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ABSTRACT

Small-angle neutron scattering (SANS) is a powerful technique that has been widely used to study polymer materials. In particular, it
can provide information on the size, shape, and structure of polymers as well as associated thermodynamic quantities. However, to
properly design SANS experiments and correctly interpret the results, it is necessary to understand the unique advantages inherent to
neutron scattering measurements of soft materials and the underlying principles of the technique. In addition, it may be necessary to
construct new scattering models. In this Tutorial, we provide an overview of SANS and a guide to interpreting SANS measurements of
polymers that is aimed at new and prospective users—focusing on standard plots, models, and simple methods by which new models
can be quickly constructed.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0045841

I. INTRODUCTION

Polymers and polymer composites are widely used materials
that have received significant attention across the past several
decades.1,2 Key concepts that are critical to understanding their
behavior include the size, conformation, and relaxation dynamics
of the chains that comprise the material and how those quantities
vary in response to the assembly of the polymers or their
response to external stimuli. Stimuli-responsive “smart” poly-
mers3,4 can respond in a reversible way to external stimuli, such
as temperature or pH, and have garnered interest for medical and
drug delivery applications. When used in applications such as
thermoresponsive membranes, the selection quality, pore size,
and permeability of the materials can be modulated by varying
the temperature near the polymer’s lower critical solution tem-
perature (LCST).5–7 For such polymers, a coil-to-globule transi-
tion is triggered when the LCST is crossed, resulting in a more
compact conformation of the chains.

Individual polymer chains themselves can occur as many dif-
ferent architectures, including as linear chains, star-branched or
dendritic chains, bottle brushes, rings, and so on.8 In solution, the
chains may be ideal, swollen, or collapsed and, as noted above,
may change their conformation in response to changes in temper-
ature, etc.9 The different architectures can influence many polymer

properties, such as their conformation, critical temperatures, and
mechanical properties. For example, it is known that cyclic (i.e.,
ring) polymers do not experience entanglements whereas linear
polymers do. Similarly, architectural differences between mostly
linear high density polyethylene (HDPE) and branched low
density polyethylene (LDPE) affects the degree to which HDPE
and LDPE crystallize and subsequently the mechanical properties
of polyethylene materials.10 More specifically, LDPE materials
display lower tensile strength and rigidity and increased ductility,
as compared to HDPE materials.11 In terms of responsive poly-
mers, the LCST of star-branched poly(N-isopropylacrylamide)
(PNIPAM) was found to decrease as the number of arms
increased and was lower compared to linear PNIPAM.12 For star
polymers with a large number of arms f , the conformation of the
arms may be stretched relative to that of linear chains or star
polymers with low values of f .13,14

Copolymers combine multiple, chemically distinct mono-
mers into a single chain. Block copolymers15 that incorporate
hydrophilic and hydrophobic blocks are also promising materials
for producing intricate ordered structures, such as flower-like or
corona-like micelles in solution.3,16,17 Moreover, as block copoly-
mers self-assemble, they may express different phase transition
temperatures as a result of either their chemical composition or
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assembled structure (or both).17–19 In many cases, to fully char-
acterize the structure of these self-assembled objects and constit-
uent chains, it may not be possible to resort to microscopy
techniques. However, due to their size (�10–100 nm), small-
angle scattering with light, x rays, or neutrons is typically ideal
for characterizing the relative size and conformation of each dis-
tinct component. To effectively accomplish this, it is necessary to
develop appropriate models of the scattering intensity (i.e., form
factors and structure factors).

Finally, polymer brushes20 are another technologically rele-
vant area in which scattering methods have elucidated our
understanding of the underlying physics. Polymers are typically
grafted to nanoparticles to enhance their dispersion within sol-
vents or polymer matrices,21 and knowledge of the structure of
the grafted chains has improved our understanding of how they
improve the mechanical, electrical, photonic, and thermal prop-
erties of the resulting nanocomposite materials. More recently,
we have shown that scattering measurements of brushes on
nanoparticle surfaces may produce thermodynamic quantities
useful in predicting the behavior of microgels in solution and
vice versa.22 In some cases, these quantities may be difficult to
obtain through other methods.

In this Tutorial, we will discuss the application of scattering
techniques to characterize the size and conformation of polymer
chains, including model-independent analysis, choosing a
correct scattering model, and the fundamentals of deriving new
scattering models in several limiting conditions. Although,
strictly speaking, these approaches are applicable to x-ray and
light scattering measurements, we restrict our focus to small-
angle neutron scattering (SANS) measurements since they
provide unique opportunities for detailed explorations of struc-
ture through selective deuteration and/or contrast-matching. In
addition, this Tutorial considers only elastic neutron scattering.
Inelastic and quasi-elastic (QENS) scattering measurements
provide information on polymer dynamics and have been
described elsewhere.23 In Sec. II, we briefly introduce fundamen-
tal terms and concepts that are necessary for SANS. Section III
discusses the use of model-independent functions and “standard
plots” that can provide guidance for selecting an appropriate
scattering model for data analysis followed by discussion of scat-
tering from different polymer architectures in Secs. IV–VI. In
Sec. VII, we describe new developments in analyzing scattering
measurements of polymer micelles and polymer-grafted, spheri-
cal nanoparticles—including construction of new scattering
models. In Sec. VIII, we introduce some more advanced
approaches including a brief introduction to using the random
phase approximation (RPA) to study polymer thermodynamics
with SANS as well as using zero average contrast (ZAC) condi-
tions to extract single-chain information from polymer assem-
blies and aggregates in solution. We conclude with a brief
discussion of evaluating the quality of a fit to a SANS measure-
ment. Although the scope of this Tutorial is directed toward new
users of SANS, more advanced texts24 and Hammouda’s com-
prehensive The SANS Toolbox25 are available for the interested
reader. In addition, although it is an important technique for
studying soft matter systems, we omit the topic of rheological
SANS (Rheo-SANS).26

II. FUNDAMENTAL CONCEPTS

A. Considerations for scattering measurements

Neutrons are subatomic particles composed of one up quark
and two down quarks. This combination gives the neutron no net
electrical charge and 1=2 spin, which renders the neutron as a
highly penetrating form of radiation and also suitable for scatter-
ing measurements of magnetic materials. One primary difference
between neutron and x-ray scattering processes is that neutrons
scatter mostly from atomic nuclei, while x rays scatter via electro-
magnetic interactions with the electron cloud. For this reason,
neutrons are sensitive to different isotopes that may be present in
a sample. In terms of probing polymeric materials, this isotopic
sensitivity allows for the selective enhancement of the scattering
from a particular component by replacing hydrogen atoms in that
region with deuterium atoms. This “contrast variation” approach
represents one advantage neutron measurements possess over
those using x rays for measurements of polymers. However,
neutron sources have the disadvantage of much lower flux as com-
pared to x-ray sources. As an illustrative example, the difference
between x-ray and neutron interactions with a material can be
appreciated qualitatively in the images of the camera shown in
Fig. 1.27 In these images, the transmission of x rays (left) or neu-
trons (right) is attenuated by the camera due to interactions
between its atoms and the incident probing particles. In the image
of the camera on the left, x rays are attenuated more strongly by
high atomic number elements as seen in the opaque (white)
regions. Low atomic number elements allow a larger number of
x rays to pass through as seen in the gray regions. In contrast, neu-
trons are not attenuated solely on the basis of atomic number, and
interactions between the neutrons and the nuclei in the sample
play a primary role in the resulting transmission. As shown in the
image of the camera on the right, regions that strongly attenuate
x rays appear more transparent to the neutrons, while other
regions (e.g., in the top portion of the camera) become largely
opaque to the neutrons. In SANS measurements, a similar effect
exists wherein scattering depends strongly on the isotopes present
in the sample, which is in contrast to small-angle x-ray scattering
(SAXS) measurements that depend on the nature of the electron
density in the sample (i.e., the elemental composition).

FIG. 1. Differences in attenuation between (right) neutrons and (left) x rays. The
x-ray transmission image of the camera shows attenuation of the incident radiation
on the basis of the electron density in different regions of the object. In contrast,
the neutrons are attenuated due to interactions between the particles and the
various nuclei in different regions of the sample. For this reason, x rays and neu-
trons “see” differently. Reproduced with permission from E. H. Lehmann and
W. Wagner, Appl. Phys. A 99, 627–634 (2010). Copyright 2010 Springer Nature.
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Neutrons can be produced via nuclear fission at reactor
sources or by collisions of protons with high atomic number
targets at spallation sources. Each production method has its
advantages and relative drawbacks, and the two approaches com-
plement one another. The neutrons that are produced can be char-
acterized by their energies according to

E ¼ 1
2
mnv

2
n ¼

h2

2mnλ
2
n

, (1)

where h is Planck’s constant, E is the neutron energy, mn is the
neutron mass, λn is the neutron wavelength, and vn is the neutron
speed. Thus, specific values of λn can be selected from a chromatic
beam by selecting for a particular value of vn, while the neutron
energy can be adjusted by passing the particles through a liquid
hydrogen or a deuterium cold source to obtain particles with ener-
gies in the milli-electronvolt (meV) range.28,29

Neutron scattering occurs due to interactions between inci-
dent neutrons and nuclei within the material. The neutron–
nucleus interaction potential V(r) can be expressed by the Fermi
pseudopotential,28,30

V(r) ¼ h
mn

biδ(r), (2)

where r is the distance from the scattering center, δ(r) is the
Dirac delta function, and bi is the neutron scattering length,
which characterizes the neutron interaction. Different isotopes
yield different values of bi because isotopes have different nuclear
spin states, meaning that neutrons are isotopically sensitive, as
previously discussed. The variation of the coherent scattering
lengths of various elements for x rays and neutrons is illustrated
in Fig. 2. In small-angle scattering, the presence of different ele-
ments within a given molecule is captured by the sum of the
coherent scattering length of each atom.31 For a given substance
with a molecular volume vm containing distinct chemical ele-
ments i, the scattering length density (SLD) is defined as

ρ ¼ 1
vm

X
i

nibi, (3)

where ni is the number of atoms of i per molecule.29 As
an example, for neutrons, this expression yields a value of

ρ ¼ (30 A
� 3
)
�1
(2� 6:67 fmþ 5:80 fm) ¼ 6:38� 10�6 A

� �2
for the

SLD of D2O. The SLD provides the average scattering length over
the volume of a molecule instead of a single atom. As discussed
below, the scattering signal from a polymer is proportional to
Δρ2 ¼ (ρ p � ρs)

2, where the indices p and s correspond to the
polymer and solvent, respectively. Since the SLD depends on the
isotopes present, it is possible to blend hydrogenated and deuterated
solvents together to modulate the SLD of the solvent as
ρs ¼ fHρs,H þ (1� fH)ρs,D, where fH is the molar fraction of the
hydrogenated component. Clearly, if ρs ¼ ρ p, the scattering signal
from the polymer will vanish. On one hand, this implies that for
optimal scattering measurements, the “contrast” Δρ between the
components should be maximized by a suitable choice of isotopes
in the polymer and solvent/matrix components. For x-ray measure-
ments, in particular, because the contrast depends primarily on dif-
ferences in the electron density of the molecules, it can be difficult
to obtain sufficient contrast between the polymer and its environ-
ment. On the other hand, this also implies that “contrast-matching”
between components, wherein the SLD of one component is made
equal to that of the solvent/matrix, may be used to isolate scattering
from only one component of interest when probing multicompo-
nent systems.32–35 In choosing appropriate deuteration schemes for
SANS measurements, it is also important to realize that the back-
ground in the measurement, due primarily to the presence of
hydrogen in the sample, acts as noise and may obscure features of
the scattering measurements. Therefore, for SANS and other techni-
ques that depend on the coherent scattering signal (e.g., reflectome-
try and neutron spin echo spectroscopy), one should aim to reduce
the amount of hydrogen in the sample; in practice, this typically
means reducing the amount of hydrogen in the solvent/matrix com-
ponent if at all possible. Although incoherent scattering from hydro-
gen and other elements contributes significantly to the background
in a scattering measurement, there are other contributions as well
such as electronic noise in the detector or neutrons from other
sources.24 For this reason, the background must be measured and
cannot be calculated solely from the incoherent scattering antici-
pated for a particular sample on the basis of its composition.

B. Small-angle neutron scattering (SANS)

SANS is an elastic scattering technique, meaning that for a
neutron with momentum p ¼ �hk, the magnitudes of the initial and
final wave vectors are equal, i.e., jk f j � jkij ¼ 0, no energy is trans-
ferred, and only the direction of the neutron changes. Inelastic scat-
tering occurs when there is a transfer of both momentum and
energy, while quasi-elastic scattering is a form of inelastic scattering
where the energy transfer peak is located near zero. Quasi-elastic
neutron scattering is often referred to as QENS. Inelastic and
quasi-elastic scattering techniques are used to probe dynamics in
systems,23,36,37 while elastic scattering provides structural and ther-
modynamic information.24 In both classes of techniques, informa-
tion at different length scales is obtained by observing scattering
intensities at different values of the scattering angle.

The scattering angle is characterized by Q ¼ k f � ki, which is
referred to by several names including the scattering vector,
momentum transfer, or the scattering variable. Under the elastic
scattering condition, Q ¼ jQj can be defined29 from k f and ki, as

FIG. 2. Schematic of x-ray (top) and neutron (bottom) coherent scattering
lengths. The scattering lengths of D and H are identical for x rays but not for
neutrons.
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illustrated in Fig. 3, as

Q ¼ 2jkj sin θ

2

� �
¼ 4π

λn

� �
sin

θ

2

� �
: (4)

Since Q is a coordinate in a reciprocal space, large values of Q cor-
respond to large angles and probe structure at small length scales.
Conversely, small values of Q (the “low-Q” region) probe structure
at larger length scales.36 In practice, typical values of λn at cold
neutron facilities fall between approximately 5 and 10 Å.

The measured scattered neutron signal corresponds to the
macroscopic differential scattering cross section and includes a
Q-dependent, coherent term and a Q-independent, incoherent
background. After reduction of scattering data, which accounts for
the details of the experimental instrumentation, the measured scat-
tering intensities I(θ, λn) ! I(Q),24 and

I(Q) ¼ dΣcoh(Q)
dΩ

þ dΣinc

dΩ
: (5)

It is common for SANS intensities to be expressed in absolute
intensities with units of cm�1, which, in principle, should be inde-
pendent of the instrument used for the measurement.10 For a
binary system containing two components, such as a polymer in
solution, I(Q) depends only on the contrast between the compo-
nents, a constant background B that contains incoherent contri-
butions, and the form factor of the component of interest (e.g.,
component 1),10

I(Q) ¼ f1(Δρ)
2V2

1P1(Q)SI(Q)þ B, (6)

where f1 is the number density of component 1, V1 is the volume
of a single particle of component 1, and the contrast between the
SLDs of the two components is expressed as Δρ ¼ (ρ1 � ρ2). Note
that if an appropriate blank sample is measured, it is possible to
subtract the background such that in Eq. (6), B ¼ 0. SI(Q) is the
inter-particle structure factor and represents correlations between
the positions of the scattering particles within the sample. Under
dilute conditions, these positions are not correlated and
SI(Q) � 1, which is an approximation we will make throughout
the remainder of this Tutorial. At higher concentrations, where

SI(Q) = 1, a suitable function can be included by considering
how the particles might interact and solving the Ornstein–
Zernike equation.24,25 Commonly used structure factors are
included as a part of many software packages such as SasView,
and the selection of the appropriate function will vary depending
on the details of the system. In the dilute solution limit, the task
of analyzing SANS measurements reduces to choosing (or deriv-
ing) an appropriate model of the particle’s form factor P(Q). As
will be demonstrated in Secs. III–VIII, P(Q) can be expressed in
terms of the form factors, Pi(Q), and form factor amplitudes,
Fi(Q), of the various components that comprise the particle/mole-
cule of interest.10,24

C. Scattering and the Fourier transform

The form factor and the form factor amplitude describe the
structure of a particle as seen by scattering measurements. The
origin of these terms can be understood by writing the wave that
describes the incident neutrons as a plane wave,

ψ i(r, t) ¼ A exp �i(ωt � ki � r)½ �: (7)

The plane wave will scatter from all nuclei that are within the
object of interest, and each scattering event will produce an out-
going, scattered wave. The intensity measured for each value of
Q will depend on whether or not the interference between
the scattered waves is constructive.24 For each nucleus j in the
sample, the scattered wave will travel a longer path than the
incident wave such that a phase difference of r j � (k f � ki)
¼ r j �Q is introduced, which is the origin of constructive or
destructive interference.24,38 The average effect of the phase dif-
ferences can be written as a superposition of the scattering
from each nucleus j as

F(Q) ¼ 1
N

XN
j¼1

exp �iQ � r j
� �� �

, (8)

where � � �h i denotes the average over multiple configurations of
the particle. F(Q) is referred to as the form factor amplitude for
the collection of N nuclei, which comprise the particle/molecule
of interest. Physically, because of the “phase problem,” we
cannot directly measure this quantity and instead measure the
complex square P(Q) ¼ F(Q)F*(Q), where F*(Q) is the complex
conjugate of F(Q). This leads to a definition of the form factor

P(Q) ¼ 1
N2

XN
j¼1

XN
k¼1

exp �iQ � (r j � rk)
� 	� �

: (9)

In the continuous limit, Eqs. (8) and (9) can be recast in terms
of the spatial density distribution of scattering sites n(r) as

F(Q) ¼ 1
N

ð
n(r)h i exp �iQ � rð Þdr, (10)

P(Q) ¼ 1
N2

ð ð
n(r)n(r0)h i exp �iQ � (r� r0)½ �drdr0: (11)

FIG. 3. The scattering vector Q (red arrow) as defined in terms of the momen-
tum (solid black arrows) of the incoming and scattered neutrons. The initial and
final wave vectors corresponding to these momenta, ki and k f , respectively, are
shown beneath the incoming and scattered vectors. The dashed arrow repre-
sents the incoming vector, translated to coincide with the scattered vector.
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For a particle with a uniform density, such as a sphere or rod,
n(r)h i reduces to a constant value, and n(r)n(r0)h i ¼ n(r)h i n(r0)h i.
This means that for objects with a uniform density, P(Q) ¼ jF(Q)j2.
An example of calculating F(Q) and P(Q) for a sphere is shown in
Appendix A. However, because polymer chains exhibit multiple con-
figurations in solution and because monomer positions are correlated
with one another, these simplifications do not apply to polymers.
The configurational averages must be explicitly accounted for
using an appropriate probability distribution for the polymer, as
shown in Appendix C. Nevertheless, these expressions demon-
strate that F(Q) and P(Q) are simply Fourier Transforms of n(r)
for the particle/polymer.

III. STANDARD PLOTS

SANS data can be analyzed by using two main methods:
linear plots and nonlinear fits to appropriate models, as described
above.39–43 In many instances, the first resort in analyzing SANS
measurements is to observe the behavior of the data on so-called
“standard plots” that can provide estimates of the fractal dimension
and radius of gyration (Rg) of the scattering objects. Such plots do
not require knowledge of the form factors but can yield valuable
information on appropriate choices of form factors and length
scales in the sample.

A. The Guinier plot

For a collection of N particles that make up a larger object,
Debye45 found that the form factor that describes the angular

dependence of the scattered neutron intensity can be expressed as a
double sum,

P(Q) ¼ 1
N2

XN
i¼1

XN
j¼1

sin(QRij)

QRij
: (12)

If QRg , 1, Eq. (12) can be expanded in a Taylor series to obtain
the Guinier function,

P(Q) ¼ 1
N2

XN
i¼1

XN
j¼1

1� (QRij)
2

3!
þ � � �


 �

¼ 1� (QRg)
2

3
þ � � � � exp �

Q2 R2
g

D E
3

0
@

1
A: (13)

The Guinier function is valid for dilute solutions at low-Q, inde-
pendent of the shape of the particle, but does not explicitly account
for polydispersity or interactions between particles in the
sample.46,47 Under these conditions, the scattering intensity varies
according to

I(Q) ¼ I0P(Q) � I0 exp �
Q2 R2

g

D E
3

0
@

1
A: (14)

A plot of ln I(Q) as a function of Q2 will yield the ensemble

average R2
g

D E
=3 as the slope, as shown in Fig. 4. If the shape of

the particles in solution is known, e.g., spherical or cylindrical,
then R2

g can be used to obtain the particle dimensions. For instance,
if the particles are known to be rod-like on the basis of a Porod
plot (discussed below), or complementary techniques, then
R2
g ¼ R2=2þ L2=12, where R and L are the average physical

radius and length, respectively. Similarly, for spherical particles,
the physical radius R ¼ ffiffiffiffiffiffiffi

5=3
p

Rg . Other limiting cases, including
thin rods (R2

g ¼ L2=12) and disks (R2
g ¼ R2=12), are straightfor-

ward to derive. A derivation of Rg for linear polymers in both
the ideal and non-ideal limits is provided in Appendix B.

B. The Porod plot

The fractal dimension D of a geometric shape characterizes
the complexity of its structure. A straight line has fractal dimension
D ¼ 1, while a 2D plane has D ¼ 2, and a uniform sphere has
D ¼ 3. These values are only limiting cases, and the fractal dimen-
sion can assume non-integer values. For example, the coastlines of
many nations have a fractal dimension between that of a straight
line and a 2D surface due to roughness.48 As D ! 1, the coastline
becomes increasingly smooth. Similarly, a rough surface will have a
fractal dimension between that of a smooth plane (D ¼ 2) and a
3D object (D ¼ 3), and we refer to such surfaces as “surface frac-
tals.” As D ! 2, the surface becomes increasingly smooth. Finally,
the mass contained within a particle may not be uniform, in which
case the “mass fractal” can be characterized by a fractal dimension
that describes how its mass scales with its size (i.e., the object’s
dimensionality). In the case of polymer chains, it can be shown

FIG. 4. Guinier plot of SANS data taken for Mn ¼ 11 kg/mol polystyrene in
cyclohexane at T ¼ 30 �C. The slope of �217 A

� 2
implies an average radius of

gyration of 2:5 nm.44
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that the fractal dimension D ¼ 1=ν, where ν is the Flory exponent.
For instance, a Gaussian polymer chain has D ¼ 2 since its size
scales as R � N1=2.

Scattering measurements at large values of Q provide informa-
tion on a surface’s fractal dimension. Porod49 found that for large
values of Q where length scales much smaller than the size of
the particle are probed, the scattering intensity should decay as
I(Q) � Q�4 due to scattering from the sharp, smooth interface that
separates the particle from its environment. Porod’s approach can be
generalized to rough or broad interfaces, in which case
I(Q) � Q�(6�Ds), where Ds is the fractal dimension of the surface.25

For a smooth surface or sharp interface, Ds ¼ 2, and Porod’s original
Q�4 scaling is recovered. For rough surfaces or broad interfaces,
2 , Ds , 3, and the scattering intensity will decay with an exponent
between �3 and �4 in the surface fractal regime. Analysis of the
surface fractal dimension is typically referred to as Porod analysis.

In an analogous way to Porod analysis, the mass fractal
dimension can be observed by determining the exponent that
describes the power law decay of the scattering intensity at values
of Q that are larger than 1=R but sufficiently small that the particle
surface is not being probed. From Eq. (11), the form factor is essen-
tially the Fourier transform of n(r)n(r0)h i. In other words,
I(Q)/ n(Q)n(�Q)h i, where n(Q) is the number of scattering sites
within a region of size Q ¼ 1=r. By definition, this quantity grows
as rD, meaning that the intensity should decay as

I(Q)/ C
QD , (15)

where C is a constant and D is the fractal dimension of the mass
fractal.38 At low values of Q that correspond to length scales larger
than the particle, I(Q) � Q0 since n(Q) saturates to the number of
scattering sites within the particle [i.e., I(Q) is constant]. For

polymer coils, whose size R scales with the molar mass as R � Mν ,
the intensity will decay as Q�D ¼ Q�1=ν . As illustrated in Fig. 5,
the value of the Porod exponent will depend on whether the coil is
collapsed (ν , 1=2), ideal (ν ¼ 1=2), or swollen (ν . 1=2). Note
that for particles with multiple length scales of interest, such as
rods, the scattering data will exhibit two power law decays corre-
sponding to the length of the rod [I(Q) � Q�1] and the surface of
the rod [I(Q) � Q�4].29,50 A subtle, but important, point regarding
values of the Porod exponent is that although, for example, the
presence of an ideal coil implies that I(Q) � Q�2, the reverse is not
true. In other words, a Q�2 power law can originate from scattering
of any object for which D ¼ 2, such as a flat sheet.

C. The Kratky plot

A Kratky plot, commonly implemented as a plot of Q2I(Q) vs
Q, emphasizes deviations from the high-Q behavior of the scatter-
ing intensity I(Q). For polymer chains, the Kratky plot emphasizes
the Gaussian chain nature or departure from it. Because
I(Q) � Q�2 for a Gaussian chain, a plateau is observed for large
values of Q on the plot as shown in Fig. 6. Any positive deviation
suggests that the chains are more swollen than in the Gaussian
case, while a negative deviation suggests more collapsed structures.
Based on this alone, it may seem that a Kratky plot does not yield
additional information than the Porod plot does. However, if
compact structures are present, the Kratky plot will show a peak.
For example, star polymers with Gaussian arms will show a plateau
at large values of Q, but a peak will appear at intermediate values
of Q as the number of arms f increases due to the concentration of
mass near the core of the molecule.51

IV. EMPIRICAL MODELS

By recognizing that Guinier’s law provides Rg for an object,
irrespective of its shape, and Porod’s law provides the fractal

FIG. 5. Illustration of polymers with (left to right) globular, ideal, and swollen
conformations. The corresponding Porod plots and slopes are shown below
each.

FIG. 6. Illustration of a Kratky plot for polymer chains in solution. Because
I(Q) � Q�2 for an ideal chain, the plot plateaus for large values of Q. For non-
ideal chains, the plot deviates from this behavior—indicating that the chain is
more swollen (top curve) or more collapsed (bottom curve) than an ideal chain.
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dimension of the object, it is possible to combine these descriptions
into a single expression to model the decay of I(Q) with Q.
Two common approaches to this have been the unified scattering
model from Beaucage52 and the Guinier–Porod model from
Hammouda.50 Although the two models are similar to one another,
they differ primarily in how they connect the Guinier region to the
Porod region.

A. Unified scattering model

Beaucage in 1995 derived a general approach that captures struc-
tural information at multiple length scales by combining the Guinier
law with the generalized Porod law in Eq. (15).52 For a system that
contains m length scales, the scattered intensity is modeled as

I(Q)¼
Xm
i¼1

Gi exp �Q2R2
g,i

3

 !
þDi exp �

Q2R2
g,(iþ1)

3

 !
1

Q*
i

� �Di
" #

þB,

(16)

where increasing values of i correspond to larger length scales in the
system and B is the incoherent background. From Eq. (16), it is clear
that each structural level i contains four independent parameters: Gi,
Di, Rg,i, and Di. The value Q*

i is defined as

Q*
i ¼ Q� erf

kQRg,iffiffiffi
6

p

 ��3

, (17)

where k � 1 is a constant that depends on the value of Di.
Least-squares fitting to the unified scattering model will produce a
radius of gyration at each length scale as well as the Porod exponent.
To illustrate the output of this model, the best fit to a 29 kg/mol
polymer is shown in Fig. 7(a) as a red line, representing a globular
object (D ¼ 2:55) with Rg � 3:5 nm and a single characteristic
length scale (m ¼ 1). More complex objects, with hierarchical length
scales, can be fit by including additional terms (m . 1) and by
including terms describing correlations.52,55 Hammouda56 analyzed
the unified scattering model and noted that it works exceptionally
well for describing the scattering from mass fractals and is particu-
larly efficient in instances where averages over random orientations
must be considered. However, he notes that to avoid artifacts intro-
duced by letting both Gi and Bi vary independently, it may be best to
relate the two values through an exact calculation of the form factor
(see Table 2 in Ref. 56).

B. Guinier–Porod model

The Guinier–Porod model50 is similar to the unified scattering
model in that it links the Guinier and Porod regions of the scattering
plot and can be extended to describe multiple length scales as well as
more complicated systems such as polymer-grafted nanoparticles.57

For the simplest case of a single length scale (i.e., m ¼ 1 in the
unified scattering model), the Guinier–Porod model is defined as

I(Q) ¼
G
Qs exp

�Q2R2
g

3�s

 �
þ B, Q � Q*,

D
QD þ B, Q . Q*,

8<
: (18)

where G and D are scaling factors, B is the incoherent background,
and s is a dimensionless parameter that quantifies the shape of the
objects. Specifically, s ¼ 0 for spherical objects, s ¼ 1 for rod-like
objects, and s ¼ 2 for planar or platelet-like objects, although

FIG. 7. (a) SANS measurements of a polymer with pendant pentacene groups53

[poly(pentacene)] dissolved in d8-toluene, with fits using the unified scattering
model [Eq. (16), red line] and the Guinier–Porod model [Eq. (18), blue dashes].
(b) Comparison of the scattering between poly(pentacene) and poly(ethylene
oxide) (PEO) dissolved in D2O.

54 The fits are to the form factor of a polymer
with excluded volume, Eq. (26). Both polymers have Rg � 3:5 nm. For PEO,
ν ¼ 0:53 (D ¼ 1:88), while for poly(pentacene), ν ¼ 0:39 (D ¼ 2:55).
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non-integer values are possible. The Guinier and Porod regions are
linked by requiring that the curves and their derivatives in those
regions be equal and continuous at Q ¼ Q*, leading to

Q* ¼ 1
Rg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(D� s)(3� s)

p
(19)

and

D ¼ G exp � (D� s)
2


 �
Q*(D�s): (20)

By linking D and G in this manner, the number of free variables in
the Guinier–Porod model is reduced. As a comparison to the unified
scattering model, the best fit to a 29 kg/mol polymer is shown in
Fig. 7(a) as a dashed blue line representing a globular polymer with
Rg ¼ 3:5 nm. The Guinier–Porod model and the unified scattering
model are virtually identical. Hammouda50 also demonstrated that
the Guinier–Porod model can be extended to capture multiple length
scales similar to the unified scattering model.

C. Correlation length models

Scattering measurements are very commonly performed to
extract the size of density correlations, such as the average mesh
size of a polymer network or the interfacial width of a two-phase
system. In such situations, it can be useful to assume a functional
form of the quantity of interest in real space and perform a Fourier
transform to obtain a suitable scattering function, following
Eq. (11). For example, in a two-phase system with a large domain
size, if the density distribution function is assumed to decay expo-
nentially at the interface with a decay length ξ, then the Fourier
transform will result in

I(Q) ¼ C

(1þ Q2ξ2)
2 þ B, (21)

where B is the incoherent background and C is a scaling constant.
This model is referred to as the Debye–Bueche or Debye–
Anderson–Brumberger (DAB) model58,59 and provides the interfa-
cial width ξ for systems such as phase separated polymer blends or
porous materials. Notably, it also produces the Q�4 decay of the
scattering intensity found by Porod for smooth interfaces.

If the correlations are assumed to decay as n(r) � (1=r)
exp(�r=ξ) (i.e., an Ornstein–Zernike form60), then the Fourier
transform produces a Lorentzian in Q-space,

I(Q) ¼ C

1þ (Qξ)2
þ B, (22)

which is commonly used for measuring the mesh size of polymer
networks.25 However, the exponent in the denominator implies
that the mass fractal dimension at intermediate values of Q is 2,
which may not accurately reflect the structure being studied. To
remedy this, the functional form of the Lorentzian can be general-
ized to describe a wider range of mass fractals, characterized by a
fractal dimension D. Additionally, SANS measurements of polymer

networks may show a tail in the intensity at low-Q, which can be
accounted for by introducing a power law term. In this case, the
“correlation length model” is typically represented as61

I(Q) ¼ A
Qn

þ C

1þ (Qξ)D
þ B, (23)

where A is a scaling constant. The first term of this equation
describes scattering from a mass fractal at low values of Q (i.e.,
length scales much larger than the correlation length of interest),
while the Lorentzian-like term represents density correlations with
a size in real space of approximately ξ. The origin of the power law
term may be large clusters/aggregates or the fractal structure of a
polymer network over large length scales.

V. SCATTERING FROM LINEAR POLYMERS

In instances where the chemical composition and shape of the
scattering object are known, more information can be garnered
from scattering measurements by fitting the data using an appro-
priate scattering model rather than depending on empirical models
or standard plots. Scattering from isolated polymer chains can be
described using a combination of scattering factors, shown sche-
matically in Fig. 8. The exact combination of these factors, which
are derived in Appendix C, requires knowledge of the chemical
composition of the polymer, architecture, and so on. For an iso-
lated polymer chain, the angular dependence of the scattered neu-
trons depends on the form factor P(Q). The form factor amplitude
F(Q) and correlations between chain ends, E(Q), are necessary to
describe block copolymers, grafted nanoparticles, and non-linear
architectures. For solid objects, the form factor and form factor

FIG. 8. Graphical representation of the three scattering factors for a polymer
chain: (left) the form factor P(Q) calculated from separations of all monomer
pairs ij, (center) the form factor amplitude F(Q) calculated from the separations
between all monomers j and the beginning of the chain, and (right) the chain
end correlations E(Q) calculated from only the positions of the first and last
monomers of the chain.
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amplitudes are related as P(Q) ¼ jF(Q)j2. However, this relation
does not apply to fractal chains, as shown in Appendix C.
Nevertheless, knowing these three factors, it is possible to construct
complex expressions for the scattering intensity of a given molecu-
lar species without the necessity of complicated calculations, as will
be highlighted in Secs. V A and V B.

If interactions between a single polymer species and its envi-
ronment are neglected, such is the case at the θ-temperature or in a
melt of identical chains, the scattering intensity can be expressed as

I(Q) ¼ A� P(Q)þ B, (24)

where A is a scaling factor and B is the incoherent background.
For an isotopically labeled polymer in a melt of identical chains,
A ¼ f p(1� f p)(Δρ)

2v p, where the contrast factor Δρ is the
difference between the SLDs of the deuterated and hydrogenated
chains and f p is the volume fraction of the labeled chains. For a
polymer in a dilute solution, the equation is the previous one
except (1� f p) � 1 due to the low concentration of polymers. In
practice, it is common to simply let the prefactor A vary during
the fitting process. In the presence of weak interactions, it may be
possible to interpret the scattering measurement using Eq. (24),
but it should be noted that values obtained for Rg , etc., will only
be approximate. In principle, I(Q ¼ 0) should be due only to scat-
tering from the polymer and not vary significantly with tempera-
ture. However, as T increases, composition fluctuations increase in
amplitude and must be accounted for using the random phase
approximation (Sec. VIII). When composition fluctuations are
non-negligible, the forward scattering intensity I(Q ¼ 0) will
increase as temperature increases for polymers showing lower criti-
cal solution temperature (LCST) behavior and decrease for those
with upper critical solution temperature (UCST) behavior. If non-
negligible composition fluctuations are not accounted for explic-
itly, one might arrive at incorrect conclusions for the scaling of the
chain size with respect to temperature by using Eq. (24) alone.
Regardless of whether or not one accounts for composition
fluctuations, the largest obstacle in interpreting the scattering mea-
surement is selection of a suitable function for P(Q).

A. Homopolymers

The original Debye scattering function was derived in 1915 by
Peter Debye, and for the interested reader, a derivation is provided
in Appendix C of this Tutorial.62 Debye’s work shows that scattering
of radiation by molecules does not require that they form crystalline
structures, as are commonly used for diffraction experiments. For
polymer systems, the scattering from an isolated polymer chain with
Gaussian statistics follows the Debye scattering function,

P(Q) ¼ 2

(Q2R2
g)

2 exp(�Q2R2
g)þ (Q2R2

g)� 1
h i

: (25)

However, in using this equation to interpret scattering measure-
ments, it is important to note that, strictly speaking, it is only correct
for the case that ν ¼ 1=2 and if the chain can be described by
Gaussian statistics. This can be observed by considering the limit of
Eq. (25) for QRg 	 1, where P(Q) � 2=(RgQ)

2.45 In this limit, the

Q�2 scaling is consistent with the previous discussion of Porod’s law
and shows that if the Flory parameter ν = 1=2, that the high-Q
scaling of the Debye function is not expected to correctly describe
scattering from swollen or collapsed chains.

The Debye function correctly describes scattering from ideal
chains—those chains that do not have excluded volume. The pres-
ence of favorable or unfavorable interactions between polymer and
solvent will lead to positive or negative values for the excluded
volumes of the monomers in the chain, respectively.63 The main
consequence of this is a Flory exponent ν . 1=2 (favorable interac-
tions) or ν , 1=2 (unfavorable interactions), which in turn will
affect the Porod exponent observed in scattering measurements. As
shown in Appendix C, under the assumption that the chain is
almost Gaussian, the form factor for a non-ideal chain can be
expressed analytically in terms of the lower incomplete gamma
function, γ(d, x), as

P(Q) ¼ 1

νU1=2ν
γ

1
2ν

, U

� �
� 1

νU1=ν
γ

1
ν
, U

� �
(26)

to obtain the form factor for a polymer with excluded volume. This
function applies for values of ν that are not too far from 1=2 and has
been used by the authors on the interval ν [ (0:3, 0:8) to achieve
reasonable results. Notably, this form factor does not apply in the
limit of ν ¼ 1, and in such a case, the form factor for a thin rod is
more appropriate. Fits to SANS measurements of two polymers—a
29 kg/mol poly(pentacene) and an 11 kg/mol poly(ethylene oxide)—
using the form factor in Eq. (26) are shown in Fig. 7(b).

B. Linear multi-block copolymers

Using the scattering terms shown in Fig. 8, it is possible to
construct form factors for more complex polymer architectures
without the need for lengthy derivations.64 As an illustration of
this process, the form factors for a diblock and triblock copoly-
mer are derived in this section. This method can be extended to
other related architectures. If the form factor is thought of as a
coherent sum of the form factor amplitudes of each component,
each weighted by the degree of polymerization of the respective
block, the form factor PAB(Q) of an A–B diblock copolymer can
be expressed as

PAB(Q) ¼ jNAFA(Q)þ NBFB(Q)j2 (27)

¼ N2
AjFA(Q)j2 þ N2

BjFB(Q)j2 þ 2NANBFA(Q)FB(Q), (28)

where NA and NB are the degree of polymerization of blocks A
and B, respectively. Equation 28 is almost the final expression,
but the substitution jFi(Q)j2 ! Pi(Q) must be made for the
square of each form factor amplitude, following the discussion in
Appendix C. In addition, each form factor amplitude should be
weighted by the contrast Δρ and each form factor by Δρ2. Pi(Q)
can be obtained from Eqs. (25) or (26), and the form factor of
the diblock (neglecting the contrast terms) becomes

PAB(Q) ¼ N2
APA(Q)þ 2NANBFA(Q)FB(Q)þ N2

BPB(Q): (29)
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Equation (29) can be thought of as arising from the combination
of an A homopolymer with a correlation term FA(Q)FB(Q), as
well as a B homopolymer with a similar correlation term (hence,
the factor of 2). A graphical representation of the construction of
PAB(Q) is shown in Fig. 9.

The construction of the form factor for an ABC triblock
copolymer follows a similar process. However, because the A and C
blocks are not directly connected to one another, a propagation
factor E(Q) ¼ exp(�Q2R2

g,B) is needed, which represents correla-
tions between the ends of the A and C blocks, separated approxi-
mately by the radius of gyration of the B block, Rg,B. If Ni is the
degree of polymerization of block i, then the triblock form factor
PABC(Q) is constructed as

PABC(Q) ¼ jNAFA(Q)þ NBFB(Q)þ NCFC(Q)j2 (30)

¼ jNAFA(Q)j2 þ jNBFB(Q)j2 þ jNCFC(Q)j2
þ 2NANBFA(Q)FB(Q)þ 2NANCFA(Q)E(Q)FC(Q)

þ 2NBNCFB(Q)FC(Q), (31)

where the substitution FA(Q)FC(Q) ! FA(Q)E(Q)FC(Q) was made
to account for the fact that the A and C blocks are not connected
to one another. The contrast factors Δρ have been omitted for
clarity but should be included in the same manner as described for
the diblock case. After substituting Pi(Q) [cf. Eq. (25) or (26)] for
the squares of the form factor amplitudes of each block, the result-
ing form factor is

PABC(Q) ¼ N2
APA(Q)þ N2

BPB(Q)þ N2
CPC(Q)

þ 2NANBFA(Q)FB(Q)þ 2NANCFA(Q)E(Q)FC(Q)

þ 2NBNCFB(Q)FC(Q) (32)

An illustration of the terms of PABC(Q) is shown in Fig. 10.
Construction of form factors for linear block polymers with a
larger number of blocks follows a similar process and will involve a
larger number of propagating terms, E(Q).

VI. COMPLEX POLYMER ARCHITECTURES

A. Star polymers

A natural extension to the consideration of multiblock
polymers is to consider the case of polymers where all blocks are
connected to a central junction. These “star polymers” consist of
f arms connected to a central core. The arms may be chemically
identical or block copolymers.65 In the case of miktoarm
(“mixed arm”) polymers, the arms may have different chemical
compositions from one another. Interpreting SANS measure-
ments from such polymers is possible, and the approach to con-
structing expressions for P(Q) is somewhat similar to the case of
homopolymers and block copolymers.

The classical form factor for the star polymer form factor is
due to Benoit.66 Early investigations by Willner et al. applied the
Benoit star form factor to investigate the conformation of star poly-
mers with functionalities ranging from f ¼ 8 to 128 arms in a good
solvent.13 The authors found that the star form factor described the
data well for small values of f ; however, as f ! 128, the data were
more similar to the form factor of a sphere. Thus, one should take
into consideration the number of arms of the star polymer when
deciding on the appropriate model to use, and standard plots can
assist in making a suitable selection.

As in the case of linear polymers, the classical form factor is
only true in the case of ν ¼ 1=2, where the arms are described by
Gaussian statistics. Lang et al. extended the form factor to
account for a general value of ν using the form factor for a
polymer chain with excluded volume. In their work, they investi-
gated the conformation of PNIPAM star polymers with f ¼ 3–6
in water with different functional end groups.67 The construction
of the form factor for a star polymer follows a similar approach
regardless of whether the polymers are assumed to be ideal or
have excluded volume contributions.

The form factor for one arm of the star polymer is assumed
to be described by either Eqs. (25) or (26). In this case, the form
factor for a star polymer with f arms having a degree of polymer-
ization N is

FIG. 9. Decomposition of the form factor of an AB diblock copolymer. Taking
the amplitude of the coherent sum of the form factor amplitudes of each block
PAB(Q) ¼ jFA(Q)þ FB(Q)j2 results in four terms with the substitution
jFi (Q)j2 ¼ Pi (Q).

FIG. 10. Decomposition of the form factor of an ABC triblock copolymer.
Taking the amplitude of the coherent sum of the form factor amplitudes of
each block PABC(Q) ¼ jFA(Q)þ FB(Q)þ FC(Q)j2 results in six terms with the
substitution jFi (Q)j2 ¼ Pi (Q) and Fi (Q)F j (Q) ¼ Fi (Q)E(Q)F j (Q) for blocks that
are not adjacent, where E(Q) is the correlation between the chain ends of
blocks i and j.
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Pstar(Q, N) ¼ 1
f

Xf
i¼1

Fi(Q)

�����
�����
2

¼ 1
f
[Ps(Q, N)þ (f � 1)Pib(Q, N)], (33)

where Pib(Q, N) ¼ Fi(Q, N)F j(Q, N) is the correlation between arms
i = j, of which there are (f � 1) factors. If the arms are chemically
distinct from one another, the form factor amplitudes should again
be weighted by their associated contrast factor. The terms of Eq. (34)
are illustrated in Fig. 11. Hammouda51,67 noted that rather than mul-
tiply the form factor amplitudes of arms i and j, it is possible to use
an equivalent form where Pib(Q, N) ¼ 2Ps(Q, 2N)� Ps(Q, N) by
analogy to the binomial expansion [i.e., 2ab ¼ (aþ b)2 � a2 � b2].
An analysis of SANS measurements using this model fits the data
well and produced values of Rg that were in good agreement with
known values from linear polymers.67

Although these form factors have been successful in modeling
the scattering from star polymers, it is worth noting that other,
more advanced approaches exist. In particular, Alessandrini and
Carignano68 used renormalization group techniques to obtain the
scattering functions for a star polymer. While powerful, this
approach is significantly more difficult to develop than the simple
approach outlined here. However, it has advantages over the Benoit
form factor in that it captures the effects of excluded volume
without the approximations required in Appendix C. In this sense,
the renormalization group approach may be a more accurate
description of the scattering characteristics.

B. Cyclic/ring polymers

Recently, cyclic polymers have received increasing attention in
the polymer community because of their biological relevance and
interesting rheological properties.69,70 In addition, the recent report
of the synthesis of linear poly[n]catenane molecules,71 which
consist of a series of mechanically interlocked rings, has further
motivated the investigation of rings and ring-like structures. Some
of the most recent SANS results regarding the structure of cyclic
polymers include the fact that the rings tend to be more swollen
than their linear counterparts and can be swollen by linear
chains.44,72,73

Cyclic polymers can be studied with empirical models and
standard plots. However, knowledge of the form factor can be used

to extract thermodynamic information and better understand the
scaling of the chain with N . The form factor of a cyclic polymer is
more complicated than that of linear or star polymers and can be
calculated numerically from its definition,44,51

P(Q) ¼ 2
ð1
0
ds(1� s)exp[�s2ν(1� s2ν)U], (34)

where U ¼ QRg=2 and s represents the position along the contour
of the ring. Currently, an analytical expression has not been found,
although in the limiting case of ν ¼ 1=2, the form factor can be
expressed in terms of Dawson’s integral51,74 D(QRg=2) as

Pring(Q) ¼ 2
D(QRg=2)

QRg
, (35)

where Dawson’s integral is defined as

D(x) ¼ exp(� x2)
ðx
0
exp(t2)dt: (36)

C. Bottlebrush polymers

Bottlebrush polymers consist of a series of macromonomers
(i.e., polymer chain building blocks), which are polymerized along
a common backbone. The close proximity of the side chains on
the backbone results in strong steric repulsion, which in turn
results in a long, cylinder-like molecule with a diameter that is on
the order of the length of the macromonomers. Interpretation of
SANS measurements of bottlebrushes, so far, relied on two
primary approaches: fits to the Guinier–Porod model and/or fits
to a flexible cylinder model.75,76 Beers and co-workers found that
SANS from bottlebrushes could be fit by a product of an infinitely
thin cylinder, representing the backbone of the polymer, and a
term describing scattering from the cross section of the
bottlebrush.77

VII. MICELLES AND POLYMER-GRAFTED
NANOPARTICLES

There has been much focus in recent years on understand-
ing the structure of polymers that are grafted to nanoparticle
surfaces, and SANS has proven to be a useful method for
making such measurements.21 In fact, this is maybe not so sur-
prising given the large body of work in the literature that has
used SANS to probe the structure of micelles. Polymer-grafted
nanoparticles, micelles, and even star polymers share many
common physical characteristics that aid in developing models
of their scattering.

Pedersen originally developed a suite of scattering models to
interpret scattering from block copolymer micelles78 and similar
structures.79 A key assumption in using the Debye function in the
original “core–chain” model is that for the polymers in the corona
of the micelle, ν ¼ 1=2. Measurements of such systems benefit
from moving to dilute solutions, in which case the interparticle
structure factor, which describes the positions of the particles rela-
tive to one another, vanishes [i.e., SI(Q) � 1]. In this limit, the

FIG. 11. Decomposition of the form factor of a star polymer with f ¼ 4 arms/
branches. The scattering is described by that from each arm, as well as (f � 1)
inter-branch correlation terms.
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scattering from a solution of particles is written as

I(Q) ¼ fNV
2Δρ2P(Q)SI(Q) � fNV

2Δρ2P(Q), (37)

where fN is the number density of particles in the solution, V is
the total particle volume, and Δρ is the contrast factor defined
earlier. In the event that SI(Q) = 1, a suitable choice of the struc-
ture factor must be included, as was done in Ref. 83, for example.
This leaves only the form factor to be determined in order to inter-
pret a SANS measurement.

In Pedersen’s approach, the form factor can be derived in a
similar way as the form factor for a star polymer. This approach is
advantageous in that it can be extended to several related systems.
The starting point in developing core–chain models is to write the
form factor in terms of the form factor amplitudes of each compo-
nent, absorbing the volume and contrast terms from Eq. (37) into
Pcc(Q),

Pcc(Q) ¼ VcΔρc,sFc(Q)þ VpΔρ p,s

XNg

i¼1

Fp(Q)

�����
�����
2

, (38)

where Fc(Q) is the form factor amplitude of the core, Fp(Q) is the
form factor amplitude for a grafted chain, and Ng is the number
of chains grafted to the nanoparticle. In addition, Δρc,s is the
difference in SLDs between the core and solvent and Δρ p,s is the
difference in SLDs between the grafted chains and the solvent.
Finally, the terms are weighted by their relative volumes Vc and Vp.
For the core–chain model, Fc(Q) ¼ 3j1(QRc)=QRc, where j1(x) is a
spherical Bessel function. The origin of this term is described in
detail in Appendix A. Note that the core-shell-chain model80 can
be obtained by substituting the form factor amplitude for a core-
shell sphere into Eq. (38).

When Eq. (39) is expanded, four terms appear due to the fact
that all of the polymer chains are assumed to be identical. The four
terms are shown schematically in Fig. 12 and read

Pcc(Q) ¼
h
V2
c Δρ

2
c,sPc(Q)þ NgV

2
pΔρ

2
p,sP p(Q)

þ 2NgVcVpΔρc,sΔρ p,sFc(Q)E(Q)Fp(Q)

þ Ng(Ng � 1)Δρ2p,sV
2
pF p(Q)E

2(Q)Fp(Q)
i
, (39)

where E(Q) ¼ j0(QRc) ¼ sin(QRc)=QRc is a propagating factor,
obtained in an analogous way to that shown in Appendix C, Rc is
the radius of the core, and the substitution jFi(Q)j2 ! Pi(Q) has
been made. Although Eq. (40) appears to depend on a large
number of terms, if the size of the core, polymer grafting density,
and polymer molecular weight are known, the form factor
depends primarily on the radius of gyration of the grafted chains
and ν. More advanced functions can be derived, such as those for
elliptical or cylindrical cores,79 grafted block copolymers
(the “core–chain–chain“ model),22,35 or particles with loopy
coronas.81 These models may connect naturally to thermody-
namic quantities such as the Flory–Huggins parameter χ or the
second virial coefficient A2. In fact, Wei et al. demonstrated that
the core–chain–chain model can be connected to thermodynamic

quantities of the system through the Flory–Rehner equation.22

Recently, Hammouda and Kim derived an empirical core–chain
model that combines many features of the Guinier–Porod model
with the core–chain approach, resulting in a simpler model that
describes spherical, polymer-grafted particles with good accu-
racy.57 By replacing the form factor and form factor amplitudes of
the polymer chains by those for small spheres, Pozzo and
co-workers were able to derive a “raspberry” model to describe
Pickering emulsions.82 This model was also useful for interpreting
SANS from polymer-grafted virus-like particles.54

A comparison between SANS from isolated poly
(N-cyclopropylacrylamide) (PNCPAM, Mn ¼ 21 kg/mol) chains in
solution and self-assembled PNCPAM micelles is shown in
Fig. 13(a), along with fits to the appropriate form factors.83

The scattering intensity from the micelles is much larger in inten-
sity than for the free chains and exhibits a steeper slope at interme-
diate values of Q, which implies the presence of more compact
objects. The small peak in the scattering intensity of the micellar
system is due to the presence of a non-negligible structure factor
term. Nevertheless, the core–chain model fits the SANS measure-
ments well.

VIII. ADVANCED MEASUREMENT TECHNIQUES

Much of the discussion in this Tutorial has so far focused on
the angular dependence of the scattered neutron intensities, which
are captured by the form factor. Although this represents the bulk
of interpreting many conventional SANS measurements, and under
certain conditions, it is necessary to consider the influence of inter-
actions between the polymer and solvent (random phase approxi-
mation) or to take advantage of more intricate deuteration
conditions (zero average contrast) to highlight scattering from the
polymers of interest.

A. The random phase approximation (RPA)

At low temperatures, composition fluctuations due to thermal
energy in the system are small. If these fluctuations are sufficiently

FIG. 12. Decomposition of the core–chain form factor into four primary terms,
corresponding to scattering from the core and grafted polymers, and two correla-
tion cross-terms.
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small, then I(Q) is due only to the structure of the polymer chain,
I(Q) � AP(Q), and the approaches discussed in Secs. III–VII of
this Tutorial can be used to interpret SANS measurements.
However, the sizes of these fluctuations increase with temperature
and become an increasingly non-negligible contribution to I(Q).
As composition fluctuations grow in size, I(Q) depends on both
the structure of the polymer as well as composition fluctuations in
the scattering volume. In the limit of weak fluctuations,
I(Q ! 0) � (T � Tc)

�1, and the Random Phase Approximation
(RPA) must be used to correctly account for such effects.10,60,84

Close to Tc, strong fluctuations lead to deviations from the mean-
field (Flory–Huggins) description of the system, and the RPA no
longer applies. Such a deviation would be apparent in a non-linear
scaling of I(0) with 1=T . To evaluate whether the mean-field
description is valid, one can use the Ginzburg criterion.38,84

Typically, for high molecular weight polymer blends, the mean-
field description is valid over a wide temperature range since the
size of the fluctuations (δf)2

� � � 1=N .38 In contrast, the mean-
field region for polymer solutions is smaller, although its exact size
depends on the molecular weight of the polymer and the proximity
to the critical point.

Since the scattering intensity depends on the average number
of monomers within the scattering volume, it is relatively straight-
forward to show that I(Q ! 0) ¼ kBT(@ΔFmix=@f

2)
�1
, where

ΔFmix is given by the Flory–Huggins equation.38 A full
Q-dependent treatment of composition fluctuations is beyond the
scope of this Tutorial but can be found elsewhere.60,84 The result of
this treatment (the “Random Phase Approximation”) expresses the
scattering intensity as

I(Q) ¼ 1
fVAPA(Q)

þ 1
(1� f)VBPB(Q)

� 2χ
v0


 ��1

, (40)

where f is the volume fraction of component A, VA and VB are
the molecular volumes of the A and B components, χ is the
Flory–Huggins interaction parameter, and v0 is a reference volume.
Note that if B is assumed to be a solvent, PB(Q) ¼ 1. Although
the RPA was derived for polymers that exhibit Gaussian statistics
(i.e., ν ¼ 1=2), reasonable results have been obtained when the
form factor for a polymer with excluded volume [Eq. (26)],85 a
star polymer [Eq. (34)],67 or a ring [Eq. (35)] is used.44 However,
it should be noted that the expression is only an approximation in
these limits. Beyond binary mixtures, the RPA has been extended
to describe ternary systems, such as in studies of PNIPAM conon-
solvency in mixed solvents85 as well as block copolymer
systems.86

SANS measurements of linear polystyrene (Mn ¼ 11 kg/mol)
in deuterated cyclohexane are shown in Fig. 13 as a function of
temperature. The scattering intensity at low-Q decreases as T
increases because the interaction parameter χ decreases with T ,
characteristic of UCST behavior. Fits to the RPA using Eq. (41)
with the form factor of a polymer with excluded volume [Eq. (26)]
are shown as solid lines. The data at T ¼ 30 �C are the same data
used to construct the Guinier plot in Fig. 5.

FIG. 13. (a) Comparison between scattering from isolated poly
(N-cyclopropylacrylamide) (PNCPAM) polymers in solution (Mn ¼ 21 kg/mol)
and micelles composed of self-assembled PNCPAM chains.83 The polymers
are fit to the form factor of a polymer with excluded volume [Eq. (26)], while
the micelles are fit to the core–chain model [Eq. (40)]. (b) SANS measure-
ments of 11 kg/mol linear polystyrene dissolved in d12-cyclohexane as a
function of temperature. The scattering intensity decreases as T increases
due to more favorable interactions between the polymer and the solvent.
The solid lines are fits to the data using the RPA at T ¼ 30 �C (red) and
T ¼ 70 �C (blue).
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B. Zero average contrast (ZAC) conditions

A final technique that has proved to be indispensable for
studying polymer systems is the Zero Average Contrast (ZAC)
method.87 The ZAC approach involves combining a mixture of
deuterated and hydrogenated polymers with a mixture of deuter-
ated and hydrogenated solvents with the goal of isolating scattering
from single chains only. The approach is particularly useful for
high concentrations of polymers and for measuring polymers that
may cluster/aggregate in solution, such as PNIPAM.85 In the case
of PNIPAM, which becomes increasingly aggregated as T increases,
aggregation of chains leads to an apparent increase in the radius of
gyration of the polymers (independent of the interaction consider-
ations discussed above) despite the chains being known to collapse
with increasing temperature.88 Applying the ZAC condition essen-
tially reduces the problem of interpreting scattering from a ternary
system to a simpler, effective binary system.87

In this case, the intensity I(Q) contains a term proportional to
the polymer’s form factor, as well as a term containing interchain
correlations,

I(Q) ¼ APS(Q)þ CPT (Q)þ B, (41)

where PS(Q) is the single-chain form factor and PT (Q) contains
contributions to the scattering beyond the scattering of the particle
of interest. ZAC is used to attempt to eliminate their contributions
to the measured scattering. If the SLDs of the deuterated polymer
(ρdP), hydrogenated polymer (ρhP), and solvent mixture (ρS) are
accounted for, the scattering intensity is87,88

I(Q) ¼ (ρdP � ρhP)
2 fdPfhP

f2
P

nPfPvPPS(Q)

þ (ρP � ρS)
2nPfPvPPT (Q)þ B, (42)

where B is the incoherent background. The SLD of the isotopic
mixture of polymers is given by ρP ¼ [ρdPfdP=ρP
þρhP(1� fdP)=fP], where fP is the volume fraction of the total
polymer relative to the solvent and fdP is the volume fraction of
deuterated polymer relative to the hydrogenated polymer. Similarly,
the SLD of the isotopic solvent mixture can be calculated as
ρS ¼ [ρdSfdS=(1� fP)þ ρhS(1� fdS)=(1� fP)], where fdS is the
volume fraction of the deuterated solvent relative to the hydroge-
nated solvent. Although these expressions are involved, the goal of
a ZAC measurement is to choose ρP ¼ ρS such that the second
term of Eq. (43) vanishes. Although this condition can be estimated
by calculating the SLDs of all components, in practice, it is best to
determine the ZAC condition through experimental measurements.
A full discussion is beyond the scope of this Tutorial, but in-depth
discussions and examples are available elsewhere.87–90

IX. CONSIDERATIONS FOR FITTING DATA

The majority of the models described above require fitting
SANS data with a least-squares method in a suitable software
package. In doing this, there are many factors that must be consid-
ered such as whether the model is an accurate description for the
particles/molecules of interest, whether there are impurities or

aggregates that influence the shape of the scattering curve, whether
the fitted parameters make physical sense, and whether the fitted
model is a “good fit” to the data. Although a complete discussion
of fitting data is beyond the scope of this Tutorial, there are a few
metrics by which a user can evaluate their analysis of a
measurement.

The first metric is the reduced “chi-squared,” χ2R, where

χ2R ¼ 1
(Npts � Npar)

XNpts

i¼1

(Ii, exp � Ii,theo)
2

w2
i

: (43)

In the above expression, Iexp is the set of experimentally measured
points and Itheo is the calculated value from the chosen model.
The weights wi are the error in Iexp and can be provided with the
experimental measurement (typical) or calculated from the square
root of Iexp. Npts is the number of experimental points and Npar is
the number of free parameters. Ideally, Npts 	 Npar . For a “good
fit,” χ2R ! 1, although because of low-Q tails and other artifacts in
the data, it may not be possible to achieve such a low value in prac-
tice. Similarly, if χ2R , 1, the data have been over-fit.91

Another metric that can be used to assess the quality of the fit
is the residuals after fitting. This may be especially useful in evalu-
ating the quality of a fit in a certain Q-range. The residual for each
data point i is calculated as

Ri ¼ Ii, exp � Ii,theo
wi

: (44)

If 68% of the residuals fall within one standard deviation, then
Ri [ [�1, 1]. Residuals that fall outside of [�3, 3] are a sign that
the model does not accurately describe the data, and the set of
parameters and/or model should be reconsidered.

X. CONCLUSIONS AND FUTURE OUTLOOK

Small-angle scattering, and, in particular, small-angle neutron
scattering, will continue to be a powerful technique for measuring
the conformation, size, and thermodynamic properties of polymer
systems. In this Tutorial, we have focused primarily on the
minimum necessary concepts that will allow new users of the tech-
nique to prepare appropriate samples for SANS measurements and
interpret the results of their measurements. SANS, in general, is
broadly applicable to polymer solutions, melts, and gels, as well as
particulate systems including polymer-grafted nanoparticles and
micelles. It should also be noted that much of the discussion in this
Tutorial is also applicable to small-angle x-ray scattering (SAXS)
measurements.

Looking to the future, there are numerous opportunities for
extending the available models and current approaches to analyzing
SANS measurements. For example, more refined, analytical form
factors for bottlebrushes and polymer-grafted nanorods would be a
significant advance in our ability to understand the behavior of
those systems—including the structure and dynamics of the side
chains or grafted polymers. In addition, we have noted throughout
this Tutorial situations where analytical expressions are, to the best
of our knowledge, not available. For this reason, numerical models,
machine learning, and artificial intelligence may be alternate
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approaches to interpreting SANS measurements.92 One such tech-
nique, Computational Reverse-Engineering Analysis for Scattering
Experiments (CREASE), is a relatively new approach that can
reconstruct a molecular picture of micellar structures in silico from
experimental SANS data.93 However, for those situations in which
a suitable form factor is not available, the shape-independent func-
tions (e.g., Unified Scattering Model) and standard plots that we
have highlighted in this Tutorial can yield valuable information on
samples of interest.

Finally, although we have attempted to make this Tutorial rel-
atively self-contained for the new user, the topics that we have
covered here are only a subset of a very rich field. Other resources,
such as The SANS Toolbox,25 the monograph by Higgins and
Benoit,24 and many reviews and perspectives in the literature can
provide additional insights into more advanced topics.
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APPENDIX A: THE FORM FACTOR OF A SPHERE

As an example of the application of Eq. (10) for calculating
the form factor amplitude/form factor of an object with uniform
volume, consider the case of a sphere with radius Rs. Since
the density is constant throughout the particle, n(r)h i ¼ n=Vs for
r , Rs and n(r) ¼ 0 for r . Rs. With this, the form factor ampli-
tude in spherical coordinates can be written as

F(Q) ¼ 3
4πR3

s

ð2π
0
df
ðRs

0
r2dr

ðπ
0
exp �iQ � rð Þ sin θdθ: (A1)

Replacing the dot product by Q � r ¼ Qr cos θ, evaluating the inte-
gral over f, and letting μ ¼ cos θ, this expression simplifies to

F(Q) ¼ 3
2R3

s

ðRs

0
r2dr

ð�1

1
exp �iQrμð Þdμ (A2)

¼ 3
2R3

s

ðRs

0
r2

cos(Qrμ)
�iQr

� sin(Qrμ)
Qr


 �μ¼�1

μ¼1

dr (A3)

¼ 3
R3
s

ðRs

0
r2
sin(Qr)
Qr

dr ¼ 3j1(QRs)
QRs

, (A4)

where j1(x) is a spherical Bessel function. The form factor
P(Q) ¼ jF(Q)j2.

APPENDIX B: 〈R2
g〉 FOR POLYMER CHAIN WITH

EXCLUDED VOLUME

Here, we derive the expression for the mean-squared radius of
gyration of a polymer chain for any value of the Flory exponent ν.
For a polymer with excluded volume, the mean-squared distance
between two monomers i and j is assumed to take the form

r2ij

D E
¼ b2ji� jj2ν , (B1)

where b is the Kuhn length and the Flory exponent takes on limit-
ing values of ν ¼ 1=3 for a globular structure, ν ¼ 1=2 for a
Gaussian chain, and ν � 3=5 for a swollen chain. Then, by defini-
tion, the mean-squared radius of gyration can be computed38

according to

R2
g

D E
¼ 1

N2

XN
i¼1

XN
j¼i

b2(j� i)2ν , (B2)

which eliminates the use of the absolute value function. In the con-
tinuous limit, Eq. (B2) can be cast into an equivalent form

R2
g

D E
¼ b2

N2

ðN
0
du
ðN
u
(w� u)2νdw: (B3)

Evaluating this integral yields

R2
g

D E
¼ b2

N2

ðN
0

(N � u)2νþ1

(2ν þ 1)
du ¼ b2N2ν

(2ν þ 1)(2ν þ 2)
: (B4)

Note that for ν ¼ 1=2, Eq. (B4) reduces to R2
g

D E
¼ b2N=6, as

expected for a Gaussian chain38 and R2
g

D E
¼ (bN)2=12 ¼ L2=12

for a thin, rigid rod of length L (i.e., in the limit of ν ¼ 1).

APPENDIX C: SCATTERING FACTORS FOR A POLYMER
CHAIN WITH EXCLUDED VOLUME

In this section, we derive expressions for the form factor P(Q),
form factor amplitude F(Q), and the correlation between the chain
ends E(Q) for an isolated polymer chain with excluded volume.
These expressions can be used to create scattering models for more
complex systems such as block copolymers, polymer micelles, and
polymer-grafted nanoparticles as described above in the main text.
A graphical representation of the three functions is shown in Fig. 8.

1. Chain end correlations

The derivation of the scattering factors for a polymer chain
assumes that regardless of the conformation of the chain (i.e., the
value of the Flory exponent), the probability of two monomers i
and j, which are n ¼ ji� jj monomers apart from each other,
being separated by a distance rij is given by a Gaussian probability
distribution,38

P3D(n, rij) ¼ 3
2πnb2

� �3=2

exp � 3r2ij
2nb2

 !
(C1)
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such that in a reciprocal space, the average value of the function is

exp �Q2r2ij

 �D E
¼
ð
exp �Qr2ij

 �
P3d(n, rij)drij

¼ exp �
Q2 r2ij

D E
6

0
@

1
A, (C2)

where r2ij

D E
is given by Eq. (B1). Note that although Eqs. (C1) and

(C2) are, strictly speaking, only valid for ν ¼ 1=2, many experi-
mental studies have used the result of Eq. (C2) to study polymer
conformation for ν = 1=2 with satisfactory results. With this
caveat in mind, the correlation between chain ends represents the
Fourier transform of the average value of r20N , which is simply
the end-to-end distance of the polymer chain,

E(Q) ; exp �Q2 r20N
� �� �� � ¼ exp �Q2R2

g

 �
: (C3)

2. Form factor amplitude

The form factor amplitude is defined as exp(�Q2r20j)
D E

, as

illustrated in Fig. 8. Under the same assumptions outlined above
for obtaining E(Q) with ν = 1=2, F(Q) can be calculated as

F(Q) ; exp �Q2r20j

 �D E
¼ 1

N

ðN
0
exp

�Q2b2(w� 0)2ν

6


 �
dw

¼
ð1
0
exp

�Q2b2N2νw02ν

6


 �
dw0, (C4)

where w0 ¼ w=N . Eq. (C4) can be solved analytically in the limit of
ν ¼ 1=2 (Gaussian chain) to obtain

F(Q) ¼ 1� exp(�Q2R2
g)

Q2R2
g

: (C5)

However, for ν = 1=2, there is no analytical solution to the inte-
gral. Instead, Eq. (C4) can be recast into the form

F(Q) ¼ 1
2νU1=2ν

ðU
0
t(1=2ν�1)exp(� t)dt (C6)

by making the substitution t ¼ Uw02ν , where U ¼ Q2b2N2ν=6.
The form factor amplitude can then be expressed in terms of the
lower incomplete gamma function

F(Q) ¼ 1

2νU1=2ν
γ

1
2ν

, U

� �
, (C7)

where the lower incomplete gamma function is defined as

γ(d, x) ¼
ðx
0
td�1exp(� t)dt: (C8)

3. Form factor

The form factor for a polymer chain is defined as

P(Q) ; exp �Q2r2ij
 �D E

¼ 2
N2

ðN
0
du
ðN
u
exp �Q2b2(w� u)2ν

6


 �
dw (C9)

¼ 2
ð1
0
du0
ð1
u0
exp �Q2b2(w0 � u0)2ν

6


 �
dw0, (C10)

where w0 ¼ w=N and u0 ¼ u=N . In the limit of ν ¼ 1=2, this
expression can be evaluated analytically to obtain the form factor
for a Gaussian chain (i.e., the Debye function),

P(Q) ¼ 2

(Q2R2
g)

2 exp �Q2R2
g

 �
þ Q2R2

g � 1
h i

: (C11)

However, as with Eq. (C4), for ν = 1=2, this expression cannot be
evaluated analytically, and the form factor is given in terms of a
difference of incomplete gamma functions.

To arrive at an expression for P(Q), Eq. (C10) is evaluated in
two steps. The inner integral is evaluated by first making the substi-
tution t ¼ U(w0 � u0)2ν leaving

P(Q) ¼ 1
νU1=2ν

ð1
0
du0
ðU(1�u0)2ν

0
t(1=2ν�1)exp(�t)dt (C12)

¼ 1

νU1=2ν

ð1
0
γ

1
2ν

, U(1� u0)2ν
� �

du0 (C13)

¼ 1

νU1=ν

ðU
0
x(1=2ν�1)γ

1
2ν

, x

� �
dx, (C14)

where x ¼ U(1� u0)2ν . The final form factor is obtained using
the identity

ð
xb�1γ(s, x)dx ¼ 1

b
xbγ(s, x)� γ(sþ b, x)
� 	

(C15)

to yield

P(Q) ¼ 1
νU1=2ν

γ
1
2ν

, U

� �
� 1
νU1=ν

γ
1
ν
, U

� �
: (C16)

Note that Eq. (C16) also assumes that Eq. (C2) holds for ν = 1=2.
Furthermore, it has been noted that this expression does not
reproduce the correct behavior of a thin rod with ν ¼ 1, and an
alternative form factor must be used in that case. Comparing
Eqs. (C5)–(C7) for the form factor amplitude to the form factors
in Eqs. (C11)–(C16) confirms that for polymer chains,
P(Q) = jF(Q)j2.
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