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Preface

This book can serve as an introduction to students interested in learning
the techniques used in developing mathematical models of physical
phenomenon; or it can furnish the background information to the
experienced professional desiring to broaden his/her knowledge of
polymers.

The senior author presented material in this book to students
interested in learning the fundamental mathematics underlying many
areas of polymer physics and in lectures to audiences with varying
backgrounds in polymer physics.

The material in this book should prove helpful to readers who have
knowledge of introductory mathematics, chemistry and physics.

The text emphasizes the derivation of many equations used in
Polymer Physics. The assumptions used in modeling, and in making the
mathematical apparatus solvable in closed form, are presented in detail.
Too many times, the basic equations are presented in final form in
journal articles and books from either lack of space or the assumption
that the derivation is widely disseminated and does not require repetition.

The fundamentals of any discipline have to be constantly tested
against new findings. This book presents the assumptions and
simplifications of the fundamentals of many areas of Polymer Physics so
that the testing process can be expedited.

The authors have discussed this material with many colleagues and in
return received many pertinent suggestions for improvement. These
include Philip Wilson, Mohan Srinivasaro, Hiromichi Kawai, Shigeharu
Onogi, Garth Wilkes, Takeji Hashimoto and Marion Rhodes, James J.
Burke and many others who attended courses or collaborated with
Professor Stein in research projects.

The improvements belong to our colleagues. The residual factual
errors, typos and other problems belong to the authors.

For supplementary material, corrections and communications with us,
please visit http://web.mac.com/rsstein1/iWeb
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Chapter 1

INTRODUCTION

1.1. Background

The concept of long chain molecules in which the atoms forming the
backbone are bonded by strong primary valence forces, usually covalent
in nature, is the foundation of polymer science. Until relatively recently,
chemistry, which is the study of molecules in all their ramifications,
emphasized the study of small molecules. These could be readily purified
to yield materials with constant composition and well characterized
properties. Naturally occurring polymers, such as natural rubber or
cellulose, did not fit into this framework of small well-characterized
molecules [1]. Many investigators considered that the naturally occurring
polymers constituted a fourth state of matter, essentially colloidal in
nature, because these materials did not seem to obey the laws derived for
gases, liquids, or solids as these laws were then understood. The
assertion that, since rubber and cellulose were the products of living
organisms, a vital principle, not amenable to physico-chemical laws, was
involved reinforced this viewpoint.

Based on chemical evidence, Staudinger [2], in the early 1920s, was
the first investigator to strongly advocate long, linear chain structures for
polystyrene, polyoxymethylene, and natural rubber. During this time
span, x-ray diffraction developed as a tool for determining the structure
of molecules. The diffraction photographs of natural rubber and cellulose
taken by Meyer and Mark were interpreted as showing that these
polymers did have long chain structures [3]. Carothers furnished a key
argument, based on purely chemical reasoning, in favor of the view that
polymers, in the main, were composed of long linear chains. By the late
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1920s, organic chemists had accumulated a large store of knowledge on
the reaction conditions, products, yields and structures of many small
monomeric molecules involved in organic chemical reactions. For
example, the reaction between an amine and an organic acid was known
to produce an amide with the elimination of a molecule of water:

R,NH, + HOOCR, — R,NHCOR, + H,0

(Ry, Rybeing typically methyl, ethyl or other aliphatic radicals).
Carothers reasoned that, if both molecules were difunctional (i.e., two
amine groups on R, and two organic acid groups on Rj), sites would be
available for further reactions:

H,NR,NH, + HOOCR ,COOH — H,NR,NHCOR ,COOH +H,0

The reaction would continue until the starting materials (difunctional
amines and organic acids) were exhausted. Thus, a long chain polymer
structure could be synthesized using a well known and well understood
organic chemical reaction. In a classic series of investigations [4],
Carothers and a small group of co-workers were able to demonstrate that
this and similar chemical reactions produced long linear chain molecules.
As a point of interest, Carothers produced nylon 66 by using CgHyy
(hexamethylene) for R; and C4Hg for R,. Carothers [4] coined the term
condensation polymers for the long chain molecules produced by these
reactions because the elimination of small molecules such as water
condensed the length of the polymer repeat unit compared to that of the
starting molecules. Conversely, Carothers called polymers such as
polystyrene and polyoxymethylene addition polymers because the
monomer units add through the opening of double bonds. Thus, these
latter polymers added monomers during formation with no elimination of
small molecules.

Many of these linear chain polymers have the advantage for
characterization that they are soluble in organic solvents. This has aided
greatly, as will be shown later, in the analysis of chain structures and
reaction mechanisms and the determination of molecular weight. Most
linear polymers, both condensation and addition, also reversibly soften
and flow on heating and conversely harden and become rigid on cooling.
These materials are sometimes called thermoplastics because they flow
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at sufficiently high temperatures. This thermal characteristic is used to
advantage in reprocessing these polymers. The thermoplastics did not
become commercially available, with a few exceptions such as cellulose
acetate, polystyrene, poly(methyl methacrylate), until after World War 11.
A second class of polymeric materials (thermosets) had been introduced
earlier (ca. 1910) starting with the phenol-formaldehyde polymers
developed by Leo Baekeland [5]. Thermosets are composed of non-linear
polymer chains (based on a functionality of 3 or more) that combine
chemically to form three dimensional network polymers. They are
soluble and fusible only up through the intermediate stages of
polymerization. Once polymerization is complete, the thermosets form
hard infusible insoluble structures that soften on heating over a
temperature range. The average temperature for the range is called the
glass temperature. On heating to higher temperatures, thermosets
decompose because of their network structure. The lack of solubility and
general intractability rendered thermosets difficult to study from a
fundamental standpoint.

Elastomers or rubbers represent an intermediate stage in terms of
functionality between thermoplastics and thermosets. Elastomeric
behavior in polymers originates from a special type of chain structure.
This point is discussed more fully in Chapter 7. Elastomers to be useful
articles of commerce require a controlled number of crosslinks (chemical
bonds between neighboring chains). Natural rubber (and its progeny, the
synthetic rubbers, spawned during and after World War II) elongates
readily to several times its original length on the application of a small
force and readily retracts with release of the applied force. But, unless it
is crosslinked, rubber will tend to flow on being held at high elongations
and gradually lose its ability to retract. Goodyear [6] found in the 1830s
that, upon adding sulfur to natural rubber latex and heating, the
coagulated latex changed from a flowable gum to a retractive elastic
material. He also observed that the hardness of natural rubber ranged
from a soft crepe rubber (essentially thermoplastic) on small sulfur
additions to hard infusible rubber (or thermoset) with large sulfur
additions.
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Figure 1.1b. Branched Polyethylene.

1.2. Linear Chain Molecules

1.2.1. Structure

Polyethylene, the prototype or model chain for linear addition polymers,
is composed of ethylene monomer units linked by covalent bonds to
form long chains (Figure 1.1a.) But, this linear chain was only produced
in the mid 50’s by the Ziegler—Natta catalysts. Before this, the Fawcett
process that required high pressure and temperature produced a
polyethylene chain that contained many small side chains or branches
attached by covalent bonds to the main chain (Figure 1.1b). Nuclear
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magnetic resonance (NMR) work [7] elucidated the type and number of
branch chains in high pressure polyethylene. These results support a
mechanism for branch chain formation proposed earlier by Roedel [8].
The extent of branching and the branch length alter polymer properties.
Linear polyethylene has a higher density, greater degree of crystallinity
(Chapter 8) and higher melting point than branched polyethylene.

As a trivial example, the higher melting point of high-density
polyethylene allows it to be used in the manufacture of sterilizable baby
bottles. At the temperature required for steam sterilization, branched or
low density polyethylene bottles soften, flow and collapse into a hollow
blob. Linear or high density polyethylene bottles on the other hand
maintain their shape. Substitution of a hydrogen atom in the ethylene
monomer by a different atom (say chlorine to form poly (vinyl chloride))
or a molecular group (by a methyl group to form polypropylene) imparts
a directional character or orientation to monomer addition during
polymerization. Three types of monomer additions are possible: head-to-
tail, head-to-head, or tail-to-tail (Figure 1.2) with the carbon atom having
the substituent group termed the head. The sequence of monomer
orientation during polymerization determines the polymer chain
configuration. Synthesis sets the chain configuration. It cannot be altered
without breaking chemical bonds. Most commercial vinyl polymers have
configurations based predominantly on head to tail monomer orientation
[9,10]. Until the mid 1950s, catalysts based on free radicals (see Section
1.2) were the customary agents used to produce linear addition polymers.
Chain branching and monomer orientation were the main areas
investigated in the structure determinations of substituted linear addition
polymers. The advent of the Ziegler—Natta or coordination catalysts
opened up new vistas in polymer structure work [11]. Using these
catalysts, it became possible to produce stereoregular polymers by
controlling the placement of a substituent group with respect to the axis
of the main chain. As a result, monomers such as propylene, that had
previously only yielded low molecular weight waxy oils, could now be
polymerized as high melting, highly crystalline solids.

G. Natta [12] first synthesized many of these stereoregular polymers
using coordination catalysts and defined many terms used to describe
these polymers. Using polypropylene as an example, its monomer

5
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orientation is predominantly head to tail, but polymers with different
stereoregularity (or tacticity) and different configurations can be
produced by varying the polymerization conditions. Natta initially
considered three possible placements with respect to the chain axis. [For
simplicity, the chain backbone is assumed to lie in a plane with the subst-

C_ b C-\\h
Head-to-Tail / t\ / t C/

g

5

g

\ >

= Q/
7

\

S
s X

H 0
!
X =-Cl, -CH;, -H, -OCCH,

Figure 1.2. Possible Monomer orientations.

tuent groups lying either above or below the plane (Figure 1.3).]

Isotactic - the R substituents are all on the same side of the plane
defined perpendicular to the chain backbone axis.

Syndiotactic - the R substituents alternate above and below this plane.
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Atactic - the R substituents vary randomly in placement along the
chain backbone.

Bovey and others [7] refined tacticity concepts by using NMR
techniques to specify the placement of three consecutive main chain
substituents or triads. In addition to isotactic or syndiotactic triads,
another type, the heterotactic, was defined in which pairs of isotactic
placements alternate with pairs of syndiotactic placements in regular
fashion (Figure 1.3) More recently, polymer chain tacticity has been
described in terms of tetrads or the placement of four consecutive chain
substituents.

C
Isotactic 5\ _.-C; §C\ K \s‘\ $ 1Y
Sy, o g O § € W CoH S CHy
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Figure 1.3. Types of Polymer Chain Tacticity.

The nomenclature described above has been elaborated to include
diene polymers and optically active chains among others [13]. As
mentioned above, tacticity or stereoregularity of chain substituents
modifies polymer properties. For example, isotactic polypropylene forms
a helical chain structure because of severe over-crowding between
neighboring methyl groups and has a crystalline melting point of ca.
165°C. Syndiotactic polypropylene has a linear chain structure similar to
that of polyethylene and has a melting point of ca. 131°C. Atactic
polypropylene, polymerized by free radical catalysts forms low
molecular weight, non-crystalline waxes or oils. Rubbers, based on new
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monomer compositions, have been produced using Ziegler—Natta
catalysts. One of these, for example, is produced from ethylene and
propylene monomers in which neither homopolymer is an elastomer
since they crystallize. But, when their monomers are combined to form a
copolymer, crystallization is prevented and the product is an elastomer
that has found many applications.

Many tactic polymers have asymmetric backbone carbons — the
condition for a compound to show optical activity. Tactic polymers
usually are not optically active. This lack results from several factors.
One is that the asymmetric groups attached to a given carbon are so long
in length that a difference of a few carbons does not have a significant
effect on the optical activity. Second, one optically active form does not
predominate so that right and left hand forms compensate. This topic is
discussed in more detail in the references cited [14].

1.2.2. Synthesis

Chain growth during addition polymerization has the three steps of
classical chain reactions (other examples are combustion processes or
nuclear explosions):
a. Initiation — formation of a reactive free radical (I*), ion or
monomer unit usually generated by catalyst or heat.
I— I*
x+M — M*
b. Propagation — formation of a long polymer chain by reaction
between a monomer unit (M) and a reactive chain end,
transfer of the reactive site to the new end, etc.
M*+M — My*
IM;* +M — IM;*
c. Termination — loss of the reactive site by
1.disproportionation M, +M; - M,-H+M,=C-
2. combination M* + Mj* = My
d. Chain transfer M;” + M; — Mi-H+ Mj*
Chain transfer is not a true termination in that the active radical is not
terminated but is transferred. This transfer results in modifying the final
molecular weight distribution of the polymerizing polymer. The
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polymerizing mixture during chain growth, if examined instantaneously,
consists of monomer, high molecular weight chains and a few actively
growing chains. Initiation is the slow step in this mechanism. Once
initiated, the polymer chain grows rapidly to form long, high molecular
weight polymers.

Step growth, on the other hand, follows the classical reactions of
organic chemistry, but uses, as mentioned earlier, difunctional monomers
to link molecules together. For example, on reaction of

HOOC-R1-COOH + HO-R,-OH — HOOC-R;-COO-R;-OH + H,0.

The product contains end groups that are available for further
reaction. In contrast to chain growth, the polymerizing mixture in step
growth at any given instant consists mainly of low molecular weight
polymer chains with little of either monomer or high molecular weight
polymer present. The polymerization must be carried to high monomer
conversion rates to attain high molecular weight polymer by a step
growth mechanism [15]. The presence of impurities or of side reactions
that reduce monomer conversion to polymer must therefore be avoided.

The above classifications are based on polymerization mechanism or
on polymer molecular weight. The physical process however by which a
polymer is synthesized is sometimes used for classification. The four
main processes are bulk, solution, suspension and emulsion. Bulk
polymerization, as the name implies, is carried out by adding catalyst
(initiator) to the undiluted monomer. This process has the advantage of
simplicity. Methacrylate monomer is cast directly into thin sheets by this
process. But, because most polymerizations are exothermic, heat build-
up leading to a runaway reaction can be a problem. Solution and
suspensions are variants of the bulk process designed to minimize heat
build-up. In solution polymerization, the monomer is diluted with an
inert liquid that may act as a chain transfer agent thereby reducing the
molecular weight of the final product. Because of environmental
concerns in use of organic solvents and because of solvent recovery,
solution polymerization is becoming less popular. In suspension
polymerization, the monomer droplets are dispersed or suspended in a
liquid phase, usually water. Thickening agents such as gelatin are added
to improve dispersion. Each droplet serves as a site for bulk
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polymerization and the liquid medium dissipates the heat generated.
Removal of the last traces of liquid in order to obtain pure polymer is a
problem in both the solution and suspension processes. Emulsion
polymerization is carried out by dispersing monomer droplets in an inert
liquid, usually water. Surface active agents or detergents stabilize a
portion of the droplets. The water-soluble initiator migrates into the
monomer droplet. As polymerization proceeds, fresh monomer from the
bulk phase migrates into and adds to the growing chain within the
stabilized droplet.

1.2.3. Molecular Weight

As indicated previously, polymeric materials can be prepared over a
wide gamut of chain lengths, or alternatively, molecular weights.
Oligomers are short chains, containing roughly three to eight monomer
units. Telomers are chains composed of an intermediate number of
monomer units. Above 15-20 units, the chains are high polymers.
Properties improve with increasing chain length up to the high polymer
range. Properties tend to approach a constant value with increasing size
within the high polymer range.

The ability to measure the size and shape of polymer molecules has
been a key factor in the transformation of polymer technology into a
science. The techniques used to measure molecular weight share the
common characteristic, with few exceptions, that the polymer must be
soluble. The polymer molecular weight is calculated by multiplying the
molecular weight of the monomer unit by the number of monomer units
or alternatively by the degree of polymerization (DP).

The last statement is deceptively simple. Polymers have a distribution
of molecular weights in contrast to the set structure and hence constant
molecular weight assigned to small molecules such as ethylene or
styrene. Differing molecular weights can be obtained from the same
sample because different techniques measure different averages over the
molecular weight distribution.

Osmotic pressure, equilibrium centrifugation, end group analysis,
freezing point depression (cryoscopy), boiling point elevation
(ebulliometry) and vapor pressure lowering measure the colligative
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properties (the number and not the kind of molecule). The equilibrium
centrifugation technique is the only one capable of measuring the number
average molecule weight of high molecular weight samples. These
measurements, except for equilibrium centrifugation, are analogous to
those used in the perfect gas law. Thus, these techniques measure the
number average molecular weight ((M,))

ZW ENM
EN ZN (L.1)

where W), is the weight of material with degree of polymerization » and
N,, is the number of molecules with degree of polymerization » whose
weight is M,

Light scattering and centrifugation techniques (sedimentation and
equilibrium) measure the weight contribution of each polymer molecule.
Molecular weight data obtained by these techniques yield a weight
average molecular weight ((M,)):

EWM EN M?
EW ENM (1.2)

Viscosity is a commonly used technique for determining polymer
molecular weights because it is rapid and requires only simple
equipment. However, the equipment requires calibration based on
samples with molecular weights previously determined by other
techniques. The molecular weight average ((M,)) determined from
viscosity measurements lies between M, and M, The sedimentation
centrifugation technique can also be employed to measure a Z average
molecular weight ((Mz))

SN, M (13)

11
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Figure 1.4 Relation between different molecular weight distributions.

Data of this type are useful in evaluating theories of molecular weight
distributions. Figure 1.4 illustrates the different types of molecular
weight distribution. If the polymer distribution is monodisperse (i.e., all
chains have the same length), then it naturally follows that (M,) = (M,) =
(M,) = (M) and different characterization techniques will give the same
molecular weight. But, polymer distributions are usually polydisperse
and the broadness of the polymer distribution can be estimated by taking
the ratio of

() (1.4)

where P is the polydispersity index. Narrow molecular distributions can
be obtained by 'living' anionic polymerizations. In other cases, narrow
molecular weight distributions are obtained by fractionation of polymers
with a broad distribution. Commercial polymers commonly fall in the
range of P = 2-5 or greater. The most probable distribution (Appendix
1A) is a special case in molecular weight distributions. It occurs in
condensation polymerizations and in random chain cleavage during high
temperature degradation [15,16]. The weight average molecular weight is
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twice the number average molecular weight in this distribution;
therefore, its polydispersity ratio has a value of two. On the other hand,
heterogeneous catalysts produce broad dispersities because initiation
starts from many sites.
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Figure 1.5 Diagram of a Gel Permeation Chromatograph.

Molecular weight distributions were originally measured by fractional
precipitation [17]. In this technique, the polymer sample is dissolved in a
suitable solvent, a small amount of a nonsolvent added and the mixture
allowed to reach equilibrium. The largest molecular chains precipitate,
while the smaller chains remain in solution. The process is repeated to
obtain fractions of lower and lower molecular weight. The amount of
added nonsolvent can be adjusted to obtain distributions of any desired
size differences. The availability of gel permeation chromatographic
(GPC) (or size exclusion chromatography) equipment has transformed
determination of molecular weight distributions from a tedious, time
consuming procedure into a routine operation. Dissolved polymer is
placed at the top of a column containing porous polymer particles
(commonly polystyrene beads crosslinked with divinyl benzene).
Washing or eluting the sample down the chromatographic column with

13
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solvent (Figure 1.5) segregates the polymer chains. In gel permeation
chromatography (GPC), the largest polymer molecules travel through the
column by the shortest path because they cannot fit into the porous beads
and therefore are the first to exit. The shortest chains conversely travel a
long tortuous path in and out of pores so that they are the last to emerge
from the column. Alternatively, in high performance liquid chromatogra-
phy (HPLC), differences in solubility between components are used to
separate polymer and additive fractions. The HPLC technique usually
detects eluent stream composition by ultraviolet measurements in the 190
to 600 micron range. Until recently, all commercial GPC instruments
required calibration with polymer (usually polystyrene) of a known
molecular weight distribution. For calibration, the polymer is eluted
through the column and a plot is constructed of molecular weight
fraction against the aggregate volume of solution collected to that point.
Any subsequent fraction from a polymer with an unknown distribution
collected at that particular aggregate volume has the same molecular size
because it travels the same path through the column as the calibration
fraction. In one commercial instrument, a refractometer measures the
amount of polymer in the exit stream. A siphon collects the sample
stream into 5 ml sequential fractions. The fractions are counted as they
flow between a light source and a photocell detector into a collector. The
molecular weight for a particular fraction number or aggregate volume is
then read off the calibration plot [18]. There is a caveat however to the
use of the GPC technique. GPC measures the polymer hydrodynamic
radius of a chain that is a measure of chain stiffness. Therefore, a sample
needs chain stiffness similar to that of polystyrene for accurate
measurement. Light scattering calibration, which measures the polymer
chain radius directly, avoids this problem. Benoit et al. [18] have
developed an “absolute” calibration technique.

Two developments in instrumental technique eliminate the need for
preliminary calibration: one is based on chromatography and the other on
mass spectroscopy.

The chromatographic technique eliminates the need for preliminary
calibration by using a laser light source and measuring the stream
turbidity or light scattering as the sample flows to the collector. The
molecular weight can thus be determined directly on stream. In another
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variant, the sample absorption is measured as the sample flows between
an ultraviolet or an infrared source and a suitable detector. Thus,
copolymer composition can be determined by locating a wavelength at
which absorption is sensitive to composition and then observing the
changes in absorption as the sample is eluted from the column. By
setting up suitable calibration curves, molecular weight distribution and
copolymer composition can thus be measured simultaneously by gel
permeation chromatographic techniques. A second instrument developed
by Yau [19] measures the solution viscosity at a constant flow rate for
the eluent on exiting from the GPC unit to measure the molecular
weight.

In the mass spectrometric technique, MALDI (matrix assisted laser
desorption/ionization), the polymer sample is dissolved, the solutions
atomized so that a single polymer chain is contained in a droplet. The
droplets are then ionized and pumped into a mass spectrometer where
they are accelerated and separated based on their mass. The resulting
spectrum is based directly on the molecular weight of the polymer chain

1.3. Network Molecules

1.3.1. Structure

Carothers based his work in condensation polymers on the concept of
functionality (i.e., sites available for chemical reaction). As mentioned
earlier, molecules with two reactive sites form linear or two-dimensional
chains. Molecules with three or more reactive sites form network or
three-dimensional polymers. Although the mechanism was not elucidated
until much later, Baekeland [5] used multifunctional monomers in 1909
to produce the first completely synthetic polymer by reacting phenol with
formaldehyde:

The structure (I) on the right is an idealization because many possible
permutations for linking phenol and formaldehyde are possible. Also, the
three dimensional nature of this polymer is difficult to depict properly on
this two dimensional page. As might be expected, the product of these
reactions is a hard, infusible, insoluble polymer because essentially it is
one molecule, albeit gigantic, with many bonds between segments.
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1.3.2. Synthesis

The properties and processing characteristics of thermoset polymers can
be varied by adjusting the ratio of monomeric reactants. Baekeland
developed different products by varying the ratio of phenol to
formaldehyde and the nomenclature he used to describe his results is still
used today.

In the one-stage process, phenol reacts with excess formaldehyde, so
that the phenol to formaldehyde ratio is less than one. Bases such as
sodium hydroxide or ammonium hydroxide catalyze the reaction. At
short times, A— or B— stage resins form. The A-stage resin (or Resol) is a
low molecular weight linear polymer that readily dissolves in basic
media. The B—stage resin (or Resitol) has a higher molecular weight and
a small amount of crosslinking between chains. Resitol is insoluble in
bases, but completely soluble in organic solvents and is thermoplastic.
Heating B—stage resin at higher temperatures produces C—stage resin (the
thermoset).

In the two-stage process, the phenol to formaldehyde ratio is greater
than one. The mixture is reacted using heat and an acid catalyst until no
further reaction occurs. The reaction product, novalac, is readily soluble
in organic solvents. In the second stage, novalac resin is ground to a fine
powder and a compound (“hexa” or hexamethyl tetramine) that generates
formaldehyde on heating is added. Subsequent heating produces a
thermoset resin through network formation.

1.3.3. Molecular Weight

A completely crosslinked polymer consists of one molecular chain.
Therefore, no molecular weight distribution, as discussed above, can be
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defined. An incompletely crosslinked thermoset contains both
crosslinked fractions (gel) and soluble factions (sol). As the degree of
crosslinking increases, the gel to sol ratio rises until finally the sol
fraction effectively disappears. The extent of crosslinking can be
followed by measuring the amount of sol phase compared to insoluble
gel phase. The gel point concept as developed by Flory [20] can be used
to determine the point at which a network forms. This concept is also
discussed in Chapter 7, Section 8.

The molecular weight between crosslinks affects polymer properties.
At high strains, differences in molecular weight between crosslinks lead
to different failure modes.

1.4. Rubber

1.4.1. Structure

The elastic character of natural rubber (and the synthetic rubbers)
originates because it is a polymeric liquid, albeit one with a very long
relaxation time. Most polymers show rubber-like behavior over some
temperature range, but only a comparative few are rubbery near room
temperature. Figure 1.6 that diagrams the modulus change with
temperature for an idealized polymer illustrates the rubbery state in
polymers. Many polymer properties (viscosity, density, and heat
capacity) show similar changes with temperature, but modulus was
selected because it changes by several orders of magnitude with
temperature. At low temperatures, a polymer exists as a hard, brittle
glass. A tennis ball, cooled to liquid nitrogen temperature, will shatter on
impact when dropped from a height of four to five feet. On heating to a
temperature that varies with the polymer, the polymer chains soften with
a concomitant decrease in modulus and become rubbery. The glass
temperature is the midpoint of this transition from the glassy to the
rubbery state. [The word transition is not used in the thermodynamic
sense, see 8.2.4]. For thermoplastics such as polystyrene or poly(methyl
methagrylate), the glass temperature lies near 100°C. Therefore, these
polymers are hard, brittle solids at room temperature. On raising the
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temperature further, a polymer changes from a rubber to a fluid liquid

with a further reduction in modulus.
Glassy

Glass

_A_/Transition

Lightly cross linked

Rubbe
Modulus y
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Linear

Temperature

Figure 1.6 Modulus temperature plot depicting the different states of an idealized
polymer.

Crosslinking the polymer chains will inhibit this fluidity and, with
sufficient crosslinks, a polymer will decompose at high temperatures
rather than pass through a fluid state. Thus, heating cannot render rubber
fluid for reprocessing because of crosslinks. Semi-crystalline polymers
such as polyethylene can be made into rubbers by crosslinking the
polymer chains and then heating them above their crystalline melting
point to form a rubbery liquid. Polyethylene crosslinked at room
temperature by irradiation with a Co beam is a commercial product used
in low cost gaskets and sealants in applications where intermediate
thermal stability is satisfactory.

Structurally, most polymers that are rubbers near room temperature
are composed of long linear chains with: a) freely rotating links and b)
weak interactions between chains. This combination results in flexible
chains that can readily extend in response to an applied stress. Crosslinks
introduced in the rubber during processing generate retractive »forces
required for elasticity. As shown in Chapter 2, Section 7, the length of
the polymer chain limits the total extension. The molecular weight of
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natural rubber is commonly reduced by mechanical means such as the
use of a Banbury mixer to produce material suitable for processing into
finished articles. Because of the superiority in applications such as truck
tires where heat buildup is a concern, natural rubber is still processed in
large quantities. As a point of interest, the superiority of natural rubber
compared to man made natural rubber lies in the higher degree of
stereoisomerism of the natural product (99.9% stereoisomeric for natural
rubber compared to 99.0% for the man made product).
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Figure 1.7. Polyisoprene configurations.

As mentioned previously, Mark and Meyer [21] determined the chain
structure of natural rubber (poly-1,4 isoprene) in the late 1920s. This
molecule has two double bonds which means that the monomer can
polymerize in one of three ways to form three possible isomeric chains.
Figure 1.7 shows the possible arrangements. The presence of double
bonds in the 1,4 polyisoprene chain restricts bond rotation so that two
chain isomers are possible. Using terminology borrowed from classical
organic chemistry, if the carbon atoms lie on the same side of the double
bond (Figure 1.8), the polymer is termed cis—1,4 polyisoprene. In
trans—1,4 polyisoprene, the carbon atoms lie on opposite sides of the
double bond (Figure 1.8) is called gutta percha.
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The importance of the isomeric form can be illustrated by comparison
of the properties of two natural products. Natural rubber is almost
exclusively composed of cis—1,4 polyisoprene, an arrangement that
allows freely rotating links. At high extensions, however, natural rubber
crystallizes thereby limiting flow. Again, at low temperatures, this
material crystallizes and embrittles. Gutta percha, the trans-1,4
polyisoprene isomer of natural rubber, is also a natural product. But,
synthetic polymers have displaced gutta percha, a poorly elastic rubber,
from its main application as the cover material in golf balls. The trans
isomer that crystallizes above room temperature (35° C) does not have
sufficient liquid like character near room temperature to constitute an
acceptable elastomer.

1 1
c\ 4c C\ Y CH,
3 C/ cZ—3
/ \\ / \ s
CH3 CH;, CH; C
cis - 1,4 polyisoprene trans - 1,4 polyisoprene
natural rubber gutta percha

Figure 1.8. Cis-trans isomers in dienes.

Vulcanization or cross-linking chains by reacting the double bond in
natural rubber with sulfur and other crosslinking agents is used to limit
stress induced flow in natural rubber. Various means were tried to
crosslink the synthetic elastomer ethylene propylene rubber (EPR). The
technique commonly used is based on experience with natural rubber. A
small amount of a diene [a monomer with two double bonds] is
incorporated into the EPR chain to furnish sites for vulcanization
reactions.

A crosslinking technique, based on the use of thermoplastic/block
copolymers discussed in Section 1.5, has recently been developed for
limiting flow at high extensions.
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1.4.2. Synthesis

Synthetic rubbers first developed in the 1930s were based on butadiene
and its copolymers with styrene and acrylonitrile. Emulsion
polymerization of these monomers using free radical initiators yielded
high molecular weight polymers at high polymerization rates. During the
Second World War, production in the United States was concentrated on
producing butadiene-styrene (SBR). This rubber is still one of the leaders
among all rubbers used in commercial applications.

The synthesis of cis—polyisoprene that approximated the molecular
weight and structural regularity of natural rubber was first achieved by
the use of Ziegler—Natta catalysts in the 1950s.

1.4.3. Molecular Weight

The molecular weight of uncrosslinked rubbers is measured by the same
techniques applied to other addition polymers. The concept of a
molecular weight for individual chains is not applicable to bulk rubber
crosslinked to a degree exceeding the gel point; rather, the concept of
chain length between tie points is substituted. The use of swelling liquids
to elucidate this quantity is described in Chapter 7, Section 8.

At one time, it was expected that a narrow molecular weight
distribution would improve polymer properties. Samples of narrow
molecular distribution were tested Properties of these samples changed
over a narrow range. For many applications then, a sample with a broad
molecular weight yields better properties because properties change over
a broad range.

1.5. Multicomponent Systems

These systems have proven highly successful in tailoring or modifying
the properties of two or more polymers to fit a particular application or
end use requirement. Multicomponent systems encompass several
different types:

1.5.1. Copolymers
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When two or more monomers react chemically to form a polymer chain,
the result is a copolymer. One example of a copolymer, styrene

Block copolymer Bm
AWWAM M A

Block-Thermoplastic Rubber

Graft ‘
M B LUV

52 nnrrB '
Alternating

BW#MWAW%A

Figure 1.9. Copolymer arrangements.

butadiene rubber, has already been mentioned. Several types of
copolymer structures can be distinguished. These are diagrammed in
Figure 1.9. The same pair of monomers may be fabricated into different
copolymer types by proper selection of reaction conditions. For example,
styrene/butadiene copolymers have random placement (Figure 1.9) along
the chain backbone if emulsion polymerized by a free radical initiator.
Alternatively, batch reaction of these two monomers using an ionic
initiator such as butyl lithium produces a block copolymer. Under these
conditions, the butadiene monomer polymerizes almost completely
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before the styrene monomer starts to polymerize (Figure 1.9). The size of
the blocks can be regulated by the amount of each monomer added to the
batch reactor. Block copolymers have been applied in recent years to the
production of thermoplastic rubbers. As pointed out previously, rubbers
require crosslinks or interchain bonds to have adequate strength. This
requirement has usually been met by forming chemical bonds through
treatment with crosslinking agents based on sulfur compounds or
peroxides. However, the presence of chemical crosslinks renders the
processing of rubbers difficult and their reclamation almost impossible.

Thermoplastic rubbers avoid these drawbacks. In a typical system,
polystyrene blocks attached to each end of a polybutadiene block provide
reinforcement to the rubbery polybutadiene at or near room temperature
through microphase separation of glassy polystyrene domains. The
reinforcing effect is lost on heating the block copolymer to temperatures
at which the polystyrene chain segments soften and flow. The block
copolymer can thus be processed at temperatures and on equipment
suitable for homopolymer polystyrene. On cooling, the polystyrene
blocks harden to provide linking points for the polybutadiene rubber
domains (Figure 1.9). Both the relative domain sizes and the over all
chain lengths are critical factors in determining the desired degree of
elasticity.

Graft copolymers are a third copolymer type in which the
polymerization of a comonomer initiates at reactive sites present on a
preformed chain backbone. This technique improves the mixing of two
incompatible polymers. As an example, grafting butadiene monomer
units onto the polystyrene chain backbone (Figure 1.9) increases the
impact resistance of polystyrene.

Alternating copolymers alternate comonomers in a regular sequence
along the chain backbone (Figure 1.9). 1,2 disubstituted ethylenes are
usually difficult to polymerize as homopolymers. But, when present in
excess, they readily form alternating copolymers with more tractable
monomers. Thus, reacting iso-2-butene with ethylene using a
Ziegler—Natta catalyst produces an alternating copolymer. The resulting
copolymer chain is a head-to-tail polypropylene [22].

Living polymerization was a phrase coined by Michael Szwarc [23]
to describe a polymerization process that stops because it runs out of
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monomer and has no termination step. He was awarded the Kyoto Prize
for his work in this area. When additional monomer is added,
polymerization resumes. A block polymer such as polystyrene and
polyisoprene, for example, can be formed if the second monomer is
isoprene when the polymerization continues. This principle of limited
monomer supply with no termination step has been combined with
strereoregular catalysts [11] to design new polymer chain structures with
narrow molecular weight distributions, controlled structures and
functional groups. For example, this combination has produced a
syndiotactic polypropylene [24].

Living polymerization and stereo-specific catalysts led to novel
polymer structures such as: dendrimers, star and comb (Figure 1.10).
Living polymerization techniques are used to produce. These polymers
are finding applications as catalysis and light amplifiers.

Dendrimers (Figure 1.10) are three dimensional spherical structures
composed of chains arranged similar to tree branches, Hence their name
derived from the Greek word for tree, dendros. Dendrimers can be
synthesized with a dense array of functional groups and are finding
applications in catalysts and light amplification.

Star Comb Dendrimer
Figure 1.10. Newer polymeric structure diagrams.

Comb polymers (Figure 1.10) alter a polymer structure and can be
used to modify the functionality of polymer surface.

Mediated radical polymerization is a derivative of living
polymerization in which the chain ends are capped with a protective
chemical group in order to better control the polymerization process [25].
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Several acronyms are used to describe these polymerizations: Reversible
Addition-Fragmentation Transfer (RAFT), Group transfer
polymerization, Ring Opening Metathesis Polymerization (ROMP),
Group Transfer polymerization.

1.5.2, Polyblends

Polyblends are physical mixtures of two miscible polymers that are
thermodynamically stable. By contrast, compatible polymers are mixed
systems that are not thermodynamically stable, but phase separate over
very slow time scales. Polymers are less miscible than low molecular
weight compounds because the high molecular weight of polymers
results in a low entropy of mixing (Chapter 3.6). One commercial
polyblend is the polystyrene/polyphenylene oxide mixture.
Polyphenylene oxide, by itself, softens and flows above 300°C - the
temperature at which this polymer starts to show oxidative and thermal
degradation. Addition of polystyrene allows the mixture to be processed
well below 300°C. Other polymers investigated for blending because of
their wide compatibility range are poly(butylene terphthlate),
polycaprolactone, and poly(vinyl chloride). Interpenetrating polymer
networks (IPN) represent polymer blends that use crosslinking in an
attempt to circumvent miscibility limitations [26]. True IPNs consist of
crosslinked chains mixed on a molecular level. This ideal is rarely, if
ever, realized. Interpenetrating phases have been formed, but not
interpenetrating networks. Several methods have been devised for
forming IPNs. One scheme involves forming a crosslinked network and
then subsequently polymerizing and crosslinking a second independent
network in situ. Polystyrene/polybutadiene IPN’s formed in this manner
show improved dimensional stability at higher temperatures than do
polystyrene/polybutadiene mixtures.

1.5.3. Composites

Incorporating fillers or reinforcing agents is another means of improving
polymer properties. High particulate loadings improve the dimensional
stability of electronic circuit boards so that the thermal expansion is
greatly reduced. Particulate fillers (talc, mica, silica, clay, etc.) are used
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to modify polymer properties in other ways. Carbon black in small
amounts increases the oxidative resistance of polyethylene film many
fold. Reinforcing agents, usually in fiber form, are used to increase
polymer strength. Silica is distributed uniformly throughout a rubber by
mixing a silane into the mixing step and subsequently reacting the silane
to form silica. Glass fiber or glass fiber mats combined with thermoset
polyester produce the strong, rugged structures that are required in boat
hulls. Thermoset epoxy and polyimide resins are being combined with
carbon, glass, and Kevlar™ fibers to build structures for aerospace
applications. These materials offer lightweight, high stiffness and good
temperature stability. Thermoplastic composites such as
polyetheretherketone (PEEK™) and carbon fiber are being developed.
Polyetherimide (PEI™), polyethersulfone (PES™), RYTON™, and
polysulfone are other thermoplastic resins being used in composites.
These resins have the advantage of short processing time and reusable
scrap — both factors in reducing cost while maintaining part quality.
Torlon™ has a long processing time (several days), but offers excellent
thermal stability at high temperatures. Torlon™ has been used to
fabricate the engine blocks in racing cars.

1.5.4. Ceramers

Combining polymers with inorganic glass formers has recently been used
to form ceramers [27]. These hybrid materials show many desirable
properties for example, the optical properties of polymers, and the
hardness/wear of glass.
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Appendix 1A - Derivation of the Most Probable Distribution

For condensation polymerization, the repeat unit reactivity is
independent of chain length. This means that probability arguments can
be used to derive the number average or the weight average molecular
weight [1]. Thus, the probability (P,) of forming a chain containing »
number of monomers is

P =p"(1-p) (1A.1)

where p is the probability of propagation. The total number of molecules
is given by

N-CY P =CY pm(i-p)=C (1A2)
where C = a proportionality constant.
since
Ep”“ L (1A.3)
I-p '

based on the series expansion
2.3 i 1
S=l+p+p°+p +.+p =—1—-—— (1A.4)
-p
The weight (W,,) of the n-bonded chain is
W =M P =nM,P, (1A.5)

where My= the molecular weight of a monomer unit,
M, = the molecular weight of the chain of degree of polymerization, ».
Substituting equation 1A.2 into equation 1A.5

W =CM, ¥ nP, =CM, ¥ np""(1- p) (1A.6)
_CM, (1A.7)
l-p

since
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. 1
Enp ‘= ; (1A.8)
(i-»)
based on the series expansion
-1
o a(1-
SI=%=1+2p+3p3+...+ip"1=( ?) - > (1A.9)
dp p  (1-p)

substituting equations 1A.7 and 1A.2 into 1A.l, the number average
molecular weight ((M,)) is given by

(Mn>=XV_=1—_P= M, (1A.10)

A similar procedure is used to derive an analogous expression for the
weight average molecular weight,(M,, ). Using the definition of (Mw>

given in equation 1.2,
EN M’

ENM

and modifying equation 1A.6 for the square term in equation 1.2,

EN"Mf =CM§En2p" 1(1 p)

1+ 1+
=My =L (1- p)=cmg —£ 1A.11
Ty Gy A
based on the series
S,=pS,=p+2p° +3p +..+ip’ (1A.12)
9| —LZ
J(ps,) (1-p)

2V o1+ 4p+6p 4. +itpT = (1A.13)
ap

op
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_(1-p)" - 201~ p)(-1)]
(i-p)
_1-p* _(-p)i+p) 1+p

R

Substituting equation 1A.11 and 1A.7 into equation 1.2
1+
MZ(1- p) (i+7)

(M) ) CMO(I—pf } M(;(:)P) s

(-»)

Taking molecular weight ratios using 1A.7 and 1A.15

M(1+p)
M) 0-p) 1A.16
O U e

As p approaches 1, as will be the case for a high molecular weight
polymer where the probability for propagation is high,

g]/[wg =2 (1A.17)

n

It should be recalled that condensation polymerizations must go to
high degrees of conversion to attain high molecular weight polymer
chains. For example for a p value of 0.22, the ratio has value of 1.22.
Thus, these polymers show the most probable distribution.

Reference
1. P.J. Flory, J. Am. Chem. Soc. 1936, 58, 1877; Chem. Revs. 1946, 39, 137
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Chapter 2

STATISTICS OF CHAIN
CONFORMATIONS

2.1. Introduction

The experimental data and mathematical models derived for the isolated
polymer chain and for the size distribution of polymer chains in the
aggregate have been the basis for describing many polymer properties in
rubbers and thermoplastics. Early work in this area concentrated on
simplified models that were amenable to the calculation devices then
available. With the advent of high-speed computers and the consequent
reduction in computational labor, the more exact rotational isomeric
model has been developed and fruitfully applied to many polymer
problems.

This chapter lays the groundwork for the various topics discussed in
subsequent chapters. The mathematics associated with the statistics of
the isolated chain are developed starting with the bonding and structure
found in small molecules. Several models of chain structure are pre-
sented. Finally, the size distribution of polymer chains is introduced and
their description in terms of mathematical equations derived, origin of
rubber elasticity, the nature of polymer crystalline and polymeric heat
capacities and the miscibility of polyblends.

2.2. Small Molecules

Most polymers of technological importance are based on the carbon atom
and the covalent bonding typical of organic compounds. In this sense,
organic polymers represent only one branch, albeit a substantial one, of
classical organic chemistry. The structural concepts elucidated for small
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molecules can be applied to the much larger chain molecules or
polymers. Small molecules whose atoms are linked by covalent bonds
such as H;O, CO,, and CHy have fixed geometry (Figure 2.1). The
arrangement of atoms is determined once the bond lengths and angles
have been established, for example, by electron diffraction [1]. (There is
vibrational motion, of course, but at a given temperature, the average
positions are fixed). Configurational isomers are set during synthesis and
cannot be interconverted except by chemical reaction.

H
0
109%8' 0
LO9A | 0094 A
C H X H
—— Ve \\H °
O0=—=C=—=0 H H 104
Carbon Dioxide Methane Water

Figure 2.1. Examples of fixed geometries in small molecules.

In methane, each pair of hydrogen atoms forms a tetrahedral angle
(109" 28") with the central carbon atom and the carbon-hydrogen distance
is 1.09 A. The tetrahedral geometry changes slightly when a methyl
group replaces a hydrogen atom, with a small increase in the tetrahedral
angle. In addition, the carbon-carbon bond distance increases to 1.54 A.
However, in contrast to the double bond case, rotation of substituent
groups about the axis of a carbon-carbon single bond is possible.
Substituents interact as they rotate about a single bond and go through
minima in their interaction energy at certain rotational angles.

Substituents interact as they rotate about a single bond and go through
minima in their interaction energy, V(¢), at certain rotational angles, ¢.
The probability of finding a system with rotation angle, ¢, at a
temperature, T, is described by the Boltzmann equation (Appendix 2A),

P(¢) = Cexp[- V() /kT|

where k is Boltzmann’s constant. This means that it is most probable to
find systems in states of lowest energy. Thus, if there are energy minima,
one is most likely to find systems with values of ¢corresponding to
these minima. These states are referred to as rotational isomers. It is a
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good approximation to consider only these rotational isomeric states,
although it should be realized that other values of ¢ occur, albeit with
lower probability. It should be that at sufficiently high temperatures, this
weighing of probabilities becomes less significant, and ultimately, all
values of ¢ become equally probable, a state of free rotation.

Figure 2.2. The tetrahedral angle 6 and the rotational bond angle ¢.

The rotational angle (¢) or the angle between non-bonded atoms
(Figure 2.2) is thus required to describe these structures completely [2].
The result for a symmetrical molecule is shown in Figure 2.3.
Conformations can be described by using 1,2 dichloroethane as an
example. One conformation is the same as in the double bond case: trans
represents the conformation in which the two chlorine atoms are furthest
apart and have the least steric hindrance the second conformation,
because of the threefold symmetry of the carbon atom substituents, is the
gauche (right or left). The energetics for internal rotation about the single
covalent bond axis in 1,2 dichloroethane can be summarized by a plot of
potential energy against rotational angle ¢ (Figure 2.4). The trans
conformation has the lowest potential energy the gauche conformer
represents intermediate states of potential energy for this molecule.
While most probable, small deviations from the trans and gauche angles
can lead to appreciable differences in the overall chain conformation.

Evidence for such internal rotation comes from infrared spectra [3] or
from dipole moments of substituted hydrocarbons [4]. For example, if
the average value of ¢ = 0, then the dipole moment of 1,2 dichloroethane
would be zero. At finite values of ¢, the dipole moment is finite and can
be calculated from the non-vanishing components given by

u, = usin(1 - cos¢) 2.1)

33



TOPICS in POLYMER PHYSICS

and
u, = psinfsing (2.2)
where
u = the dipole moment for the C-Cl bond in units of Debyes
x = the direction along the chain axis
y = the direction perpendicular to the chain axis
U,
U@ 0
\J
0 120 240 360

Rotational Angle, @

Figure 2.3. Potential Energy Diagram for symmetrical barriers.

For free rotation, in which all values of ¢ are equally probable, so that

()= usin6(1 - (cosg)) = usin6 (2.3)
and
(uy) = usin6(sing) =0 (2.4)
since
(cos¢)=(sing)=0 (2.5)
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Because the trans conformation has the lowest energy, it is preferred.
Therefore, the dipole moment is not zero, which is what is found
experimentally.

U@)

0 120 240 360
Rotational Angle, ¢

Figure 2.4. Potential Energy Diagram for a molecule with symmetrical barriers
and with trans the lowest energy state.

Rotation, then, is not completely free. The probability of a given
value is specified by P (¢), which can be obtained from a theoretical
analysis of bonding and interaction potentials, giving rise to a calculated
potential energy function U (¢) and using a Boltzmann expression

(Appendix 2A),
P(p)= ) /{ Lz_xoe‘u(ﬂ/“'d(p} 2.6)

Because of the difficulty in carrying out direct calculations, an
approach sums over the pair potential between atoms

U(¢)= EEU,(r,) 2.7)

where r;; is the interaction potential between the /® and the j* atoms
separated by the distance » (which is a function of ¢). Typical potential
functions that have been used include the Lennard-Jones [5] potential,
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or exponential forms [6,7] such as

K,
— “4hy _ Y
Uy(ry)=Kye™" =

2.8)

2.9)

or more complex functions. Summaries of the results of such approaches

have been given [8,9].

For substituted ethanes such as 1,2 dichloroethane, one-parameter

equations such as 2.8 are not adequate, and a better approximation is

U(¢) = %"-[x(l -cos ¢) + (1 - x)(l -CoS 3¢)]

(2.10)

giving rise to the variation shown in Figure 2.5 [6,10]. In equation 2.12
below, x is the fraction of conformers with a cos¢ type potential. Taylor

[8] gives values of cos¢

x=0.25

Ue)

0 120 240
Rotational Angle, ¢

Figure 2.5. Potential Energy Diagram for a two parameter equation 2.11.

obtained by using the potential of equation 2.12 in equation 2.6 and
numerically evaluating the integral of equation 2.5. It is possible, for
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example, by substituting this value and the corresponding value of sin ¢
into equations 2.3 and 2.4 to predict the variation of the dipole moment
of 1,2 dichloroethylene with temperature. Since the value of P (¢)
depends exponentially upon U(g), it will be much greater for ¢ = 0°,
120° and 240° corresponding to potential energy minima than for other
values.

U(9)

0 120 240 360
Rotational Angle, ¢

Figure 2.6. Potential Energy Diagrams for CLH-CHCl,
in which the gauche forms have the minimum potentials.

This is the basis of the rotational isomeric approximation of Volkenstein
[9] and others. The lowest energy conformation at ¢ = 0° is the trans
conformation, while the two minima at ¢ =120° and 240° are the gauche
plus (g+) and gauche minus (g—) conformations (Figure 2.6). It is a good
approximation in the calculation of molecular properties to assume that
the molecule is an equilibrium mixture of these conformers, so that
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1 |
C S~ CI/H /C \Cl Br
H/Br_> H ~

Lo

U@)

Rotational Angle, ®

Figure 2.7. Potential energy diagram for BrCLHC-CHCIBr in which the gauche forms
are the minimum energy conformers.

o VIR

Pli)- e ORT | e UafRT ~ P(p=0°) 2.11)
and
o U(/RT . .
P(g)= TR 55T P(¢=120°) = P(¢ =240°) 2.12)

Now, from equation 2.10

and
U(g)=U(120°)= (U, /2)(1 - cos120°) = (3/4)U, (2.13)

so that
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P(1)= i +120) (2.14)
and
e)=le)=Ple-)= ooy @15
where
o =exp[-U(g)/RT | = exp[-3U,(g)/RT] (2.16)
Then

(cos ¢) = (cos0°)P(r) +(cos120°)P(g +) +(cos 240°)P(g -) = % (.17

and
sing = (sin0°)P(z) + (sin120°)P(g +)+(sin240°)P(g-)=0  (2.18)

Thus, the average dipole moment of 1,2 dichloroethylene with its
hindered rotation (equation 2.1) is

() = pheg, sinL 3‘;0] (2.19)

For other arrangements of substituents, the potential energy barrier
has a different shape. For example, for [CLHC-CHCl,], the gauche
conformation has the lowest energy and the potential energy varies as in
Figure 2.6. For an asymmetric potential as in Figure 2.6, P (g—) # P (g+).
Whether g (-) or g (+) is lowest energy state in an asymmetrically
substituted molecule such as BrH,C-CCIBr, (Figure 2.7), the barrier
height depends upon which optical isomer (about the asymmetric carbon)
is present. In this case, sin ¢# 0 (cf. equations 2.4 and 2.18). The
presence of asymmetric carbons can be detected by rotation of plane
polarized light on passage through an organic compound. The
polarization direction of the light can rotate clockwise or
counterclockwise depending on the type of asymmetry about the
asymmetric carbon.
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2.3. Larger Molecules, Statistical Variation of Molecular
Conformations

For larger molecules, the dimensions of the molecule depend upon the
internal rotation. If the first three carbon atoms lie in the plane of the
paper, then the dimensions of the molecule depends upon the internal
rotation angle (¢) defining the position of the forth atom.

To calculate the dimensions of the molecule, one defines a vector (R)
connecting the first to the fourth atom (Figure 2.8). This may be
described in terms of the unit vectors a,, a, and a3 that give the direction
of each of these bonds. The bond length is £ . Then

(R)=((a,)+(a,)+(as)) (2:20)

The mean-square length of the molecule is then, using the scalar
product of two vectors (Appendix 2B)

<R2> =(R.R)= Z{(al >2 + (az>2 + (33)2 +2(<a1 -a2>) +2(<a2 .a3>)+2(<a1 -a3>)]

(221
/ \Cé

Ce——R

Figure 2.8. Vector distance between the end atoms in the n-butane molecule.

2, .
<R2> is the root mean square distance between the ends of the molecule

and should not be confused with the molecular contour length or the
distance along the molecule’s backbone. The contour length has a
constant value set by the molecular bond angles and lengths in contrast to
(R) which varies depending on the rotation angle.

. . Y2,
As will be discussed later, <R2> is only one measure for
characterizing molecular dimensions. Another measure is the radius of
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gyration (Appendix 2C). The bond vectors in equation 2.21 are
transformed in terms of molecular parameters as shown in Appendix 2D

(@) (@) = (@) -1
(a,-a,)=(a;-a,)=cosd (2C.22)
and
(a, -a,)=cos’ 0 +sin’ fcos ¢ (2C.24)
Therefore, by substituting into equation 2.21, one obtains

<R2> = 12[3 +4cos 0+ 2(cos2 6+ sin” 6(cos ¢>)] (2.22)

For free rotation, (cos ¢) =0 and

(R*)=17[3+ 4cos+2cos’ 6] (2.23)

2.4. Statistical Segment Model

Several theories dealing with polymer topics embody the use of the
statistical segment model first proposed by Kuhn [10]. This model,
though admittedly not realistic in terms of chain structure or geometry,
has the great virtues of simplicity and ease in calculation [see for
example Section 4 in this chapter]. For this model, a fictitious chain
composed of Z stiff segments of length, L, joined by freely rotatable ball
and socket joints replaces the real chain with its bond lengths and angles.
Then, if a; is a unit vector along a Kuhn segment, {a;»a;) = 0. If i = j since
Kuhn segments orient randomly with respect to each other, (R2) = ZL2.
Two equations relate the model chain to the real chain:

(R*)= le[%izg—zzgﬁ)— -z
B -n) (2.24)
and
R=Nlsina = ZL (2.25)
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where a = the dihedral angle as shown in Figure 2.8. The statistical
segment length (L) is expressed in terms of the bond length (£) and bond
angle (0) by the following transformations. From Figure 2.9, the relation.

I_aN 0
o PN Cu,
\\C/(?>C/\>;TC/ N

—

Figure 2.9. Relationship between quantities used in the statistical segment derivation.

0+20=m

o= a-0
> (2.26)

is seen.
Using the trigonometric identity

sin(90° - e) =cos0

The angle o can be expressed in terms of € by

. . (x-6 (w0 7]
sino = si =§in —— — [=C0S — (2.27)
2 2 2 2
From equations 2.25 and 2.27
Z= Ne sina = Ne cos 9
I I 5 (2.28)

Substituting equation 2.28 in equation 2.24 yields

(2.29)

L=€[1+cos€ 1 +17}

1-cosf1-n

This equation states that the statistical segment length L increases
with increasing values of 7. Thus a stiffer chain has a larger n , a larger
L and a smaller Z. The Kuhn segment length is thus adjusted to account
for chain stiffness. On the other hand, L depends on temperature since
freedom of rotation, and hence, chain stiffness, is temperature dependent.
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The following example illustrates the simplicity of calculation
afforded by the statistical segment model. From equation 2.25, the chain
contour length is R=ZL and from equation 2.24, the mean square end-to-
end distance is

<R2> =71

or

Taking the ratio (o) of the contour length to the mean square length

o, = Z (2.30)

vZr’

Thus in a few steps, equation 2.30 demonstrates mathematically the
intuitively reasonable idea that a stiff chain contains fewer segments for
a given chain length. Because the extension increases as the square root,
this equation also shows why rubbers are composed of high polymer
chains.

This is one of the most important results in polymer physics. Since Z
is proportional to the molecular weight, it predicts that the root mean

1/2
square dimension of a polymer molecule, <R2> / is proportional to its

molecular weight, M, an important consequence in understanding
solution viscosity and differing from the Staudinger stiff rod which
predicts dimensions proportional to M. This formalism was used in the
“problem of the Random Walk” prior to its polymer application and has
been basic to the understanding of Brownian motion and diffusion, error
calculations, and the critical mass for nuclear chain reactions.

One should point out that the statistical segment is a mathematical
fiction, used to make calculations easier, and differs from the true
monomer unit. It may contain more than one monomer unit and L
depends on chain stiffness, with stiffer chains being represented by larger
L values. Since the freedom of rotation is temperature dependent, the
statistical length, L, may vary with temperature.
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2.5. Generalization to High Polymers

The procedure given above for n-butane may now be generalized to a
chain containing N identical bonds of length / in which

(R)=1Y a, 231)

replaces the three bonds considered in the n-butane example. On
expanding equation 2.24

N

N-1 N-2 N-3
(R2>= (R-R))=1 Zaf +2Z (a,-a,, +1)+2§(a‘. -a,, +2)+2;(ai ‘A, +3) 4.

(2.32)

By analogy with n-butane (equation 2.20) and, as before, using equation
2C-22

(ai>2 =1
and
(a,-a,,)=cosf
for all values of i. Similarly, as in the n-butane case (equation 2C-24)
(a,-a,,) =cos29+sin20<cos¢i+2> (2.33)

where ¢;17 is the ¢ coordinate of a;4» in the coordinate system defined
by a; and a ;+1. If we make the assumption that the ¢’s are independent
because of no interaction between chain segments, then (cos ¢ ;4+2) will
be independent of ¢and we shall define, as does Eyring [11] and also
Volkenstein [9], an average cos ¢ value

n= (cos ¢> (2.34)

Then, substituting equations 2C.29, 2C.31, 2.33 and 2.34 into
equation 2.31 and collecting terms

<R2> = 12[N+2(N —l)cos6+2(N—2)(cos2 6 + sin’ 9)17 + ] (2.35)
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In the special case of free rotation for which n = 0, equation 2.35
becomes (see Appendix 2D for treatment of higher terms)

<R2>= 12{N+2[(N_1)C°SB+(N‘2)0052 0+(N -3)cos® +...+cos"™! 9]}
) lz{N[l +2(COS‘9+COSZ 0+cos’0+...+cos"™! 9)]

—21[0036+200$2 0+3cos’ O +..+ (N —l)cosN'1 9]} (2.36)

Using the trigonometric relations

N
cosf+2cos’0+3cos’ O+...+(N-1)cos"" 6= cosf-cos 6

1-cos@ (2.37)
and
cos0+2cos’G+3cos’O+...+(N-1)cos"' 0
cos@-Ncos” 0+Ncos""' 6-cos""
- : (2.38)
(l —-Cos 6)
Substituting equations 2.37 and 2.38 into equation 2.36 yields
N-Ncos’0-2cosf+2cos" @
(R*)=1r g (2.39)
(1 —cosB)

For the case in which N = 3, this equation reduces to the special case
of equation 2.23. For very large N, cos™16 is negligible for angles other
than 0°, and terms multiplied by N are much larger than the other terms,
so that equation 2.39 reduces to

(R?)= sz[l *COSB] (2.40)

1-cosO

2.6. Polymer Chains Containing Two Kinds of Atoms

The same procedures apply to chains containing two different atoms such
as the backbone chains of a silicone polymer or polyoxymethylene
(Figure 2.10). In this case, while all bonds have the same length, £,
there are two different bond angles, 6, and 6,. Thus, instead of equation
2.32, we have
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<R2> = El(iaf + 2[<al .az)+ (a2 -a3)+ (a3 .a4>+ ot (aN_l .aN>] +

in1
+2[(al ‘ag)+(a;-a,)+(a a) .+ (ay, -aN)] (2.41)
+2[(al -a)+(a-a)+(aya)+ .+ (ay, -aN>] +...)
N
As before, Ea"z N 1. However, two groups of dot products must now be
distinguishe‘(-il.
a,-a,=a,-a,=a,-a,=..=C0s0 =x (2.42)
and
a,-a,=a,-a,=a,-a,=..=cosf,=y (2.43)
Also, for the case of free rotation
a,-a,=a,.a,=a,-a,=..=cos0,cosb, = xy (2.44)
But
a,.a,=a,.a,=a,.a,=..=cos 6 cosb, = x’y (2.45)
and

(a,-a,)=(a,-a,)=(a,-a,)=..=cosf,cos’ 6, =xy*  (2.46)

O—1T

Figure 2.10. Polyoxymethylene chain showing the two backbone angles.
Brackets enclose the chain repeat unit.

Then, for the infinite chain with free rotation, equation 2.41 becomes
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<R2>=N12[l+x+y+2xy+x2y+xy2 +2x%y 4+ 5%y’ +x2y2m]
=le[1+x+y+(2+x+y)(xy+x2y2+x3y2+...)] (247)

Now, for an infinite series [8]

w+xy +x’y 4= 2.4
(i-») >

So that substituting equation 2.48 into equation 2.47 and rearranging
terms gives

<R2> = NI

1+ x)1+ | (1+cos6,)(1+cos@,
((l}—(xy)y)]=N1 [( (1—003)0(100562) )] (2.49)

For the case in which 6; = 6,, this equation reduces to equation 2.40.

2.7. Model Chains with Restricted Rotation and No Interaction
Among the ¢'s

In this case, terms such as the one containing 7 of equation 2.32 must be
retained. The calculation is best accomplished using matrix
multiplication [10, 11, 13-16] and leads to the result [see Appendix 2F
for details].

<R2>=N€2[1+COSG] 1+7m (2.50)
1-cos@||1-n

for an infinitely long chain with a symmetrical potential energy barrier
({sin ¢)=0) similar to those depicted in Figures 2.4, 2.5 and 2.6. These
would be expected for polymer chains like polyethylene or, more
generally, those with the repeat unit [-CXp—CY2—], but not for the case of
chains with asymmetrical barriers [-CXy—CYZ—-]. While this approach can
be extended to describe this more complex case of asymmetrical barriers,
it is better to use newer methods such as the rotational isomerism
approach. In the case for which N = 0, equation 2.50 reduces to equation
2.40. By using a potential function of the form of equation 2.12, Taylor
[12] has calculated the variation of (R? for polyethylene with
temperature giving the result shown in Figure 2.11 where (R?), is the
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value for free rotation. The chain contracts and approaches the free
rotation case with increasing temperature.

2.3~
RZ
% -

1_ S

-180 Temperature (°C) 400

Figure 2.11. The temperature dependence of R for Polyethylene based
on the Taylor equation.

It should be noted that the dimensions of this molecule decrease with
mcreasing temperature because the trans conformation, which is the
extended chain conformation and the one of lowest energy for
polyethylene, has a potential energy curve like that of Figure 2.3. If the
polymer chain has a different sort of potential energy barrier such as the
one shown in Figure 2.5 in which the gauche conformations have the
lowest energy, then 7 is negative and the chain would extend with
increasing temperature. This type of response has been observed in
silicone polymer chains [15].

These types of calculations may be generalized to describe more
complex types of chains. For example, for cis 1,4 polybutadiene, the
dimensions are given approximately by [16]

A1 (1+cos0) (1+n)q
(R >-2Nl (1=eon0) (1=n) @.51)
while for trans 1,4 polybutadiene
3 [(1+cos8) (1+7)]
R\ =2 NP
< > 2Nl _(l—cos@) (l—n)_ (2.52)
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where ; is the length of the monomer unit. Differences in lengths and
valence angles for single and double bonds have been neglected in these
equations, but have been considered in a more complete analysis [17].

2.8. Rotational Isomeric State (RIS) Approximation

The RIS model [18] is based on known chain structure and geometry in
contrast to the statistical segment model described in Section 2.4. The
RIS model assumes that the energetics of a chain conformation, in many
cases, can be expressed in terms of a few discrete rotational angles
between neighboring bonds [Appendix 2E]. In polyethylene, for
example, the bond lengths and the bond angles are well characterized and
fixed, so that only the rotational angles remain to be specified in order to
characterize the conformational energies involved in the interaction of a
given rotational angle 8, with its two nearest neighboring angles 6,_; and
0,+1. These interactions can be summarized by potential energy contour
plots in which one rotational angle is taken as the abscissa and a
neighboring angle as the ordinate (see for example Figure 2.6). The
potential energy of a chain having a given conformation is thus
dependent upon the pair interaction between adjacent bond rotational
angles. Certain conformations however are energetically unfavorable due
to steric hindrances. One variety of those is the so-called pentane
interaction that is more fully described in Section 2.11. Rotational
isomers have been discussed previously (Section 2.2). The statistical
weight assigned to each rotational isomer can be written as

g, = U (2.53)
where, as before Uy, the potential energy of the trans state, is the state
with the lowest potential energy and is assigned a value of one. Thus,

-U, /RT U,/RT
g, =e "M/ (2.54)

For a threefold rotational barrier, with one trans and two gauche
isomers, the partition function, Q, (Appendix 2A) is given by

Q' =1+20 (2.55)
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Further, the average value of the cos¢ in the RIS approximation is
given by

cos ¢ 2 U,cos¢, (2.56)

For the special case of a threefold rotational barrier, equation 2.56
becomes

| (cos0°)(1)+2(c0s120°)8| 1-0
<C0S¢>—[ 1+20 1420 (237)

This equation was derived previously for the case of 1,2
dichloroethylene (equation 2.17). The possible permutations for
neighboring bonds with a threefold potential barrier can be represented
by a statistical weight matrix composed of elements based on individual
statistical weights. The matrix methods involved are described in
Appendix 2E. The reference bond angle €, is placed in a right-handed
coordinate system. Transformation matrices |A| (see for example
equation 2C.25) are then used to transform the coordinates of the Q"
bond into that of the Q one. The process is repeated until the
coordinates of all the bonds in a given conformation are generated.

As mentioned above, values of conformation dependent properties
such as those for the root mean square chain distance ((R?), the dipole
moment or the strain optical coefficient can be derived by the RIS
approximation. For example, the values of (R? for a given chain are
calculated (assuming no interaction between rotational angles on
adjacent bonds) from (see equation 2F.23, Appendix 2F).

R’ g
0= <n[2> =1+;1-2FEZT|A|’ ! (2.58)

where £ = the bond vector or column vector

e |1

=col|£, 0 0|=|0]|=¢[0
0 0
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I =thetransposeof£0rrowvector= |Zz 0 0|=£.-|1 0 0|

| A I = the transformation matrix which for the case of restricted bond

rotation
cos -msinf esinf
=|sin@ mncos@® -ecosf
0 € n (2.58A)
where
)
&= (sing).

Equation 2.58 can be shown to be equivalent to equation 2.50

<R2> _{1+cosf1+n
nt* |l-cosf1-n

which was derived from vector analytic considerations. Although the
form of equation 2.43 makes it easier to visualize the change in chain
dimensions from structural parameter variation, equation 2.58 is better
suited for computer computation of chain dimensions.

2.9. Chains with Interactions between ¢ Values of
Neighboring Monomers

A realistic chain structure has to take into account the occurrence of
combinations of bond rotational angles that would bring the chain atoms
into sterically prohibited arrangements. Simply put, atoms would be
required to occupy the same space. One example is the pentene
configuration in polyethylene. For four consecutive bonds, a sequence
g(+), g(-) and g(+) (or more gauche pairs of opposite sign) would place
the first and the fifth carbon atoms in the same location. As discussed
previously for n-butane, the distance between two carbon atoms
separated by three consecutive bonds is specified by one rotational bond
angle. This can be termed either a three-bond interaction or a first order
interaction. In -analogous fashion, the distance between carbon atoms
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separated by four bond angles involves the specification of two
successive rotational bond angles. These are termed either four bond
interactions or a second order interaction. The possibility of generating
gauche pairs of opposite sign and hence “pentane type” interaction is
encountered in second orders as can be seen by inspection of Figure 2.12.

H
—
H cZ
H
e M

‘ '
H _-C. .. ':-'l- <« [nteraction site

7

—C

/

H

Figure 2.12. Pentane type interaction.

For linear polyethylene, the first order interaction can be given by a
diagonal statistical weight matrix

1 00
ID|=|0 o 0 |=diag(l,0,0) (2.59)
0 0 o

where, as previously (equation 2.54)
o =exp(0/RT ) = the statistical weight of the gauche conformer
Second order interactions for a symmetrical chain such as linear

polyethylene may be given in matrix form, assuming a three minima
RIS, by

t g+ g-
|1 1 1

V|=2+{0 ¥ o (2.60)
g-|1 o vy

where = the statistical weight for the steric overlap of g+g— pairs
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1 = the statistical weight of for g—g— or g+g+ pairs
Multiplying the matrices in equations 2.59 and 2.60

11 1|t o ol |1 o o
|U|=|VD|=1 Y w||0 o 0|=[1 oy ow (2.61)
1 w 9{|0 0 o| |1 ow oy

yields the statistical weight matrix for the combined four-bond matrix.
oy denotes the combined statistical weight for a g+g— (or g—g+) pair,
ow, for a g+g+ (or g—g—) pair neighboring bonds. For linear
polyethylene, it has been found [19] that the value of ow is small enough
that it can be set equal to zero. The owpair bonds occupy the same
position so that steric hindrance exists. Equation 2.61 for a second order
interaction may be accordingly modified

1 o o
[U]=1 oy O (2.62)
1 0 oy

By this device, equation 2.64 eliminates g+g- pairs in computation of
chain dimensions. Second order interaction matrices have been expanded
to include intermediate rotational states. Heatley [20] has used a 21x21
matrix for polymethylene. In analogous fashion, Boyd and Breiting [21]
set up a 3x3 matrix.

Interactions of third (or higher) order can be extended in a straight-
forward manner. The order of equation 2.61 has a dimensionality of n=3.
A third order interaction (involving five bonds or three bond rotational
angles) has a dimensionality of n® = 9 because the rotational states of two
bonds have to be considered. Thus, the state of bond -2 has to be
included with that of bond i-1. Similarly, the state of bond i+1 has to be
included in that of bond i. This calculation thus involves the transition
between bonds i-2, i—1 to bonds i, i+1.

2.10. Asymmetric Barriers

The results of the previous section assumed that the potential function is
symmetrical
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Ulg)=U(-4,) (2.63)

so that barriers such as those depicted in Figure 2.13 are prohibited. This
assumption is not valid, for example, for tactic vinyl polymers
(-CHp—CHX-), the most common type. R* can be calculated by taking
the more general case for which the potential function is unsymmetrical.

Two matrices that describe conformations that alternate in sequence
are used to specify conformation in tactic vinyl polymers. Tacticity
introduces asymmetric elements into the chain. One convention used in
specifying chain asymmetry consists of distinguishing between right
handed chains termed d and left handed or 1 chains. This convention,
admittedly arbitrary, is borrowed from the field of optical activity. For a
tactic polymer with a threefold potential (Figure 2.13), the statistical
weight matrix for a d placement between neighboring bonds is

T 1 7
Uf=|1 1 w0 (2.64)
1l w =t

where T = the statistical weight for a gauche conformation.

Potential Energy
1
I
(=1
[¢]
=
[¢]

0 60 180 240 360
Rotational Angle

Figure 2.13. Potential energy diagram showing the minimum in potential
energy for the trans form for a tactic polymer chain.

Incorporating a third bond with the same asymmetric d element yields,
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o T 1

Ual=|1 0 (2.65)
w 0 ow

Analogous matrices can be constructed for 1 type placements or for 1d

types [22].
The conformational partition function for tactic vinyl polymers using
two statistical weight matrices is given by

nf2
[Tow:

1

z=]" J (2.66)

where as in equation E-8, J* represents the transform of the column
matrix J
1
J'=|1 and J=|1 1 1]
1

The equation, analogous to equation 2.58, for the characteristic ratio
for asymmetric barriers is modified to the form

0
£ 0...0 el
nﬁ +Zn£2[J le. | LNy 2.67)
J

where Jx1 = the direct product of J with the column vector |1 0 0 |

U'(E,xI") (U'xE)T| 0

kl=| o (U'xE,)|T| (Ex1)U’ (2.68)
0 0 U
U'(EAT)T| (U'xE,)1| o
ls’|= 0 (U"E,)|T] (E,x1)U" (2.69)
O 0 Uu
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Tl
T2
In- (2.70)
T3

= the pseudo-diagonal matrix formed from the transformation
matrices T}, ..., T, for the different rotational states.
References 23 and 24 give techniques for evaluating equation 2.70.

2.11. Comparison with Experiment

Polymer chain dimensions are usually determined experimentally on
dissolved polymers using either intrinsic viscosity (n) (Chapter 3), light
scattering angular dependence (Chapter 4) or neutron scattering
measurements, These measurements are carried out in very dilute
solutions to minimize interactions between chains. In addition, theta (6)
conditions are commonly used in order to balance long range interactions
between non-adjacent segments of the same chain and solvent
interactions. A theta solvent refers to experimental conditions of
temperature and solvent selected such that the polymer is just on the
verge of precipitation. Under such conditions, the chain expansion
arising from excluded volume is balanced by the repulsive forces of the
solvent, so the system is “pseudo-ideal” and chain dimensions assume
the values for the unperturbed state. This means that a given polymer
chain segment is indifferent as to whether it has a solvent molecule or
another chain segment as a neighbor.

Light scattering can only be used for stiffer chains or higher
molecular weight chains; molecules whose dimensions are greater than
about 50 to 100 nm. The shorter wavelength neutrons can be used for
smaller molecules. In addition, with deuterium labeling, neutron
scattering can be extended to concentrated or bulk polymer studies.

The chain dimensions obtained from the theoretical treatments
described previously in this chapter may be compared by use of the
characteristic ratio (C,) expressed as either

RZ

C, =7 (2.71)
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for a chain of finite length with » monomers, or

R2
C,=lim— 2.72
lm-—s (2.72)
for infinitely long chains. This characteristic ratio may serve as a
measure of the chain stiffness.
For the statistical segment model (equation 2.25)

C, =1 2.73)
For the case of tetrahedral bonding with free rotation (equation 2.40)

_1+{cos6;)
w—md (2.74)

where (cos 07 = 1/3. This equation states that the imposition of
tetrahedral bonding increases the end-to-end vector length by a factor of
V2 compared to the statistical segment model.

Table 2.1 lists values of C. derived from experimental
measurements. These data show that the unperturbed polymer chain is
more flexible and more coiled up than is implied by chain model
calculations based only on fixed bond angles and restricted bond
rotation. The RIS approach [24] has had better success in matching
measured C, values because it includes longer range interactions and
excluded pentane type interactions in the calculations. The chain
parameters thus determined, in most cases, correspond well to values
determined by structural techniques. The change in chain dimensions
with temperature offers an important means for estimating the energetics
of chain conformations. Two approaches have been followed for
obtaining the temperature dependence. One approach uses the
straightforward procedure of calculating chain dimensions at several
temperatures from light scattering or viscosity measurements. However,
to attain theta conditions over a range of temperatures, several solvents
are usually required. The resulting solvent/polymer interaction effect
tends to obscure the quantity of interest — the change in chain dimension
with temperature — because of the small magnitude of the change.
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The second approach is indirect and involves the measurement of the
stress—temperature coefficient of a solid polymer. For the measurement,
the polymer must be in the rubbery state. Crosslinking a thermoplastic
polymer at room temperature and then heating it above its melting point
accomplishes this. Chapter 3 describes the mathematics involved in
calculating stress-temperature coefficients. Other approaches use the
birefringence dependence on temperature or the Kerr Effect to measure
the stress-temperature coefficient.

As seen in Table 2.1, the change in Ce with temperature is small.
Polyethylene chains contract on heating since the shorter gauche
conformations become more numerous at higher temperatures because of
energetic considerations. This chain contraction with increasing
temperature was previously discussed in this chapter (Section 2.7).

Table 2.1 Characteristic Ratio Values for Typical Polymers a)
Polymer Solvent Temperature (UC) Cowo
Polyethylene a-chloronapthalene 140 6.6
diphenylmetane 142 6.8
dodecanol-1 138 6.7
Polypropylene, isotactic  diphenyl ether 145 5.7
Polyisobutylene benzene 24 6.6
Polystyrene cyclohexane 34.8 10.2
Poly-dimethyl silicone butanone 20 6.2

a.) P.J. Flory, “Statistical Mechanics of Chain Molecules”, Hansa Publishers New
York1989

2.12. Chain End-to-End Distribution Functions

2.12.1 One Dimensional Case
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The probability of an end-to-end vector distance can be derived. For this
derivation, the statistical segment model (Section 2.4) is used in which
the chain is approximated by Z statistical segments [25]. Each segment is
assumed to be comprised of several monomer units. The statistics of the
random walk are applied to this model.

For one dimension, the chain axis is constrained to lie parallel to one
axis of a Cartesian coordinate system, say the x-axis. N; segments lie in
the +X direction and N, segments in the —X direction with equal a priori
probability (Figure 2.14). The probability of obtaining a given value of
P(R,) [see Appendix 2G] is given by

P(Rx) = exp(— 2;’;2 ) (2.75)

This equation is substituted into equation 2.21 to derive the entropy
of a single chain (equation 2.22) and the force required to restore a chain
to its equilibrium dimensions (equation 2.21).

Equation 2.75 is the probability that P(R,) can be found in the interval
P(R,) to P(R,) + P(R,)dR. Thus

R;
P(R)dR = Cexp(— 7 ] (2.76)

where C is a normalization constant determined from

[ P(R)dr, CJQ exp(— 2;;2 )d& -1 @.77)

leading to
C 1
= ol (2.78)

Substituting equation 2.78 into equation 2.76

1 R
P(R)= N exp(—zz"L 2) (2.79)

This is a Gaussian function, plotted in Figure 2.14 which has a most
probable value of Rx = 0. It should be noted that P(<R,>) asymptotically
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approaches zero as <R,> (or <-R,>) approaches infinity. This must be in
error at large <R,> values because P(<R,>) must discretely become zero
for the completely stretched out chain for which <R, > =R, and

R =ZL (2.80)

This error due to the neglect of higher terms of the expansion will be
considered later in the discussion of “non-Gaussian” behavior [Section
2.12.3]. Another source of error is the use of Stirling’s approximation for
factorials that is valid only for large numbers. This is not the case at high
chain extensions when the number of possible chain conformations
becomes small. Neglect of expansion terms is a Gaussian function that
has a most probable value of R, = 0. It should be noted that P ((Rx)),
asymptotically approaches zero as R,(or —Rx) approaches infinity. This
must be in error at large |Ry| values because P ((Ry)) must discretely
become zero for the completely stretched out chain for which Ry = R
and the mean value of R, is

A

P(Ry)

Figure 2.14. The variation of Px for a one dimensional Gaussian chain,

(R,)=[" RP(R)dR, =0 2.81)

This follows because P (+Ry)= P (-R,). However, the mean squared
value of R,
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(R)-[ " RP(R)R, = 2I* (2.82)
in agreement with previous results (Section 2.4).

2.12.2. Extension to a Three Dimensional Chain

Consider a three dimensional chain composed of Z statistical segments of
length L. Suppose these segments can have projections along the x, y and
z axes of £Lx, £Ly, or £Lz where

<L2> = (L§>+ (L§)+(L§> (2.83)

e o

Also, since the contribution of a given segment to the extension of the
chain in the x direction (called R,) may be either Lx or —Lx, the
probability of a projection R, of the end-to-end length will give a result
identical with the solution for the one-dimensional chain (equation 2.79)
or

P((R.))- __1—>exp(— g; )

- ( I3 (2.85)
Similarly, for R,
1 ()
P((R)= —mexp[— 2ZL§) (2.86)
and for R,

PR >)=-—\/2];Texp(-$2] 287)

If one end of a chain is at the origin, the probability of a vector R
being located close to the other end of the chain is
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P(R)=P(R,)P(R,)P(R,) (2.88)
where
R=R +R +R,

since for the end-to—end vector to be R, the x, y and z components must
be Ry, Ry and R;. If the probabilities for the components are independent
of each other, then the probability of that they have a joint value of (R,,
Ry, R;) is the product of the individual probabilities. Thus

. L 1R R R
dR = (2][2)3/2 ((Li ><Li ><Li >)1/2 eXp{ 27 i Li Lﬁ }dR
= ( 2:;3 )exp[—?,Rz/ZZLz]dedRydRz
ﬁajz exp( B ZRz)dedRydRz (2.89)
where
3 3
B=or= AR (2.90)
and

The probability of a given scalar distance between ends is found by
integrating P(R) over all angular orientations of R. Transforming from
Cartesian to spherical coordinate system (Figure 2.15) simplifies the
integration process. In spherical coordinates,

dR dR dR, = R*sinfdRA6d (2.91)

so that

3 F 1 E 4 0
P(R)dR=¢*" deR% [ [ [ P(R)sin6ardeay
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ﬁs 2R 2
= 4L —exp|- AR |" ®ar (2.92)
JT

32

Figure 2.15 Cartesian to Spherical coordinates transformation relations.

It is easily verified that

[ P(RMR=1 2.93)

and that
(R)= f ":O(RZ)P(R)dR =71’ (2.94)

This is in agreement with the previous result.
The most probable end-to-end distance [R,,, see Figure 2.16] is
obtained by differentiation of equation 2.92,
JP(R 3
——( ) =0=4n ﬂ3
R r?

[2Re-ﬂ”‘2 (-8R +1)] (2.95)
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yielding

2 1 2
<Rm> e '2§<R ) (2.96)

P(R)

Y
el

m

Figure 2.16. The most probable end-to-end distance (R,,) plot.

2.12.3. Extension to Non-Gaussian Case

The failure of the Gaussian statistical theory becomes noticeable when
the distance between chain ends assumes values between one third to one
half its fully extended chain (or contour) length because of the neglect of
higher terms in the expansion and the limitations of Stirling’s
Approximation as mentioned in Section 2.13.1. Equations based on the
following derivations yield calculated values that better agree with
experimental data at high elongations, but sacrifice simplicity and
general applicability to a variety of polymer structures. As in the
Gaussian case, the problem is to determine the probability that one chain
end is located in a volume dV at a distance R from the other end.

For the non-Gaussian case, the distribution in angle of the individual
chain segments is calculated first. Then, the probability of a given
conformation is determined. Finally, the most probable distribution is
derived by differentiation, as in the Gaussian case.
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'
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dA =2nsinGA 0

Figure 2.17. a-priori probability of segment being proportional to the size of the volume
element.

Consider again, a three-dimensional chain composed of Z statistical
segments of length L. These segments are considered to be freely
orienting so that the a-priori probability of a segment being oriented at an
angle, 6, with respect to R is just proportional to the size of the volume
element (Figure 2.17), or

E p(A6) = Csin6A8 2.97)
The constant, C, is determined by normalization
> p(86)= [ p(46)=C ['sin0d6=1-2C (2.98)
Thus
c=12
and
p(A6)=%sin6A9 (2.99)

Now consider a chain in which n; segments are oriented with respect
to R in the angular interval (A6,), n; in (A6,), etc. The probability of such
a distribution is

P-c—{[p(a6)]'[a6)". ]} -c S TIR00)]™ (2100

n!n,!.. [1,n/"
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It is useful to take logarithms to utilize Stirling’s approximation for the
factorials (equation 2G.11)

InP=InC +lnN.’—Elan.’+Enl Inp(A6)=InC+NlN-N

+NE[—ni Inn, +n,+n,In p(A6;)] (2.101)

since

N-= zn,. (2.102)
Thus,
P(A6)

1nP=1nC+N1nN+2n,.1n
ni

i

(2.103)

We now wish to find the distribution of the n;’s that maximizes P,
that is, one that makes d In P = 0. Now

dlnP
dlnP = n,=0 2.104
2 o }d (2.104)
and
("(‘;‘P )=1n p(A6)-1Inn, -1 (2.105)
ni

However, not all »;’s are possible. One must maximize In P subject
to the restriction that N and R are specified. Thus from equation 2.102

dN =0= Edn,. (2.106)

If the end-to-end length of the chain is held fixed at a particular R (Figure
2.18), then

E n.Lcos, = R (2.107)
so that

ELcos O,dn, =0 (2.108)
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Figure 2.18 Relations used in finding maximum probability.

P must be maximized subject to the constraints of equations 2.106
and 2.108. This is accomplished using Lagrange’s method of
undetermined multipliers. Equation 2.106 is multiplied by the arbitrary
constant (o — 1) and equation 2.108 is multiplied by the arbitrary
constant P hot the samp as defined in equatio”90]. Then these are
added to equation 2.104 to give

2[111 p(A6,)~Inn, + o+ Bcos,|dn; =0 (2.109)

Since this equation must be valid for arbitrary values of dn;’s, the
coefficients must be zero. Thus

In p(A6,)-Inn, +a + Bcosb, =0 (2.110)

S0
n; = N - p(A6,)e"e”* = LsinBe’e’**" AG, @2.111)
The coefficients, a and 8, may be evaluated from the constraints of

equations 2.102 and 2.107,
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Eni =N-= E%sine“eﬂc"w'A@i = Jz-e“f e 5in0do
6=0

=§[eﬂ—e'ﬂ}=i[sinhﬁ}
Bl B Bl B

(2.112)
Also

% = E n,Cos Hi = E %Sil’l 91‘ cos Bieaeﬂcosf), AB’

a

=17e"‘f”eﬂ°°“" cosBsian6=%;—[ﬁ(eﬂ +e"3)—(eﬂ —e’ﬂ)]

6=0 2

=ea[%é_3i‘;;ﬁ] 2.113)
Now using equation 2.112 for e*
R NGO |coshff sinhf
L [ BB

1
L sinh@ ]= [COthﬁ - E]_ NL(B) (2.114)

where
L(x) =cothx—l (2.115)
x
is the Langevin function of x. Thus, taking the inverse of the Langevin

function,

B =£‘1(%) (2.116)

The distribution function obtained by combining equations 2.111and
2.1121s

n =B _ s L ging A, @2.117)
sinh 8

where B is defined by equation 2.116.

Equation 2.117 describes the number of segments making an angle 6;
with respect to the displacement vector. This approach follows the same
one used by Langevin and others for calculating the orientation of
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dipoles in an electric field or of magnetic species in a magnetic field.
One might think of it as the orientation of polymer segments in a
mechanical field. This approach will also be used later in the discussion
of the optical properties of polymer chains (Chapter 4). Now from

equations 2.103 and 2.112
p(Ae’) _ a —ﬂcosB
— ]_Nlnm E:n In[e ]

R
= - E = B; E ;cosf, =N1 —aN—E-
NInN-a ) n,-f, Y n,cosb, nN 7

In(P/C)=NInN + Eni In

(2.118)
Using equation 2.110
=Nln-aN - AR

Inserting equation 2.117

lnE—NlnN Nl[ NB ]—ﬁg—}\‘lm‘v‘ MiaM - Nln[ B ] @

sinh sinhf| L
(2.119)
so that
P_ Ul R B
lnE— N(NL)ﬂHn(sinhﬂ)] (2.120)
or
- N[ B
P-Cexp{ N[(NL)ﬁHn(sinhﬁ)” (2.121)

This is a distribution function that is valid for R larger than the
Gaussian function of equation 2.92. When R = R, = NL

T PR = 2.124
B L(NL) £4() (2.124)
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and P = 0 as expected for an extended chain. If the inverse Langevin
function and the exponent of equation 2.121 are expanded in series, this

leads to
3(R 11(&)12(_&)1 2123
2\NL/ 20\NL) 350\NL) (2.123)

P(R)=C exp{-N

P(R)

non Gaussian

.\ -
Gaussian -~

—

R ZL

Figure 2.19. Comparison of rubber elasticity models.

At small extensions or for very long chains, R << NL and only the
first term in the series expansion of the exponent is important, so 2.123
becomes

(2.124)

which is similar to equation 2.79. Thus, equations 2.121 or 2.123
represent an improvement over the Gaussian distribution in being more
accurate at larger R (see Figure 2.19).

It should be pointed out that, in the non-Gaussian case, P(R) going to
zero at R,, leads to the force going to infinity (Figure 2.20).

An alternate measure, the radius of gyration, R,, is derived in
Appendix 2C. In the Appendix, the radius of gyration for a linear
polymer is shown to be given by the equation

(R)=(1/6)(R?) (2.125)
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the effect of branching on <R;> and the Stockmayer branching index are

also discussed in the appendicies to Chapter 2.

non-Gaussian /

Gaussian

o]

Figure 2.20. Comparison of force-extension curves between the Gaussian and non-
Gaussian cases.
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Appendix 2A - Statistical Mechanics

Atoms and molecules in all their facets (structure, reaction and
properties) form the subject material of chemical science. Classical
thermodynamics, on the other hand, describes the energetic interactions
between macroscopic systems and takes no cognizance of the molecular
constitution of matter. Statistical thermodynamics bridges these two
disciplines by using partition functions to calculate the average
macroscopic values of thermodynamic functions such as energy or
entropy. The concept of a partition function, in which the total energy of
a molecule is partitioned or separated into the various contributions from
vibrational, rotational and translational energies, is central to statistical
thermodynamics. As shown below, the state functions of classical
thermodynamics (Appendix 3A) can be derived from partition functions.
For the present application, only the partition function for the
conformational changes based on bond rotation is considered. The
partition function is derived from probability or statistical arguments as
would be anticipated considering the large number of molecules
comprising even a small sample (recall that 1 mole of a substance
contains 6x10” molecules). The first step in the derivation of the
partition function is the calculation of the number of ways (N) of
distributing » distinguishable molecules over R states. The result (see
Appendix 2G) is
/ !
N= no.’nllj....nj! ) li’;n
=0

- (2A.1)
The probability (P) of a given distribution is assumed to be proportional
to the number of ways the distribution can occur (the ergodic hypothesis)

n!
P=C———M— (2A.2)
n!n,t...n/!

where C is a constant of proportionality subject to the conditions of a
constant number of molecules
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Eni =N (2A3)
and constant energy
E ne =E QA.4)

While the average state of a system should be determined by an
average over all distributions, the most probable distribution is very
much more probable than any other. Therefore, it is a good
approximation to just consider this distribution. This may be
demonstrated using the more rigorous “method of steepest descents” [1].
To obtain the maximum probability, equation 2A.2 is recast into
logarithmic form. Thus

InP=InC+Inn-Inn/-Inn,!/..Inn,/ (2A.5)

Then, Stirling’s approximation [This approximation does not work well
for values of N of the order of 10 or less, but improves with increasing
N.]

InN/=NInN-N (2A.6)
If In P is a function of ny, ny, ...n; ...., then for In P to be a maximum,
d(InP)=(dIn P/dn, )dn, +(dInP/dn,)dn, +...+(dIn Pfon,)dn, (2A.7)
By differentiating 2A.5 after using Stirling’s approximation,
(9InP/dn,)=-Inn, (2A.8)
so substituting gives
(9n1(1n n1)+(9n2(lnn2)+ (9n3(1n n2)+ et &ni(lnni) =dN=0 (2A.9)

Changes between states in terms of energy and number of molecules,
while maintaining the overall values constant, can be expressed in
differential form.

From equation 2A.3

on +on, +dns +...+dn, =N =0 (2A.10)

and from equation A-4
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E,0N, +€,0n, +€,0n; +...+€0n, =JE =0 (2A.11)

Lagrange’s method of undetermined multipliers is now applied to find
the maximum in P. Two new variables (a for equation 2A.10 and B for
equation 2A.11), the undetermined multipliers, are introduced as
restrictions on equation 2A.9. Thus

dn,(Inn, )+ dn,(Inn,) + dny(Inny) +...+ adn, +adn, + adn, +

.+ Beon, + Be,on, + Beson, +...=0 (2A.12)
Grouping terms
(Inm + o+ BeyJom, +(Inn, +a + Be,)on, +(Inny +a + Be;)in; +...=0 (24 13)

In general, if one has an equation of the sort

Ax+By+Cz+Dw+...=0 (2A.14)

where x, y, z and w, can assume any value independently, then the only
possible solution is

A=B=C=D=...=0 (2A.15)
Thus, for all terms in equation 2A.13

Inn +o+ e =0

(2A.16)
Inn, +a+Pe, =0
Rearranging terms in equation 2A.14 and taking exponentials
n =e % " (2A.17)

This result is Boltzmann’s distribution, one of the most general equations
in physical science.

The multipliers ¢ and B can be determined from the system
requirements of constant number and constant energy. Thus substituting
equation 2A.15 into equation 2A.3
n=e%e1e% 4. = e'“[e'ﬁ" ve Py ] = e"’ze'“e‘ﬂE' =N

1

(2A.18)
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or
e N
e = p (2A.19)
R
Substituting equation 2A.19 into equation 2A.17
Ne - B,
L (2A.20)

The denominator in equation 2A.18 is the partition function (or the sum
over all energy states) discussed at the beginning of this section

0= Ee-ﬁ‘f (2A.21)

It can be shown by any of several approaches [2-4)] that § meets all the
requirements for a parameter, i.c.,

1
B=1r (2A.22)

where k = Boltzmann’s constant and 7 = temperature (in units of degrees
Kelvin).
Therefore, equation A-18 can be rewritten
Ne KT Ne T

n, Ee'ﬁ/"— 0 (2A.23)

The classical thermodynamic state functions [enthalpy (E), entropy
(S), free energy (4)] can be expressed in terms of the partition function as
shown in the following derivations.

Combining equation 2A.4

E=ng +n,E, +...
with equation 2A.20, yields
E=(N/Q)[e +e +..] (2A.24)

then differentiating
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dnQ 1 60 14 [e-ﬁel +efe +]

=5 =i 2A.25
A\/B) C1/B) QB (2A.23)
since
g’ d_u
ox dx
then equation 2A.25 can be transformed
1 - B¢, - Be, E
—[—ele Po _g,e7P —] N
(from equation 2A.24) or
dinQ
E=-N 2A.26
pr (2A.26)
Converting to kT by use of equation 2A.22
dlnQ dlnQ
E=-N =E=-N
B c?(l /kT) (2A.27)
k=R
where N,
R = the gas constant
Na = Avogadro’s number
Rearranging equation 2A.27 by use of the relations
dlnQ JlnQ| T (2A.28)
o(1/kT)  oT | J(1/kT) ‘
and
or 1 1  _kT?
AUKT) ~ A1/kT) L (_ 1 ) (2A.29)
oT k\ 1

Substituting in equation 2A.25
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E=+kT2M
ar

(2A.30)

From classical thermodynamics, the entropy (S) is related to the specific

heat at constant volume (Cy)) by

S JTE_vﬂ
o T
where
oy 472
o) 18
aT ), JT