x \0" 17.3 

0. 175 2.57 x 10" 28.9 

0.250 9.61 x IOJ 44.7 

0.350 2.15 x IOJ 311.6 

0.440 9.33 x lol 42.0 

0.550 2.66 x IQ2 29.2 
0660 1.08 x 101 24.7 

0.770 5.17xlOl 21.9 

0.880 2.80 x 10 1 16. \ 

l.05 LJ6 x 101 22.7 
1.27 5.82 18.6 
1.48 2.88 13.6 
1.82 1.25 19.7 

2.22 4.80 x 10- 1 13.4 
2.75 2.17 x 10- 1 15.2 

3.30 1.18 x 10- 1 13.7 
4.12 6.27 x 10- 2 25.3 

5.22 3.03 x 1O-~ 26.9 

TOial number of panicles _ 1.14 x lW leml. 
Total \"Olume ofpanick$ _ 58. 1 Jlm1 /em). 

given in this problem and compare with values calcuhlted from Table 7.2. Chapter 7. 
Use values of No:> and ¢ corresponding to 0.09 < d,. < 2.22/wl. 

13.2 (a) Estimate the atmospheric residence time for IO-nm particles in ai r from various 
locations (Table 13. 1): cont inental background. average background. and urban 
average. Base your estimate on Brown ian coagulation with accumulation mode 
paniclcs. 

(b) Also calculate the residence time when dry deposition is the controlling mechanism 
of particle removal. Assume that the dry deposition veloci ty is 0. 1 cm/scc and that 
the height of the mixcd layer is I km [refer to Eq. ( 13.2)1. Compare with the results 
of the Brownian coagulat io n mechanism. Discuss your conclusions. 
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13.3 Prepare a source concentration matrix for the stratospheric aerosol. Take into account as 
sources the tropospheric aerosol. emissions from volcanoes, meteoritic materiaL and high-nying 
ai rcraft. 

13.4 [t is planned to use a cascade impactor to sample the atmospheric aerosol for chemical 
analysis. The size distribution, measured by a single particle optical counter and an electrical 
mobi li ty analyzer, is given in Problem 13. 1. The impactor is to have four stages followed by a 
100% efficient afterfilter. The impactor stages can be characterized by the size corresponding 
to an effi ciency of 50%. If the first stage collects a ll particles larger than 5 11m. determine the 
characteristic particle s ize for the other three stages that will provide equal mass on each stage 
and the afterfilter. Assume particle density is constant. Explain why one might wish to design 
for equal mass on each stage. 
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COMMON SYMBOLS 

The equation in which the symbol is first used o r best defined is given in parenthesis. Not 
all symbol s appearing in the lext are included. 

LATIN ALPHABET 

'. 
A 

b 

° c 
0. 

c, 
0, 

C 

d, 
D 

D, 

E 

r 
g 

G 

IA 

J 

J , .JyJ~ 

k 

k,.kp 

K 

p,Lrticic radius 

aerosol surface arcll per unit \'o rume o f gas ( 1. 18) or Hamaker constant (2.58) 

e)l lincl ion coefficient (5.16) 

mass fraction. dime nsionless ( 1.38) 

migration velocity in the presence of an external force field (2.27) 
electrical migrJlion velocity (2.35) 

terminal sCll lIng velocity (1.21 ). (2.29) 

IhcmlOpoorclic "clociIY (2.56) 

slip correction.dime nsionless (2.21) 

panicle diameter 

diffusion coefficient (2.24) 

fraclal dimension (2.23) 

elcctronic charge 

electric fi e ld in tensi ty (2.34) 

friction coefficient (2.9) 

si1.c-composil ion probability densi ty fu nction. dimensionless (1. 13) 

velocity gmdient in laminar shear (7.51 ) 

intensity oflighl (5.2) 

intensity distribut ion function (5.20) 

diffusion nUll in one direc tion. or light source function (5.45) 

diffusion nUll componcnts (2.1) 

01,155 transfer coefficient (3.7) 

thermal conductivities of gas ;lnd part icle in themlophoresis (2.56) 

coagulation coefficient or collision frequency for mon<Xiispersc particles in continuum 
mnge(7.IS) 
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" m 

M 

M, 

" 
" 00 

'" 
11('0') 

"a(a) 

Ild(dp) 

N • 
Noo 

" 1" 
1', 
Qw 

Qa , 

Q.. 
, 
" S 

T 
u,v.w 

x.y.z. 

Z 

GREEK ALPHABET 

• 
" 
" 
'I 

'I. 
o 

mean free path ( 1. 1) 

mass of particle or molecule 

molecular weight 

momell \S of particle size distribution funct ion (1.15) 

concentration 

concentration ftllarge distances from a surface 

nlnco. dimensionless conccnlr:lIion (3.2) or monomer conccntr .. tion 

distribution funct ion with particle volume the d istributed variable ( 1.5) 

distribution funct ion wit h particle area the dist ributed variable (Problem 1.3) 

distribution function wi th particle diameter the distributed variable ( 1.4) 

nu". beT of primary particles in an agglomerJ.lc 

total p;\rticle number conccntT3tion 

pressure 

equilibrium vupor pressure above a drop of d iameter d,. 
equilibrium vapor pressure above a planar surface 

light absorption efficiency. dimcnsionless (5.6) 

light cxtinction efficiency. dimensionless (5.6) 

light scallering efficiency. dimeJlsionless (5.5) 

particle stop distance (Chap. 2. Example) 

visulll range (5.58) 

saturJtion ratio. dime nsionless (9.4) 

time 

absolute lempct:lture 
velocity components in x .y.z directions. respec tively 

gas veloci ty components in eq uat ions in which the particle velocity appears 

free st ream or average velocity 

part icle volume 

molecular volume. MIN".pp for part icle compo nent (9.52) 

Cartesian coordinates 

electrical mobility (2.36) 

accommodation coefficient. dimension less (2.19) 

collision frequency function (7. 1) 

eddy dilTusivity 

rate of turbulent energy dissip:ltion per unit mass of gas (7.53) 

dielectric constant of particle 

dimensionless particle vol ume ( 1.32a) 

single cylinder (fiber) removal efficiency. dimensionless (3.30) 

d imensionless time 
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I( thennal conductivity of gas 

)., wa,·elength of light 

IJ. viscosity or chemical potential (Chap. 9) 

1/ kinematic viscosity 

n ratio of particle diameter to concentration boundary layer thickness. dimensionless 
(3.34) :md (3.58) 

P gas dcnsi ty or aerosol mass per uni t volume of gas ( 1.37) 

PI' particle densi ty 

(1 molecular diameter (1. 1). surface tension (Chap. 9), standard deviation ( 1.26) 

(1 . geometric standard deviat ion ( 1.27) 

I/J acrosol volumetric concentration. dimensionless ( 1.19) or electrostatic potential (2.39) 

$ potential energy (2.3) 

'" self.preserving size dislribution funct ion. dimensionless (7.69) or stream function 
(Chap. 3) 

DIMENSIONLESS NUMBERS 

Number 
Knudsen 
Lewis 
Pedet 
Interception 
Reynolds 
Schmidt 
Sherwood 
Stokes 

°L = characteristic length 

PHYSICAL CONSTANTS 

Constant 
Electronic charge 
Gravitational acceleration 
Boltzmann's constant 
Avogadro·s number 
Gas constant 
Atomic mass unit 

Symbol 
K" 
L< 
Po 
R 
Ro 
So 
Sh 
Stk 

Symbol 
o 
g 
)0 

N" 
R 
amu 

Definition' 

21"d" 
I(pCpID 
WID 
d,IL 
LUlv 
"ID 
kUD 
pp~Ufl8t1 L 

CGS Value 
4.803:'110-- 10 esu 
980 crnlsec2 (New York) 
1.38 1x 10-- 16 erglK 
6.022x I On mol·1 

8.314x 107 erglK mol 
1.661:'110.24 g 
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Absorption. in right-pan ic1e 
interaction. 126 

Accommodation coefficients 
in condcns~lIion. heterogeneous. 

283-284 
free molecule and friction 

coefficient. 33 
Accumulation mode. 3 

in atmospheric aerosol. 360. 
364-366 

ACHEX. See Aerosol Chamcterization 
Experiment 

Acidi ty. in atmospheric aerosol. 373 
Acoustic coagulation. 189 
Adiabatic c}[pallsion. condensation by. 

25 1- 252.276-277 
Ae rodynamic diameter. 5,173- 174 
Aerodynamic focu sing. 118-120 

beam expansion ang le I'S. source 
pressure, [1 9 

and panicle trajectory. 119- 120 
Aerosol 

defini tion o r. I 
as a generic [enn. I 

Aerosol chamcterization, re lation 
aerosol dynamics. 23-24 

Aerosol Characterization Experiment 
(ACHEX), xiii, 360 

Aerosol conditioning. defini tion o r. 
189 

Aerosol dynamics. advances in. 
xiii-xii' 

rela tion 10 characterization, 23-24. 
See a/so Geneml Dynamic 
Equation 

Aerosol reaction engineering, 33 1 

Aerosol reactors and synthesis of 
submicron solid particles 

collision-coalescence mechanism of 
primary particle format ion. 
See Collision-Coalescence 
Mechanism 

commercial and pilot scale reac tors. 
332-338 

overview, 331 -332 
part icle crystal structure in 

basic concepts. 355 
experimental observations, 

355-356 
particle neck format ion in, 353-355 
primary particle size 

effects o f aerosol material 
properties on. 350-352 

es timation of. 346-349 
Aerosol science. applications. I 
AgglomeTllte(s) 

defin ition of. 353 
power law. fmctal-like. 226 
structure o f. 5 

Agglomerate diffusion coefficients. 
35-36 

Agglomerate formation . 
computer simulation of. 227-229 

ballistic aggregation. 228 
diffusion-limited aggregat ion, 

227 
fractal d imension in. 229 
reaction· limited aggregation, 228 

and coordination number, in 
computer s imulations, 229 

and fractal dimension, 223. 230. 
240-241 

Langevin simulations of. 230 
morphology, 223-227 

overview. 222- 223 
primary panicle size and. 237-238 
scaling laws in 

autocorrelation function. 223-226 
and power law relationship. 

prcfactor for. 226-227 
self'preserving agglomerate size 

distribut ions. 233-237 
lime to reach. 234-235 

and Smoluchowski eq uat ion. 
230-232 

Agglomerate res tructuring, 242- 245 
and chain aggregates. elastic 

propenies of. 245 
under tension. 245 
thermal,242-244 

Aggregate(s), definition of. 353 
Aggregat ion 

ball istic, computer simulation of, 
128 

diffusion· limited , computer 
simulation of. 227 

reaction-limited. computer 
simulation of. 228 

Air light, and visibili ty. 149-150 
Air pollution. stack plumes and. 

3 19-321 
Air QualifY Criteria/or Parlieu/flle 

Matter (EPA). 157.359. 380 
Air quality measures. common, 380 
Alkali halides. vapors o f. dimers and 

trimers in. 269- 270 
Alumina 

commercial synthesis. 333 
foml s of, 355-356 
primary panicle size in synthesis of. 

350-352 

397 
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Anatase, structure and applications of. 
356 

Anguillf scanering of light. by single 
part icles of intenllcdiate size. 
133-134 

Anti , SlOkcs emission. 151-152 
Atrllo.~pherie aerosol 

air quality measures, common, 380 
chemical composition of. 370-373 

part icle size and. 373-378 
for PAH :md elemental carbon. 

376 
for sulfates and nitrates. 

374-375 
for water. 376-378 

statistical variations in 
aerosol dynamics and. 388-389 
field measurement of. 385-388 

dry deposition velocity of. 76-78. 
367-368 

dynamics. in power pl:nll plumes. 
368- 370 

optical properties of. 145- 151.359 
ovcrview. 359 
primary COnlponent. 372 
propertIes and effects of. 359 
residence time distribution curve 

for. 366-367 
secondary component. 372 
size dist ribut ion 

llccumulat ion mode. 360. 
364-366 

COllfSC mode. 360. 36 1-364 
o\·erlliew. 360 
ullrafine range. 360. 366 

SOUI\:C :Ipportionmcnl in 
ba~ic concepts. 380-38 1 
chcmicalmass balance (CMB) 

method. 381 - 382 
aerosol dynamics and. 385 

Port land aerosol charJctcri7.ation 
study. 382-385 

sources of. 359 
submicron aerosol. morphological 

characte ri ~ ti cs of. 378 
Atomi zing generators. 182- 184 
AltenUlltion coefficient. 136-137 
AUlocolTtl:ltion function. in 

agglomerate fOnlla tion. 
223-226 

Avcmging of panicle si7.c distribution 
functions. 14 

Avogadro's number. 33 

8 

Ballistic aggregation. computer 
simulation or. 228 

BennIs. aerosol. 118- 120 
beam expansion angle I'S. source 

pressure. I 19 
and mass spectrometry. 177 
and p.1nicle trnjcctory. 11 9-120 

Bipolar charging. 46-49 
Bohznmnn equation and. 42 
defi nit ion of. 41 

Boltzmann 'cquation, :md bipolar 
churging.42 

Browni'lIl coagulation. 190-192 
collision frequency func tiOIl in. 

189-192 
and Coulomb fon.:es. 200 
for initially monodisperse aerosol. 

192- 1% 
for laminar shear. 200-202 

and simultaneous Brownian 
mOl;on. 202-203 

and panicle force fielcls. 196-197 
and van der Waals forces. 

197- 199 
similari ty solution for. 2 11 - 215 

Brownian mOlion 
and diffusion. 30-32, 58 

deposition. 90 
from pipe now 

laminar, 79 
turbulent 80-82 

with laminar she~r. coagulation in. 
202- 203 

and quasi.elastic light sc .. uering. 
143-144 

Browni:"1 panicles. path length of. 
37-38 

Bubblcs. rising. deposition from. 
82-84 

c 

Carbon. in :Hmospheric aerosol. 372 
and panicle size. 375-376 

Carbon blacks, fabrication of. 334-335 
Carbon spheres 

refrJctive index for. 132 
Cascade impactors. 2 1- 22. 17 1- 174. 

I8t 
Chain .. ggregutes. clastic propenies of. 

245 

CharJcterization of panicles. and 
dynamics. 23-24 

Charged particle-vapor equi librium. 
263-265 

effect of solutes on. 259- 262 
Charging of jJunicles 

causes of. 41 
unipolar \·s. bipolar. 41 

Chemical analysis of particles. 157. 
174-178 

measuremcnt inSlroments. 
ch;lr.lcteristies of. 178- 181 

mult ielcment analysis. for source 
resolution. 175- 176 

overview. 174-175 
Raman spectroscopy and. 152 
single-particle. by mass 

spectronletry.177- 178 
Chcmical composition. 19-21 

applic:llions of. 2-3 
of atmospheric aerosol. 370-373 

panicle sizc and. 373-378 
for PA H and elemental carbon. 

376 
for sulfates and nilmtc.~. 

374-.J75 
for lO.'ater. 376-378 

stat istic:11 variations in 
aerosol dynamics and. 388-389 
fi eld measurement or. 385-388 

and avemge chemical composition. 
20 

chemical species distribution, 
dClenllination of. 17 1- 174 

internally '·,f. c:uemally mixed. 19 
\·s. paniclc s i ~.c. 2 1 
lmd sizc.composition probability 

density function. 19- 20 
Chemical muss balance (CMIl) 

method. 381 -382 
aerosol dynamics and, 385 

Chemical reaction. heterogcncoos. 
effect of particle size on. 
266-269 

Cigarcne smoke. particlc s i7.c 
distribution. 22 1- 223 

Clapeyron equatioll , 250 
Clean rooms 

deposition 1ll1d thenllOphoresis in. 
89 

modeling of. 142 
particle concentrJtions in. 7 

Cloud chumbcr 
diffusion. 28 1- 282 
Wi lson (eXpansion). 276-277 



CMB. Su Chemical mass balance 
(CMB) method 

Coagulation. 
as limiting process in gas-to-part ide 

conversion. geneml dyn;Ullic 
equation (GOE) undo 
308-309 

o\'crview.188-189 
and part icle conccntr.l tions. 8 
and self-preserving distribution. 

time to reach, 217- 218 
s imili llrity solution for 

in Brownian coagulation. 
2 11- 213 

in continuum regime. 210-2 11 
in free molecule region, 21 3-2 15 

and simultaneous diffusional growth 
geneml dynamic equation nnd. 

3 13-31 4 
ellperimcmal re.~ ults. 3 J 5- 3 16 

and stirred settling. geneml dynamic 
equation in. 32 1-325 

turbulent 
comparison of collision 

mechanisms. 208 
dymlmics of. 204-205 
inertial. 206-207 
lirnit:u ions on analysis. 207- 208 
shear. 206 

Coaleseence. 
collision-coalescence mechanism of 

primary panicle fonnation . 
in aerosol reactors. St.'t' 

Col lision-coaleseence 
mechanism of pri mary 
part icle fonnation 

ell tension of Smoluchowski .... q uation 
to. 339-340 

molecular dynamics (MO) 
computations o f. 342- 343 

Coal gas, aero!>Ol fonnation in. 296 
Coarse mode panicles. in atmospheric 

aerosol. 360. 36 1-364 
Coefficient(s) 

of accornmodation. in condensation. 
heterogeneous. 283-284 

in free molecule friction 
coefficient. 33 

of attenuation. 136-137 
of diffusion, 30-33 

agglomer.lIe. 35-36 
for nonspheric:d particles. 34-35 
Stokes-Einstein, 33 
and Taylor theory of diffusion by 

continuous movements, 
37 

of extinction 
in experimental methods. 

165- 166 
light scattering by aerosol douds. 

:md optical thickness. 
136-138 

of fri ction. 31. 33-35 
Knudsen number and. 33 
for nonspherical p'lTIiclcs. 35 
Reynolds number and. 33 

o f part icle eddy di lTus ion. 113-115 
in deposition from rotating flow, 

113- 115 
for Stokesian panicles. 

113- 11 5 
of restitut ion. in panicle-surface 

inter.tct ions. rebounding, 99 
of solid-st;lte d iffusion 

in synthesis of s ubmicron solid 
panicles. 343- 346 

high.d iffusivity p"ths "nd. 346 
for lallice diffusion. 345 
temper.tture dependence of. 

343-345 
Collection methods for aerosol 

analysis. 158 
Collision·coalescence mechanism of 

prilllury particle fommtion. in 
synthesis of submicron solid 
particles. 338-339 

extension ofSmoluchowski equ:llion 
10.339-340 

ra te equation for. 340-343 
by solid-state diffusion. 341 - 342 
in solid-li<IUid transition, 342-343 
by viscous flow. 34 1 

solid-Slate diffusion coefficient in. 
343-346 

high diffusivity paths and, 346 
for lallice diffusion. 345 
lempcr:llu re dependence, 

343- 345 
Coll ision fre<juc ilcy function. 189- 190 

for Brownian coagulation. 189- 192 
and Coulomb forces. 200 
for ini tially monodispcrse aerosol. 

192- 196 
in collision-coalcscence theory. 

340 
for laminar shear. 200-202 

and simultaneous Brownian 
motion. 202- 203 

and particle force fields. 196-197 

I"de.\" 399 

for turbulent coagulation. 
204-208 

and van der Waals forees. 
197- 199 

Collision kernels, for power 
law agg lomer.ttcs. and 
Smoluchowski equation. 
230-233 

Computcr simulatioll of agglo111cr.ttc 
formation. 227- 229 

ball istic aggreg:llion. 228 
coordination number in. 229 
diffusion· limited aggregat ion, 227 
fr.tctal dimension in. 229 
reaction-limited aggregation. 228 

Concentr:Ltion boundary layer. See 
Convecth·e diffusion 

ConcellImtions of particles. 6-10. See 
( /150 Ma.~s concentflltion 

in d el.1l rooms. 7 
and coagulation . calculation o f. 8 
number eoneentr:ll ion. calculation 

of. 6-8 
total. 15 
in urban atmosphere. 7 
\'olumetric concentr.ttions, 

calculation of. 7-8 
Condensation 

by adiabutic expansion. 25 1- 252. 
276-277 

heterogeneous. 283-284 
in gas. to·part icle conversion. 

283- 284 
on ions. 263 
by mixing. 252- 254 

Condensation genemtors, 181 - 182 
Condensat ion nuclei counters. lSI 
Condensation particle counters (CPC). 

163-165 
Conditioning of aerosols. definition of, 

189 
Continui ty relations in v space. in 

gas· to-particle conversion. 
288-290 

Continuous dist ribution function 
coagUlation e(luation for. 208-2 10 
geneml dynamic equation for, 

309-3 10 
Continuous size d istribution. definit ion 

of. 10 
Continuum r:lllge 

coagulal ion in. similarity solution 
for. 2 10-2 1 I 

in agglomerates. 234 
Convect ive diffusion 
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conccntration boundary laycr and 
low Reynolds numbers, 63-73 
high Reynolds numbers, 73-78 

:md deposition 10 rough surf:lees, 
76-78 

equation for, 59 
and external force fields, 

clectrical precipitation, ~7 
themlOphoresis, 87-90 

and filtrat ion theory, 69-73 
laminar pipe Oow, 78-80 
overview of, 58 
from rising bubbles, 82-84 
similitude law, 66-69 
and simultaneous coagulation, 

325-327 
turbulent pipe Oow, 80-82 

Coordination number. in agglomerate 
fommtion. 229 

Cou lomb forces. Brownian coagulation 
and. 200 

Coarse panicles. definition of. 3 
CPC. See Condensation panicle 

counters 
Critical expansion r:ltio. saturation 

mtio and. 276 
Critical satumtion ratio. See Saturation 

ratio, critical 
Cri lical Siokes number for impaclion. 

105-107 
Crystalline particles. vapor lind 

surface pressures of. and solid
panicle-vapor equi librium. 
265-266 

Crystal structure. in synthesis of 
submicron solid particles 

basic concepts. 355 
experimental observations. 355-356 

Cyclone sepamtors 

D 

and deposition from rotating Oow. 
111- 113 

and inenial deposit ion. 94 

DBP. See Dibutyl phthahue 
Deposition 

by diffusion 
Brownian. 90 
and convective diffusion equation, 

59-60 
general dynamic equation and, 

325-327 

to Eanh's surface. dry. 73. 76-78. 
366-368 

inertial 
overview of. 94 
in transition (0 diffusion range. 

121 - 122 
and Reynolds number 

high. 10 rough surfaces. 76-78 
low. theory I'S. experiment. 69-71 

from risi ng bubbles. 82-84 
from rotating now, 111-113 

particle eddy diffusion coeffic ient. 
11 3-115 

in sampling. 160 
in transit ion from diffusion to 

incrtial ranges. 121- 122 
turbulent. 115-118 

Deposition \·clocity. 6 1 
Differential mobil ity analyzer. 

168- 170 
Diffusion 

boundary condi t ions for. 53- 54 
and Brownian motion. 53-54 
cOIi\'ective 

and ,."onccntr,.uion (diffusion) 
boundary layer. 61--62 

and concentmtion (diffusion) 
boundary layer C<lualion 

for low Reynolds numbers. 
63-64 

diffusion 1'05. com'cetion in. 62 
diffusion 1'05. interception in. 

73-76 
in extemal force fie ld. &4-87 
from laminar pipe now. 78-80 
und Reynolds number 

high 
deposi tion. 76-78 
interception at. 73-76 
and point panicles. 66 

low 
and concenlrntion boundary 

layer equation. 63--64 
deposi tion. 69-7 1 
und point particles. 64-66 

simi litude law in. for particles of 
finite diameter. 66-69 

in transition to inertial rJnge, 
121-122 

from turbulenl pipe now, 80-82. 
325-327 

equation of 
basic, 28-30 

in cylindrical coordinates, 63 
with gas veloci ty distribution. 

59-<>0 
growth by 

and si multaneous coagulation. 
general dynamic equation 
and. 3 13-314 

experimental results. 3 15-316 
and migmtion. in external force 

field. 39 
mte equlll ion for. in synthesis of 

submicron solid particles. 
341-342 

similitude and. 60--61 
Diffusion battery. 170 

design of, 79-80 
Diffusion (concentration) boundary 

layer. See Convective d iffusion 
Diffusion charging. unipolar 

cont illuulll range. 43-45 
free molecule nmge. 42-43 
stochastic theory. 46 

Diffusion cloud chamber. in nucleation 
kinetics. 281 - 282 

Diffusion coefficients. 30-33 
agglomcratc. 35 
for nonspherical panicles. 34-35 
solid-sta te. 343-346 
Stokes-Einstcin expression of. 33 

Diffusion-limited aggregation (DLA). 
computer simulation of. 227 

Dimers and trimers. in vapors of alkalli 
halides. 269-270 

Direct interception. See In terception 
Discrete distribut ion. dcfinition of. 10 
Discrete distribution func tion. general 

dynamic equation for. 307-308 
Dislocations. in solid-state diffusion. 

346 
DLA Set' Diffusion-li mited 

aggregation 
Doppler shift . in light scattering. 143 
Drag of gas on particle. 5 
Droplet current. in homogeneous 

nuclcalion.277-278 
Dry deposition vclocity, for 

atmospheric aerosol. 73. 
76-78,367-368 

Dust free spacc. 87-90 
Dynumic lighl scallering. See 

Quasi-clastic light scattering 
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EBDS. See Electron-beam dry 
scrubbing 

EC gcncr;1(ors. See EVllporalion
condensation (EC) generators 

Eddy d itTusion coefficient 
for gases, 80-82 
for Slokcsian particles. J 13- 115 

Electricu l mignllion. 40-49 
bipolar charging. 46-50 
field charging. 41 
unipolar diffusion charging 

continuum range. 43--45 
free Illolecule range. 42-43 
stochastic theory. 46 

Electrical particle COll nlcrs. 168- 170 
Electrical precipitation. 84-87 
Electric mobility analyzer. 

Ch:lrllC\crislics of. 180 
Elcclrohydrodyna11lic ,\(om b:alion 

(EHDA), 184 
Electron-beam dry scrubbing (EBDS). 

]35- 336 
EIcClrOSl<tlic classi ficr. 168- 179 
Environmental Protection Agency 

(EPA) Criteria Document 
and atmospheric aerosol. properties 

and etfects of. 359 
and measures of uir quality. 359 

Equivalent particle di,ullClcr. for 
nonspherical solid particles. 
5-6 

Euleri:m time scale. V.I'. Lagmngian. 
and particle eddy diffusion. 115 

Evaporation-condensation (EC) 
generators. 181 - 182. 33 1. 
336-337 

Exp:msion ratio. Critical. saturation 
ratio and. 276 

Experimental meth ods 
aerosol measurement instruments. 

SUmm;!ryof.178-181 
applications of, 157 
calibration of equip men I ill, 181 
cascade impactors. 17 1- 174 
chemical analysis. 157. 174- 178 

multielement analysis. for souree 
resolution . 175- 176 

on-line. 177 
single-particle, by mass 

spectrometry. 177-1 78 
collection methods, 158 
condensation particle counten; 

(epC).163- 165 

electrostatic cI:lssifier. 168- 179 
exti nction coefficients. 165- 166 
filtration. 162- 163 
mass and chemical species 

distribu tion. detcrmination 
of. 17 1- 174 

mass concentra tion. 162- 163 
microscopy. 160-162 
monodisperse aerosol generators. 

'Homizing. [82- 184 
condensation. 181- 182 

overview. 157- 158 
sampling. 158- 160 
fOf sile distribution function. 

166- 170 
differential mobility analyzer. 

168- 170 
diffusion ballery. 170 
single-particle optical countcr, 

16(}-168 
total light scattering. 165- 166 
total number concentration. 163- 165 

Extern;!1 flow. definition of. 60 
Externally mixed aerosols. defi nition 

of. 19 
Extinction coefficient 

experimental methods for. 165- 166 
in light scattering by aerosol clouds. 

136-138 
and optic,tith ickness. 136--138 

as me,lsure of air quality. 380 
Extinction paradox. 130 

F 

Federal Ambient Air Quality Standard. 
380.382 

rick's sccond law of diffusion. 30 
Field charging. 41 
Filters and filtration. 162- 163 

efficiency minimum of. 2 . 
fibrous. 62. 63. 69- 71. 162 

modclof. 104 
thickness of. 71 

and inertial deposition. 94 
mesh. 73 
pipes and rods, 62 
porous mcmbrane. 162 
quartz-fiber. 162. 163 
si ngle-fiber. collection efficiency. 

by diffusion, low Reynolds 
number tlows. 63- 73 

in transition from diffusion to 
inertial ranges. 121-122 

Illdex 401 

teflon membrane. 162- 163 
types available. 162 

Flame hydrolysis. 333 
Flame re3ctors, 331. 332- 334 

Fl" 
definition of. 27 
in ex tcmal forcc Held. 39 
of particles sedimcnting from 

sllll ionnry fluid . 16 
Fly,lsh 

removal of. cyclone separators. III 
Foree field. external 

convective diffusion in. 84-87 
particle migrat ion in, 38-40 

Fr;lctal dimension (Dr) 
agglomerate formation and. 223. 

230,240--24 1 
in compUler simulation, 229 

and agglomerate structure. 5 
Fractal-likc power hlw agglomerates. 

226 
Free-molecule region. 4 

agglomerates, self-preserving 
distribution for. 234 

coagulation in. sim ilarity solution. 
213- 215 

Free radicals, in :umospheric :lerosol. 
373 

Frenkel defects, in sol id st<lle diffusioll. 
344 

Friction coefficient. 3 I. 34-35 
Knudsen number and. 32 

G 

for nonsphcric:d particles. 35 
Rcynolds number :\IId. 109 

Gas cleaning devices. and aerosol 
conditioning. 189 

Gas-to-particle conversion 
growth dynnmics in 

continuit)' rclations in v space. 
288-290 

measuremcnt of. in homogeneous 
gas-phase reaction. 
290-292 

with hctcrogcneous 
condensation. 293-296 

experimental study. 296--299 
growth laws in. 284-288 

in rcaction-limited growth. 
286-288 

in transport -limited growth, 285 
Kelvin effect in. 292 
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limiting processes in. genef'JI 
dynamic equation (GDE) 
and. 308-309 

mechanisms of, 275 
overview. 275 
in power plant plumes. 368-370 

Gaussian distribution. 16-17 
GDE. See General dynamic equation 
General dynamic equation (GDE) 

and aerosol chamcteri:f.<ltion. 23-24 
and atmospheric aerosol dynamics. 

388-389 
and utmospheric aerosol dynamics. 

in power plant plumes. 
368--369 

in coagulation and diffusional 
growth. 313-314 

experimental resul ts. 3 15-31 6 
and coagulation and nuclemion 

us limiting processes in 
gas·to·particle conversion. 
308-309 

in coogulation and stirred sett ling. 
32 1-325 

for continuous distribution funct ion. 
309-3 10 

for continuous stirred tank reactor. 
327- 329 

and deposition by convecti ve 
diffusion. 325-327 

for diserete distribution function. 
307-308 

for number concentration. 310-31 1 
0 \·erview.306-307 
and similarity solution for continuum 

regime. 313- 314 
experimcntal results. 3 15-3 16 

for tu rbulent now, 3 18-3 19 
for turbulent stack plumes. 3 19-32 1. 

368-369 
for volume fmction. 3 11-3 12 

Generators of aerosols. monodisperse 
atomizing. 182-1&4 
condensution.1 81-182 
elcctrohydrodynamic atomization 

(EHDA). 184 
spinning disk. 182-184 
vibrating orifice. 184 

Gibbs free energy. for vapor-panicle 
system. 256 

Graetz problem. 79 
Grashof number, in themlOphoresis. 88 
Gravitational fie ld. particle migration 

in. 38-39 
Growth dynamics 

in gas-to-particle conversion 
continuity relations in v space. 

288-290 
measurement of. in homogeneous 

gas-phase reuctions. 
290-292 

with heterogeneous 
condensation. 293-296 

experimelllal study. 296-299 
Growth laws 

in gas· to·part icle conversion, 
284-288 

in reaciion-limited growth. 
286-288 

in transport-limited growth, 285 
Growth rates, in gas-ta-particle 

conversion. measurement of. 
in homogeneous gas-phase 
reac tions. 290-292 

H 

Hamaker constant 
and coagulation. 197-199 
London-van der \Vaals forces and. 

" Hard agglomerates. definit ion of. 353 
Heal th effects of particle pollutants. 

372-374,378 
and measures of a ir qual ity. 380 

Heterodisperse aerosols, definition of. 
10 

Homogeneous aerosols. definition of. 
10 

Homogeneous funClion. degree of. 
definition of. 215 

Homogeneous nucleation. See 
Nucleation. Homogeneous 

Hygroscopic panicle-vapor 
equilibrium. 259-262 

ICP. See Inducti vely coupled plasma 
(ICP) method 

Ideal solut ions. vapor pressure of. and 
solutes. 254 

lrnpaetion 
of non·Stokesian particles, 108-11 1 
similitude law for. and Stokesian 

panicles. 102- 104 
of Stokesian panicles 

on cylinders and spheres. 104--108 

critical Stokes number for 
inviscid flows. 105-107 

experiment I'S. theory. 107-108 
INAA. See Instrument neutron 

uctivation analysis 
Independent scattering. 135- t 36 
Inductively coupled plasma (ICP) 

method. 176 
Inertial transport. See also Deposition: 

Impaction 
and aerodynamic focusing. 118-120 

beam ex.punsion angle I'.~. source 
pressure. 119 

and homogeneous nucleation, 
299-304 

and panicle trajectory. 119- 120 
o\·erview.94 
and panicle acceleration. at low 

Reynolds numbers. stop 
distance and. 100-102 

and panicle-surface interactions 
at low speeds. 95- 97 
rebound and. 98-100 

Instrument neutron activation analysis 
(INAA). 175-176 

Integrat ing nephelometer. 165 
Interception 

and convective diffusion. 6 1 
at high Reynolds numbers. 73-76 
at low Reynolds numbers. 66-68 

and impaction. 102- 104 
Interception nunlber, and inertial 

deposition. 1M 
Internal now. definit ion of. 60 
Internally mixed aerosols. defini tion 

of. 19 
Intcrstitiaky mechanism, in solid state 

diffusion. 344 
Interstitial mechanism. in solid state 

diffusion. 344 
Ions. concentrations in air. 46 
lsokinctic sampling. 159 
Isotropic. defini tion of. 29 

J 

Joint distribution functions. example 
of. 19-20 

Junge distribution. 18 

K 

Kelvin effect 



in condensation. heterogeneous. 284 
in gas-to-panicle conversion. 292 

Kelvin re lation. 256-257 
limil of applicabilily, 258-259 
solutes and. 260 

Knudsen number 
accommodation coefficients and. 

284 
and fri ction coefficient. 33-34 
and panicle behavior. 3 
and Ihermophoretic velocity. 51 
and lranspon propcnies. 28 

Kolmogorov microscale. 204-205. 207 

L 

Lagrangian time scale. I·S. Eulerian. 
and panicle eddy diffusion. 115 

Langevin simulat ion. of agglomemte 
fommtion.230 

Laplace fomlUJa 
for panicle in ternal pressure. for 

small panicles. 257- 258 
limit of applicability. 258-259 

Lennard-Jones (U ) intermoleculur 
potential. and panicle surface 
pressure. 258 

Lewis number. for watcr vapor in air. 
tracc amounts. 253 

Light scattcring. 5. 16 
byacrosoJclouds. I34-136 

extinction coefficient for. and 
optical lhickness. 136-138 

aerosol contributions by volume. 
138-139 

ch;u--,lcteriz;lIion of scallcred light. 
126-128 

defin it ion of. 126 
Doppler shift in. 143 
Extinction paradox. 130 
independent scallering. 135- 136 
inelastic. Raman effect. 15 1- 154 
intensi ty of sc:lIIered wave. 126 
Mie scallering. powcr law 

distributions. 14 1- 143 
overview. 125-126 
quasi-clectric (QELS). 143-145 
Rayleigh scaucring. 139-14 1 
by single particles 

of intennediate size. 130-132 
angular scauering. 133-134 

large. 130 
overview. 126-128 
small. 128-130 

specific intensity of 
and radiative tnmsfer equation. 

145- 146 
fomlli l SOlu lion of. 146-147 

Light trunsfer through atmosphere. 
148- 150 

Lognormal distribution fuoct ions. 
17- 18 

London-van der Waals forces 

M 

in aUJ",lction between two plates. 96 
and panicle migmtion. 52-54 

Magnificat ion of microscopes. 
maximum useful. 161 

Mass and chemical species distribution. 
detemlimltion of. 17 1- 174 

Mass concentration. See (l1.m 
Concent ra tions of particles 

for atmospheric air. 7 
calcul:uion of. 8 
experimental methods for 

determining. 162-1 63 
Ma.~s spectrometry. and single-panicle 

analysis. 177-178 
MD. See Molecular dynamics 
Mean free p:tlh of gas molecules. 3-4 

of particles. 37-38 
Measurement of aerosol propcnies. 

See Experimental methods 
Melting point reduction of small 

solid p;lrticies. and solid
p;lnicie-vapor equil ibrium. 
266 

Meteorology 
and power law distributions. 18 
and size dist ribution data. 12 

Microcontamination. and power law 
distributions. 18 

Microscopy. 160-162 . 
magnifi cation, maximum useful . 

161 
resolving power of. 160- 16 1 

Mietheory. 16. 130-132 
angular scanering. 133--134 
power law distributions. 141 - 143 

Migration velocity 
and diffusion. in eXlemal force field, 

3. 
in electrical fie ld. 40-49 

bipolar charging. 46-49 
field charging. 4 I 
unipolar d iffusion charging 

lilt/ex 403 

continuum range. 43-45 
free molecule range. 42-43 
s toch;L~ ti c theory. 46 

in external force fiel d. 38-40 
London-van der Waals forees and. 

52- 54 
in themlOphoresis. 50-51 

and industrial applications. 50 
Mobi lity diameter 

in agglomerates. 226 
defini tion of. 5 

Molecular clusters. thcmlodymltnic 
propcnies. 269-273 

equilibrium size distribution in. 
270-273 

Molecular densi ty. and mean free path 
of gas molecules . 3-4 

Molecular dynamics (MD) simulat ions 
of coalescence. 342-343 

Moments of panicle size distribution 
functions. 14-16.293- 296. 
3 13- 3 17 

Monodispersc aerosol genera tol'll. 
18 1- 189 

Monodispersc aerosols. defini tion of. 
10 

Morphology 

N 

agglomenttes. 223-227 
3tmospheric :ICroSOI. 378 

Nanopart icle chain aggregates (NCAs) 
of titania. tension and. 245 

NCAs. See Nanopanic1e chain 
aggreg;ltes 

Neck fo rmation. in synthesis of 
submicron solid particles. 
353-355 

Nephelometer. integrating. 165 
Niobia. primary particle size in 

synthesis of. 350-352 
Nitratcs. in atmospheric aerosol. 

panicle size. 374-375 
Nonspherical sol id p;trticles. equ i valent 

particle d iameter for. 5-6 
Non-Stokesian pan icles. impaction of. 

108-111 
Normal size distribution functions. 

16-17 
N07..zle flows. Set! also Beams. aerosol 

and aerosol beams. 119 
and condensation, 252 
and nucleation in turbulent. 299-304 
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Nuclear reactor accidents. behavior 
of radio:lctive p:lrticles in. 
321-325 

Nucleation 
homogeneous 

critic:l1 salurat ion mtios in. 280. 
281 

for two origin of more 
condensable species. 
283 

droplet current in. 277-278 
ellperimental test of. 280-283 
in gas- to-particle conversion 

turbu lence and. 299-304 
scaling theory in. 299-300. 

30 1-302 
splilling flow into multiple 

streams. effect of. 
303-304 

kinetics of. 277-280 
in zcro activation energy limit. 

308-309 
thermodynamics and. 249. 251 

Number concentf:ltion 
at a point. 6-8 

o 

and first moment. 15 
general dynamic equation for. 

3 10-311 

Optical fibe rs. fabrication of. 334 
Opt ical panicle counters. 166- 168. 

)80 
Opt ic:Li properties of aerosols 

Hlmospheric.359 
:md light seHllering. 5 
parameters determining. 2 

Optic:ll thiekncss. and extinction 
coefficient. in light SCHtlering. 
by aerosol clouds. 136-138 

Org:mic compounds. in atmospheric 
aerosol. 372 

Oscillating aerosol reactors. in 
gas-tn-particle convcrsion. 
measurement of growth I";ltes. 
296-299 

07.0ne layer. destruction of. 359 

» 

P:lcked beds, removal by impaction in, 
107 

PAHs (polycyclic aromatic 
hydrocarbons). in atmospheric 
:lerosol. chelllical composition 
and panicle size. 376 

PAMS. See Panicle analysis by mass 
spectrometry 

Panicle analysis by mass spectrometry 
(PAMS). 177- 178. 179- 180 

Particle beam appaf"".Jtus. 99 
Particle collection. See Filters and 

filtration 
Particle counters. types of. 166 
P:lrticle-suri":lce i nter:lct ion 

complete model of. 100 
in inenial tmnsport 

at low-speeds. 95-97 
rebound.~. 98-1 00 

Partieulute mass. as measure of ai r 
quality. 380 

Panicul:ne systems. common names 
for. I 

Path length of Brownian particles. 
37- 38 

Peclet number for mass transfer. and 
convective diffusion. 61. 62 

Peroxides. in Htmospheric aerosol. 373 
Photon correlHtion spectroscopy. See 

QUasi-cl:lstie light scallering 
Pipe now 

convective diffusion from 
laminar. 78-80 
turbulent. 80-82 

turbulent deposition. 115- 118 
Poisson's C(luation. and unipolar 

diffusion charging. 42 
Pollack counter. 163 
Polycyclic arom:ttie hydrocarbons. 

Sec PAHs (polycyclic :tromalic 
hydrocarbons) 

Polydispcrse :lerosols 
dcfinition of. 10 
size distribulion function Hnd. 10-14 

conlinuous I '.~. discrete size 
distributions. 10 

Population bal:lllec equation. 306 
Portland aerosol char-.letcrization 

sludy.382- 385 
Power law Hgglomer.ltcs 

Hgglomerllte size distributions for. 
and Smoluchowski C(luHtion. 
230-233 

fractal- likc.226 
Powcr law distributions 

in clcHu rooms, 18 
in meteorology. IS. 360 

in Nlie f;Callering. 141-143 
Precipitat ion. electrical. &4--87 
Primary particles 

defini tion of. 5 
in agglomerates. 222 
and :Igglomeratc morphology. 

223-227 
in atmospheric aerosols. 378- 379 
and collision-coalescence 

mechanism of fommlion. 
338-343 

estimating particle size 
cffects of aerosol material 

properties. 350--352 
method of chHT'Jcteristic timcs. 

346-349 
neck formation. 353- 355 
synthesis of submicron solid 

p'lrticics. ovcrview. 331 
Primary component. atlllospheric 

aerosol. 372. 376. 385-386 
Pyrolysis reactors. 331. 334-335 

Q 

Quasi-electric light f;Calleri ng (QELS). 
143- 145 

R 

Radiat ive transfer e(luation. 145- 146 
formal solution of. 146-147 
and visibility. 148- 151 

RadioHcti \'e particles. behavior of. 
in nuclear reactor accident. 
32 1- 325 

R;ldius of gYT'Jtion. in agg lomer..l l e.~. 
226 

Raman effec!. 151 - 154 
and particle chemical afHllysis. 177 

Raman spcClroscopy. 152 
Rayleigh scallering. 16 

and !;elf-s imilar size distributions. 
139- 141 

Reaction-limited aggregation. 
computcr simul:llion of. 228 

Rcactors. Sel' Aerosol re;tClors. 
NuclcHr renClor nccidcnts 

Receptor modeling. for :Itnlospheric 
aerosol. 359. 380-385 

Residence time distribution. for 
atlllospheric aerosol. 366-367 



Resolving power of microscopes, 
160-16 1 

Rotating flow. See Cyclone separations 
Rutile 

structure and applications of. 356 

s 

Sampling.158- 160 
collection methods for. 158 
and velocity rat io. stream to sample, 

15. 
Saturation ratio 

critical. 280 
and expansion ratio. 216 
in nucleation. homogeneous. 280, 

28t 
for two or more condert'>able 

species. 283 
and critical expansion ratio. 216 
in thcnnodynamics. 249~251 

definition of. 251 
supersaturation 

by adiabatic expansion. 
25 1 ~252 

causes of. 249, 250 
by mixing. 252~254 

Scaling laws. in agglomerate formation 
autocorrelation function. 223-226 
and power law relationship. 

prefaclOr for, 226-221 
Scaling theory, for homogeneous 

nucleation in turbulent jets. 
299-300.301-302 

Scattering cross section. 121 
Scanering diagrams. 126 
Scaltcring efficiency. 121-128 
Schmidt number 

and concentration boundary layer 
equation. 63 

and con\'ective diffusion, 58 
rrom laminar pipe now. 19 

Schottky defects, in solid·state 
diffusion. 344 

Scrubbers. and inen ial deposi tion. 94 
Secondary COmponenL atmospheric 

aerosol. 312~373. 385-381 
Sedimentation 

and coagulation. 321-325 
of coarse mode panicles. in 

atmospheric aerosol. 361 
and fifth momenL size distribution 

fu nction. 16 
Self~nucleation. 211 

Self-prescrving distri bUlion (SPO) 
for agglomcrates. 233-234 

time to reach, 234-235 
definition of. 21 I 
for coalescing particles. 210-211 

time to reach. 211-218 
Self-sim ilar size distribution functions. 

18-19 
Sel f- similar sile distributions. and 

Rayleigh scallering. 139-141 
average panicle size, 140 

Settling velocity 
temlinal .39 

Sherwood nunlbcr. 61 
Si lica. pyrogenic. manufacture of. 

332~333 

panicle sile dist ribution. 1 
Silicon. crystaillne properties of. 356 
Si milarity solution 

for coagulat ion 
Brownian. 211 - 21 3 
in continuum regime. 210-21 I 
in free molecule region, 21 3~2 15 

for continuum regime coagulation 
and differential growth. 
313-316 

Simil itude 
in convective diffusion, for panicles 

of finite diameler, 66-69 
for impaction. and Stokesian 

particles. 102- 104-
Simultaneous distribution functions. 

example of. 20 
Single-elcment particle capture, by 

diffusion and interception. at 
high Reynolds numbers. 13-76 

Single fiber collection effici ency. 11 
Single-particle countcranalYler 

(SPCA). 179 
Single-panicle optical counter. 

166--[68 
Size. of panicles, 3--6 

I'S. chemical composition. 21 
distribut ion. and power law. 

141- 143 
effect on equi librium of 

hetcrogeneous chemical 
react ion, 266-269 

and light scattering perfonnance of 
uni t volume . 139 

measurement of. 3 
range of. 3 
tenninology of. 3 

Sizc-composition probability density 
funct ion. 19-20 

Index 405 

and :Iverage chemical composition. 
20 

Size distribution 
in atmospheric acrosol 

accumulation mode. 360. 
364-366 

coa~ mode. 360.361 ~364 
overview. 360 
ultrafine range. 360. 366 

processes affecting, 23 
Size distribution fu nction. 10-14. 

See (liso Gas-tn-part icle 
conversion. growth laws in 

averaging of. 14 
dimensions of. II 

graphing of. 12 
for particle diameter. 10-11 

relation to panicle volume 
equation, 11- 12 

for pan icle volume. re lation to 
particle diameter equation. 
11 - 12 

relationships among. 11 - 12 
experimental methods for. 166--170 

differential mobility analYler. 
168---110 

diffusion battery. 110 
single-panicle optical counter. 

166--168 
for mixed aerosols. 19~20 
moments of. 14-16 
normal distributions. 16-11 
power law distributions. 18 
rate of change in. for coagulation. 

189-190 
self-similar distribution functions. 

18-19 
standard deviations in. 11. 18 

Skylight. and visibility. 149~ 150 
Smoluchowski equation 

in agglomerate formation. 230-232 
extension to colliding. coalescing 

particles. 339- 340 
gencmlization of. 301 

Solid-liquid transi tion. in collision
coalescence mechanism of 
primary panicle formation, 
342-343 

Sol id-particle-vapor cqui I ibri urn 
melt ing point of small solid panicles. 

266 
vapor and surface pressures 

of crystall ine particles. 
263-265.265--266 
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Solid-state difTusion coefficient. in 
synthesis of submicron solid 
panicles. 343-346 

high-diffusivity paths and. 346 
for lattice diffusion. 345 
temperature dcpendenee of. 

343-345 
Solutcs 

clfeet on vapor pressure. 254-255 
and hygroscopic panicle-vapor 

equi lihrium.259-262 
for small panicles. Kelvin relation 

and. 258-259 
solutes and. 260 

Source .. pponionment, in air quality 
analysis 

basic conccpts. 380-381 
chemical mass balance (CMS) 

mcthod.381 - 382 
aerosol dynamics and. 3R5 

multielement analysis for. 175-176 
Ponland aerosol chumcterization 

study. 382-385 
SPCA. See Singlc-plinicle 

eouniemnalYi:er 
SPD. See Self-preserving dist ribution 
Stagnation point. and Stokesiun 

panicle motion. 106 
Stirred scttling. coagulation and. 

geneml dynamic equation in. 
321-325 

Stirred tank reactor. with panicle 
growth. 327-329 

Stokes-Einstein coefficient of 
dilTusion.33 

Stokes emission. 151-152 
Stokes foml of Navier-SlOkes 

equations. 35. 100-101 
Stokesian panicles 

definition or. 103 
depoSition from rotating now. 

111-113 
particle eddy di IT usion coefficient. 

113-115 
impaction or 

on cylinders IUld spheres. 104-108 
e;l;periment I'S. theory. 107- 108 

and similitude law for impaction. 
102- 104 

Stokes law 
and BrownilLn motion. 35 
correction for motion perpendicular 

to fault plane. 97 
and friction coefficient. 31. 33 

and particle motion at stagnation 
point. in inertial transport. 
106 

Stokes number. 102 
and convective diffusion. 71 
for impaction on cylinders and 

spheres. theoretical limits o r. 
105- 107 

and inertial deposition. 104 
Stop distance 

and aceeleflltion of particles at low 
Rcynolds numbers. 100-102 

and turDulent deposit ion. 115- 118 
Submicron aerosols. primm),. in 

atmospheric aerosol. particle 
size. 376 

Submicron solid particles. synthesis of 
col li.~ion-coalescenee mechlLnism of 

primary particle fonnation 
in. 338-339 

commercial :md pilot scale. 332-337 
extension of Smol uehowski equation 

to. 339-340 
overview. 331-332 
panicle cryst'll structure in. 355- 356 
part icle neck fonn at ion in. 353-355 
primary panicle sii:e 

effects of aerosol material 
properties on. 350-352 

estimation of. 346-349 
rate equation for. 340-343 

in diffusion. 341 - 342 
in solid-liquid tronsition. 342- 343 
in viscous now tr.lIlsport. 341 

solid-stIlle diffusion coefficient. 
343-346 

high-diITusivity paths and. 346 
for l'lttice diffusion. 345 
temperaturc dependence of. 

343-345 
Sulfates. in 'llmospherie aerosol. 

particle sizc. 374-375 
Supcrs'lluration 

in thermodynamics 
by adiabatic expansion. 25 1- 252 
CllUSCS of. 249. 250 
by mi;l;ing. 252-254 

Surface area of particles. and panicle 
sizc distribution functions. 15 

Surf:Lce pressure 
crystalline particles. 265-266 
L:lphlCC'S formu la. 258 
liquids. 258 
rtlo lccul<lr dynamics calculations. 

258-259 

T 

Tenninal set tling veloci ty. 39 
Thcm1<xlynamic properties of acmsols 

charged panicle-vapor equilibrium. 
263-265 

and molecular clusters. 269-273 
equilibrium size distribu tion in. 

270-273 
overview of. 249 
panicle sii:e. effect on equilibrium 

of heterogeneous chemiC'll 
reaction. 266-269 

particle-vapor equilibrium 
hygroscopic. 259-262 

saturotion rotio in. 249-25 1 
sol id'part icle-vapor equ i librium 

lIIelt ing point reduction of small 
solid part icles. 266 

vapor Hnd surface pressures 
of crystalline particle.~. 
265-266 

supersaturation 
by adiabatic c;l;plmsion. 25 1-252 
causes of. 249. 250 
definition of. 25 1 
by mixing. 252-254 

and vapor pressure 
Kelvin rcl<1tion. 256--257 

limit of applicability. 258-259 
solutes and. 260 

particle intcrnal pressure. 
257-258 

and vapor pressure curve. 249-251 
effect of solutes on. 254-255 

hygroscopic panicle-vapor 
equilibrium. 259-262 

sol id-partic Ie-vapor equi libriu m 
melting point reduction of 

small solid particles. 
266 

vapor and surface pressures 
of crystalline panicles. 
265-266 

Thennophorcsis. 50-51 
dust-rrcc space eHuscd by 

in stagnlllion now. 89-90 
on \'enical plate. 88-89 

in industrial applicat ions. 50 
in optical fiber fabrication. 334 

Thermophoretic velocity. 50 
slip-corrected. 50 

Time averuge of particle sii:e 
distribution functions. 14 

Titania 



commcrcia l sysnthcsis. 333 
hiding power. 2 
nanoparticle ch:lin aggregates 

(NeAs) of. 245 
primary particle size in syn t hes i .~ of. 

350-352 
st ructu re and applications of. 356 

Total number concentra tion. 
experimental measurement. 
163- 165 

Transmissomcters. 165 
Transport propert ics 

equation of diffu.~ion. 28- 30 
:md Knudsen numbers. large 1'.\'. 

small. 28 
overview. 27 

Trimers and dimers. in vapors of alkalli 
halides, 269- 270 

Turbidity. 136--137 
Turbulence 

and coagulation. Sec Coagulati on. 
turbulent 

energy cl\scade hypothesis of. 204 
and general dynamic equation. 

317- 3 19 
and nuclcation. homogeneous 

in gas-to-panic le conversion . 
299- 304 

scaling theory in. 299-300 
experiment:tl tests of. 

30 1- 302 
splilli ng nozzle now into 

multiple streams, elTect 
of. 303-304 

Turbulent stack plumes. 3 19- 321 
Turbulent deposition. 115- 118 

and aerosol sampling. 160 
Turbulent mixing. of eOllrsc mode 

particles. in atmospheric 
aerosol. 36 1 

u 

Ultrafine panicles 
in atmospheric aerosol. 360. 366 
definition of. 3 

Unipolar charging. defi nition of. 41 

Urblm aerosol 
atntospheric aerosol 

v 

air quality mea_~ures . com mon. 
380 

:md aver,lge chemical 
composi tion. 20 

chemical composit ion of. 
370-373 

panicle size lmd. 373- 378 
for PA H and elemental 

carbon. 376 
for sulfates lind nitrates. 

374-375 
for water. 376--378 

panicle conee1llmtions in. 7. 16 
small paniclcs in. 276 
submicron aerosol. morphological 

eharae tcri.~ti es of. 378 

Vacancy mechanism. in diffusion 
solid-state. 344 

Vlln der Waals forees 
lind boundllry condition for part icle 

diffu sion. 53- 54 
Brownian coagulation and. 197- 199 
origin . 52- 53 

Vapor pressure 
of crystalline panicles. and solid

panicle-vapor equilibrium. 
265-266 

etTeet of solutes on. 254-255 
of small particle. 256--259 

Kelvin relat ion_ 256--257, 
258-259 

limit of appliclIbility. 258-259 
solutes lind. 260 

particle intefJl<.li pressure. 
257-258 

Vapor pressure curve. 249-25 1 
and charged particle-vapor 

equilibrium. 263-265 
effect of solutes on. 254-255 

and hygroscopic particle-vapor 
cquilibrium.259-262 

Illdex 407 

and solid-particle-vapor equilibrium 
melting point reduction of small 

solid particles. 266 
vupor and surface pressures 

of crystalline pllrtitles. 
265- 266 

Vibrating orifice generator. 184 
Viscosity. and volumctrie 

conccn1ralion.7- 8 
Viscous flow. rate equation for. in 

synthesis of .~ubm icron solid 
panicles. 34 1 

Vi.~ibility, 13 1. 148- 150, 165- 166 
as measure of ;lir quality. 380 
Visull! r;mge. See Visibility 
Volume avcrage of panicle size 

distribution functions. 14 
Volume fraction. geneml dynamic 

equation for, 3 11 - 3 12 
Volume of particles per gas voluille. 

and particle size distribution 
fu nctions. 15 

Volumetric eOllcentnltions, calculation 
of. 7- 8 

w 

Water 

x 

angular scatteri ng from droplets. 
133 

in atmospheric aerosol. 373 
:md particle size. 376 

.~;L\ u ra ti o n rlltios for. 282 
trace amounts in air. Lewis. Schmidt. 

and Prandtl numbers for. 253 

X-my l1uorescence (XRF). 175. 181 
XRF. See X-ray flu orescence 

z 

Zirconia. forms of. 356 



Idea l for courses in aerosol science or particle technology. Smoke. Dusl. and Ha ze: Funda
melltals of Aerosol Dynamics. 21e. is the only modem text that focuses on aerosol dynamics-the 
study of the fac tors that determine changes in the di stribution of aerosol properties wi th respect 
10 panicle size. It covers fundamental concepts, experimental methods. and a wide variety of 
applications. Usi ng the aerosol dynamics approach. the author integrates a broad range of topics 
includ ing stochastic processes, aerosol transpon theory. coagulation, forma tion of agglomerates, 
classical nucleation theory, and the synthesis of ullrafine solid panicles. The book makes extensive 
use of scaling concepts and dimensional analysis and emphasizes physical and physicochemical 
interpretations. Basic concepts are illustrated by applications to many fields including air 
pollution control, the atmospheric sciences, microcontamination in the semiconductor industry. 
and the industrial manufacture of powders. pigments. additives. and nanoparticles. 

Rev ised and expanded . this second edition features new chapters on the kinet ics of 
agglomeration of noncoalescing particles and the fundamentals of aerosol reactor design. It 
covers the effects of turbulence on coagulation and gas-to-particle conversion and also discusses 
the fonnalion of primary particles by Ihe collision-coalescence mechanism. The chapter on the 
atmospheric aerosol has been completely rewritten within the aerosol dynamics framework. Its 
basic approach and topicality make Smoke. Dust, and Haze: FIII/(llIIl1 elllal.~ of Aerosol Dynamic.f. 
21e. an essenti al guide for both students and researchers. 
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"The reader of thi s excellent senior- or first-year-graduate-level text will recogni ze the catholic 
nature of the material treated. Sheldon Friedlander. .. is probably America's pre-eminent investi
gator of aerosols. by virtue of his theoretical and experimental work conducted in a variety 
of areas since the 1950·s .... Smoke. Dust. alld Haze is the first publi shed book on aerosols 
wrillen primarily for classroom use. It was wrillen explicitly for chemical- and environmental
engineering first -year-graduate students but it could serve excellently as a physics course to 
introduce students to the nature of applied science." - Physics Today 
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The Aerosol Community Mourns the Loss of a Giant
Sheldon K. Friedlander 1927–2007
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On February 9, 2007, the aerosol community lost one of its
most respected members. Sheldon K. Friedlander died at age
79 of complications from pulmonary fibrosis at his home in
Pacific Palisades. He was the Parsons Professor of Chem-
ical Engineering at University of California, Los Angeles
(UCLA).

Sheldon’s remarkable career, which spanned six decades, be-
gan with a B.S. from Columbia University and a Masters degree
from MIT, both in Chemical Engineering. He also worked at the
Harvard School of Public Health on an Atomic Energy Commis-
sion project regarding control of radioactive aerosols. His time
at Harvard catalyzed an interest in aerosols, which he pursued
through subsequent Ph.D. research in Chemical Engineering at
the University of Illinois at Urbana-Champaign. He then served
as a faculty member at Columbia University (1954–1957), John

Hopkins University (1957–1964), California Institute of Tech-
nology (1964–1978), and UCLA (1978–2007).

Sheldon started his Ph.D. studies at a time when the field of
aerosol science was in its early stages of development. Working
with H.F. Johnstone, he focused on how particles in turbulent
airflow are deposited on the walls of pipes and ducts. Sheldon
made important contributions right from the start: he introduced
the notion of a “stopping distance” of a particle injected into
stagnant air, and then used this concept to predict particle mo-
tion through the viscous boundary layer to the surface. His thesis
work laid the foundation for much of the later work on deposi-
tion of particles in industrial systems as well as dry deposition
from the ambient atmosphere, where turbulent eddies impart ve-
locities normal to the mean flow and enable particles to reach
the surface.

895
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Sheldon K Friedlander

As a natural extension of this early work, Sheldon then con-
sidered the transport of particles to collectors of various ge-
ometries, such as cylindrical fibers and spheres. He developed
expressions for the deposition of particles of different sizes to
these obstacles which became valuable for predicting the effi-
ciencies of fiber filters and collection of airborne particles by
cloud droplets.

His work also involved studies of aerosol dynamics in the
human respiratory system, including transport through the upper
airways down into the lung. These studies informed research by
others on both detrimental and therapeutic aspects of aerosols.
For example, his early work on aerosol deposition in the lung
led to the later development by others of methods to deliver
therapeutic drugs directly to the lung.

But Sheldon went far beyond investigations of particle depo-
sition. In what is often acclaimed as one of his most valuable
scientific contributions, he theorized that regardless of the initial
size distribution, a collection of particles in certain size ranges
tends to grow, coagulate, and settle as it ages to form a “self-
preserving” size distribution. In other words, the distribution of
well-aged particles tends toward a predictable spectrum when
expressed in dimensionless form regardless of the initial condi-
tions. The theory of the self-preserving size distribution is based
on selected solutions to the General Dynamic Equation (GDE),
essentially a mass balance for aerosols that incorporates ma-
jor mechanisms affecting aerosol formation, growth, transport,
and ultimately loss. Since its development, many researchers

have used the self-preserving distribution for such applications
as the design of controlled aerosol reactor experiments and
industrial-scale manufacturing of chemical commodities. The
theory greatly simplifies analysis of the motion and transforma-
tions of particle clouds, since it is no longer necessary to account
for the initial distribution. The theory also permits back-of-the-
envelope calculations of concentrations and size distributions,
thus avoiding the need for numerical solutions to the GDE.

By the early 1970s, the Clean Air Act established by the newly
founded Environmental Protection Agency had focused atten-
tion on identifying the sources of particles in the ambient atmo-
sphere. Once again, Sheldon made pioneering contributions to
the field. He reasoned that different categories of particle sources
such as coal-fired power plants, automobiles, and soil resuspen-
sion have different characteristic chemical compositions. The
atmospheric aerosol includes mixtures of particles from these
and other sources. By measuring the composition of ambient
particles and knowing the composition of particles emitted from
different sources, it was thus possible to estimate the relative con-
tribution of each source type influencing the measurement site.
This “chemical element balance” was the forerunner of Source-
Receptor Modeling that has become a major subdiscipline in
its own right. The numerous software packages commercially
available to conduct this type of modeling demonstrate the power
and importance of the method.

When equipment became available to measure number con-
centrations of very small particles, Sheldon began to study yet
another topic within aerosol science: the formation and growth
of particles from molecular clusters. Using large Teflon bags on
the laboratory roof at Caltech, he and his students studied the
oxidation of SO2 to form sulfate aerosol. He identified two dif-
ferent regimes of oxidation: a low humidity process which forms
very small particles without photochemistry, and a high humid-
ity mechanism in which SO2 is absorbed into existing particles
and oxidized in the presence of liquid water. This work was fol-
lowed by major studies around the world on the formation of
atmospheric aerosol from precursor gases.

Sheldon was a strong believer in the collection of ambient
data as a means of understanding aerosols. In this vein, he was
co-Principal Investigator of one of the first major urban field
campaigns, the California Aerosol Characterization Experiment
(ACHEX) in the early 1970s. Many noteworthy accomplish-
ments came out of ACHEX. As one example, Sheldon and
his group assembled an inventory of carbon emissions in Los
Angeles and used it to apportion sources for the measured car-
bon aerosol; this resulted in the first carbon balance for an urban
airshed. His group also compared particle size distributions mea-
sured during ACHEX across the Basin to demonstrate aerosol
growth by photochemistry. This work promoted widespread in-
terest in elemental and organic carbon during the 1990s, which
included chemical speciation of organic compounds in aerosols.

Later in his career, Sheldon devoted considerable attention
to the creation of synthetic aerosols. He explored the poten-
tial of aerosols to make useful products, and looked into the
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development of aerosol reactors to generate particles with care-
fully controlled characteristics. Sheldon also studied the proper-
ties of nanoparticles, and postulated a revolutionary relationship
on how agglomerates sinter to become compact particles. His
work greatly simplified the description of non-spherical parti-
cle dynamics at high temperatures, placing the design and safe
operation of aerosol reactors on a firm scientific basis. Sheldon
also discovered the elastic, rubber-like behavior of micrometer-
long chains of ceramic nanoparticles 10 nm in diameter. Such
characteristics of nanoparticles can affect their useful properties
and also their impacts on human health.

These examples are but a small sample of Sheldon’s original
scientific contributions during his productive career. He pub-
lished many seminal archival papers. In addition, he wrote the
influential book Smoke, Dust, and Haze, which was published
in 1977 by John Wiley and Sons and later published in a modi-
fied second edition in 2000 by the Oxford University Press. This
book is widely used by aerosol scientists and educators around
the world.

Although his technical contributions have had a major ef-
fect on the field of aerosol science, perhaps his most significant
accomplishment was training and inspiring others. His brilliant
insights motivated those working with him, and his fascination
with aerosols was contagious. He supervised numerous Ph.D.
students, postdoctoral fellows, and visiting scientists during his
career, as well as a large number of undergraduates and MS stu-
dents. He also worked with several dozen aerosol scientists at
his own and other institutions.

Sheldon’s vision went beyond the training of other individ-
uals to continue research in the field. He recognized the impor-
tance of establishing a community that could not only advance
the understanding of aerosol science but also provide credibility
for advocates of the discipline to be of service to society. He
envisioned a world where aerosol scientists offered their exper-
tise to solve a myriad of problems and improve people’s lives in
many ways.

With this vision in mind, Sheldon was one of the original
founders of the American Association for Aerosol Research
(AAAR). From its humble beginning as a small group in Santa
Monica in 1982, the Association has grown to nearly 1000 mem-
bers. Along with the European Aerosol Association, the AAAR
has become a flagship of a network of aerosol associations world-
wide. Sheldon served as President of AAAR during 1984–1986,
and remained active in the association until the time of his death.

Sheldon also believed in the importance of linking science
to public policy. He served on the advisory committee to the
National Institutes of Health that shaped the first agenda for the
National Institute of Environmental Health Sciences in 1969.
He also served as the first chair of the EPA Clean Air Science

Advisory Committee in 1978–1982, and was a member of the
EPA Science Advisory Board Executive Committee during this
period. He was chair of the National Research Council (NRC)
Panel on Abatement of Particulate Emissions from Stationary
Sources, and chair of the NRC Subcommittee on Photochemical
Oxidants and Ozone. In addition, he spent time at other Univer-
sities; for example, he was a Fulbright Scholar in 1960 and a
Guggenheim Fellow in 1969, both at the University of Paris.

As a result of his contributions and leadership in aerosol sci-
ence, Sheldon received many honors throughout his career. For
example, he received five awards from the American Institute
of Chemical Engineers: the Colburn Award in 1959, the Alpha
Chi Sigma Award in 1974, the Walker Award in 1979, the Ce-
cil Award in 1995, and the Lifetime Achievement Award of the
AIChE Particle Technology Forum in 2001. He also received the
Humboldt Senior Scientist Award from the West German Gov-
ernment in 1984–1985. He presented several invited lectures
around the world, and more recently he was the first recipient of
the Christian Junge Award of the European Aerosol Association
in 2000 and the Aurel Stodola Medal of ETH in Zurich in 2004.

Two more awards, however, deserve special comment. Shel-
don was elected to the National Academy of Engineering in
1975, “in recognition of his contributions to the understand-
ing of the origin and control of pollution by particulate mat-
ter.” In addition, Sheldon was the first individual to receive the
Fuchs Memorial Award in 1990, which is the highest honor
that can be bestowed on an aerosol scientist, presented by
the AAAR, Gesellschaft für Aerosolforschung, and the Japan
Association for Aerosol Science and Technology. The Fuchs
Award is presented only once every four years. In the mid-
1990s, the AAAR recognized Sheldon’s impact in the field by
creating the Sheldon K. Friedlander Award for an outstanding
Ph.D. dissertation “in any discipline in the physical, biomed-
ical, or engineering sciences in a field of aerosol science and
technology.”

The world community of aerosol researchers is indebted to
Sheldon Friedlander, outstanding researcher, educator, mentor,
and role model who was one of the giants in aerosol science.
His contributions to the field will be long remembered, and his
wisdom will remain with us in his scientific papers. Most im-
portant, his inspiration will continue through his many students
and colleagues, as we attempt to emulate the character of a great
scientist and a great human being.

Sheldon Friedlander’s doctoral students were invited to con-
tribute to this obituary and be co-authors, and those who were
successfully contacted and who accepted this invitation are in-
cluded in the author list. Many other individuals consider Shel-
don as one of their primary mentors, although their names are
not included as co-authors to keep the list manageable.




