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ABSTRACT: We study the process of monomers of a Rouse
chain confined in a spherical cavity of radius Rb to search for a
small opening of radius a on the cavity surface by combining
scaling analysis and Langevin dynamics simulations. We show that
the search process is nearly Markovian when the radius of gyration
Rg of the chain is much smaller than Rb and becomes non-
Markovian for Rg ≥ Rb. For the non-Markovian search process, we
first derive a general scaling relation for the mean search time ⟨τ∞⟩
in the long chain limit and then explicitly determine the scaling
exponents based on simulation results, ⟨τ∞⟩ ∼ Rb

4a−1DH
−3/2 and

⟨τ∞⟩ ∼ Rb
5a−1DH

−2 for the end and middle monomers, respectively, where DH is a generalized diffusion coefficient associated with
the monomer motion. We further find that the Hurst exponent, which characterizes the persistence of the dynamics, decreases
exponentially from approximately 1/3 to about 1/4 as the monomer position changes from the end to the middle. This result implies
that the subdiffusion of monomers depends considerably on their positions in the chain under confinement, providing insight into
the anomalous dynamics of confined polymeric systems.

1. INTRODUCTION
The polymer escape problem has received extensive attention
due to its importance in a number of physicochemical
processes, including DNA packed inside virus capsids,1−3

mRNA translocation from the nucleus via passive diffusion,4,5

genome mapping,6−8 polymer separation,9,10 nucleotide
sequencing,11−15 etc. The quantity of main interest in this
problem is the characteristic time for the movement of a chain
from a confined space to an unconfined or larger space through
a small opening. In general, polymer escape consists of two
processes, namely, search and translocation.16 The specific
monomers of a polymer initially attempt to find the opening of
the confined space, and after this search process is successful,
the translocation starts. If the translocation process cannot be
completed, additional search is then required. Notably, the
search problem is also of high relevance to DNA repairing17−21

and polymer binding22,23 in a confined environment, where the
polymer does not escape out of the bounded domain so that
the search for monomers to find a given small target on the
domain boundary is the key. Over the past decades, a number
of theoretical and numerical studies have been focused on the
translocation process,24−29 where a significant progress has
been achieved about the effects of various factors on the
translocation process, such as the charge, driving force, and
interactions between the chains and the pore. By contrast,
much less is known about the physics underlying the search
process.

In the present work, we focus on the search process of
monomers of a Rouse chain under the confinement of a
spherical cavity, as illustrated in Figure 1a, where we show a
cartoon of a polymer chain confined in a spherical cavity of
radius Rb having a small opening of radius a. As the simplest
stochastic model of polymer dynamics, the Rouse model has
been shown to be useful in explaining many aspects of polymer
dynamics.30 Unlike the translocation process where entropic
barriers typically play a key role,31−35 no significant changes in
polymer conformations occur during the search process for
openings without any barriers so that the search time is
determined by the diffusion of monomers in various
geometries. The calculation of this characteristic time is also
known as the mean first passage time problem in stochastic
theory.36 In real systems, however, the openings are inevitably
imperfect, so a diffusive particle often needs to overcome an
energy or entropy barrier at the entrance to the opening to
complete the search. Grebenkov and Oshanin37 have shown
that the narrow escape problem can be barrier-limited rather
than diffusion-limited in the limit a → 0.
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To understand the diffusion of the monomer in the search
process, let us first discuss the diffusion of monomers in free
space. This topic is well documented in textbooks (e.g., ref 38),
but we provide a recap to facilitate our discussion of monomer
diffusion under confinement. For the monomers of a Rouse
chain (Figure 1b), it is well established that three different
regimes can be identified in the time (t) dependence of the
mean-square displacement (MSD) ⟨Δr2(t)⟩, as described by
the following equation38
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where the brackets ⟨...⟩ denote the equilibrium ensemble
averaging, d is the spatial dimension, D is the diffusion
coefficient of the monomer, τ0 is the typical relaxation time of a
bond, A is a numerical coefficient, l0 is the effective bond
length, τR is the Rouse relaxation time, and DCM is the diffusion
of the center of mass of the chain. Note that D and DCM are
related simply via DCM = D/N, where N is the number of the
monomers in the polymer. First, in the short time limit, where
t < τ0, the monomer is not affected by the connection with
other monomers and moves as a Brownian particle with the
diffusion coefficient D. When the time scale is longer than τ0
but shorter than τR, the monomer motion is subdiffusive so
that the MSD increases with time as ⟨Δr2(t)⟩ ∼ t1/2. Finally,
the whole chain moves coherently so that all monomers
essentially have the same diffusion coefficient as the chain (i.e.,
DCM) at t > τR. With this background, we next consider the
diffusion of monomers of a Rouse chain confined in a cavity.

In a spherical cavity, it is evident that the diffusion of
monomers depends on the extent of confinement, as
characterized by the ratio of Rg to Rb, where Rg is the radius
of gyration of the polymer in the absence of confinement. If Rg
is much smaller than Rb, ⟨Δr2(t)⟩ exhibits a plateau larger than
Rb

2 at long t.39 In such a case, the search process is dominated
by the diffusion of the whole chain so that the subdiffusive
motion of individual monomers becomes insignificant, and
hence, the search follows a Markovian process. When Rg is
comparable to or larger than Rb, the time at which ⟨Δr2(t)⟩
starts to plateau lies in the regime τ0 < t < τR.

40 This implies
that the chain mobility is hindered by the confinement so that
the anomalous diffusion of monomers is directly relevant to the

search process.41,42 Under such conditions, the search becomes
a non-Markovian process, where the other monomers of the
chain play the role of hidden degrees of freedom in affecting
the motion of the tagged monomer.43,44 Importantly, the non-
Markovian phenomenon is fairly common in the context of
other important problems of polymeric systems, including
polymer looping,45−47 binding,48 and folding.49

We now discuss the estimation of the mean search time ⟨τ⟩
for the monomers of a Rouse chain confined in a cavity for
both the Markovian and non-Markovian processes. When the
search follows a Markovian process, a Rouse chain can
intuitively be viewed as a phantom Brownian particle, and the
calculation of ⟨τ⟩ is similar to that in the narrow escape
problem of Brownian particles; hence, the problem is relatively
straightforward to solve.36 While it remains a challenge to
predict ⟨τ⟩ by stochastic theory for non-Markovian processes
where the monomer exhibits subdiffusive behavior, previous
computational works have yielded insights into the non-
Markovian search process.50−53 In particular, ⟨τ⟩ has been
found to depend on several physical factors,50−53 such as the
chain length and the sizes of the cavity and opening, as
discussed below.

Holcman and co-workers51 have shown based on Brownian
dynamics (BD) simulations that ⟨τ⟩ increases drastically with
increasing N and eventually arrives at a plateau for sufficiently
large N for a chain confined in a spherical cavity. Interestingly,
this study also reveals that ⟨τ⟩ depends on the monomer
position in the chain. Moreover, Kantor and Kardar52 have
demonstrated that the probability density function of the
search time for the middle monomer of a polymer still displays
an exponential decay, although the confinement strongly
affects the search process. Regarding the influence of the cavity
size on ⟨τ⟩, it is natural to expect that a longer time is required
for a particle or monomer to find the opening as the cavity
becomes bigger. Indeed, Grigoriev et al.54 have shown that ⟨τ⟩
∼ Rb

3 for a Brownian particle in a spherical cavity. We must
also mention the work of Voituriez and co-workers,53 who
have studied the search process of subdiffusive particles in a
confined domain based on fractional BD simulations in d = 2,
and their work indicates that ⟨τ⟩ is related to the domain size
Rb as ⟨τ⟩ ∼ Rb

1/H, where H is the Hurst exponent
characterizing the persistence of dynamics and is equal to 1/
2 for a Brownian particle. Here, the persistence of dynamics is
related to the long-range correlation between the displace-
ments of the particle as a function of t. In the superdiffusive

Figure 1. (a) Schematic illustration of a polymer chain confined in a spherical cavity of radius Rb having a small opening of radius a. To highlight
the problem studied in the present work, one end of the polymer is shown by the red color, and the connected lines in red indicate the search
process for the end monomer to find the opening by diffusion. (b) Illustration of the different regimes in the mean-square displacement ⟨Δr2(t)⟩ of
the monomer of a Rouse chain as a function of time t in free space and under confinement, as shown as the solid line and dashed and dash-dotted
lines, respectively. Here, l0 is the effective bond length, Rg is the radius of gyration, τ0 is the typical relaxation time of a bond, and τR is the Rouse
relaxation time.
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regime with 1/2 < H < 1, the dynamics is persistent so that
positive correlations emerge, whereas in the subdiffusive
regime with 0 < H < 1/2, the dynamics becomes antipersistent
so that negative correlations are expected.55 Importantly, the
analysis of Voituriez and co-workers53 implies that dynamic
persistence offers the potential to describe non-Markovian
search processes, although whether or not dynamic persistence
is relevant to the search process of polymers remains to be
investigated. On the other hand, increasing the size of an
opening or increasing the temperature of the system and thus
the diffusion coefficient is expected to reduce ⟨τ⟩. When a is
much smaller than Rb, which is a common case in practice, it
has been found that ⟨τ⟩ of Brownian particles or monomers of
a short chain is inversely proportional to a and D in a spherical
cavity,36,56 i.e., ⟨τ⟩ ∼ (aD)−1. Parenthetically, we note that the
work of Singer et al.57 indicates the relation ⟨ τ ⟩ ∼ Rb

2D−1

ln(Rb/a) for a Brownian particle confined in a circular domain,
demonstrating that the search process depends on spatial
dimension, which can also be seen from the discussion of ref
53 above. Finally, we mention that knotted structures can
significantly affect the translocation of polymers.58

It should be pointed out that the search process of a
subdiffusive particle confined in a complex environment is
ubiquitous in molecular and cellular biology,59 although the
treatment of such a problem is very difficult because of the
boundary conditions associated with the geometrical struc-
tures.60 In particular, because of complexities associated with
the heterogeneity of porous structures and the underlying
microscopic mechanisms, many problems remain to be
explored in relation to transport in porous media. In this
regard, single-particle tracking experiments61,62 have provided
a valuable method to directly investigate the influence of
geometric parameters (e.g., pore size, pore throat size, and
tracer particle size) and microscopic interaction parameters on
the transport of particles and polymers in porous environ-
ments. Our point here is that the search process of a polymer
confined in a cavity is truly a complicated problem. Even in the
case of a Rouse chain confined in a spherical cavity, it remains
unclear how the mean search time depends on the chain
length, cavity size, opening size, and monomer diffusion when
all these factors are taken into account. Here, we address this
problem by combining scaling analysis and simulations.

In the present paper, we present a systematic study of the
search processes of monomers of a Rouse chain confined in a
spherical cavity. As expected, we find that the search process
can be either Markovian or non-Markovian in a spherical cavity
of fixed size, depending on the chain length. In the short chain
limit, the search follows a Markovian process. In this relatively
simple case, we show that simulation results for the mean
search time ⟨τ⟩ can be described quantitatively by a modified
functional form derived from the search problem of a single
Brownian particle confined in a spherical cavity.51 In the long
chain limit, the search process is dominated by the subdiffusive
motion of monomers and thus becomes non-Markovian. On
the basis of extensive simulation results, we identify a
characteristic chain length Nc to describe the crossover from
the Markovian to non-Markovian process. A detailed analysis
of ⟨τ⟩ for different monomers reveals that Nc is related to the
number of monomers affected by the confinement in the chain.
For the more complicated non-Markovian search process, we
first derive a general scaling relation for the mean search time
⟨τ∞⟩ in the long chain limit based on dimensional consistency
and previous studies of the narrow escape problem of single

particles.54,56,57 We then utilize simulation results to explicitly
determine the scaling exponents associated with the cavity size,
opening size, and a generalized diffusion coefficient associated
with the monomer motion for the end and middle monomers.
We further discuss the search process of monomers other than
the end and middle monomers based on simulation results. In
particular, we examine the Hurst exponent H of different
monomers to gain a better understanding of the non-
Markovian search process. Our analysis indicates that H
decreases exponentially from approximately 1/3 to about 1/4
as the monomer position changes from the end to the middle,
implying that the subdiffusion of monomers depends
considerably on their positions in the chain under confine-
ment. Importantly, this crucial information cannot be obtained
from the long-time plateau of the MSD. Our work thus
provides insight into the anomalous dynamics of confined
polymeric systems.

The remainder of the present paper is organized as follows.
The simulation method is described in Section 2. Section 3
first provides a simple expression for the mean search time
based on scaling analysis, followed by complementary
simulation results to determine the unknown scaling exponents
and a discussion of the Hurst exponent of different monomers
in the chain. Finally, a summary is given in Section 4.

2. SIMULATION METHOD
The present work studies the search process of a linear Rouse
chain confined in a spherical cavity, as shown in Figure 1a. In
our model, the chain is composed of N monomers with the
friction coefficient of ξ = 1, and adjacent monomers are
connected by a spring stiffness of k = 1. Each monomer is
viewed as a Brownian particle with the diffusion coefficient
given by D = kBT/ξ, where kB is the Boltzmann constant and T
is the temperature. Because the monomers in the Rouse model
interact with each other only through the connected spring, the
potential describing the model is given by

U k x x
2

( )
i

N

i ib
1

1
2=

= (2)

where xi (i = 1, ..., N) is the coordinate of monomer i and x0⃗ =
x1⃗ and xN⃗+1 = xN⃗. For reference, the effective bond length is
l k T k/0 B= , the effective Kuhn length is l l3Kuhn 0= , the
radius of gyration is R l N/2g 0= , the bond relaxation time is
τ0 = ξ/k, and the Rouse relaxation time is τR ≈ Rg

2/DCM =
τ0N2.

To study the Rouse chain confined in a cavity, the repulsive,
shifted and truncated Lennard-Jones repulsive potential with
the energy scale of ϵ = 1 is utilized to describe the interactions
between monomers and the cavity boundary. More specifically,
when a monomer approaches the cavity boundary, a repulsive
interaction arises between the monomer and an imaginary
bead of size l0 on the cavity surface, as described by

l
mooo
n
oooU r

l r l r r r

r r
( )

4 ( / ) ( / ) ,

0,
LJ

0
12

0
6

cut

cut

=
[ ] + <

(3)

where r is the distance between the monomer and the
imaginary bead and the cutoff is rcut = 21/6l0. In the present
paper, length, time, and energy are reported in units of l0, τ0,
and ϵ, respectively.
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The equations of motion of a monomer are described by the
overdamped Langevin equation

x
t

f f f
d
d

i
i i1 wall

G= + +
(4)

where f1i = −∇Ub, fwall = −∇ULJ, and f iG is a Gaussian random
noise having zero mean and satisfying the fluctuation−
dissipation theorem, ⟨f nG(t)fmG(t′)⟩ = 2ξkBTδn,mδ(t − t′). The
position of the monomer evolves at each time step via the
following equation:

x t t x t f t f t t f( ) ( )
1

( ) ( )i i i i1 wall
G+ = + [ + ] +

(5)

A time step of Δt = 5 × 10−4τ0 is used to integrate the
equations of motion, which is sufficiently small to ensure the
stability and accuracy of the simulations.36

In our simulations, the ratio a/Rb is varied from 0.05 to 0.2,
following the work of Schuss.60 Initially, all monomers are
placed close to the center of the cavity and are folded on the
top of each other. The data are collected after the system has
been equilibrated for a period much longer than τR, and proper
equilibration is confirmed by utilizing different initial chain
conformations and extending the run time by a factor of 3 or
larger. Each run is terminated after the tagged monomer finds
the opening for the first time. The results in the present paper
are obtained by performing the average over at least 4000 runs.

3. RESULTS AND DISCUSSION
This section begins with a scaling analysis of the mean search
time, followed by detailed simulation results to determine the
unknown exponents in the scaling relation. This section then
utilizes the Hurst exponent to gain a better understanding of
the non-Markovian search process of different monomers in
the chain, inspired by the work of Voituriez and co-workers.53

3.1. Scaling Analysis of Mean Search Time.We provide
a scaling analysis of the mean search time ⟨τ⟩ of monomers of
a Rouse chain confined in a spherical cavity of radius Rb having
a small opening of radius a. In particular, we consider the
dependence of ⟨τ⟩ on the relevant variables, including Rb, a,
and the monomer diffusion. Let us first focus on the relatively
simple case where the chain size is much smaller than the
cavity size. In such a case, since the search process is
dominated by the chain diffusion, it is reasonable to treat the
chain as a phantom Brownian particle having a radius of Rg and
a diffusion coefficient of DCM. When the opening area is much
less than the surface area of the cavity, which is usually the case
in practice, the mean search time ⟨τ⟩ can be described
by56,57,60,63

V
aD

NR
aD4 3CM

b
3

=
(6)

where V = 4πRb
3/3 is the volume of the spherical cavity.

However, if the chain effects are not negligible, eq 6 should be
modified as51

N R R
aD

( )
3

b
3

(7)

where the correction term R′ depends on the position of the
tagged monomer. Holcman and co-workers51 have found that
a reasonable estimate of R′ for the end monomer is given by
Rg.

Here, to put the magnitude of ⟨τ⟩ in perspective, we can
make a comparison between the mean search time and the
longest relaxation time of the Rouse chain, τR, which is the
characteristic time for the chain to move a distance of the
order of its own size. It is evident that ⟨τ⟩ > τR in the case of Rg
≪ Rb. On the other hand, if the search process is dominated by
the subdiffusive motion of monomers, the mean search time is
expected to be shorter than the Rouse relaxation time, i.e., ⟨τ⟩
< τR.

We now turn to the more complicated case where the chain
size is comparable to or larger than the cavity size. As
illustrated in Figure 1b, the MSD of the monomers in a
spherical cavity is diffusive at short t and then subdiffusive at
intermediate t before reaching a plateau at long t. The search
process typically depends on the diffusion behavior of
monomers at long t. However, the long-t plateau cannot
determine whether or not the long-t dynamics of the
monomers follows the subdiffusive motion at intermediate t.
To be sufficiently general, we thus write the t-dependent MSD
of a monomer in the following form

r t D t( ) H
H2 2 (8)

where DH is a generalized diffusion coefficient. Here, the cases
of 1/2 < H < 1, H = 1/2, and 0 < H < 1/2 correspond to the
superdiffusive motion of the monomer, the Brownian motion,
and the subdiffusive motion, respectively. We expect ⟨τ⟩ to
depend only on DH, H, a, and Rb. Analysis based on the
dimensional consistency then implies the following form

i
k
jjjjj

y
{
zzzzz

i
k
jjjjj

y
{
zzzzz

R
D

f a
RH

H
b

2 1/(2 )

b (9)

where f is a dimensionless function. In the case of a spherical
cavity, previous studies on the narrow escape problem of single
particles have indicated that ⟨τ⟩ is related to Rb by the power
law,54,56,57 ⟨τ⟩ ∼ Rb

α, with α being a scaling exponent. The
expression for ⟨τ⟩ can then be written as

R a DHb (10)

where the scaling exponents α, β, and γ should satisfy the
following relation

2 0+ + = (11)

with γ = −1/(2H). Evidently, a monomer is more difficult to
search for the opening in a larger cavity, whereas a larger
opening or a faster monomer motion should speed up the
search process. Hence, α is expected to be positive, and both β
and γ should be negative. Theoretical and numerical studies of
simple Brownian particles have shown that α = 3, β = −1, and
γ = −1,36,57,60 thereby satisfying eq 11. However, the estimates
of the scaling exponents α, β, and γ have not yet been made for
polymers. In the present work, we determine these scaling
exponents with the aid of simulation results, as discussed
below.
3.2. Chain Length Dependence of Mean Search Time

and Simulation Estimates of the Scaling Exponents.
Our analysis based on simulation results starts with the
dependence of ⟨τ⟩ on N. In our simulations, the mean search
time is determined from the survival probability S(t) of the
monomer in the cavity54
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S t
N

H t( )
1

( )
j

N

j
s 1

s

=
= (12)

where Ns is the number of statistical samples, τj is the search
time of the jth sample, and H(t) is the Heaviside step function.
⟨τ⟩ can then be obtained as ⟨τ⟩ = (1/Ns)∑j=1

Ns τj.
In general, the search for an opening is a long-time behavior.

A previous study for the diffusion of a very long Rouse chain
between two absorbing boundaries has shown that S(t) for the
middle monomer decays exponentially at long t.52 Our
simulation results of S(t) are consistent with this behavior, as
shown in Figure 2a, where we show S(t) of the end and middle
monomers of a Rouse chain confined in a spherical cavity of Rb
= 10 l0 and a = l0 at kBT/ϵ = 1 for different N. Hence, the mean
search time can also be determined by the characteristic time
describing the decay of the survival probability.56

S t t( ) exp( / )= (13)

In the present work, we show the results of ⟨τ⟩ from the
exponential fits. Notably, the translocation should start from
one end of the chain in the context of polymer translocation.
By contrast, the search process of monomers of a chain has
implications for a broader range of problems. The search
process is not only an important step for polymer trans-
location, but it is also relevant in other problems. For instance,
when a specific segment of polymers (DNA or mRNA)
searches for specific receptors to trigger reaction,36 this
segment can be the end, middle, or other monomers in the
chain, which has been demonstrated explicitly in the
literature.51,52,64

While the mean search time is evidently an important
quantity for understanding the search process, a more
complete picture can be provided by the full distribution of
the search times. In this regard, Oshanin and co-workers65

have recently made a progress in the case of diffusive particles
by deriving the full first-reaction time (FRT) distribution for
the narrow escape problem. This work indicates that typical
FRTs may be orders of magnitude shorter than the mean one,
leading to a strong defocusing of characteristic time scales.
Motivated by ref 65, we also analyze the probability
distribution function P(t) of the search times, as determined
by the derivative of the survival probability, i.e., P(t) = −dS(t)/

dt. As an example, Figure 2b shows P(t) of the end monomer
of a Rouse chain confined in a cavity of Rb = 10l0 and a = l0 at
kBT/ϵ = 1 for different N. For reference, the plot includes
vertical arrows to indicate ⟨τ⟩. As can be seen, P(t) exhibits a
plateau at short t that first decreases with increasing N and
becomes independent of N for large N. At long t, an
exponential tail is evident for P(t), indicating that ⟨τ⟩
corresponds to the characteristic time of the exponential
decay. Hence, the features of P(t) for the Rouse chain are
qualitatively similar to those of diffusive particles considered by
Oshanin and co-workers.65 Evidently, P(t) should make an
attractive target for future study. In the present work, however,
we focus on ⟨τ⟩ as our first step toward a deep understanding
of the search process of polymers confined in a cavity.

Figure 3 shows ⟨τ⟩ as a function of N determined from our
simulations for the end and middle monomers of a Rouse
chain confined in a spherical cavity of Rb = 10l0 and a = l0 at
kBT/ ϵ = 1. As can be seen, ⟨τ⟩ for both the end and middle
monomers increase with increasing N and plateau at

Figure 2. (a) Survival probability S(t) of monomers of a Rouse chain confined in a spherical cavity of Rb = 10 l0 and a = l0 at kBT/ϵ = 1 for different
chain lengths N. Filled and opens symbols correspond to the results of the end and middle monomers, respectively. Solid lines represent the fits of
an exponential function to the simulation data at long t. (b) Probability distribution function P(t) of the search times of the end monomer of a
Rouse chain confined in a cavity of Rb = 10 l0 and a = l0 at kBT/ϵ = 1 for different N. Vertical arrows indicate the mean search times.

Figure 3. Mean search time ⟨τ⟩ as a function of N for the end and
middle monomers of a Rouse chain confined in a spherical cavity of
Rb = 10l0 and a = l0 at kBT/ϵ = 1. Solid lines represent the fits of eq 14
to the simulation data. The long dashed line corresponds to eq 6. The
dash-dotted lines correspond to eq 7 with R′ = Rg and Rg/2 for the
end and middle monomers, respectively. For reference, the ratio Rg/
Rb is shown on the top axis.
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sufficiently large N. We find that the simulation data can be
well described by
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(14)

where ⟨τ∞⟩ is the long chain limit of ⟨τ(N)⟩ and ⟨τs⟩ ≈ πRb
3/

(3aD) is the mean search time of a single monomer. The fitted
results are shown as solid lines in Figure 3. In the limit of N →
1, where the chain effects vanish, eq 14 reduces to eq 6 (see the
long dashed line in Figure 3). In this case, the chain behaves as
a phantom Brownian particle of Rg with the diffusion
coefficient given by DCM = D/N, and the end and middle
monomers have the same mean search time that increases
linearly with N. As N increases, the chain effects set in and the
monomer position in the phantom particle must be
considered.

As shown in Figure 4, the probability distribution functions
P(r) for the end and middle monomers relative to the center of

mass of an unconfined Rouse chain display peaks at Rg and Rg/
2, respectively. Substituting R′ = Rg for the end monomer and
R′ = Rg/2 for the middle monomer into eq 7 leads to good
agreement with the simulation data for short chains, as shown
by the dash-dotted lines in Figure 3. The insets of Figure 4
show cartoons of the difference between the search processes
of the end and middle monomers. For the end monomer,
finding the opening corresponds to the situation when the
surface of the phantom particle encounters the opening. In
contrast, the phantom particle must travel an extra distance of
Rg/2 for the middle monomer to approach the opening. In this
sense, the end monomer is more easily affected by the
confinement than the middle monomer. This leads to the
difference in the characteristic chain lengths where ⟨τ⟩ starts to
be independent of N, as shown Figure 3. In particular, Figure 5
shows the power-law dependences of the characteristic chain
length on Rb, i.e., Nc,end ∼ Rb for the end monomer and Nc,mid
∼ Rb

2 for the middle monomer, respectively. Below, we define
Nc,mid as the characteristic chain length Nc for a Rouse chain
confined in a given cavity, for which the mean search times of
all monomers in the chain are independent of N.

On the basis of the above results, we can provide reasonable
estimates of the scaling exponents associated with the
expressions of ⟨τ∞⟩ for the end and middle monomers. For

a confined Rouse chain, we expect that Nc,end depends only on
Rb and l0, namely, N R l R k k T/ /c,end b 0 b B= . It follows from
eq 14 that Nc,end ∼ ⟨τ∞⟩/⟨τs⟩ ≈ 3aD⟨τ∞⟩/πRb

3 = 3akBT⟨τ∞⟩/
ξπRb

3 for the end monomer. Combining eq 10 and the relation
DH ∼ kBT, we then obtain α = 4, β = −1, and γ = −3/2 for the
end monomer. In a similar manner, α = 5, β = −1, and γ = −2
are obtained for the middle monomer. Therefore, we can arrive
at the following scaling relations

R a D R a DandH Hb
4 1 3/2

b
5 1 2 (15)

for the mean search times of the end and middle monomers in
the long chain limit, respectively. In the following, we present
detailed simulation results on the dependences of ⟨τ∞⟩ on Rb,
a, and DH for N ≫ Nc to check the scaling relations of eq 15
and gain physical insights into these relations.

Before leaving the present section, it is worth examining the
dependence of ⟨τ∞⟩ on monomer position i in the chain.
Taking the symmetry of a linear chain into account, it is
adequate to consider the results of monomers with i ≤ N/2. As
shown in Figure 6, ⟨τ∞⟩ increases with i for i < Nc/2 and is
essentially independent of i for i > Nc/2. If a tagged monomer
can be regarded as being connected to two chains of different
length, the dependence of ⟨τ∞⟩ on the monomer position

Figure 4. Probability distribution functions P(r) of the end and
middle monomers relative to the center of mass of a Rouse chain with
N = 8 at kBT/ϵ = 1 in the absence of confinement. The insets depict
the difference between the search processes of the end and middle
monomers.

Figure 5. Characteristic chain lengths Nc,end and Nc,mid for the end and
middle monomers as a function of Rb. The lines correspond to the
power-law fits to the simulation data based on Nc,end ∼ Rb and Nc,mid
∼ Rb

2 for the end and middle monomers, respectively.

Figure 6. Dependence of ⟨τ∞⟩ on the monomer index i for a Rouse
chain with N = 200 confined in a spherical cavity of Rb = 10l0 and a =
l0 at kBT/ϵ = 1. The inset shows the cartoon of a Rouse chain with the
monomer index ranging from 1 to N. A tagged monomer, shown in
green, can be regarded as being connected to two chains of different
length.
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arises from the effects of the shorter chain, as illustrated in the
inset of Figure 6. In this sense, Nc characterizes the number of
monomers affected by the confinement in the chain.
3.3. Dependence of Mean Search Time on Cavity

Size, Opening Size, and Temperature. Here, we perform a
range of simulations to examine the dependence of the mean
search time on the cavity size, opening size, and diffusion
coefficient, which allows us to estimate the scaling exponents
independently. We first focus on the scaling exponent α in eq
10 for the end and middle monomers. In this set of
simulations, the cavity radius is varied from Rb = 6l0 to 14l0,
while the opening size is fixed at a = l0 to ensure that the
opening area is much less than the surface area of the cavity in
each case, the chain length is fixed at N = 200, and DH is kept
at constant by kBT/ϵ = 1. Figure 7a shows ⟨τ∞⟩ of the end and
middle monomers as a function of Rb. In the range of Rb
considered, Nc for the middle monomer varies from 22 to 118,
which are smaller than the chain length considered. In line
with our scaling analysis in Section 3.1, the simulation data can
be described by a power law, ⟨τ∞⟩ ∼ Rb

α, where the exponents
α are determined to be 4 and 5 for the end and middle
monomers, respectively. These values are thus in good
agreement with our analysis of eq 15 in Section 3.2.

For monomers other than the end and middle monomers,
unfortunately, the above method fails to provide an estimate of
α. When varying the cavity size in the long chain limit, the
middle monomer is tethered by two chains with lengths larger
than Nc/2 so that the end monomer has no effect on the search
process of the middle monomer. In contrast, the end monomer
drags a chain with the length of Nc/2 to search for the opening.
As shown above, Nc increases with increasing Rb. Because
polymers possess fractal properties, only the relative location of
the end monomer in the dragged chain remains constant in the
current dispersed chain model, but the relative locations of
other monomers affected by the end are varied by changing Rb.
This leads to the dependence of α on Rb and thus Nc for
monomers with 1 < i ≤ Nc, for which the search dynamics is
influenced by the end monomer. In other words, α is not
constant for these monomers. We will further discuss this issue
below.

Regarding the scaling exponent β, Figure 7b shows ⟨τ∞⟩ as a
function of a for different monomer positions i for a Rouse

chain with N = 200 confined in a spherical cavity of Rb = 10l0
at kBT/ϵ = 1. Here, a is varied from 0.7l0 to 1.5l0, which
ensures that the ratio of the opening area to the surface area of
the cavity is small. As can be seen, simulation data for all
monomers can be well fitted by a power law, ⟨τ∞⟩ ∼ aβ, where
we determine β = −1 with a relative error less than 0.06,
thereby confirming our analysis of eq 15 in Section 3.2.
Notably, the same value is also found for β in the case of a
Brownian particle.56 The inset of Figure 7b shows that β for
the monomers of the chain with N = 200 confined in cavities
having different Rb are all close to −1, indicating that β is
independent of the monomer position in the chain for
sufficiently large N, in contrast to the scaling exponent α.

Finally, it is difficult to determine the scaling exponent γ by
directly examining ⟨τ∞⟩ as a function DH because DH is not an
input parameter in a simulation. Fortunately, because DH is
proportional to T in our model, γ can be alternatively
estimated by studying the dependence of T on ⟨τ∞⟩. Figure 7c
shows ⟨τ∞⟩ of the end and middle monomers of a Rouse chain
with N = 200 confined in a cavity of Rb = 10l0 as a function of
T. As expected, ⟨τ∞⟩ decreases with increasing T via a power
law, ⟨τ∞⟩ ∼ Tγ, where γ are determined to be −3/2 and −2 for
the end and middle monomers, respectively. These scaling
exponents are again fully consistent with those obtained in
Section 3.2.

As in the estimate of α, the scaling exponent γ for other
monomers influenced by the end monomer (i.e., 1 < i ≤ Nc/2)
cannot be determined based on the above method because the
chain size depends on T. In particular, when T is varied, the
characteristic chain length in a given cavity changes
simultaneously, thereby leading to the dependence of γ on T
for these monomers. Nevertheless, our simulation results in
this section verify our analysis of the end and middle
monomers based on the scaling approach in Sections 3.1 and
3.2.
3.4. Understanding Non-Markovian Search Process

Based on the Hurst Exponent. We now examine the Hurst
exponent H to gain a better understanding of the non-
Markovian search process of different monomers in the chain.
It follows from H = −1/(2γ) that H are 1/3 and 1/4 for the
end and middle monomers in the long chain limit, N > Nc. For
the end monomer, the Hurst exponent deviates from the

Figure 7. (a) ⟨τ∞⟩ of the end and middle monomers as a function of Rb for a Rouse chain with N = 200 confined in a spherical cavity of a = l0 at
kBT/ϵ = 1. Solid lines correspond to the power-law fits, ⟨τ∞⟩ ∼ Rb

α, where α are determined to be 4 and 5 for the end and middle monomers,
respectively. (b) ⟨τ∞⟩ as a function of a for different monomer positions i for a Rouse chain with N = 200 confined in a spherical cavity of Rb = 10l0
at kBT/ϵ = 1. Solid lines correspond to the power-law fits, ⟨τ∞⟩ ∼ aβ, where the determined β is shown as a function of i for different Rb in the inset.
(c) ⟨τ∞⟩ of the end and middle monomers as a function of kBT/ϵ for a Rouse chain with N = 200 confined in a spherical cavity of Rb = 10l0 and a =
l0. Solid lines correspond to the power-law fits, ⟨τ∞⟩ ∼ Tγ, where γ are determined to be −3/2 and −2 for the end and middle monomers,
respectively.
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subdiffusive motion of the Rouse model in free space, which
cannot directly be measured due to this anomalous dynamical
behavior in the long-time plateau of the MSD. From a physics
point of view, a smaller H indicates that the particle has a
stronger antipersistence. If the distribution of a subdiffusive
particle within a confined space is inhomogeneous, the particle
tends to return to the center of the confined space.55 This
phenomenon is also seen in the search process of monomers of
a Rouse chain confined in a cavity.50,51

Figure 8a shows the probability distribution function P(R)
of different monomers in the Rouse chain with N = 230 in a
cavity of Rb = 15l0, where R is the distance between a
monomer and the center of the cavity. We see that the
distribution of each monomer is nonuniform. Moreover, P(R)
is insensitive to changes in i when i is sufficiently large. The
inset of Figure 8a shows the mean square error (denoted by
MSE) of P(R), which is defined by MSE = ∫ 0

RbR2P(R)4πR2

dR.66 As can be seen, this quantity decreases as the monomer
index increases and eventually arrives at a plateau approx-
imately at i = Nc/2. This result indicates that the monomers
with Nc/2 ≤ i ≤ N/2 have the same P(R).

Vojta et al.55 have proposed that the distribution of a particle
in a cavity can be related to the Hurst exponent H via the
following empirical equation
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We find that the above relation works well in the range of R
close to the cavity boundary and provides a good description of
the distribution of monomers in the range 0.4Rb ≤ R ≤ 0.9Rb,
as shown in Figure 8b. Hence, this analysis allows us to obtain
an estimation of H for each monomer.

Figure 9 shows H for different monomers of the Rouse
chains with N = 230 and 500 confined in cavities of Rb = 15l0
and 25l0, respectively, for which the corresponding character-
istic chain lengths are Nc = 136 and 366. This analysis shows
that H is nearly equal to 1/3 for the end monomer and
independent of Rb, consistent with the analysis of ⟨τ∞⟩.
Similarly, we find H ≈ 1/4 for monomers Nc/2 ≤ i ≤ N/2 in
both cases considered. Remarkably, H exhibits a significant
dependence on Rb for monomers 1 < i < Nc/2, implying that
⟨τ∞⟩ for these monomers do not obey the power-law
dependence on Rb and DH so that eq 10 fails to describe
⟨τ∞⟩ of these monomers. Therefore, the above analysis

demonstrates the importance of H in understanding the
anomalous dynamics of confined polymeric systems.

As a final remark, the solid lines in Figure 9 indicate that the
dependence of H on the monomer position i can be described
by

H i H N H H N si( ) ( /2) (1) ( /2) exp( )= + [ ] (17)

where s is a fitting parameter. The inset of Figure 9 indicates
that s is proportional to Nc to a good approximation. We note
that eq 17 is more accurate for larger Rb (and thus Nc). This is
attributed to the fact that increasing the ratio of Rb to l0 may
significantly reduce numerical errors in the current dispersed
chain model. Unfortunately, an increase in Rb leads to a
dramatic increase in simulation time; e.g., our result indicates
⟨τ∞⟩ ∼ Rb

5 for the middle monomer. Hence, it becomes very
difficult to examine the validity of eq 17 in the limit of Rb/l0 →
∞ using simulations.

4. SUMMARY
We have investigated the search processes of monomers of a
Rouse chain confined in a spherical cavity. The extent of
confinement has crucial effects on the search process.
Accordingly, the search process can be classified into two
types: Markovian and non-Markovian. When the chain size is

Figure 8. (a) Probability distribution function P(R) of different monomers in the Rouse chain with N = 230 in a closed spherical cavity of Rb = 15l0
at kBT/ϵ = 1. The inset shows the mean square error (MSE) of P(R) as a function of the monomer index i. (b) Power-law dependence of the scaled
probability density 4πRb

3P(R)/3 on the scaled distance (Rb − R)/Rb from the wall for different monomer positions i. As indicated by the legend,
the power-law exponent decreases from values near −1 to values close to −2 as i increases and starts to plateau approximately at i = Nc/2.

Figure 9. Hurst exponent H as a function of the monomer index i for
the Rouse chains with N = 230 and 500 confined in cavities of Rb =
15l0 and 25l0 at kBT/ϵ = 1, respectively. Solid lines correspond to the
fits of eq 17. The inset shows the fitted parameter s as a function of
Nc.
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much smaller than the cavity size, the monomer moves
essentially as a phantom Brownian particle and the search
follows a Markovian process. However, when the chain size is
comparable to or larger than the cavity size, the subdiffusive
motion of monomers dominates the search process so that a
non-Markovian process emerges. This point can be rational-
ized based on the following considerations. Imagine that the
cavity opening is sufficiently small so that the polymer can
reasonably viewed as being confined in a closed spherical
cavity. In that case, the search time of the monomer tends to
be infinite. Take the end monomer as an example, if the search
process of the long chain is dominated by the normal diffusion,
the position distribution of the end monomer in the closed
cavity should be uniform over a long period of time. This can
be checked directly based on simulations. We found that the
end monomers are uniformly distributed in the cavity in the
case of short chains, but the end monomers for long chains
tend to be near the center of the cavity (data not shown).
Hence, the search process of the end monomer of long chains
should be dominated by subdiffusion rather than normal
diffusion. Moreover, the search time of the monomer is found
to be smaller than the chain relaxation time, which is another
evidence that subdiffusion should dominate the search process.

The search process can be quantitatively characterized by
the mean search time ⟨τ⟩. We have shown that the dependence
of ⟨τ⟩ for the end and middle monomers on the chain length N
in a given cavity can be described by an exponential function
linking the mean search time of a single particle, ⟨τs⟩, to that in
the long chain limit, ⟨τ∞⟩. In the short chain limit, a reasonable
estimate of ⟨τ⟩ for both the end and middle monomers can be
provided by a modified functional form derived from the
search problem of a Brownian particle according to their
positions relative to the center of mass of the particle. We have
identified a characteristic chain length Nc to characterize the
crossover from the Markovian to the non-Markovian process.
Our analysis has indicated that Nc is related to the number of
monomers affected by the confinement in the chain. For the
more complicated non-Markovian search process, we have
derived a general scaling relation for ⟨τ∞⟩ based on
dimensional consistency and previous studies of the narrow
escape problem of single particles.54,56,57 We have utilized
simulation results to explicitly determine the scaling exponents
associated with the cavity size, opening size, and a generalized
diffusion coefficient associated with the monomer motion for
the end and middle monomers.

Importantly, we have examined the Hurst exponent H of
different monomers to gain a better understanding of the non-
Markovian search process. In particular, H has been shown to
be 1/3 and 1/4 for the end and middle monomers in the long
chain limit, and hence, the long-time dynamics are different for
these monomers. For the end monomer, the deviation from
the well-known subdiffusive motion of the Rouse model
implies anomalous dynamics of a confined Rouse chain, and
this dynamical behavior cannot be resolved from the long-time
plateau of the mean square displacement. To confirm this
finding, we have calculated H for different monomers by
analyzing the distribution of monomers in the cavity as
suggested by Vojta et al.55 This analysis has indicated that
confinement has key effects on the dynamics of different
monomers in the chain. The number of affected monomers
turns out to be characterized by Nc, as noted above. We have
also proposed an empirical formula for H as a function of the
monomer position in the limit of N > Nc. Overall, our results

are expected to be useful for understanding the anomalous
dynamics of confined polymeric systems.

It should be mentioned that the present work has focused on
the search process of monomers of a Rouse chain in a spherical
cavity. In real systems such as cells, the confined domain is
typically irregular. Studies on the mean first passage time
problem of Brownian particles have revealed that the geometry
of the confined domain can dramatically influence the search
process, a problem that would be also of great relevance to
polymeric systems. The present work also does not take into
account surface interactions, which are a common feature in
cells. Adding a surface interaction reduces the dimension in
which diffusion occurs from the three-dimensional space to
two-dimensional surface diffusion.67 In this situation, the
efficiency of particle search can be better than that of direct
search in three-dimensional space under certain conditions.68

However, this problem is expected to be more complicated for
polymers than for particles. Moreover, the Rouse model
neglects the excluded volume interactions between monomers,
a factor that has been known to affect the monomer
distributions of both free and confined polymers.69 Hence,
the effect of the excluded volume interactions on the search
process also deserves a detailed study in future work. Notably,
the quantity of central interest is the attempt time in ref 69.
This characteristic time scale is important for understanding
the translocation process of confined polymers but differs from
the search time considered in the present work. Crowding is
also one of the main characteristics of chain movement in
living cells. Indeed, the role of crowding on polymer looping
has been studied. Metzler and co-workers70 have investigated
the looping dynamics of flexible polymer chains in the
presence of different degrees of crowding, revealing that
small crowders typically slow down the chain dynamics, but
the looping may be facilitated by larger crowders. Zhao and co-
workers71 have proposed a statistical model to understand the
anomalous looping kinetics in polymer solutions, unambigu-
ously highlighting the impact of polymer crowding on the loop
formation rate. Therefore, crowding is expected to be also a
potential factor in affecting the search dynamics of polymers
confined in a cavity.
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