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M ost of Africa is near the equator, this distorts the size in a 2d projection.
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Polymers

http://www.eng.uc.edu/~gbeaucag/Classes/IntrotoPolySci/PolymerChemicalStructure.html
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Polymers

http://www.eng.uc.edu/~gbeaucag/Classes/IntrotoPolySci/PolymerChemicalStructure.html

F ro m  B ird , A rm s t ro n g , H a s s a g e r , "D y n a m ic s  o f P o ly m e r ic  L iq u id s , V o l. 1 "

Polymer Rheology

http://www.eng.uc.edu/~gbeaucag/Classes/Processing/Chapter3html/Chapter3.html
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Polymers

Paul Flory [1] states that "…perhaps the most significant 
structural characteristic of a long polymer chain… (is) its capacity 
to assume an enormous array of configurations."

1)  Principles of Polymer Chemistry,  Flory PJ, (1953).
ww.eng.uc.edu/~gbeaucag/Classes/IntrotoPolySci/WhatIsAPolymerPlastic.html
http://www.eng.uc.edu/~gbeaucag/Classes/IntrotoPolySci/MacroMolecularMaterials.html

http://www.eng.uc.edu/~gbeaucag/Classes/IntrotoPolySci/Pictu
resDNA.html

Which are Polymers?

http://www.eng.uc.edu/~gbeaucag/Classes/IntrotoPolySci/What Does Searching 

Configurational Space Mean for Polymers.html

http://www.eng.uc.edu/~gbeaucag/Classes/IntrotoPolySci/PicturesDNA.html
http://www.eng.uc.edu/~gbeaucag/Classes/IntrotoPolySci/What%20Does%20Searching%20Configurational%20Space%20Mean%20for%20Polymers.html
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Random Walk Generator (Manias Penn State)
http://zeus.plmsc.psu.edu/~manias/MatSE443/Study/7.html

-Polymers do not have a discrete size, shape or conformation.

-Looking at a single simulation of a polymer chain is of no use.

-We need to consider average features.

-Every feature of a polymer is subject to a statistical description.

-Scattering is a useful technique to quantify a polymer since it describes structure from a statistically averaged perspective.

-Rheology is a major property of interest for processing and properties

-Simulation is useful to observe single chain behavior in a crowded environment etc.

http://zeus.plmsc.psu.edu/~manias/MatSE443/Study/7.html
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Polymers
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Polymers

From J. R. Fried, 
"Polymer Science and Technology"

From Bird, Armstrong, Hassager, "Dynamics of 
Polymeric Liquids Vol. 1"

Viscosity versus Rate of Strain Zero Shear Rate Viscosity versus 
Molecular Weight

Specific Viscosity 
versus Concentration 
for Solutions
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Polymers

If polymers are defined by dynamics why should we 
consider first statics?

Statistical Mechanics: Boltzmann (1896)
Statistical Thermodynamics: Maxwell, Gibbs (1902)

We consider the statistical average of a thermally 
determined structure, an equilibrated structure

Polymers are a material defined by dynamics and 
described by statistical thermodynamics

Newtonian Bulk Flow

Mesh or
Entanglement 
Size

Power Law Fluid/Rubbery 
Plateau

Kuhn Length

Local Molecular 
Dynamics
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Polymers

Newtonian Bulk Flow

Mesh or
Entanglement 
Size

Power Law Fluid/Rubbery 
Plateau

Kuhn Length

Local Molecular 
Dynamics



Small Angle Neutron Scattering
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Synthetic Polymer Chain Structure
(A Statistical Hierarchy)
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Synthetic Polymer Chain Structure
(A Statistical Hierarchy)

Consider that all linear polymer chains can be reduced to 
a step length and a free, universal joint
This is the Kuhn Model and the step length is called the 
Kuhn length, lK

This is extremely easy to simulate
1)Begin at the origin, (0,0,0)
2)Take a step in a random direction to (i, j, k)
3)Repeat for N steps

On average for a number of these “random walks” we will 
find that the final position tends towards (0,0,0) since 
there is no preference for direction in a “random” walk

The walk does have a breadth (standard deviation), i.e. 
depending on the number of steps, N, and the step length 
lK, the breadth of the walk will change.

lK just changes proportionally the scale of the walk so 
<R2>1/2 ~ lK
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Synthetic Polymer Chain Structure
(A Statistical Hierarchy)

The walk does have a breadth, i.e. depending on the 
number of steps, N, and the step length lK, the breadth of 
the walk will change.

lK just changes proportionally the scale of the walk so 
<R2>1/2 ~ lK

The chain is composed of a series of steps with no orientational relationship to each other.
So <R> = 0
<R2> has a value:

We assume no long range interactions so that the second term can be 0.

<R2>1/2 ~ N1/2 lK
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Synthetic Polymer Chain Structure
(A Statistical Hierarchy)

<R2>1/2 ~ N1/2 lK

This function has the same origin as the function describing the root mean 
square distance of a diffusion pathway
<R2>1/2 ~ t1/2(2D)1/2

So the Kuhn length bears some resemblance to the diffusion coefficient

And the random walk polymer chain bears some resemblance to Brownian 
Motion

The random chain is sometimes called a “Brownian Chain”, a drunken walk, 
a random walk, a Gaussian Coil or Gaussian Chain among other names.
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Random Walk Generator (Manias Penn State)
http://zeus.plmsc.psu.edu/~manias/MatSE443/Study/7.html

-Polymers do not have a discrete size, shape or conformation.

-Looking at a single simulation of a polymer chain is of no use.

-We need to consider average features.

-Every feature of a polymer is subject to a statistical description.

-Scattering is a useful technique to quantify a polymer since it 
describes structure from a statistically averaged perspective.

http://zeus.plmsc.psu.edu/~manias/MatSE443/Study/7.html
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Worm-like Chain
Freely Jointed Chain
Freely Rotating Chain
Rotational Isomeric State Model Chain (RISM)
Persistent Chain
Kuhn Chain

These refer to the local state of the polymer chain. 

Generally the chain is composed of chemical bonds
that are directional, that is they are rods connected at their ends.

These chemical steps combine to make an effective 
rod-like base unit, the persistence length, 
for any synthetic polymer chain (this is larger than the chemical step).

The persistence length can be measured in scattering
or can be inferred from rheology through the Kuhn length

lK = 2 lP

The Primary Structure for Synthetic Polymers
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The Primary Structure for Synthetic Polymers
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The synthetic polymer is composed of linear bonds, covalent or ionic bonds have a direction.

Coupling these bonds into a chain involves some amount of memory of this direction for 
each coupled bond.  

Cumulatively this leads to a persistence length that is longer than an individual bond.  

Observation of a persistence length requires that the persistence length is much larger than 
the diameter of the chain.  Persistence can be observed for worm-like micelles, synthetic 
polymers, DNA but not for chain aggregates of nanoparticles, strings or fibers where the 
diameter is on the order of the persistence length.

http://www.eng.uc.edu/~gbeaucag/Classes/Introto
PolySci/PicturesDNA.html

http://www.eng.uc.edu/~gbeaucag/Classes/IntrotoPolySci/PicturesDNA.html
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The Gaussian Chain

Boltzman Probability
For a Thermally Equilibrated System

Gaussian Probability
For a Chain of End to End Distance R

By Comparison The Energy to stretch a Thermally Equilibrated Chain Can be Written
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The Gaussian Chain

Boltzman Probability
For a Thermally Equilibrated System

Gaussian Probability
For a Chain of End to End Distance R

By Comparison The Energy to stretch a Thermally Equilibrated Chain Can be Written

Force Force

Assumptions:
-Gaussian Chain
-Thermally Equilibrated
-Small Perturbation of Structure (so it 
is still Gaussian after the deformation)
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The Gaussian Chain

Boltzman Probability
For a Thermally Equilibrated System

Gaussian Probability
For a Chain of End to End Distance R

Use of P(R) to Calculate Moments:

Mean is the 1’st Moment:
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The Gaussian Chain

Boltzman Probability
For a Thermally Equilibrated System

Gaussian Probability
For a Chain of End to End Distance R

Use of P(R) to Calculate Moments:

Mean is the 1’st Moment:

This is a consequence of symmetry of the 
Gaussian function about 0.
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The Gaussian Chain

Boltzman Probability
For a Thermally Equilibrated System

Gaussian Probability
For a Chain of End to End Distance R

Use of P(R) to Calculate Moments:

Mean Square is the 2’ndMoment:



3 5

The Gaussian Chain

Gaussian Probability
For a Chain of End to End Distance R

Mean Square is the 2’ndMoment:

There is a problem to solve this integral since we can 
solve an integral of the form k exp(kR) dR
R exp(kR2) dR but not R2 exp(kR2) dR

There is a trick to solve this integral that is of importance 
to polymer science and to other random systems that 
follow the Gaussian distribution.



3 6

http://www.eng.uc.edu/~gbeaucag/Classes/Properties/GaussianProbabilityFunctionforEnd.pdf
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The Gaussian Chain

Gaussian Probability
For a Chain of End to End Distance R

Mean Square is the 2’nd Moment:

So the Gaussian function for a polymer coil is:
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The Gaussian Chain

Means that the coil size scales with n1/2

Or
Mass ~ n ~ Size2

Generally we say that 
Mass ~ Sizedf

Where df is the mass fractal dimension
A Gaussian Chain is a kind of 2-dimensional object like a disk.



3 9

The Gaussian Chain

A Gaussian Chain is a kind of 2-dimensional object like a disk.

The difference between a Gaussian Chain and a disk lies 
in other dimensions of the two objects.  

Consider an electric current flowing through the chain, it 
must follow a path of n steps.  For a disk the current 
follows a path of n1/2 steps since it can short circuit 
across the disk.  If we call this short circuit path p we 
have defined a connectivity dimension c such that:
pc ~ n
And c has a value of 1 for a linear chain and 2 for a disk
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The Gaussian Chain

A Gaussian Chain is a kind of 2-dimensional object like a disk.
A linear Gaussian Chain has a connectivity dimension of 1 while 
the disk has a connectivity dimension of 2.

The minimum path p is a fractal object and has a dimension, dmin so that,
p ~ Rdmin

For a Gaussian Chain dmin = 2 since p is the path n
For a disk dmin = 1 since the short circuit is a straight line.

We find that df = c dmin

There are other scaling dimensions but they can all be related to two 
independent structural scaling dimensions such as c and dmin

or dmin and df



Disk Random Coil

� 

df = 2
dmin =1
c = 2

� 

df = 2
dmin = 2
c =1

Extended β-sheet
(misfolded protein) Unfolded Gaussian chain
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� 

p ~ R
d
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s ~ R
d

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 
c

Tortuosity Connectivity

How Complex Mass Fractal Structures
Can be Decomposed

� 

df = dminc� 

z ~ R
d

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 
d f

~ pc ~ sdmin

z df p dmin s c R/d

27 1.36 12 1.03 22 1.28 11.2
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Fibers follow either Gaussian or Self-avoiding 
structure depending on binding of fibers

Orientation partly governs separation

Pore size and fractal structure govern wicking
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The persistence length is created due to interactions between 
units of the chain that have similar chain indices

These interactions are termed �short-range interactions� because they 
involve short distances along the chain minimum path

Short-range interactions lead to changes in the chain persistence.  For example,
restrictions to bond rotation such as by the addition of short branches can lead to increases
in the persistence length in polymers like polyethylene.  Short-range interactions can be 
more subtle.  For instance short branches in a polyester can disrupt a natural tendency to 
form a helix leading to a reduction in the persistence length, that is making the chain more
flexible.  

All interactions occur over short spatial distances, short-range interactions occur over 
short-distances but the distinguishing feature is that they occur over short differences in 
chain index.

Short-range interactions do not have an effect on the chain scaling.

Short-Range Interactions

The Primary Structure for Synthetic Polymers
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Short-Range Interactions

Consider the simplest form of short range interaction
We forbid the chain from the preceding step

Consider a chain as a series of steps ri

ri is a vector of length r and there are n such vectors in the chain

The mean value for ri+1 is 0

bk is a unit vector in a coordinate system, 
6 of these vectors in a cubic system

The Primary Structure for Synthetic Polymers
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Short-Range Interactions

For exclusion of the previous step this sum 
does not equal 0

so

The Primary Structure for Synthetic Polymers
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Short-Range Interactions

For Gaussian Chain

yields

For SRI Chain the first term is not 0.

and

http://www.eng.uc.edu/~gbeaucag/Classes/Physics/Chapter1.pdf

For Cartesian simulation z = 6 and beff is 1.22 b so about a 25% increase for one step self-
avoidance.

The Primary Structure for Synthetic Polymers



4 8

Short-Range Interactions

http://www.eng.uc.edu/~gbeaucag/Classes/Physics/Chapter1.pdf

Short-Range Interactions 
Increase the persistence length

Chain scaling is not effected by short-range interactions.

The Primary Structure for Synthetic Polymers
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Short-Range Interactions

http://www.eng.uc.edu/~gbeaucag/Classes/Physics/Chapter1.pdf

What kinds of short-range interactions can we expect

-Bond angle restriction
-Bond rotation restriction
-Steric interactions
-Tacticity
-Charge (poly electrolytes)
-Hydrogen bonds
-Helicity

The Primary Structure for Synthetic Polymers
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Short-Range Interactions

http://www.eng.uc.edu/~gbeaucag/Classes/Physics/Chapter1.pdf

What kinds of short-range interactions can we expect

-Bond angle restriction
-Bond rotation restriction

Characteristic Ratio, C∞

R2 = nKuhnlKuhn
2 = LlKuhn = C∞nBondlBond

2 = C∞LlBond
lKuhn ~ bEffective

C∞ = lKuhn
lBond

The Primary Structure for Synthetic Polymers
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Short-Range Interactions

http://www.eng.uc.edu/~gbeaucag/Classes/Physics/Chapter1.pdf

What kinds of short-range interactions can we expect

-Bond angle restriction
-Bond rotation restriction

The Characteristic Ratio varies with N 
due to chain end effects.  There is 
generally an increase in C with N and it 
plateaus at high molecular weight.

C∞ = lKuhn
lBond

The Primary Structure for Synthetic Polymers
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Short-Range Interactions

The Primary Structure for Synthetic Polymers

http://www.eng.uc.edu/~gbeaucag/Classes/Physics/Chapter1.pdf

What kinds of short-range interactions can we expect

-Bond angle restriction
-Bond rotation restriction
-Steric interactions
-Tacticity
-Charge (poly electrolytes)
-Hydrogen bonds
-Helicity
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Short-Range Interactions

The Primary Structure for Synthetic Polymers

http://www.eng.uc.edu/~gbeaucag/Classes/Physics/Chapter1.pdf

What kinds of short-range interactions can we expect

-Bond angle restriction
-Bond rotation restriction

http://cbp.tnw.utwente.nl/PolymeerDictaat/node4.html

Polyethylene
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Short-Range Interactions

The Primary Structure for Synthetic Polymers

http://www.eng.uc.edu/~gbeaucag/Classes/Physics/Chapter1.pdf

What kinds of short-range interactions can we expect

-Bond angle restriction
-Bond rotation restriction

ButaneEthane



5 5

Short-Range Interactions

The Primary Structure for Synthetic Polymers

http://www.eng.uc.edu/~gbeaucag/Classes/Physics/Chapter1.pdf

What kinds of short-range interactions can we expect

-Bond angle restriction
-Bond rotation restriction

Characteristic Ratio, C∞

R2 = nKuhnlKuhn
2 = LlKuhn = C∞nBondlBond

2 = C∞LlBond
lKuhn ~ bEffective

C∞ = lKuhn
lBond
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Short-Range Interactions

The Primary Structure for Synthetic Polymers

http://www.eng.uc.edu/~gbeaucag/Classes/Physics/Chapter1.pdf

What kinds of short-range interactions can we expect

-Bond angle restriction
-Bond rotation restriction

Consider a freely rotating chain that has a bond 
angle restriction of 109.5 �C∞ = lKuhn

lBond
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Short-Range Interactions

The Primary Structure for Synthetic Polymers

Consider a freely rotating chain that has a bond 
angle restriction of 109.5 � = τ

C C

C
109.5� θ
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Short-Range Interactions

The Primary Structure for Synthetic Polymers

Consider a freely rotating chain that has a bond 
angle restriction of 109.5 � = τ

For a Freely Rotating Polyethylene Chain

http://books.google.com/books?id=Iem3fC7XdnkC&pg=PA23&lpg=PA23&dq=coil+expansion+factor
&source=bl&ots=BGjRfhZYaU&sig=I0OPb2VRuf8Dm8qnrmrhyjXyEC8&hl=en&sa=X&ei=fSV0T-
XqMMHW0QHi1-T_Ag&ved=0CF0Q6AEwBw#v=onepage&q=coil%20expansion%20factor&f=false

Moderate Flexibility
High Rotational Flexibility
Lower Rot. Flexibility

Bond angles 109.5�: 104.5�
C∞ = lKuhn

lBond
=1.40
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Short-Range Interactions

The Primary Structure for Synthetic Polymers

Consider a freely rotating chain that has a bond 
angle restriction of 109.5 � = τ

http://books.google.com/books?id=Iem3fC7XdnkC&pg=PA23&lpg=PA23&dq=coil+expansion+factor
&source=bl&ots=BGjRfhZYaU&sig=I0OPb2VRuf8Dm8qnrmrhyjXyEC8&hl=en&sa=X&ei=fSV0T-
XqMMHW0QHi1-T_Ag&ved=0CF0Q6AEwBw#v=onepage&q=coil%20expansion%20factor&f=false

If we consider restrictions to bond 
rotation for first order interactions

C∞ = lKuhn
lBond

=> 3.4

C∞ = lKuhn
lBond



6 0

Short-Range Interactions

The Primary Structure for Synthetic Polymers

Alexei Khokhlov in Soft and Fragile Matter (2000)

C ontour length  per m onom er is 2  * bond length

C∞ = lKuhn
lBond
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Scattering Observation of the Persistence Length

A power-law decay of -1 slope has only one structural interpretation.

The Primary Structure for Synthetic Polymers

θ
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The Primary Structure for Synthetic Polymers
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http://www.eng.uc.edu/~gbeaucag/Classes/MorphologyofComplexMaterials/Persistence/Persistence.h
tml



Other measures of Local Structure

6 5

Kuhn Length, Persistence Length:  Static measure of step size

Tube Diameter:  Dynamic measure of chain lateral size

Packing Length:  Combination of static and dynamic measure of local structure
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Chain dynamics in the melt can be described by a small set of �physically motivated, 
material-specific paramters�

Tube Diameter dT

Kuhn Length lK
Packing Length p

Packing Length and Tube Diameter

Larson Review of Tube Model for Rheology

http://www.eng.uc.edu/~gbeaucag/Classes/MorphologyofComplexMaterials/SukumaranScience.pdf
http://sor.scitation.org/doi/pdf/10.1122/1.1567750
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Quasi-elastic neutron scattering data 
demonstrating the existence of the tube

Unconstrained motion => S(q) goes to 0 at very long times

Each curve is for a different q = 1/size

At small size there are less constraints (within the tube)

At large sizes there is substantial constraint (the tube)

By extrapolation to high times 
a size for the tube can be obtained
dT

Strobel Chapter 8

u reflects Rouse behavior. In plots versus u, 

deviations from ideal Rouse Behavior indicate 
tube constraints.
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Julia Higgins Review Article (2016)

http://www.annualreviews.org/doi/pdf/10.1146/annurev-chembioeng-080615-034429
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There are two regimes of hierarchy in time dependence
Small-scale unconstrained Rouse behavior
Large-scale tube behavior

We say that the tube follows a �primitive path�
This path can �relax� in time  = Tube relaxation or Tube Renewal

A model called Tube Dilation also exists to describe deviations between the 
tube model and experiment

Without tube renewal the Reptation model predicts that viscosity follows N3

(observed is N3.4)
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Without tube renewal the Reptation model predicts that viscosity follows N3 (observed is N3.4)
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Reptation predicts that the diffusion coefficient will follow N2 (Experimentally it follows N2)
Reptation has some experimental verification
Where it is not verified we understand that tube renewal is the main issue.

(Rouse Model predicts D ~ 1/N)

Fick’s Second Law
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Reptation of DNA in a concentrated solution
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Simulation of the tube
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Simulation of the tube
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Origin of the Packing Length:

C ontem porary Top ics in  Po lym . Sci.  Vo l. 6  M u ltiphase  M acrom o lecu lar System s, C u lbertson BM  Ed .
Theory o f Stress D istribution  in  B lock  C opo lym er M icrodom ains, W itten  TA , M ilner ST, W ang Z -G  p. 656

Consider a di-block copolymer domain interface
(and blends with homopolymers as a compatibilizer)

http://pubs.rsc.org/en/content/articlehtml/2012/cs/c2cs35115c

Packing Length
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http://pubs.rsc.org/en/content/articlehtml/2012/cs/c2cs35115c
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Free Energy Contributions:
Interfacial Energy Proportional to the Total Surface Area
(makes domains large to reduce surface area)
Sur = χkTAdt/Vc

dt is the thickness of the interfacial layer where the A-B junction is located
A is the cross sectional area of a polymer chain
Vc is the occupied volume of a unit segment of a polymer chain

The total occupied volume of a block copolymer chain is Voccupied = NAB Vc;
This occupied volume is also given by Voccupied = dAB A where dAB is the length of the block 
copolymer chain assuming it forms a cylindrical shaped object and the block copolymer domain 
spacing. 

Energy of Elongation of Polymer Chains, Elastic Energy
(makes domains small)  
Assumes that one end is at the interface and the other end must fill the space.
Chain = -3kT dAB2/(2<R2>) = -3kT NABVc2/(lK2A2)
dAB = NAB Vc/A from above and <R2> = NABlK2

The free energy will be minimized in A to obtain the optimum phase size dAB.  So it is the 
packing of the chains at the interface that governs the phase behavior of BCP’s.

ΔG/kT = χkTAdt/Vc - 3kT NABVc2/(2(lKA) 2

d(ΔG/kT)/dA = χdt/Vc + 3 NABVc2/(lK2A3) = 0
A = {3 NABVc3/(lK2χdt)}1/3

dAB = NAB Vc/A = NAB2/3/(3lK2χdt) 1/3  This is verified by experiment (Hashimoto papers)
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A is the cross sectional area of a polymer chain
Vc is the occupied volume of a unit segment of a polymer chain
Voccupied = NAB Vc The total occupied volume of a block copolymer chain

Witten defines a term “a” that he calls the intrinsic elasticity of a polymer chain
Elastic Energy/(3kT) = a <R2>/(2Voccupied) where a =Voccupied/<R02> = Voccupied/(NK lK2)
(Previously we had the spring constant kspr/kT = 3/<R02> = 3a/Voccupied; a = kspr Voccupied/3)

“a” has units of length and is termed by Witten the “packing length” since it relates to the 
packing or occupied volume for a chain unit, Voccupied.  “a” is a ratio between the packing 
volume and the molar mass as measured by <R02>.

Since Voccupied = NK Vc, and <R02> = NK lK2, then a = Vc/lK2, so the packing length relates to 
the lateral occupied size of a Kuhn unit, the lateral distance to the next chain.  This is a kind 
of “mesh size” for the polymer melt.  The cross sectional area, A, is defined by “a”, A = πa2, 
and Vc = a lK2, so the BCP phase size problem can be solved using only the parameter “a”.

Three terms arise from the consideration of microphase separation

C ontem porary Top ics in  Po lym . Sci.  Vo l. 6  M u ltiphase  M acrom o lecu lar System s, C u lbertson BM  Ed .
Theory o f Stress D istribution  in  B lock  C opo lym er M icrodom ains, W itten  TA , M ilner ST, W ang Z -G  p. 656
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Other uses for the packing length

The packing length is a fundamental parameter for calculation of dynamics for a 
polymer melt or concentrated solution.

Plateau modulus of  a polymer melt G ~ 0.39 kT/a3

Structural Control of  “a”

a = m0/(ρ lK l0)

Vary mass per chain length, m0/l0

C ontem porary Top ics in  Po lym . Sci.  Vo l. 6  M u ltiphase  M acrom o lecu lar System s, C u lbertson BM  Ed .
Theory o f Stress D istribution  in  B lock  C opo lym er M icrodom ains, W itten  TA , M ilner ST, W ang Z -G  p. 656

L in , Y-H  M acro. 20 3080 (1987)

Lohse D T  J. M acrom ol. Sci. Pa r t C  Po lym . Rev. 45 298 (2005).

file:///Users/beaucag/Avaratec%20Desktop/public_html/Classes/Properties/Lin_ma00178a024_PackingLength.pdf
file:///Users/beaucag/Avaratec%20Desktop/public_html/Classes/Properties/Lohse%20Review%202005%2018807217.pdf
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Low Frequency  G’ ~ ω2

From definition of viscoelastic

High Frequency G’ ~ ω1/2

From Rouse Theory for Tg

Plateau follows rubber elasticity
G’ ~ 3kT/(NK,e lK2)

Strobl, Physics of Polymers
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Plateau Modulus

Not Dependent on N, Depends on T and concentration



8 2

this implies that dT ~ p
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Kuhn Length- conformations of chains  <R2> = lKL

Packing Length- length were polymers interpenetrate  p = 1/(ρchain <R2>)
where ρchain is the number density of monomers
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Structure and  linear v iscoelastic ity  o f flex ib le  po lym er so lutions: com parison  o f po lyelectro lyte  and  neutra l 
po lym er so lutions R . C o lby, R heo. A cta 49 425-442 (2010) 

http://www.eng.uc.edu/~beaucag/Classes/Properties/Colby%20c*%20vs%20ce%20polyelectrolytes%20Review.pdf


Summary





Decem ber 11 2 hours (Som e Theoretical Basis)
Questions

Long-range interactions and chain scaling
Flory-Krigbaum theory
The sem i-dilute and concentrated regim es
Blob theory (the tensile, concentration, and therm al blobs)
Coil collapse/protein folding

Questions

Short Course on Polym er Physics
Dire Dawa University

Greg Beaucage
Prof. of Chem ical and M aterials Engineering

University of Cincinnati, Cincinnati OH

Decem ber 10 2 hours (General Descriptions)
Physical description of an isolated polym er chain

Dim ensionality and fractals
Short-range and long-range interactions
Packing length and tube diam eter
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Long Range Interactions
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Long-R ange  Interactions

B oltzm an Probab ility
For a  Therm ally  Equ ilib rated  System

G aussian  Probab ility
For a  C ha in  o f End  to  End  D istance R

By C om parison  The Energy to  stretch  a  Therm ally  Equ ilib rated  C ha in  C an  be W ritten

For a  C ha in  w ith  Long-R ange Interactions There  is  and  A dd itiona l Term

So,

F lory-Krigbaum  Theory
Resu lt is  ca lled  a  Se lf-Avo id in g  W alk

The  Secondary  Structure  for Synthetic Po lym ers

Number of pairs

n n −1( )
2!
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R2 =
R2

30

4000

∫ exp −3R2

2nlk
2 − n

2Vexcluded
2R3

⎛
⎝⎜

⎞
⎠⎟
dR

exp −3R2

2nlk
2 − n

2Vexcluded
2R3

⎛
⎝⎜

⎞
⎠⎟
dR

30

4000

∫
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Linear Po lym er C hains have  Tw o Possib le  Secondary  Structure  States:

Self-Avo id in g  W alk
G ood  So lvent
Expanded  C o il
(Th e N orm al C ond ition  in  So lution)

G aussian  C ha in
R andom  W alk
Theta-C ond ition
B row nian  C ha in
(The N orm al C ond ition  in  the  M elt/So lid )

The  Secondary  Structure  for Synthetic Po lym ers

These are  statistica l features. That is, a  sing le  sim ulation  o f a  SAW  and  a  G C  cou ld  look 
identica l.
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Linear Po lym er C hains have  Tw o Possib le  Secondary  Structure  States:

Self-Avo id in g  W alk

G ood  So lvent

Expanded  C o il

(Th e N orm al C ond ition  in  So lution)

G aussian  C ha in

R andom  W alk

Theta-C ond ition

B row nian  C ha in

(The N orm al C ond ition  in  the  M elt/So lid )

The  Secondary  Structure  for Synthetic Po lym ers

C onsider go ing  from  d ilu te  cond itions, c  <  c* , to  the  m elt by  increasing  concentration .

The transition  in  cha in  s ize  is  gradua l not d iscrete.

Synthetic  po lym ers at therm al equ ilib rium  accom m odate concentration  changes through  a  sca ling  transition .  

Prim ary, Secondary, Tertia ry  Structures.
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We have considered an athermal hard core potential

But Vc actually has an inverse temperature component associated with enthalpic interactions 
between monomers and solvent molecules

The interaction energy between a monomer and the polymer/solvent system is on average 
<E(R)> for a given end-to-end distance R (defining a conformational state).  This modifies 
the probability of a chain having an end-to-end distance R by the Boltzmann probability,

<E(R)> is made up of pp, ps, ss interactions with an average change in energy on solvation of 
a polymer Δε = (εpp+εss-2εps)/2

For a monomer with z sites of interaction we can define a unitless energy parameter 
χ = zΔε/kT that reflects the average enthalpy of interaction per kT for a monomer

PBoltzman (R) = exp
− E(R)
kT

⎛
⎝⎜

⎞
⎠⎟
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E(R) = kT 3R2

2nl2
+
n2Vc 12 − χ( )

R3
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

E(R)
kT

= n
2Vcχ
R3

For a monomer with z sites of interaction we can define a unitless energy parameter 
χ = zΔε/kT that reflects the average enthalpy of interaction per kT for a monomer

The volume fraction of monomers in the polymer coil is nVc/R3

And there are n monomers in the chain with a conformational state of end-to-end distance 
R so,

We can then write the energy of the chain as,

This indicates that when χ = ½ the coil acts as if it were an ideal chain, excluded volume 
disappears.  This condition is called the theta-state and the temperature where χ = ½ is 
called the theta-temperature.  It is a critical point for the polymer coil in solution.
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R* = R0
* n1 2V0 1 2 − χ( )

b3
⎛
⎝⎜

⎞
⎠⎟

1 5
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R* = R0
* n1 2V0 1 2 − χ( )

b3
⎛
⎝⎜

⎞
⎠⎟

1 5
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ΔG
kTNcells

= φA

NA

lnφA +
φB
NB

lnφB +φAφBχ

Flory-Huggins Equation

dΔG
dφ

= 0 Miscibility Limit
Binodal

d 2ΔG
dφ 2

= 0 Spinodal

d3ΔG
dφ 3

= 0 Critical Point

All three equalities apply
At the critical point

http://rkt.chem.ox.ac.uk/lectures/liqsolns/regular_solutions.html

http://rkt.chem.ox.ac.uk/lectures/liqsolns/regular_solutions.html
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Tc = θ (1-2Φ c)
L inear Relationsh ip
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Consider also Φ* which is the coil 
composition, generally below the 
critical composition for normal n 
or N

φ* = n
V

= n
R3

   ~ n−4
5  (for good solvents) 

or ~ n-1
2  (for theta solvents)

Overlap Composition
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Overlap Composition

Φ *

B oth  Φ * and  Φ c depend  on  
1/√N

B elow  Φ * th e com p osition  is  
fixed  s ince  the  co il can  not be  
d ilu ted!
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Overlap Composition

Φ *

B oth  Φ * and  Φ c depend  on  
1/√N

B elow  Φ * th e com p osition  is  
fixed  s ince  the  co il can  not be  
d ilu ted!

So  there  is  a  reg im e of co il 
co llapse  b elow  th e b inoda l at 
Φ * in  com position  and  
tem p eratu re

C oil
C o llapse
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Overlap Composition

Φ *

B oth  Φ * and  Φ c depend  on  
1/√N

B elow  Φ * th e com p osition  is  
fixed  s ince  the  co il can  not be  
d ilu ted!

So  there  is  a  reg im e of co il 
co llapse  b elow  th e b inoda l at 
Φ * in  com position  and  
tem p eratu re

C oil
C o llapse

Phase 
Separation

Θ
C oil

G S-C o il
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For a polymer in solution there is an inherent concentration to the chain
since the chain contains some solvent

The po lym er concentration  is  M ass/Vo lum e, w ith in  a  cha in

W hen the so lution  concentration  m atches c*  the  cha ins �overlap�
Then  an  ind iv idua l cha in  is  can  not be  reso lved  and  the cha ins entang le
Th is  is  ca lled  a  concentrated  so lution , the  reg im e near c*  is  ca lled  sem i-d ilu te
and  the reg im e below  c*  is  ca lled  d ilu te
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In concentrated solutions with chain overlap 
chain entanglements lead to a higher solution viscosity

J.R . Fried  Introduction  to  Po lym er Science
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How does a polymer chain respond to external  perturbation?
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The Gaussian Chain

Boltzman Probability
For a Thermally Equilibrated System

Gaussian Probability
For a Chain of End to End Distance R

By Comparison The Energy to stretch a Thermally Equilibrated Chain Can be Written

Force Force

Assumptions:
-Gaussian Chain
-Thermally Equilibrated
-Small Perturbation of Structure (so 
it is still Gaussian after the deformation)
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Tensile Blob

For weak perturbations of the chain 

Application of an external stress to the ends of a chain 
create a transition size where the coil goes from Gaussian 
to Linear called the Tensile Blob.

For Larger Perturbations of Structure 
-At small scales, small lever arm, structure remains Gaussian
-At large scales, large lever arm, structure becomes linear
Perturbation of Structure leads to a structural transition at a 
size scale ξ
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Because the mechanical response of a polymer chain depends on its size or mass, n

F = dE
dR

= 3kT
nlK

2 R = ksprR

kspr =
3kT
nlK

2

Mechanical deformation leads to a transition size scale, ζ

For sizes smaller than ζ the structure is not perturbed.
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This can be generalized to say that any response of a polymer chain (or any other 
mass fractal structure) will depend on its size or mass, n, and will lead to a 
transition size scale called a ‘blob’.  There are three classic types of blobs:  Thermal 
blob (de Gennes), Concentration blob (Edwards) and Tensile blob (Pincus)

Mechanical deformation leads to a transition size scale, ζ

For sizes smaller than ζ the structure is not perturbed.
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This can be generalized to say that any response of a polymer chain (or any other 
mass fractal structure) will depend on its size or mass, n, and will lead to a 
transition size scale called a ‘blob’.  There are three classic types of blobs:  Thermal 
blob (de Gennes), Concentration blob (Edwards) and Tensile blob (Pincus)

Mechanical deformation leads to a transition size scale, ζ

For sizes smaller than ζ the structure is not perturbed.

c* ~ n
R3
~ n
n
9
5
= n−45

Overlap concentration depends on size so depending on sub-segment size a chain 
component can be in dilute (low n, df = 5/3) or concentrated (high n, df = 2) regimes
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This can be generalized to say that any response of a polymer chain (or any other 
mass fractal structure) will depend on its size or mass, n, and will lead to a 
transition size scale called a ‘blob’.  There are three classic types of blobs:  Thermal 
blob (de Gennes), Concentration blob (Edwards) and Tensile blob (Pincus)

Mechanical deformation leads to a transition size scale, ζ

For sizes smaller than ζ the structure is not perturbed.

Chain Energy depends on size so depending on sub-segment size a chain component 
can have large excluded volume component and be in good solvent (high n, df = 5/3) 
regime or small excluded volume component and be in theta solvent (low n, df = 2) 
regime

E(R) = kT 3R2

2nl2
+
n2Vc 12 − χ( )

R3
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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Semi-Dilute Solution Chain Statistics
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In dilute solution the coil contains a concentration c* ~ 1/[η]

for good solvent conditions

At large sizes the coil acts as if it were in a concentrated solution (c>>>c*), df = 2.  At 
small sizes the coil acts as if it were in a dilute solution, df = 5/3.  There is a size scale, ξ, 
where this �scaling transition� occurs.

We have a primary structure of rod-like units, a secondary structure of expanded coil 
and a tertiary structure of Gaussian Chains.

What is the value of ξ?

ξ is related to the coil size R since it has a limiting value of R for c < c* and has a scaling 
relationship with the reduced concentration c/c*

There are no dependencies on n above c* so (3+4P)/5 = 0 and P = -3/4

For semi-dilute solution the coil contains a concentration c > c*
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Coil Size in terms of the concentration

This is called the �Concentration Blob�

ξ = b N
nξ

⎛

⎝⎜
⎞

⎠⎟

3
5

~ c
c*

⎛
⎝⎜

⎞
⎠⎟
−3
4

nξ ~
c
c*

⎛
⎝⎜

⎞
⎠⎟
3
4( ) 53( )

= c
c*

⎛
⎝⎜

⎞
⎠⎟
5
4( )

R = ξnξ
1
2 ~ c

c*
⎛
⎝⎜

⎞
⎠⎟
−3
4 c
c*

⎛
⎝⎜

⎞
⎠⎟
5
8( )
= c

c*
⎛
⎝⎜

⎞
⎠⎟
−1
8
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Thermal Blob

Chain expands from the theta condition to fully expanded gradually.
At small scales it is Gaussian, at large scales expanded (opposite of concentration blob).
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Thermal Blob
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Thermal Blob

Energy Depends on n,  a chain with a mer unit of length 1 and n = 10000
could be re cast (renormalized) as a chain of unit length 100 and n = 100
The energy changes with n so depends on the definition of the base unit

Smaller chain segments have less entropy so phase separate first.
We expect the chain to become Gaussian on small scales first.
This is the opposite of the concentration blob.

Cooling an expanded coil leads to local chain structure collapsing to a Gaussian structure first.
As the temperature drops further the Gaussian blob becomes larger until the entire chain is
Gaussian at the theta temperature.
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Thermal Blob

Flory-Krigbaum Theory yields:

By equating these:
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Tensile Blob

Concentration
Blob

Thermal Blob

ξConcentration ~ RGood Solvent
c
c*

⎛
⎝⎜

⎞
⎠⎟
−3

4
~ bN

3
5 c
c*

⎛
⎝⎜

⎞
⎠⎟
−3

4
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E(R) = kT 3R2

2nl2
+
n2Vc 12 − χ( )

R3
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟ χ = zΔε

kT
= B
T

Lower-Critical Solution Temperature (LCST)

Polymers can order or disorder on 
mixing leading to a noncombinatorial 
entropy term, A in the interaction 
parameter.

χ = A + B
T

If the polymer orders on mixing then A 
is positive and the energy is lowered.

If the polymer-solvent shows a specific 
interaction then B can be negative.

This Positive A and Negative B favors 
mixing at low temperature and 
demixing at high temperature, LCST 
behavior.

ΔG
kTNcells

= φA

NA

lnφA +
φB
NB

lnφB +φAφBχ
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E(R) = kT 3R2

2nl2
+
n2Vc 12 − χ( )

R3
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

χ = zΔε
kT

= B
T

Lower-Critical Solution Temperature (LCST)

χ = A + B
T

Poly vinyl methyl ether/Water
PVME/PS

Also see Poly(N-isopropylacrylamide)/Water

http://www.sigmaaldrich.com/technical-documents/articles/material-matters/poly-n-isopropylacrylamide.html
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Coil Collapse Following A. Y. Grosberg and A. R. Khokhlov “Giant Molecules”

Grosberg uses:  α 2 = R2

R0
2

Rather than the normal definition used by Flory: α = R2

R0
2

What Happens to the left of the theta temperature?

http://www.eng.uc.edu/~beaucag/Classes/Properties/Book.pdf
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R ~ R0α = z1 2bα ~ z3 5B1 5b
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Generally B is negative and C is positive, i.e. favors coil collapse
So C is important below the theta temperature to model the coil to globule transition
For simplicity we ignore higher order terms because C is enough to give the gross features
Of this transition.  Generally it is known that this transition can be either first order for 
Biopolymers such as protein folding, or second order for synthetic polymers.
First order means that the first derivative of the free energy is not continuous, i.e. a jump in 
Free energy at a discrete transition temperature, such as a melting point.
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Φ *

C oil

C o llapse
Phase 

Separation

Θ

C oil

G S-C o il

C onsider the  co il o f length  n  as com posed  of g*  cha in  

subun its  each  w ith  (n/g*) Kuhn  un its  o f length  lk.  g*  

can  b e any va lu e b etw een  on e an d  n .  

Sm all s ize  g*  un its  have a  low er Tc com p ared  to  la rge  

s ize  g*  un its.
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!

Blob model for coil collapse

R2 ~ g*

Assume Gaussian
Collection of
Blobs
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R2 ~ g*
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R2 ~ g*

α is > 1  for expansion
< 1 for contraction
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Ratio of C/B determines behavior, the collapsed coil is 3d
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!
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!
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!
G enera lly  it is  kn ow n that th is  transition  can  be e ither first order for 
B iopo lym ers such  as prote in  fo ld ing , or second  order for synthetic  po lym ers.
F irst order m eans that the  first derivative  o f the  free  energy is  not continuous, i.e . a  jum p in  
Free energy at a  d iscrete  transition  tem perature, such  as a  m elting  po int.
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1.5  Theta
1.6  Expanded
0.774 Sphere
0.92  D ra in ing  Sphere
(W e w ill Look at th is  
further)



Summary





Decem ber 19 2 hours (Analytic Techniques for Polym er 
Physics)

Questions
M easurem ent of the size of a polym er chain
Rg, Rh, Reted

Sm all-angle neutron, x-ray scattering and static light scattering
Intrinsic viscosity

Dynam ic light scattering
Osm otic Pressure
Polym er m elt rheology
Questions

Short Course on Polym er Physics
Addis Ababa University

Greg Beaucage
Prof. of Chem ical and M aterials Engineering

University of Cincinnati, Cincinnati OH
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Size of a Chain, “R”
(You can not directly measure the End-to-End Distance)
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What are the measures of Size, “R”,  for a polymer coil?

Radius of Gyration, Rg

http://www.eng.uc.edu/~gbeaucag/Classes/Physics/Chapter1.pdf
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What are the measures of Size, “R”,  for a polymer coil?

Radius of Gyration, Rg

2.45 Rg = Reted

Rg is a direct measure of the end-to-end distance for a 
Gaussian Chain

http://www.eng.uc.edu/~gbeaucag/Classes/Physics/Chapter1.pdf
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Static Light Scattering for Rg

� 

I q( ) = IeNne
2 exp −Rg

2q2
3

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ Guinier’s Law

Guinier Plot linearizes this function

ln I q( )
G

⎛
⎝⎜

⎞
⎠⎟
= −

Rg
2

3
q2        G = IeNne

2

The exponential can be expanded at low-
q and linearized to make a Zimm Plot

G
I q( ) = 1+

Rg
2

3
q2

⎛

⎝⎜
⎞

⎠⎟
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Ped ersen  Som m er Paper 2005

file:///Users/beaucag/Avaratec%20Desktop/public_html/Classes/Properties/PedersonSommer2882_10993675_Chapter_9.pdf
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Zimm Plot

I q( ) = G

exp
q2Rg

2

3
⎛
⎝⎜

⎞
⎠⎟

G
I(q)

= exp
q2Rg

2

3
⎛

⎝⎜
⎞

⎠⎟
≈1+

q2Rg
2

3
+ ...

Plot is linearized by G I q( )  versus q2

q = 4π
λ
sin θ

2
⎛
⎝⎜

⎞
⎠⎟

Concentration part will be described later
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Static L ight Scattering  for R ad ius of G yration

G uin ier�s Law

Beaucage G J. Appl. Cryst. 28 717-728 (1995). 

� 

γGaussian r( ) = exp −3r2
2σ 2( )

σ 2 =
xi −µ( )2

i=1

N

∑
N −1

= 2Rg
2

� 

I q( ) = IeNne
2 exp −Rg

2q2
3

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

Lead  Term  is  

� 

I(1/ r) ~ N r( )n r( )2

� 

I(0) = Nne
2

� 

γ0 r( ) =1− S
4V

r + ...

A  partic le  w ith  no  surface

� 

r⇒ 0  then  d γGaussian r( )( )
dr⇒ 0

C onsider b inary  interference at a  d istance � r� for a  partic le  w ith  arb itrary  orientation

Rotate  and  translate  a  partic le  so  that tw o po ints separated  by r lie  in  the  partic le  for a ll rotations

and  average the structures at these  d ifferent orientations

B inary  A utocorre lation

Function

Scattered  Intensity  is  the  Fourier Transform  of

The B inary  A utocorre lation  Function
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Tw o possib ilities for an  arrow  w ith  both  ends in  a  partic le
(A ) D ifferent Partic les =>  G u in ier ’s Law
(B ) Sam e Partic le  =>  Surface  Scattering
(O n ly  near the  surface  is  there  constructive  interference w ith  no  interm ed iate  
destructive  vector at ½  the d istance r)
There  is  a  transition  betw een  (A ) and  (B ) near r =  R g
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Debye Scattering Function for Gaussian Polymer Coil

gn rn( ) =
δ rn − Rm − Rn( )( )

m=1

N

∑
N

g r( ) = 1
2N 2 gn rn( )

n=1

N

∑ = 1
2N 2 δ r − Rm − Rn( )( )

m=1

N

∑
n=1

N

∑
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g q( ) = drg r( )exp iqir( )∫ = 1
2N 2 exp iqi Rm − Rn( )( )

m=1

N

∑
n=1

N

∑

D ebye Paper D eriv ing  th is  Equation  

http://www.eng.uc.edu/~beaucag/Classes/Properties/the%20collected%20papers%20of%20Peter%20J.%20W.%20Debye,%20pgs%20500-513;%20547-558%20copy.pdf
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Low-q and High-q Limits of Debye Function

At high q the last term => 0
Q-1 => Q
g(q) => 2/Q ~ q-2

Which is a mass-fractal scaling law with df = 2

At low q,  exp(-Q) => 1-Q+Q2/2-Q3/6+…
Bracketed term => Q2/2-Q3/6+…

g(q) => 1-Q/3+… ~ exp(-Q/3) = exp(-q2Rg2/3)

Which is Guinier’s Law
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Measurement of the Hydrodynamic Radius, Rh

http://www.eng.uc.edu/~gbeaucag/Classes/Properties/HydrodyamicRadiu
s.pdf

RH = kT
6πηD

1
RH

= 1
2N 2

1
ri − rjj=1

N

∑
i=1

N

∑ Kirkwood, J. Polym. Sci. 12 1(1953).η[ ] = 4 3πRH
3

N
http://theor.jinr.ru/~kuzemsky/kirkbio.html

http://onlinelibrary.wiley.com/store/10.1002/pol.1954.120120102/asset/120120102_ftp.pdf?v=1&t=hn7imqlb&s=a762417d841e792c768f6c6cef85b4f1a904ac28
http://theor.jinr.ru/~kuzemsky/kirkbio.html
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Viscosity

Native state has the smallest volume
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Intrinsic, specific & reduced “viscosity”

τ xy =η γ xy Shear Flow (may or may not exist in a capillary/Couette geometry)

η =η0 1+φ η[ ]+ k1φ 2 η[ ]2 + k2φ 3 η[ ]3 ++ kn−1φ
n η[ ]n( )

n = order of interaction (2 = binary, 3 = ternary etc.)

1
φ

η −η0

η0

⎛
⎝⎜

⎞
⎠⎟
= 1
φ

ηr −1( ) = ηsp

φ
Limit φ=>0⎯ →⎯⎯⎯ η[ ] = VH

M

(1)

We can approximate (1) as:

ηr =
η
η0

=1+φ η[ ]exp KMφ η[ ]( ) Martin Equation

U track i and  Jam ieson “Po lym er Physics From  Suspensions to  N anocom posites and  Beyond” 2010 C hapter 1
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Intrinsic, specific & reduced “viscosity”

η =η0 1+ c η[ ]+ k1c2 η[ ]2 + k2c3 η[ ]3 ++ kn−1c
n η[ ]n( )

n = order of interaction (2 = binary, 3 = ternary etc.)

1
c

η −η0

η0

⎛
⎝⎜

⎞
⎠⎟
= 1
c
ηr −1( ) = ηsp

c
Limit c=>0⎯ →⎯⎯⎯ η[ ] = VH

M

(1)

We can approximate (1) as:

ηr =
η
η0

=1+ c η[ ]exp KMc η[ ]( ) Martin Equation

U track i and  Jam ieson “Po lym er Physics From  Suspensions to  N anocom posites and  Beyond” 2010 C hapter 1

ηsp

c
= η[ ]+ k1 η[ ]2 c Huggins Equation

ln ηr( )
c

= η[ ]+ k1' η[ ]2 c Kraemer Equation 
(exponential expansion)
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Kulicke  &  C lasen  “V iscosim etry o f Po lym ers and  Po lye lectro lytes (2004)

Intrinsic, specific & reduced “viscosity”

η =η0 1+ c η[ ]+ k1c2 η[ ]2 + k2c3 η[ ]3 ++ kn−1c
n η[ ]n( )

n = order of interaction (2 = binary, 3 = ternary etc.)

1
c

η −η0

η0

⎛
⎝⎜

⎞
⎠⎟
= 1
c
ηr −1( ) = ηsp

c
Limit c=>0⎯ →⎯⎯⎯ η[ ] = VH

M

(1)

Concentration Effect

ηsp

φ
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Kulicke  &  C lasen  “V iscosim etry o f Po lym ers and  Po lye lectro lytes (2004)

Intrinsic, specific & reduced “viscosity”

η =η0 1+ c η[ ]+ k1c2 η[ ]2 + k2c3 η[ ]3 ++ kn−1c
n η[ ]n( )

n = order of interaction (2 = binary, 3 = ternary etc.)

1
c

η −η0

η0

⎛
⎝⎜

⎞
⎠⎟
= 1
c
ηr −1( ) = ηsp

c
Limit c=>0⎯ →⎯⎯⎯ η[ ] = VH

M

(1)

Concentration Effect, c*
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Kulicke  &  C lasen  “V iscosim etry o f Po lym ers and  Po lye lectro lytes (2004)

Intrinsic, specific & reduced “viscosity”

η =η0 1+ c η[ ]+ k1c2 η[ ]2 + k2c3 η[ ]3 ++ kn−1c
n η[ ]n( )

n = order of interaction (2 = binary, 3 = ternary etc.)

1
c

η −η0

η0

⎛
⎝⎜

⎞
⎠⎟
= 1
c
ηr −1( ) = ηsp

c
Limit c=>0⎯ →⎯⎯⎯ η[ ] = VH

M

(1)

Solvent Quality

ηsp

φ
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Kulicke  &  C lasen  “V iscosim etry o f Po lym ers and  Po lye lectro lytes (2004)

Intrinsic, specific & reduced “viscosity”

η =η0 1+ c η[ ]+ k1c2 η[ ]2 + k2c3 η[ ]3 ++ kn−1c
n η[ ]n( )

n = order of interaction (2 = binary, 3 = ternary etc.)

1
c

η −η0

η0

⎛
⎝⎜

⎞
⎠⎟
= 1
c
ηr −1( ) = ηsp

c
Limit c=>0⎯ →⎯⎯⎯ η[ ] = VH

M

(1)

Molecular Weight Effect

ηred =
ηsp

c
= η[ ]+ kH η[ ]2 c

Huggins Equation

ηsp

φ
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Viscosity

For the Native State Mass ~ ρ VMolecule

Einstein Equation (for Suspension of 3d Objects)

For “Gaussian” Chain Mass ~ Size2 ~ V2/3

V ~ Mass3/2

For “Expanded Coil”  Mass ~ Size5/3 ~ V5/9

V ~ Mass9/5

For “Fractal”  Mass ~ Sizedf ~ Vdf/3

V ~ Mass3/df
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Viscosity

For the Native State Mass ~ ρ VMolecule

Einstein Equation (for Suspension of 3d Objects)

For “Gaussian” Chain Mass ~ Size2 ~ V2/3

V ~ Mass3/2

For “Expanded Coil”  Mass ~ Size5/3 ~ V5/9

V ~ Mass9/5

For “Fractal”  Mass ~ Sizedf ~ Vdf/3

V ~ Mass3/df

“Size” is the
“Hydrodynamic Size”
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Intrinsic, specific & reduced “viscosity”

η =η0 1+ c η[ ]+ k1c2 η[ ]2 + k2c3 η[ ]3 ++ kn−1c
n η[ ]n( )

n = order of interaction (2 = binary, 3 = ternary etc.)

1
c

η −η0

η0

⎛
⎝⎜

⎞
⎠⎟
= 1
c
ηr −1( ) = ηsp

c
Limit c=>0⎯ →⎯⎯⎯ η[ ] = VH

M

(1)

Temperature Effect

η0 = Aexp
E
kBT

⎛
⎝⎜

⎞
⎠⎟

V iscosity  itse lf has a  strong  tem perature  dependence.  B ut intrinsic  v iscosity  depends on  tem perature  as far as co il 
expansion  changes w ith  tem perature  (R H3). 

W eaker and  
O p p osite  D ep en d en cy
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Intrinsic “viscosity” for colloids (Simha, Case Western)

η =η0 1+ vφ( ) η =η0 1+ η[ ]c( )

η[ ] = vNAVH
M

For a solid object with a surface v is a constant in molecular weight, depending only on shape

For a symmetric object (sphere) v = 2.5  (Einstein)

For ellipsoids v is larger than for a sphere,

η[ ] = 2.5
ρ

 ml g

J = a/b

prolate

oblate

a, b, b :: a>b

a, a, b :: a<b

v = J 2

15 ln 2J( )− 3 2( )

v = 16J
15tan−1 J( )
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Intrinsic “viscosity” for colloids (Simha, Case Western)

η =η0 1+ vφ( ) η =η0 1+ η[ ]c( )

η[ ] = vNAVH
M

Hydrodynamic volume for “bound” solvent

VH = M
NA

v2 +δSv1
0( )

Partial Specific Volume
Bound Solvent (g solvent/g polymer)
Molar Volume of Solvent

v2
δS
v1
0
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Intrinsic “viscosity” for colloids (Simha, Case Western)

η =η0 1+ vφ( ) η =η0 1+ η[ ]c( )

η[ ] = vNAVH
M

Long cylinders (TMV, DNA, Nanotubes)

η[ ] = 2
45

πNAL
3

M ln J +Cη( )
J=L/d

Cη End Effect term ~ 2 ln 2 – 25/12   Yamakawa 1975
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Hydrodynamic Radius from 
Dynamic Light Scattering

http://www.eng.uc.edu/~gbeaucag/Classes/Properties/HydrodyamicRadiu
s.pdf

http://www.eng.uc.edu/~gbeaucag/Classes/Physics/DLS.pdf

http://www.eng.uc.edu/~gbeaucag/Classes/Properties/HiemenzRajagopala
nDLS.pdf

http://www.eng.uc.edu/~gbeaucag/Classes/Properties/HydrodyamicRadius.pdf
http://www.eng.uc.edu/~gbeaucag/Classes/Physics/DLS.pdf
http://www.eng.uc.edu/~gbeaucag/Classes/Properties/HiemenzRajagopalanDLS.pdf
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Consider motion of 
molecules or nanoparticles in 
solution

Particles move by Brownian Motion/Diffusion
The probability of finding a particle at a distance x from the 
starting point at t = 0 is a Gaussian Function that defines the 
diffusion Coefficient, D

ρ x, t( ) = 1
4πDt( )1 2

e
−x

2

2 2Dt( )

x2 =σ 2 = 2Dt

A laser beam hitting the solution will display a fluctuating 
scattered intensity at “q” that varies with q since the 
particles or molecules move in and out of the beam
I(q,t)
This fluctuation is related to the diffusion of the particles

The Stokes-Einstein relationship states that D is related to RH,

D = kT
6πηRH



191

For static  scattering  p (r) is  the  b inary  spatia l auto -corre lation  fu n ction

W e can  a lso  con sid er corre lation s in  tim e, b in ary  tem p ora l corre lation  fu n ction
g1(q ,τ)

For dynam ics w e consider a  s ing le  va lue  of q  or r and  w atch  how  the intensity  changes w ith  tim e
I(q ,t)

W e con sid er corre lation  b etw een  inten sities sep arated  by t
W e n eed  to  su btract th e  con stant inten sity  d u e to  scatterin g  at d ifferent s ize  sca les
and  consider on ly  the  fluctuations at a  g iven  s ize  sca le , r or 2π /r =  q

V ideo  of Speckle  Pattern (http://www.youtube.com/watch?v=ow6F5HJhZo0)

http://www.youtube.com/watch?v=ow6F5HJhZo0


D ynam ic L ight Scattering  (http://www.eng.uc.edu/~gbeaucag/Classes/Physics/DLS.pdf)

Q e = quantum  effic iency

R  =  2π /q

Es = am plitude of scattered  w ave

q  or K  squared  s ince  s ize  sca les w ith  the  square  root o f tim e  x2 =σ 2 = 2Dt

http://www.eng.uc.edu/~gbeaucag/Classes/Physics/DLS.pdf
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D ynam ic L ight Scattering

a  =  R H = H ydrodynam ic R ad ius

The radius of an equivalent sphere following Stokes’ Law
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D ynam ic L ight Scattering

h t tp : / /w w w .e n g .u c .e d u /~ g b e a u c a g /C la s s e s /P h y s ic s /D L S .p d f

m y D LS  w eb  page

W iki

h t tp : / /w e b c a c h e .g o o g le u s e rc o n te n t .c om /s e a rc h ? q = c a c h e :e Y 3 x h iX 1 1 7 IJ :e n .w ik ip e d ia .o rg /w ik i/D y n am ic _ lig h t_ s c a t te r in g + & c d = 1 & h l= e n & c t= c ln k & g l= u s

W iki E inste in  Stokes

h t tp : / /w e b c a c h e .g o o g le u s e rc o n te n t .c om /s e a rc h ? q = c a c h e :y Z D P R b q Z 1 B IJ :e n .w ik ip e d ia .o rg /w ik i/E in s te in _ re la t io n _ (k in e t ic _ th e o ry )+ & c d = 1 & h l= e n & c t= c ln k & g l= u s

http://www.eng.uc.edu/~gbeaucag/Classes/Physics/DLS.pdf
http://webcache.googleusercontent.com/search?q=cache:eY3xhiX117IJ:en.wikipedia.org/wiki/Dynamic_light_scattering+&cd=1&hl=en&ct=clnk&gl=us
http://webcache.googleusercontent.com/search?q=cache:yZDPRbqZ1BIJ:en.wikipedia.org/wiki/Einstein_relation_(kinetic_theory)+&cd=1&hl=en&ct=clnk&gl=us
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Diffusing Wave Spectroscopy (DWS)

Will need to come back to this after introducing dynamics
And linear response theory

http ://www.form ulaction .com /technology-dws.htm l

http://www.formulaction.com/technology-dws.html


196

R g/R H R atio

R g  reflects spatia l d istribution  of structure

R H reflects d yn am ic resp on se, d rag  coeffic ient in  term s of an  eq u iva lent sp h ere

W hile  both  depend  on  “size” they have d ifferent dependencies on  the  deta ils  o f structure

If the  structure  rem ains the  sam e and  on ly  the  am ount or m ass changes the  ratio  betw een  these  param eters rem ains 
con stant.  So  th e ratio  d escrib es, in  som ew ay, th e  stru ctu ra l con n ectiv ity, th at is , h ow  th e stru ctu re  is  p u t togeth er.

Th is  can  a lso  be  considered  in  the  context o f the  
“un iversa l constant ”

η[ ] =Φ
Rg
3

M

Lederer A  et a l. A ngew andte  C hem i 52  4659 (2013).
(http://www.eng.uc.edu/~gbeaucag/Classes/Properties/DresdenRgbyRh4
659_ftp.pdf)

http://www.eng.uc.edu/~gbeaucag/Classes/Properties/DresdenRgbyRh4659_ftp.pdf
file:///Users/beaucag/Avaratec%20Desktop/public_html/Classes/Properties/DresdenRgbyRh4659_ftp.pdf
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R g/R H R atio

Lederer A et al. Angewandte Chemi 52 4659 (2013).
(http://www.eng.uc.edu/~gbeaucag/Classes/Properties/DresdenRgbyR
h4659_ftp.pdf)

file:///Users/beaucag/Avaratec%20Desktop/public_html/Classes/Properties/DresdenRgbyRh4659_ftp.pdf
http://www.eng.uc.edu/~gbeaucag/Classes/Properties/DresdenRgbyRh4659_ftp.pdf
file:///Users/beaucag/Avaratec%20Desktop/public_html/Classes/Properties/DresdenRgbyRh4659_ftp.pdf
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R g/R H R atio

B urchard , Schm idt, S tockm ayer, M acro . 13  1265 (1980) 
(http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhRatioBurchard
ma60077a045.pdf) 

http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhRatioBurchardma60077a045.pdf
http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhRatioBurchardma60077a045.pdf
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R g/R H R atio

B urchard , Schm idt, S tockm ayer, M acro . 13  1265 (1980) 
(http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhRatioBurchard
ma60077a045.pdf) 

http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhRatioBurchardma60077a045.pdf
http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhRatioBurchardma60077a045.pdf
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R g/R H R atio

W ang X ., Q iu X . , W u C . M acro . 31  2972 (1998). 

(http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhPNIPA
AMma971873p.pdf)

1 .5  =  R andom  C o il

~0 .56  =  G lobu le

G lobu le  to  C o il =>  Sm ooth  Transition

C oil to  G lobu le  =>  Interm ediate  State

Less than  (3/5)
1/2

= 0 .77  (sphere)

http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhPNIPAAMma971873p.pdf
http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhPNIPAAMma971873p.pdf
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R g/R H R atio

W ang X ., Q iu X . , W u C . M acro . 31  2972 (1998). 

(http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhPNIPA
AMma971873p.pdf)

1 .5  =  R andom  C o il

~0 .56  =  G lobu le

G lobu le  to  C o il =>  Sm ooth  Transition

C oil to  G lobu le  =>  Interm ediate  State

Less than  (3/5)
1/2

= 0 .77  (sphere)

http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhPNIPAAMma971873p.pdf
http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhPNIPAAMma971873p.pdf
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R g/R H R atio

Zhou  K ., Lu  Y. ,  L i J., Shen  L ., Zhang  F., X ie  Z ., W u C .  M acro . 41  
8927 (2008). 
(http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhCoilto
Globulema8019128.pdf)

1 .5  to  0 .92  (>  0 .77  for sphere)

http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhPNIPAAMma971873p.pdf
http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhCoiltoGlobulema8019128.pdf
http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhPNIPAAMma971873p.pdf
http://www.eng.uc.edu/~gbeaucag/Classes/Properties/RgbyRhPNIPAAMma971873p.pdf
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R g/R H R atio

Th is  ratio  has a lso  been  
re lated  to  th e sh ap e of 
a  co llo ida l partic le
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Osmotic Pressure

Solute molecules move with kT and exert a pressure like a gas on the 
walls of the vessel.  This is the osmotic pressure.  

We can use this to count the number of solute molecules, n (π is a 
colligative property).  For a known mass used to make the solution we 
can obtain the number average molecular weight.

π = n
V

⎛
⎝⎜

⎞
⎠⎟ kT
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Osmotic Pressure

π = n
V

⎛
⎝⎜

⎞
⎠⎟ kT
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Osmotic Pressure
π = n

V
⎛
⎝⎜

⎞
⎠⎟ kT

For non-Ideal conditions we consider a 
power-series in number concentration, ρ, 
called a virial expansion.

π
kT

= B1ρ + B2ρ
2 + B3ρ

3 + B4ρ
4 + ...

The first virial coefficient is trivial.  The second 
virial coefficient pertains to binary interactions 
(if we are considering enthalpic effects).

ρ = n
V

= Mass
V

1
MW( )n

= φ
N

π
kT

= φ
N

+ A2φ
2 + A3φ

3 + A4φ
4 + ... A2 = 1

2 − χ( )

For a  m onom er w ith  z sites of in teraction  we can  define a  un itless energy param eter 

χ = zΔε /kT  tha t reflects the average en tha lpy of in teraction  per kT  for a  m onom er



Osmotic Pressure
π = n

V
⎛
⎝⎜

⎞
⎠⎟ kT

For non-Ideal conditions we consider a 
power-series in number concentration, ρ, 
called a virial expansion.

π
kT

= B1ρ + B2ρ
2 + B3ρ

3 + B4ρ
4 + ... ρ = n

V
= Mass

V
1

MW( )n
= φ
N

Heimez 
“Colloidal 
Chemistry”
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π
kT

= φ
N

+ A2φ
2 + A3φ

3 + A4φ
4 + ... A2 = 1

2 − χ( )

For a  m onom er w ith  z sites of in teraction  we can  define a  un itless energy param eter 

χ = zΔε /kT  tha t reflects the average en tha lpy of in teraction  per kT  for a  m onom er

Osmotic Pressure
π = n

V
⎛
⎝⎜

⎞
⎠⎟ kT

is the excess interaction per kT for a moleculeNA2

and Nρ = φ

So the second term is  A2ρ
2

N
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Flory’s consideration of polymer mixing

Consider the ideal mixing of gas atoms.  Then entropy gained in 
mixing is given by Boltzman interms of the volume fraction Φ as:

ΔSmixing = φ lnφ + 1−φ( ) ln 1−φ( )
For a polymer each chain acts as a unit so this function is modified as:

ΔSmixing =
φ
N
lnφ + 1−φ( ) ln 1−φ( )

To account for enthalpy of mixing Flory introduce a simple binary 
interaction parameter:

Δfmixing =
φ
N
lnφ + 1−φ( ) ln 1−φ( )+ χφ 1−φ( )

Where Δf is the volumetric (Helmholtz) free energy change on mixing per monomer 
per kT.  To obtain the free energy of mixing for a chain we multiply by kT and by Ω, 
the number of monomer + solvent sites in the system.
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Osmotic Pressure

π = n
V

⎛
⎝⎜

⎞
⎠⎟ kT

At equilibrium the chemical potentials of the solvent (and the 
polymer) in the two solutions are identical. 

Chemical potential is the change in free energy with respect to 
concentration for a given component in a given phase (you need to 
specify the component and the phase when you say 
chemical potential)



2 1 2



2 1 3
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Π = kT
Vc

φ
N

+ 1
2
− χ⎛

⎝⎜
⎞
⎠⎟φ

2 + ...⎛
⎝⎜

⎞
⎠⎟

The Flory Expression indicates a linear dependence 
of osmotic pressure in concentration at low 
concentration and a dependence on concentration to 
the power 2 at high concentration. 

From Gert Strobl, Polymer Physics
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Π = kT
Vc

φ
N

+ 1
2
− χ⎛

⎝⎜
⎞
⎠⎟φ

2 + ...⎛
⎝⎜

⎞
⎠⎟

From Gert Strobl, Polymer Physics

R ight graph  show s that:

1 ) c/c* is the  natural m easure  o f concentration
2) F lory pred iction  is su ffic ient at low  c/c* but fa ils at large  c/c*

3) The pred iction  o f the  concentration  b lob  m ode l is correct at large  c/c*
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Concentration Blob Prediction

π ≈ kT φ
N

c
c*

⎛
⎝⎜

⎞
⎠⎟
P

c* ≈ N
−4
5

4
5
P −1= 0

P = 5
4

π ≈ c
9
4




