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Abstract

Viscosity data for aqueous solutions of sodium carboxymethyl cellulose (NaCMC) as a function of polymer concentration (c), added salt con-
centration (cS), and degree of polymerization (N) are presented. In dilute solution, NaCMC adopts an expanded coil conformation in excess
salt (R/ N0:59, [η] � N0:786) and a rodlike conformation (R/ N, [η] � N2) in salt-free water. The total persistence length in 0.1M NaCl is
calculated from the N dependence of the intrinsic viscosity to be lp ≃ 5:5 nm. The entanglement crossover, evaluated from the c and N depen-
dence of the specific viscosity, is found to be independent of cS. Our results suggest that polymer conformation (e.g., lp or solvent quality)
within the range of parameters studied does not affect the formation of entanglements. The scaling model of Dobrynin et al. correctly
describes the nonentangled rheology of NaCMC in salt-free and excess salt solutions but does not explain the cS independence of the entan-
glement crossover. Modifications to this model are proposed, which result in better but still limited agreement with experiments. © 2020
The Society of Rheology. https://doi.org/10.1122/1.5127015

I. INTRODUCTION

Entanglement in solutions and melts of polymers heavily
slows down the dynamics of chains [1]. Beyond a certain
length scale, known as the tube diameter, transverse fluctua-
tions of polymer chains become restricted by the topological
constraints imposed by other chains, and polymer diffusion
occurs principally along the tube [2].

A rheological signature of entanglement is the emergence
of a plateau in the storage modulus, analogous to that
observed in cross-linked polymeric materials. Graessley and
Edwards [3], using dimensional analysis, relate the height of
entanglement plateau (GP) to the molecular characteristics of
polymers as

GPl
3
K=(kBT) ≃ K(l2KρL)

α
, (1)

where lK is the Kuhn length of the polymer, ρ is the number
density of chains, L is their contour length, K is an unspeci-
fied constant, and α ≃ 2�2:3 is found from experimental
data [4–10].

Equation (1) was explained by the theories of Kavassalis–
Lin–Noolandi [11–13] for polymer melts based on “packing”
arguments. These models posit that an entanglement is
formed when a fixed number of chains occupy a given
volume. While this number could not be predicted from
molecular architecture, analysis of neutron scattering and rhe-
ological data for flexible polymers initially suggested that it
was a universal constant. Colby and Rubinstein [14] devel-
oped a different conjecture, where a fixed number of binary
contacts between chains were assumed to lead to the

formation of an entanglement. The Colby–Rubinstein theory,
also known as “two-parameter scaling,” successfully
explained the concentration dependence of the plateau
modulus of polymer solutions in good and θ solvents, pre-
dicting GP / c2:3 for both cases.

Milner [15,16] proposed some modifications to the
Colby–Rubinstein approach to calculate the number of binary
contacts between polymer chains in solution, without modi-
fying the conjecture of entanglement formation put forward
in [14]. The updated theory was able to quantitatively
explain the entanglement density of nonionic polymer solu-
tions based on melt rheology data, without the need for any
additional free parameters.

The two-parameter scaling was applied to polyelectrolyte
solutions by Dobrynin et al. [17], who predicted a number of
unusual rheological features for polyelectrolytes, particularly
under low salt conditions, such as the existence of a semidi-
lute, nonentangled regime spanning several orders of magni-
tude in polymer concentration [18]. While the model of
Dobrynin et al. has been shown to give a quantitative
description of polyelectrolyte conformation, several of its
predictions for entangled polyelectrolyte solutions are at odds
with experimental data [19].

Carboxymethyl cellulose, commonly used as its sodium
salt, is a weak, semiflexible, strongly charged polysaccharide
employed as a rheology modifier in food [20–24] and phar-
maceutical [25] products and in drilling muds [26–28]. Light
[29,30] and small-angle neutron scattering [31,32] and light
scattering data show that sodium carboxymethyl cellulose
(NaCMC) is molecularly dissolved in salt-free water and
aqueous NaCl solutions. For highly substituted samples
[degree of substitution (DS) ≳ 1], NaCMC displays hydro-
philic behavior [31]. Lowering the DS below ≃0:8–0.9
leads to associative behavior [32–34] at sufficiently higha)Electronic mail: lopez@pc.rwth-aachen.de
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concentrations, resulting in strong power laws of the specific
viscosity (ηsp � c5�7) with concentration and eventual gela-
tion [32,35].

In this article, data for the entanglement properties of a
model polyelectrolyte, NaCMC, are presented, and the experi-
mental results are compared with the Dobrynin model.
Further, Milner’s ideas are applied to polyelectrolyte solutions,
and it is shown that these qualitatively modify the behavior
predicted by the model of Dobrynin et al. Applying these
modifications leads to better but still limited agreement with
experiments. All the samples considered in this study are in a
DS and concentration region where hydrophobic effects do not
show any significant effect on the solution rheology.

II. POLYELECTROLYTE CONFORMATION AND
DYNAMICS

In this section, scaling models for polyelectrolyte solu-
tions are reviewed, commenting on the degree of experimen-
tal validation for different predictions. The conformational
properties follow the de Gennes–Pfeuty–Dobrynin model
[17,36,37]. Entanglement properties are calculated according
to the Colby–Rubinstein theory [1,14], following the work of
Dobrynin et al. [17]. In the discussion, the modifications
introduced by Milner [15] to the Colby–Rubinstein theory of
entanglement as well as the effects of intrinsic stiffness on
polyelectrolyte conformation are considered.

A. Statics

1. Salt-free

According to the model of Dobrynin et al. [17], polyelec-
trolytes in dilute salt-free solution adopt an extended, rodlike
conformation with an end-to-end distance of [17]

R ¼ b0N, (2)

where b0 is the effective monomer size and N is the degree of
polymerization. The overlap concentration marks the cross-
over to the semidilute regime and is calculated by assuming
that the polymer coils are space filling,

c* ≃ N

R3
� 1

b03N2
, (3)

where c* is in units of monomers per unit volume. For
c . c*, polymers assume dilutelike statistics on lengthscales
shorter than the mesh size or correlation length (ξ) and melt-
like (Gaussian) statistics on larger ones. The correlation
length varies as

ξ ¼ (b0c)�1=2, (4)

with each chain containing gξ(c=c*)
1=2 correlation blobs. The

end-to-end distance of a chain scales as

R(c) ≃ N1=2(c=b0)�1=4
: (5)

These scaling laws are in reasonably good agreement with
experimental [18,31,32,38–45] and simulation [46,47] data
for flexible and semiflexible polyelectrolytes. In particular,

Eqs. (4) and (5) quantitatively describe the correlation length
and chain size of sodium polystyrene sulfonate (NaPSS) in
salt-free water [18,39,48–50]. The conformation of salt-free
polyelectrolytes has only been thoroughly investigated for
NaPSS, and it is not known whether these scaling laws also
apply to other systems.

2. Excess salt

In excess added salt (fc � 2cS, where f is the fraction of
dissociated counterions), electrostatic repulsion becomes
short ranged [51], and its effect is similar to that of excluded
volume [17,37,52,53]. Polyelectrolytes are then analogous to
neutral polymers in good solvent [17,19,45,46], but their
excluded volume strength can be up to several orders of mag-
nitude larger than that of neutral polymers in the athermal
solvent [1,54]. The de Gennes–Pfeuty–Dobrynin scaling
theory models the persistence length of polyelectrolytes as
purely electrostatic and equal to [17]

l p,D ¼ (cb0)�1=2

2
1þ 2cS

fc

� ��1=2

, (6)

where the subscript D is used to denote that this persistence
length refers to the prediction of Dobrynin et al. Equation (6)
is in good agreement with experimental data for NaPSS in
salt-free solution [18]. In excess added salt, Spiteri et al. [42]
find lp / c�1=3

S , which is a weaker dependence than expected
by Eq. (6) and is possibly related to the influence of intrinsic
stiffness as discussed in [42]. The overlap concentration
(c* ≃ N=R3) in the high N limit is then predicted by
Drobynin et al. to scale as

c* ≃ (2b02cS=f )
0:6
N�0:764:

The c*/ N�0:764c0:6S dependence has been experimen-
tally observed for flexible polyelectrolytes [40,55,56].
Semiflexible polyelectrolytes show a weaker cS dependence
(c* � c0:1�0:4

S ) due to the non-negligible contribution of the
intrinsic persistence length, but a similar N dependence
[52,53]. The conformational and transport properties of
dilute polyelectrolytes in solution can be described by assum-
ing that the total persistence length is the sum of an intrinsic
(or bare) contribution, l p,0, and an electrostatic one, l p,e
[52,56–60]. While there is no precise definition of what con-
stitutes a flexible vs a semiflexible polyelectrolyte, for practi-
cal purposes, most polyelectrolytes with l p,0 ≲ 1 nm can be
considered flexible, because in aqueous solution the polymer
rigidity arises primarily from electrostatic interactions.
Polyelectrolytes with l p,0 ≳ 5 nm can be considered semiflexi-
ble because intrinsic rigidity tends to dominate except a very
low ionic strengths (e.g., in salt-free solution).

The correlation length in the presence of added salt
scales as

ξ ≃ (b0c)�1=2[1þ 2cS=(fc)]
1=4, (7)

which has not been verified experimentally. The scaling of
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Dobrynin et al. expects that chains are random walks of cor-
relation blobs with an end-to-end distance of

R(c) ≃ N1=2(c=b0)�1=4[1þ 2AcS=( fc)]
�1=8: (8)

B. Unentangled dynamics

In dilute excess salt solution, the viscosity of polyelectro-
lyte solutions is described by the Huggins equation,

ηsp ¼ c[η]þ kH(c[η])
2, (9)

where [η] (= 1=c*) is the intrinsic viscosity and kH is the
Huggins coefficient. For salt-free polyelectrolyte solutions,
Eq. (9) does not apply and c* can be estimated instead from
ηsp(c*) ¼ 1 [2,40,53].

Above c* but below the entanglement concentration, the
dynamics of polyelectrolyte solutions are Zimm-like for dis-
tances smaller than ξ and Rouse-like for larger ones. The
specific viscosity is predicted to vary as [17]

ηsp(c) ≃ ηsp(c*)(c=c*)
1=(3ν�1) � Nc1=(3ν�1), (10)

which, using ηsp(c*) ¼ 1 and ν ¼ 1 for salt-free solutions,
leads to ηsp ≃ Nb03=2c1=2. The square-root dependence of the
specific viscosity with concentration, known as the Fuoss
law, has been observed for a range of nonentangled
polyelectrolyte-solvent systems [18,41,55]. Deviations to
both higher [19,31,53,61–63] and lower [40] exponents have
also been reported. The N exponent of ηsp in salt-free solu-
tion has been found to be ≃20–40% higher than predicted by
Eq. (10) [18,53]. For solutions in excess salt, the viscosity at
the overlap is ηsp(c*) ¼ 1þ kH and ν ¼ 0:59 [64]. Equation
(10) yields ηsp ≃ (1þ kH)(c[η])1:25, in agreement with exper-
iments on flexible and semiflexible polyelectrolytes [53,55].

C. Entanglement crossover and density

The Colby–Rubinstein theory [1,65] conjectures that an
entanglement is formed by a fixed number of binary contacts
per entanglement strand (C3). The density of binary contacts
in solution is estimated as ρb � ξ�3, and the average distance

between them is db � ρ�1=3
b � ξ. The swept volume of an

entanglement strand is a3, and, therefore,

a3ρb � a3ξ�3 ¼ C3: (11)

The last relation implies the proportionality of the tube
diameter a and the correlation length [66]. Polymer chains
become entangled when the chain size equals the size of the
entanglement tube diameter,

a(ce) ¼ Cξ(ce) ≃ R(ce): (12)

The entanglement concentration can be calculated from the var-
iation of R and ξ with polymer concentration and Eq. (12) as

ce ¼ C6ν�2c*: (13)

The proportionality between the overlap and entanglement
concentrations is observed for neutral polymers in good
solvent and polyelectrolytes in excess salt [2,53,67]
(ν ≃ 0:59) but not for polyelectrolytes in salt-free solution
(ν ¼ 1) [19,40,53,55].

The volume occupied by an entanglement strand is ≃ ξa2

and their number density ρa ≃ (ξa2)
�1
. Assuming a plateau

modulus of kBT per entanglement strand yields

GP,D ≃ kBT

C2ξ3
, (14)

which is proportional to Eq. (1) with α ¼ 3ν=(3ν � 1) and
subscript D denotes that this is the prediction of the model of
Dobrynin et al. [17]. The plateau modulus is then expected
to vary as Gp / c2:3 for neutral polymers in good solvent and
polyelectrolytes in excess salt, in agreement with experimen-
tal results [2], and Gp / c1:5 for polyelectrolytes in salt-free
solution, which has not clearly been established experimen-
tally [38,40]. Note that, since for flexible polyelectrolytes in
salt-free solution, the correlation length and the persistence
length are equivalent (this is predicted by the scaling of
Dobrynin et al. [17] and has been verified experimentally for
NaPSS [18]), substituting ξ ≃ l p,D / c�1=2 [Eq. (4)] into
Eq. (1) leads to GP / c3=2 independent of the value of α. As
salt is added, lp decreases and ξ increases so that the lp ≃ ξ
approximation used in salt-free solution is no longer valid.

Substituting Eq. (7) into Eq. (14) gives GP,D / c�3=4
S , in con-

trast with the experimentally observed G/ c0S [19,45,62,68].
Data by Raspaud et al. [69] for polystyrene, polybutadine,

and polyisoprene in different solvents agree with Eq. (14) if
a different value of C is used for each polymer-solvent pair.
In order to account for this variation in C, Milner [15] pro-
posed a correction to the scaling assumption of ρb � ξ�3,
which is discussed in Sec. V B.

D. Entangled dynamics

Above ce, the specific viscosity is predicted by the repta-
tion model to vary as [1,17]

ηsp ≃ ηR(c)
c

ce

� �2=(3ν�1)

/N3c3=(3ν�1), (15)

where ηR(c) corresponds to the unentangled viscosity, given
by Eq. (10). Note that for theta solvents, the above arguments
do not apply and an alternative scaling must be used [65]. In
the above discussion, tube length fluctuations have been
neglected; these are known to lead to slightly higher expo-
nents for η with N [1]. The degree of agreement of Eq. (15)
with experimental results is discussed further in Sec. IV.

The specific viscosity of neutral polymers and polyelectro-
lytes in excess salt is empirically well described across a
broad concentration range by an expanded Huggins equation,
as proposed by Kulicke and co-workers [70,71],

ηsp ¼ c[η]þ kH(c[η])
2 þ B(c[η])m, (16)

where B is left as a free parameter and m is the exponent of
the viscosity with concentration in the entangled region.
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III. MATERIALS AND METHODS

A. Samples

Sodium carboxymethylcellulose samples were purchased
from Sigma-Aldrich. Their nominal and measured characteris-
tics are summarized in Table I. One sample was ultrasonically
degraded to reduce its molar mass as described below.
Samples were purified by precipitation or dialysis against
de-ionized (DI) water to remove any residual salt present in
the powder. Solutions were prepared gravimetrically by
mixing the appropriate amount of polymer and solvent, fol-
lowed by the use of a vortex or roller mixer to promote disso-
lution. The samples considered in our study do not exhibit
thixotropy or phase separation upon heating/cooling. Contrary
to early literature reports [72,73], it was found that the viscos-
ity of NaCMC in salt solutions is independent of the order of
polymer/salt addition. Following the earlier work, we assume
a water content of 14% in the NaCMC powders [31].

B. Rheology

Rheological measurements were performed on a stress con-
trolled Kinexus-Pro rheometer (Malvern). Two cone and plate
geometries with an angle of 1� and diameters of 40 or 60mm
were employed. The temperature was controlled with a Peltier
plate. A solvent trap was used to minimize sample evapora-
tion. Measurements were carried out in steady shear for a
fixed range of shear-rate values. The range of shear rates
studied was varied depending on the sample concentration and
molar mass to include values in the Newtonian plateau.
No extrapolation was, therefore, required to obtain the
zero-shear-rate viscosity. All measurements were carried out at
T ¼ 298 K. We have restricted measurements to ηsp ≳ 1,
where the rheometer employed offers reasonable accuracy.

C. Ultrasonic degradation

Ultrasonic treatment was started out at room temperature.
The bath temperature was observed to rise a few degrees as
the treatment proceeded. The total ultrasonication time
(≃50 h) was delivered over the course of one week, after
which the sample was dialyzed against DI water and freeze
dried.

D. Determination of degree of polymerization

The degree of polymerization N was determined from
their intrinsic in 0.1M NaCl solution. Zero-shear-rate viscos-
ity data at T ¼ 298 K were measured using a cone and plate
setup as described above, and the intrinsic viscosities were
calculated using the Huggins equation with kH ¼ 0:45. The
degree of polymerization was obtained from [53]

[η] ¼ 0:29N0:87 0:1MNaCl, (17)

where [η] is in units of inverse moles of repeating units per
liter (M�1). Molar masses were calculated by multiplying N
by M0 and are reported in Table I. Equation (17) was con-
structed from weight-averaged molar mass data of samples
with a polydispersity of ≃3–4 [53,76]. Since the samples
considered in this study are expected to have a similar poly-
dispersity [53], Eq. (17) should yield approximately weight-
averaged degrees of polymerization.

IV. RESULTS AND DATA ANALYSIS

Figure 1(a) shows the specific viscosity of sample
CMC240k in salt-free and in 0.1M NaCl aqueous solution.
The observed behavior is similar to that reported in an earlier
study [53]. Figure 1(b) shows the specific viscosity of sample
CMC240k as a function of polymer concentration in salt-free
solution before and after ultrasonic treatment. The decrease
in viscosity after ultrasonic treatment occurs due to a
decrease in the molar mass of the polymer due to ultrasonic
breakage of the chains. The decrease found is consistent with

TABLE I. Characteristics of different polymers studied. Samples were
purchased from Sigma-Aldrich. M0 is the molar mass of the NaCMC
monomer.

Sample Mw [η] DS M0 Notes
(g/mol) (M−1) (g/mol)

CMC85k 8.5 × 104 49 0.9a 234
CMC94k 9.4 × 104 55 0.81a 227
CMC145k 1.45 × 105 70 1.35 270 Ultrasonically degraded

from CMC240k
CMC240k 2.4 × 105 110 1.35b 270 Data from [19,75] and

this work

aManufacturer’s specification, which is usually close to the value determined
by other methods [32,74].
bMeasured by back titration. DS is assumed to be unchanged by ultrasonic
treatment.

FIG. 1. Specific viscosity as a function of polymer concentration in moles
of repeating units per liter. (a) CMC240k in salt-free (▴) and 0.1M NaCl (▵)
solutions. (b) Sample CMC240k before (▵) and after (▴) ultrasonic treatment
in 0.1M NaCl solution. Salt-free data for CMC240k are from [75].
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the results for other cellulose derivatives [77–80] and is
expected to be accompanied by a decrease in polydispersity.

Figure 2 compares the determination of c* for three
samples in DI water. The viscosity varies approximately as
ηsp / c0:68 for all samples. This exponent is larger than pre-
dicted by the model of Dobrynin et al., in line with experi-
mental observations for other flexible [19,38,81] and
semiflexible salt-free polyelectrolyte systems [62]. The devia-
tion from theory may arise, at least in part, due to nonuni-
form stretching of polyelectrolyte chains, which leads to
logarithmic corrections to the chain size and correlation
length [47]. Estimating the effect of these corrections at
present is difficult.

A. Conformation of NaCMC in dilute solution

The applicability of the wormlike chain to polyelectrolytes
in salt solution has been questioned by several authors
[47,51,82]. Norisuye and co-workers have provided extensive
experimental evidence showing that the conformational
(radius of gyration, form factor) and transport properties (dif-
fusion coefficient, intrinsic viscosity) of polyelectrolytes in
salt solution can be accurately described the wormlike chain
model [52,56–60]. Even if the applicability of the wormlike
chain model to polyelectrolytes is limited, it is expected to
hold at least in the high salt limit, when electrostatic forces
perturb the chain conformation weakly.

Figure 3 plots the intrinsic viscosity of NaCMC in 0.1M
NaCl as a function of its degree of polymerization for data
from [29,30,76,83–93]. The data include NaCMC samples
with 0:7 , DS , 2:4. In agreement with the study of Barba
et al. [30], we observe no correlation between DS and [η] for
the samples included in Fig. 3. Fits to Yamakawa’s model
[94] for wormlike chains are included as lines in Fig. 3.
Excluded volume effects are calculated following the same
method as in [52,56,59,60]. Yamakawa’s model requires four
input parameters: the total Kuhn length (lK ¼ 2lp), the
excluded volume strength (B), the cross-sectional diameter
(d), and the monomer length (b0). The excluded volume
strength is defined as the binary cluster integral between a
pair of Kuhn segments divided by the square of the Kuhn

length [56]. We fix d ¼ 1 nm and b0 ¼ 0:485 nm [31] and
obtain best-fit values for lp for different values of B. Usually,
these parameters can be determined independently by observ-
ing a crossover in the power law of [η] vs N from that of
ideal chains to expanded ones. However, the data in Fig. 3
display too much scatter to determine such a change slope
and, therefore, a best-fit pair of B and lp values cannot be
easily obtained. For example, setting B between 6.5 and 3 nm
gives equally good fits with the corresponding values of lp of
4.5 and 6.8 nm. In general, B for a given ionic strength does
not vary strongly for highly charged polyelectrolyte systems
in water. Sodium hyaluronate (NaHy) is the closest analog to
NaCMC among the systems for which B has been reliably
determined as a function of added salt. B is, therefore, fixed
to 4.8 nm, which is the value obtained by Norisuye and
co-workers [52] for NaHy at cS ¼ 0:1M. This gives a total
persistence length of lp ≃ 5:5 nm, which is incompatible
with the estimate of Hoogendam et al. [95] for the bare per-
sistence length of l p,0 ≃ 15 nm, obtained by size exclusion
chromatography coupled with light scattering. The results of
Hoogendam et al. are in broad disagreement with viscosity
[29,53,86,96–98], light scattering [29,53,86,97,98], and
small-angle x-ray scattering [99] data from a large number of
studies, all of which point toward a smaller bare persistence
length of 5–6 nm. I do not, at this point, have an explanation
for this large discrepancy.

The total persistence length is approximately 5� larger
than the Debye length of 0.1M NaCl (≃1 nm), indicating
that stiffness at this added salt concentration arises primarily
due to the intrinsic persistence of the cellulosic backbone.

B. Concentration and molar mass exponents in
semidilute solution

In an earlier study [53], three regions in the ηsp � N � c
parameter space of NaCMC/salt-free water were established:
I: ηsp / N1:4c0:68, II: ηsp / N1:8c1:5, and III: ηsp / N3c3:4.

FIG. 2. Determination of overlap concentration for samples CMC240k (4,
data from [75]), CMC145k (○), and CMC85k (□) in salt-free solution.
Best-fit lines are forced through the origin. c* is estimated from the crossing
of the black lines with the dashed red line, corresponding to ηsp(c*) ¼ 1.

FIG. 3. Intrinsic viscosity of NaCMC in 0.1M aqueous NaCl (circles) along
with fits to the wormlike chain model (lines). The parameters for the fits are
as follows: full black line: lp ¼ 6:5 nm, B ¼ 3 nm; dotted red line:
lp ¼ 5:5 nm, B ¼ 4:8 nm; dashed black line: lp ¼ 4:5 nm, B ¼ 6:5 nm.
d ¼ 1 nm and b0 ¼ 0:486 nm for all three curves. Data are from
[29,30,76,83–93] compiled in [53]. Data are for T ¼ 298 K.
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While regime I could be unambiguously assigned to the
semidilute nonentangled solutions, the origin of the depen-
dences observed for II and III was less clear. The concentra-
tion dependence of ηsp / c1:5 matches the prediction of
Eq. (15), but the N exponent observed is too low to identify
this as the entangled regime. Regime III has the typical N
dependence of an entangled polymer solution but displays a
concentration exponent significantly higher than that
expected by scaling theory [17,100]. In excess salt solution,
all data could be described by assuming two regimes: semidi-
lute nonentangled and semidilute entangled (see Fig. 4).

In what follows, it is assumed that regimes I and III corre-
spond to semidilute nonentangled and semidilute entangled
solutions, respectively, and that regime II corresponds to a
crossover between the two. There are two reasons to make
these assumptions: First, scaling theory does not correctly
describe several features of polyelectrolyte entanglement
[19,40,53], and, therefore, one should not assign too much
importance to the ηsp / c1:5 prediction of Eq. (15). Second,
the above assumptions allow for a consistent interpretation of
all datasets considered in this work.

Figure 4 plots the specific viscosity of samples CMC240k
and CMC145k in 0.1M NaCl as a function of the overlap
parameter (c[η]). Equation (9) with kH ¼ 0:45 describes the
data well up to c[η] ≃ 3, corresponding to ηsp ≃ 7. Data in
1 , c[η] , 3 interval are equally well described by Eq. (10).
The exponent at high concentrations tends to the previously
determined value of 4, which agrees with the prediction of
Eq. (15) (ηsp / c3:9) for ν ¼ 0:59 [53].

C. Determination of entanglement crossover

The entanglement concentration (ce) is estimated by fitting
a crossover function,

ηsp ¼ ηRouse[1þ (c=ce)
β], (18)

where ηRouse is determined by fitting the nonentangled vis-
cosity data to a power law of ηsp ¼ Acα, where A is left as a

free parameter and α is fixed at 0.68 and 1.25 for salt-free
and 0.1M NaCl solutions, respectively [101]. Following the
study of Lopez, the exponent β is set to 2.7 for both salt-free
and 0.1M NaCl solutions, see [19,45] and references therein.
The value of β ¼ 2:7 for salt-free solutions disagrees with
the prediction of β ¼ 1 of Dobrynin et al. [17]. The reason
for this discrepancy, as discussed in [19], is likely because
the Colby–Rubinstein conjecture on entanglement formation
does not hold for salt-free polyelectrolytes. The use of differ-
ent crossover functions, see, for example, Eq. (10) of [102]
gives very similar values of ce.

The critical entanglement degree of polymerization (NC)
is determined from the change of the viscosity with N at a
fixed polymer concentration.

ηsp ¼ KNδ[1þ (N=NC)
γ], (19)

where the exponents δ and γ are predicted by scaling theory
to be equal to 1 and 2.4, respectively, corresponding to the
Rouse and reptation limit of polymer dynamics.

In excess salt solution, a value of δ þ γ ≃ 3:5 was found
in an earlier study [53] in good agreement with the scaling
prediction (the exponents could not be established sepa-
rately). For salt-free solutions, values of δ ≃ 1:4+ 0:2 and
γ ≃ 1:6+ 0:3 were identified. In the present study, it is
found that the NC values obtained using the theoretical or the
best-fit exponents do not differ by more than ≃30% and the
theoretical exponents are, therefore, used.

Figure 5(a) displays the variation of the specific viscosity
of NaCMC in 0.1M NaCl solution as a function of the
degree of polymerization for several NaCMC concentra-
tions, along with fits to Eq. (19) (δ ¼ 1, γ ¼ 2:4). Data are
from this study and Refs. 29–32,53,75,83,85,87,88,90,91,93
and 103–109. Figure 5(b) compares the specific viscosity as a
function of the degree of polymerization for NaCMC in salt-
free and 0.1M NaCl solutions at a polymer concentration of
c ¼ 0:029M. In both cases, Eq. (19) describes experimental
results well.

The entanglement degree of polymerization (Ne) can be
estimated from the height of the G0 plateau,

GP ¼ cRT

M0Ne
: (20)

This method was applied by Horinaka et al. [110] to
NaCMC in ionic liquid 1-butyl-3-methylimidazolium acetate
(BmimAc). Our investigated frequency range does not allow
us to apply this method.

D. Effect of added salt on entanglement crossover

Figure 6(a) compares the overlap concentration of
NaCMC in salt-free and in 0.1M NaCl solutions. The addi-
tion of salt screens electrostatic interactions and leads to a
large decrease in R, with a corresponding increase in c*.
At the highest molecular weights considered (N ≃ 5000),
the addition of 0.1M NaCl leads to an increase in c* of
over 2 orders of magnitude with respect to salt-free solution.
Note that, since a best-fit exponent of ηsp / c0:68 is used,
these results differ slightly from those presented in [53].

FIG. 4. Specific viscosity as a function of the overlap parameter for samples
CMC240k before (▴) and after (▵) ultrasonic treatment in 0.1M aqueous
NaCl. Circles are the data of Barba et al. [30] for a 2:3� 105 g/mol, DS ¼
2:4 sample. The dotted line is the Huggins equation with kH ≃ 0:45. The
full lines are power-law exponents for nonentangled (1.25) and entangled
regimes (4).
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Figure 6(b) shows an analogous plot for the entanglement
concentration. The values extracted from Eqs. (18) and (19)
agree well. In contrast to c*, ce is not affected by the
addition of salt within the scatter of the data. This result is
consistent with an earlier study [19], which showed that
the entanglement concentration of an NaCMC sample with
N ≃ 1250 was independent of added salt in the range
5� 10�6 , cS=M , 2.

Equating the high concentration limits of Eqs. (16) and
(18) gives ce ¼ [B=(1þ kH)]

1=(α�m)[η]�1. Using the values of
kH , B, and m as well as the relation between [η] and N deter-
mined in an earlier study for 0.1M NaCl [53], ce ≃ 5[η]�1 is
found, which agrees well with the values plotted in Fig. 6.

The constant value of ce=c* ≃ 4:5 in 0.1M NaCl corre-
sponds to a chain size at the entanglement concentration of
R(ce) ≃ 0:8R(c*) � N0:6, using Eq. (8). On the other hand,
in salt-free solution, Eq. (5) gives R(ce) � N0:7. Thus, the
end-to-end chain size at the entanglement concentration in
both solvents shows a similar N dependence.

Figure 7 shows the viscosity of NaCMC solutions at the
entanglement concentration as a function of degree of poly-
merization. In excess of added salt (0.1M NaCl), ηsp(ce) ≃
25 independent of N is observed. This constant value is

consistent with results for neutral polymers in good solvent
[1,2,69]. In salt-free solution, the viscosity at ce increases
with the degree of polymerization.

V. DISCUSSION

Figure 8 summarizes the different concentration regimes
for NaCMC following the Graessley representation [114].
The dashed lines indicate c* ¼ [η]�1 and ce ≃ 4:5[η]�1,
where [η] is calculated using Yamakawa’s model, see Fig. 3.
The entanglement crossover for salt-free and 0.1M NaCl
solutions falls onto the same curve within experimental error.
The onset of the concentrated regime [ξ(cD) ¼ ξT ] is esti-
mated to be cD ≃ 0:05M for NaCMC in 0.1M [115]. The
concentrated crossover in salt-free solutions is expected to
occur at a higher concentration than in 0.1M NaCl.

FIG. 5. Determination of the entanglement degree of polymerization for
NaCMC. (a) Samples in 0.1M NaCl aqueous solution for polymer concentra-
tions of c ¼ 0:064M (□), c ¼ 0:029M (4), and c ¼ 0:0124M (○). Lines
are fits to Eq. (19). (b) Comparison of solutions with a polymer concentration
of c ¼ 0:029M in 0.1M NaCl (4) and salt-free (□) solutions. Lines are fits
to Eq. (19). Data are from this work and [29–32,53,75,83,85,87,88,90,91,93,
103–109].

FIG. 6. Effect of added salt on overlap and entanglement parameters. (a)
Overlap concentration in salt-free (full circles) and in 0.1M NaCl (hollow
circles) solutions as a function of the degree of polymerization N. Data are
from this work and [29–32,53,75,83–87,104,107–109,111–113] compiled in
[53] and this work. Lines indicate scaling theory power laws. (b)
Entanglement concentration in salt-free solution (full squares) and 0.1M
NaCl solution (hollow squares). Triangle is for 2M NaCl. Line is the scaling
theory prediction for polymers in good solvent. Data are from this work and
[29–32,53,75,83,85,87,88,90,91,103–109] compiled in [53] and this work.
Black symbols are (ce,N) points evaluated from Eq. (18), and red symbols
are (c, Ne) points evaluated from Eq. (19). See online version for color.
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Values of the entanglement degree of polymerization (Ne)
for NaCMC in BmimAc [110], calculated from Eq. (20), lie
≃50% above the trend observed for the critical degree of poly-
merization in 0.1M NaCl solution. This is consistent with data
for other flexible polymers in solution, where the value of the
critical molar mass [obtained from Eqs. (18) and (19)] is
found to be higher than the entanglement molar mass.

Overall, rheology data point to the insensitivity of ce, NC,
and Ne of NaCMC on the solution’s ionic strength. The vari-
ation of rheological properties with added salt in semidilute
entangled solution appears, therefore, to be largely the result
of a change in terms outside the square brackets in Eq. (18)
or the KNγ term in Eq. (19), with the entanglement crossover
and density being invariant upon changes in cS. This inter-
pretation is consistent with studies on other polyelectrolyte
systems, which have shown that Ne does not depend on
charge fraction [38,45] or cS [19,45,62].

The observations summarized above are incompatible with
the model of Dobrynin et al., which predicts ce / N�2 in salt-
free solution and GP / c�3=4

S for c . ce. Given these large dis-
agreements between the experimental results and the Dobrynin
model, some possible origins for the observed discrepancies
are considered next. The discussion here is limited to polyelec-
trolyte solutions in excess of added salt, for which the dilution
solution conformation is relatively well understood.

A. Static properties of semiflexible polyelectrolytes

The total persistence length of a polyelectrolyte contains an
intrinsic contribution (l p,0) and an electrostatic one (l p,e). The
intrinsic persistence length can be evaluated experimentally by
extrapolation to infinite ionic strength conditions. The total
persistence length is typically expressed as a sum of these two
terms: lp ¼ l p,0 þ l p,e. The conformation of dilute polyelectro-
lytes in the added salt range of 0:005 , cS=M , 1 can be
modeled by assuming that the electrostatic contribution varies
as a power law of the Debye screening length κ�1 so that

lp ≃ l p,0 þ E(κ�1)
μ
: (21)

Experimental data usually show an exponent of μ ≃ 0:7–
1.3 in dilute and semidilute solutions. Note that while poly-
electrolytes may adopt nonwormlike conformations, and
treating lp as a sum of two terms may not be entirely valid
[82], most dilute solution experimental data can be modeled
to a reasonably good accuracy using this kind of approxima-
tion [52,56–60].

Dilute solution data show that the excluded volume
strength (B) depends on the Debye screening length as
[52,57,60]

B ≃ B0 þ Aκ�1, (22)

FIG. 7. Dependence of the specific viscosity at the entanglement concentra-
tion on the degree of polymerization of NaCMC. Full symbols correspond to
salt-free solution and hollow symbols to 0.1M NaCl. Lines are guides to the
eye. Data are from this work and references as listed in Fig. 6.

FIG. 8. Concentration regimes of NaCMC solutions in salt-free (full symbols) and 0.1M NaCl (hollow symbols) solutions, following the Graesseley represen-
tation [114]. The concentrated crossover occurs when blobs have less than 130 chemical monomers. Circles and squares correspond to the overlap and entangle-
ment crossovers, respectively. The entanglement crossover includes datapoints obtained with Eqs. (18) (c, NC) and (19) (ce, N). The concentration regimes for
0.1M are shown by the dashed lines and the labels without boxes. Triangles are (c, Ne) data by Horinaka et al. for NaCMC in BmimAc [110]. Full symbols are
for salt-free solutions, and labels are in boxes.
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where A ≃ 3�6 for highly charged aqueous systems in the
0:005 , cS=M , 1 range and B0 corresponds to the hard-core
repulsion between polymer segments at infinite ionic strength.
Assuming a hard-core potential with a chain cross-sectional
diameter d, the intrinsic contribution to the excluded volume
can be approximated as B0 ¼ πd=2 [116]. The Dobrynin
model corresponds to Eqs. (21) and (22) for B0 ¼ 0, l p,0 ¼ 0
(intrinsically flexible polyelectrolytes), and μ ¼ 1.

Chains follow Gaussian statistics up to the thermal blob,
with size

ξT = 23=2lpgT ;p
1=2, (23)

where gT ,p ¼ lp=b0 is the number of persistence lengths
inside the thermal blob,

gT ,p ¼ 8(lp=B)
2:

The number of chemical monomers inside a thermal blob
is, therefore, gT ¼ (lp=b0)gT ,p. For N . gT , chains in dilute
solution are an expanded coil of thermal blobs with an
end-to-end distance of [1,117]

R ≃ ξT (N=gT )
0:59: (24)

The correlation length and chain size for N . gT and ξ . ξT
can be calculated using

ξ(c) ¼ R(c*)(c=c*)�0:77, (25)

R(c) ¼ R(c*)(c=c*)�0:125: (26)

In the following discussion, prefactors are largely
dropped, focusing instead on the cS exponents predicted by
Eqs. (21)–(26). The excess salt regime is subdivided into
three different regions:

Region I: For salt concentrations at which the electrostatic
terms of Eqs. (21) and (22) dominate, B � κ�1 and
lp � (κ�1)

μ
.

Region II: For semiflexible polyelectrolytes, at intermedi-
ate salt concentrations, there exists a regime for which lp ≃
l p,0 and B � κ�1. For example, at cS ¼ 0:1M, lp ≃ 1:1l p,0,
and B ≃ 1:2Bel for NaCMC.

Region III: At very high salt concentrations, the nonionic
terms of Eqs. (21) and (22) dominate and polyelectrolyte
chain dimensions are nearly independent of added salt.

If (somewhat arbitrarily) the cS value at which the cross-
over between regions I and II occurs (c0S) is set to
lp ¼ 1:3l p,0, c0S can be estimated as follows:

c0S = 9
3E
lp,0

� �2=μ

,

where the relation κ�1 ≃ 0:3c�1=2
S nm for monovalent salt

aqueous solutions has been used. For NaCMC,
c0S ≃ 0:01� 0:03M is obtained.

The cS value at which region III sets in (c00S) can be
approximated from B ≃ 1:3B0, yielding

c00S =
A

B0

� �2

,

which corresponds to c00S ≃ 1M for NaCMC.
Table II summarizes the dependence of some dilute solu-

tion properties on κ�1, based on Eqs. (21), (22), and (24) for
the three cases considered. Case I for μ ¼ 1 gives the expo-
nents of the model of Dobrynin et al., and for μ ¼ 0, it
reduces to regime II [118]. The exponents of Rdilute / c�0:09

S ,
D/ c0:09S , and c*/ c0:27S expected for regime II agree moder-
ately well with dilute solution data for NaCMC (see Tables
IV–VI in the Appendix). Overall, the data are in better agree-
ment with the equations derived in this section for case II
than they are with the equations outlined in the Introduction.

B. Revised scaling laws for polyelectrolyte
entanglement

Parameter C in Eq. (11) is expected by the Colby–
Rubinstein model by a constant for a given polymer-solvent
pair. In order to account for this variation, Milner [15] pro-
posed replacing C by

C ! C
lpck
ξT

� �1=3

, (27)

where l pck ¼ Nb3=[R2(c)]. The modified parameter C was
then found to be independent of the polymer-solvent pair for
the systems studied by Raspaud et al. [69]. Applying this
correction, the plateau modulus is modified by a factor of
F ¼ (ξT=l pck)

2=3 so that

Gp,M ¼ ξT
l pck

� �2=3 kBT

C2ξ3
: (28)

In the salt-free case, Milner’s corrections should not apply
because chains are expected to adopt Gaussian statistics at all
lengthscales larger than the total persistence length. This
occurs because the scaling theory expects the excluded
volume interactions to be screened at the same lengthscale as
the electrostatic persistence length [119].

Table III summarizes the κ�1 dependence of different quan-
tities for the three excess salt scenarios considered in Sec. V A.
Quantities with the subscript M refer to those where the
Milner correction has been applied. As before, case I for μ ¼
1 reduces to the predictions of the Dobrynin model.

TABLE II. Dependence of some dilute solution properties with the inverse
Debye screening length κ−1. Number represents exponent ζ so that for a
given quantity X [e.g., X = ξT, R(c), etc.], X∝ (κ−1)ζ.

Ia II III
B∼ κ−1, lp∼ κ−μ B∼ κ−1, lp∼ lp,0 B∼ B0, lp∼ lp,0

Rdilute 0.18 + 0.23μ 0.18 0
D −0.18− 0.23μ −0.18 0
c* −0.54− 0.69μ −0.54 0
ξ −0.24− 0.3μ −0.24 0

aReduces to the model of Dobrynin et al. [17] for μ = 1. The exponent λ of
the various quantities on cS (X / cλS) is given by λ =−ζ/2.
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Interestingly, Table III reveals that once the effects of the
intrinsic rigidity and Eq. (27) have been taken into account,
there is a broad range of added salt concentrations (cS . c0S)
for which the entanglement properties (ce,M and Gp,M) are
expected to be essentially salt-independent, in agreement with
the data presented in this paper, e.g., Fig. 6(a) and earlier
work [19,45]. The independence of ce at lower salt concentra-
tions remains unexplained. According to Table III, as the salt
concentration is decreased below c0S, a regime where Gp,M and
ce,M strongly depend on cS is expected. The dependence
becomes stronger as the exponent μ increases; for the OSF
case (μ ¼ 1), Table III gives a dependence of Gp,M / c�2:5

S ,
and for the Dobrynin case (μ ¼ 1), a weaker dependence of
Gp,M / c�1:3

S is expected. Note that since these equations are
derived in the excess salt limit [in the low salt limit, Eqs. (25)
and (26) do not hold], they cannot be applied to the data in
Fig. 6(a) for cS ≲ 0:02M, which roughly corresponds to c0S. It
is, therefore, not possible at this point to provide an experi-
mental test for the predictions of regime I.

Additionally, a detailed test of the validity of these predic-
tions would require an accurate knowledge of the parameters
B0, A, lK,0, D, and μ, which would allow us to establish the
boundaries between the different regimes. Unfortunately,
these quantities are known only approximately, and it is,
therefore, not possible to properly check whether the correc-
tions to the scaling picture outlined here are sufficient to
explain some of the discrepancies between theory and experi-
ments observed in this study.

Regime I should be most easily observed in intrinsically
flexible polyelectrolyte solutions. Experimental data
[38,40,68] for the variation of the entanglement density with
added salt and charge density for flexible systems do not
agree with the Dobrynin model or with the scaling laws pre-
sented in this section.

In summary, the experimental data discussed in this paper
and in earlier literature [19,38,45] support a broad indepen-
dence of the entanglement density and entanglement cross-
over of flexible [38,45] and semiflexible [19] polyelectrolytes
on the added salt concentration, which is not expected from
the scaling of Dobrynin et al. Applying Milner’s corrections
to the Colby–Rubinstein model of polymer entanglement can

account for the observed independence of GP and ce on cS
only over a limited cS. At low added salt concentrations
(cS , c0S), experimental results cannot be explained by the
various models considered.

VI. CONCLUSIONS

The variation of the overlap and entanglement concentra-
tions of NaCMC as a function of added salt and molecular
weight is established. Rheological data for NaCMC in
salt-free water and aqueous salt solutions suggest that electro-
statics only have a small influence on the entanglement
properties of NaCMC despite strongly affecting its conforma-
tion. While it is possible to rationalize the independence
of the entanglement properties on cS at high added salt
concentration, it is not at present possible to explain their
independence in the low cS region.
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APPENDIX: DILUTE SOLUTION PROPERTIES
OF NaCMC

TABLE III. Dependence of various quantities on the inverse Debye
screening length κ−1. Entries represent exponent ζ so that for a given
quantity X [e.g., X = ξT, R

2(c), etc.], X∝ (κ−1)ζ. The different exponents are
calculated for the excess salt scenario so that Eqs. (7) and (8) apply.
Quantities with the subscript M refer to those where the Milner correction is
applied. The exponent λ of the various quantities on cS (X / cλS) is given by
λ =−ζ/2.

Ia II III
B∼ κ−1, lp∼ κ−μ B∼ κ−1, lp∼ lp,0 B∼ B0, lp∼ lp,0

ξT 2μ− 1 −1 0
R2(c) 0.23 + 0.29μ 0.23 0
lpck/ξT 0.78− 2.3μ 0.78 0
aM 0.023− 1.1μ 0.023 0

ce,M −0.14− 1.9μ −0.14 0
Gp∝ ξ−3 0.71 + 0.9μ 0.71 0
Gp,M 0.19 + 2.4μ 0.19 0

TABLE IV. Exponent λ relating the radius of gyration (Rg) to the added
salt concentration: Rg / cλRS . Values in brackets correspond to using a low
salt limit of 0.01M.

Reference N cS (M) λR

Brown et al. [29,103] 600–4300 0.005–0.2 0.17 (0.16)
Trap and Herrmans [120] 760 3.75 × 10−4–0.19 0.1 (0.07)
Schneider and Doty [86] 2000 0.005–0.5 0.08 (0.06)

TABLE V. Exponent λ relating the diffusion coefficient (D) to the added
salt concentration: D/ cλDS . Values in brackets correspond to using a low
salt limit of 0.01M. Exponent calculated assuming that D is proportional to
the sedimentation coefficient for a given molecular weight.

Reference N cS (M) λD

Brown et al. [29,103] 600–4300 0.005–0.2 0.07–0.11 (0.05–0.1)
Sitaramaiah and
Goring [121]

1500–3000 0.001–0.1 0.12 (0.12)

TABLE VI. Exponent λ relating the overlap concentration (c*≡ [η]−1) to
the added salt concentration: c*/ cλ[η]S .

Reference N cS (M) λ[η]

Brown et al. [29,103] 600–4300 0.005–0.2 0.2–0.27
Fujita and Homma [122] 760 2.5 × 10−4–0.05 0.24
Schneider and Doty [86] 2000 0.005–0.5 0.24
Moan and Wolff [90] 131 9 × 10−4–0.1 0.21
Pals and Herrmans [123] 560–1600 3.75 × 10−4–0.192 0.24–0.27
Chatterjee and Das [124] 200 10−4–0.1 0.3
Lopez et al. [53] (sample 320k) 1250 10−3–0.01 0.39
Lopez et al. [53] (sample 320k) 1250 0.02–2 0.13
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