
Polymer 237 (2021) 124281

Available online 22 October 2021
0032-3861/© 2021 Elsevier Ltd. All rights reserved.

A scattering function for correlated lamellae 

Michael Camara a,1, Kabir Rishi a,b,1, Gregory Beaucage a,*, Sathish K. Sukumaran c 

a Chemical and Materials Engineering, University of Cincinnati, Cincinnati, OH, 45221, USA 
b Centers for Disease Control and Prevention, National Institute for Occupational Safety and Health, Cincinnati, OH, 45213, USA 
c Graduate School of Organic Materials Science, Yamagata University, 4 Chome-3-16 Jonan, Yonezawa, Yamagata, 992-8510, Japan  

A B S T R A C T   

Melt crystallized polymers display an emergent, multi-hierarchical, ordered structure made up of stacked lamellar single crystals that form fibrous or other meso 
structures which, in turn, form macroscopic crystallites. A dominant feature of small-angle scattering from these complex assemblies is a correlation peak associated 
with the stacking period. A new model-based function is proposed for small-angle scattering data from such correlated lamellar multi-hierarchical structures. 
Generally, routine use of scattering data has been limited to a 1-d analysis to determine the long period from Lorentz corrected data (I(q)q2 versus q). Fourier 
transforms of the data are sometimes used to determine the 1-d pairwise correlation function for the electron-density distribution which has been further analyzed in 
terms of the structure of these materials. A simple 1-d fitting model limited to infinite width 2-d sheets was introduced by Hermans (1944; Hosemann, 1950) [1,2] in 
the 1940s with some success. A new approach, the Unified Born-Green Function (UBG), is proposed that uses the Unified Function as adapted to correlated lamellar 
structures and incorporates a Born-Green description of one-dimensional correlations. The UBG fit allows quantification of the average lamellar aspect ratio, the local 
degree of crystallinity within a stack, quantification of the stacking versus non-stacking amorphous, and two types of disorder in addition to the stacking period and 
lamellar thickness. UBG can account for higher levels of structure such as crystalline domains in block copolymers and convoluted lamellar structure. The UBG fit is 
compared to the Hermans (1944; Hosemann, 1950) [1,2] and a hybrid-Hermans function. Fits to data sets from a wide range of polyethylene are shown ranging from 
molecular weight standard samples that are isothermally crystallized, to commercial HDPE quenched from the melt and a metallocene blown film sample. Several 
other examples from the literature are explored. It is shown that the Unified fit allows for new understanding of the impact of thermal and mechanical history, chain 
structure, fillers, nucleating agents, and additives on the crystalline structure and the resulting physical properties. Limitations of the UBG approach are noted.   

1. Introduction 

Melt crystallized, semi-crystalline polymers form chain-folded, 
lamellar crystallites in a complex multi-hierarchical structure, that is, 
having many structural levels. At moderate degree of crystallinity 
(>40%) lamellae correlate into stacked bundles composed of alternating 
crystalline and amorphous layers. Often these stacked bundles are 
further organized into fibrillar structures that can radiate from a central 
nucleation site to form impinging spherulitic structures, and other 
complex hierarchies. Between fibrillar bundles, so called interfibrillar 
amorphous regions can form a significant volume fraction of the semi- 
crystalline polymer as can larger size inter-spherulitic amorphous re
gions [1–3]. This paper focuses on the nano-structural, stacked-lamellar 
level of morphology in these complex materials. On first observation 
these seem to present a simple structure from which a scattering func
tion could be calculated to directly fit small-angle scattering data, Fig. 1, 
as was done by Hermans [4,5] in the 1940s. 

1.1. Gaussian fits to Lorentz corrected data 

At high lamellar packing density, one-dimensional correlation in the 
thickness direction (normal to the lamellar surface) is observed associ
ated with lamellar stacking, as shown in Fig. 1(b) and (d). This one- 
dimensional correlation of thicknesses is manifested at sizes larger 
than the thickness but usually smaller than the lateral dimensions of the 
lamellae so that the correlation or long-period peak falls in the two- 
dimensional scaling regime, I(q)~q2, associated with the large-scale 
structural level for lamellae (where q=(4π/λ)sin(θ/2), λ is the wave
length, θ is the scattering angle, and I(q) is the scattered intensity). The 
lamella is a two-dimensional object, the form factor of which displays a 
dimensionality of 2 between the lateral size of the lamellae and the 
thickness. At high-q the form factor displays Porod surface scattering 
and at low-q the form factor displays a plateau reflecting point scattering 
since the dimensionality is no longer resolved. The structure factor im
pacts only the lamellar thickness direction since the lamellae do not 
correlate laterally. For this reason, the correlations can more easily be 
resolved by a Lorentz correction plot of I(q)q2 versus q [7–9]. The power 
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of the scattering vector reflects the dimension of the object and is 
appropriate in the regime of q where that dimensionality is displayed. 
For lamellae it is appropriate between the thickness and the lateral size. 
Since the correlation peak occurs at sizes larger than the thickness it 
would seem to be appropriate to apply the Lorentz correction to obtain a 
Gaussian correlation peak [10,11]. The Lorentz correction removes the 
two-dimensional lamellar scaling and allows for a direct fit of the 
one-dimensional correlation peak or long period. One problem associ
ated with this approach is that the Lorentz correction of scattering data 
can make a correlation peak appear even when the original scattering 
data do not display a clear correlation peak since the highest-q data 
typically display a Porod decay of − 4 power-law slope while the low
est-q data often display a weaker power-law decay, shallower than a − 2 
decay, possibly associated with fibers. Further, it is often observed that 
higher order peaks associated with the Lorentz corrected data do not 
follow a strict integral order q value, i.e. first order should occur at 
q*=2π/ξ and second order at 2q* [12–14]. Fitting a Gaussian function to 
the Lorentz corrected data does not immediately resolve the lamellar 
thickness since only the stacking period, that includes both amorphous 
and crystalline regions, is measured. Since there are at least three 
distinct locations for the amorphous fraction in a semi-crystalline 
polymer, multiplication of the long period by the bulk volume fraction 
crystallinity from diffraction, density, or calorimetry might be less than 
quantitative for an approximation of the lamellar thickness. These issues 
have been partially resolved, for instance, by incorporation of more 
sophisticated descriptions of disorder in lamellar stacks. Although 

indirect Fourier transforms of the scattering intensity, I(q) [15], and fits 
to the Lorentz-corrected scattering data [16–18] have been used to 
determine the lamellar structure, few attempts at directly fitting I(q) 
[19] have been made. The simple structural model proposed here might 
better serve as an analytical approach. The Unified Function allows for 
expansion of the fit to higher order structures such as crystalline do
mains, as shown for block copolymer resins at the end of this paper, or 
for fibrous or spherulitic structures. Such an expansion is not possible 
using the Lorentz correction or a correlation function analysis. 

In addition to peak fits to the Lorentz corrected data, it is common to 
calculate the electron density correlation function for lamellar stacks by 
Fourier transformation of small-angle scattering data under approxi
mations associated with extrapolation of the scattering pattern at low 
and high-q [8,10,20–31]. This approach has led to significant success in 
determination of structural features and electron-density profiles for 
lamellar stacks as well as a description of the lamellar interfacial region. 
A disadvantage of a detailed analysis of transformed data from imper
fectly correlated structures involves insufficient experimental q-range 
for the requisite extrapolation as well as assumptions involved in the 
extrapolation procedure. Additionally, due to the disconnect between 
the transform and the original data set, there exists the potential to 
misinterpret features in the scattering pattern that might more clearly be 
resolved as related to specific structural features in the original scat
tering pattern such as fibers or large-scale domains. In comparison, a 
direct fit to the original scattering data offers the potential of associating 
specific model parameters with specific features observed in scattering. 

Fig. 1. (a) Schematic model of uncorrelated 
lamellae crystallized from semi-dilute to 
dilute solutions; (b) Schematic model of 1- 
d correlated (along the normal to the 
lamellae surface indicated by the arrow) 
lamellae crystallized from concentrated so
lutions/polymer melt with a high degree of 
crystallinity. Note that the stacks of circular 
lamellae in (b) are randomly oriented, and 
the long period, ξ, is exaggerated. (c) (d) 
TEM micrographs showing the dependence 
of crystalline structure on concentration for 
HDPE standard reference material 1484 in 
supercritical solution reproduced with 
permission from Pradhan, D. and Ehrlich, P. 
(1995), Morphologies of microporous poly
ethylene and polypropylene crystallized 
from solution in supercritical propane. J. 
Polym. Sci. B Polym. Phys., 33: 1053–1063. 
https://doi.org/10.1002/polb.1995. 
090330709 Copyright © 1995 John Wiley & 
Sons, Inc [6]. (c) uncorrelated lamellae 
crystallized from a 5 wt% semi-dilute solu
tion and (d) randomly oriented correlated 
lamellae from a 35 wt% concentrated 
solution.   
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In any case, the different analytical techniques available for interpre
tation of small-angle scattering from melt-crystallized, semi-crystalline 
polymers are not exclusive and the direct fitting approach presented in 
this paper is intended as a potential alternative, or complement, to 
fitting of the Lorentz corrected data and to analysis of correlation 
functions. 

1.2. The Hermans Function (HF) 

Hermans obtained an expression for scattering from perfectly 
aligned, regularly spaced, and infinitely wide stacked lamellar sheets 
that are independently polydisperse in thickness of the crystalline and 
amorphous layers [4,5,32–37]. By assuming that the crystalline and 
amorphous thicknesses of the lamellae follow a Gaussian distribution 
and applying a Fourier transform, the absolute scattered intensity of a 
lamellae is, 

IHF(q) =
(

B1

q4

)

Re
{
(1 − HL(q) )(1 − Ha(q) )

1 − HL(q)Ha(q)

}

(1)  

where q is the scattering vector, B1 is the Porod prefactor for the surface 
scattering in the high-q regime assuming a smooth interface with I(q)=
B1q-4, Re represents the real portion of the calculation for the complex 
functions, HL(q)=exp(itLq-{σL

2q2/2}) and Ha(q)=exp(itaq-{σa
2q2/2}). At 

low-q, eq (1) describes a power law − 2 reflecting infinitely wide 
lamellae with I(q)=B2q-2. HL(q) depends on the mean thickness, tL, and 
the standard deviation, σL, of the crystal portion of the lamellar stack, 
while Ha(q) depends on the mean thickness, ta, and the standard devi
ation, σa, of the amorphous region between lamellae. The sum of the 
mean thicknesses of the amorphous and crystalline regions gives the 
mean long period of the lamellar stack with a standard deviation of the 
square root of the sum of the two variances. This formalism assumes that 
the standard deviation for lamellar and amorphous size (thickness) are 
independent parameters. The HF describes the surface scattering Porod 
region at high-q, the Guinier region for the lamellar thickness, the 
structure factor for stacking of lamellae, and the two-dimensional 
scaling regime for infinite width lamellae. The function does not 
describe the lateral extent of the lamellae or higher order structures such 
as fibrous stacks and meso-structures such as spherulites. The Igor® 
code for HF is given in SI. 

1.3. A hybrid Hermans/Unified Function (HHF) 

The Unified Function (UF) breaks down complex scattering patterns 
as a function of reciprocal space vector, q=(4π/λ)sin(θ/2), into hierar
chical structural levels [38–40], such that 

IUF(q) =
∑n

i=1

[

Gi exp

(
− q2R2

g,i

3

)

+ Bi(qi
*)

− Pi exp

(
− q2R2

g,i− 1

3

)]

(2)  

where q1*=q[erf(kqRg,i/√6)]-3, with k = 1.06 for 1≤Pi<3 and k=1 for 
Pi>3. A structural level, from a scattering perspective, is composed of a 
Guinier regime (prefactor, Gi and size Rg,i) in the first term, and an 
associated power-law regime (prefactor, Bi and structure, Pi) in the 
second term [38–40]. The subscript "i" reflects the index of the structural 
level that is numbered from the smallest size (highest-q) to the largest 
size. The UF was derived to account for the limit of power-law regimes at 
low-q near the associated Guinier regime and can reproduce many 
conventional scattering functions such as the Debye function for 
Gaussian polymer coils and calculations for polydisperse spheres in a 
universal manner with the minimum number of free parameters. It has 
recently been shown by Vogtt et al. [41] that local structural scattering 
functions such as the HF can be used in the UF to account for 
higher-level features, such as the lateral limit of lamellar width and 
length and possible fibrillar and mesoscopic structures at larger sizes. 
The HF describes infinitely wide stacked lamellae which display a 

power-law − 2 at low-q. To limit this power-law at the lamellar lateral 
extent, a Guinier function that accounts for the lamellae size, Rg, 

2=√{(R2/2)+(t2/12)}, that reflects both the lateral size, D=2R, and the 
thickness, t, of the lamellae, as discussed later [42], can be added to a 
modified HF based on the Unified approach to yield a hybrid-Hermans 
function (HHF). In fact, higher structural levels can be added to ac
count for fibrillar or spherulitic structures. For a three-level structure 
composed of lamellar thickness (i=1), the lateral size (i=2), and a 
meso-structure such as fibers or other clusters of lamellar stacks (i=3) 
the hybrid-Hermans function (HHF) for scattering intensity can be 
expressed as, 

IHHF(q) =

[

G3 exp

(
− q2R2

g,3

3

)

+ B3(q3
*)

− P3 exp

(
− q2R2

g,2

3

)

+ G2 exp

(
− q2R2

g,2

3

)

+ IHF(q2
*)

]

(3)  

where q2*=q[erf(1.06qRg,2/√6)]-3, q3*=q[erf(1.06qRg,3/√6)]-3 and 
"erf" is the error function [38–40]. Here the last term is the HF that 
accounts for the first, smallest structural level of correlated lamellar 
thicknesses, as well as a 2-d level scaling regime so that the last term in 
eq (3) would extend to q⇒0 with a power-law slope of − 2. To terminate 
this power-law at the lamellar width, q2* is used which limits the 
power-law at Rg,2 for the overall lamellar size (including the lamellar 
width). The Guinier regime for the overall lamellar size (lamellar width) 
is added to account for the Guinier regime below the − 2 slope 
power-law. The first two terms (and further terms which could be 
added) account for the hierarchical structure in the normal way used in 
the Unified Function. The Igor® code for HHF is given in SI. 

1.4. Proposed Unified-Born Green Function (UBG) for lamellar scattering 

1.4.1. The Unified Function for uncorrelated lamellae 
We have previously developed a simple scattering function for iso

lated, uncorrelated lamellae [42] crystallized from semi-dilute to dilute 
solutions to produce semi-crystalline polymer foams through super
critical solvent extraction in the absence of surface tension [42]. Under 
dilute and semi-dilute conditions, lamella do not significantly correlate 
[6,43], as shown in Fig. 1(a) and (c), so that modeling of small-angle 
scattering from these systems is a less challenging problem. The 
nano-scale scattering from polydisperse uncorrelated lamellae, I0(q), can 
be fit through the UF, eq (2), truncated to the first two structural levels 
(n=2 in eq (2)) corresponding to the lamellar thickness and the lateral 
size of lamellae as discussed previously. These two structural levels are 
associated in the UF for lamellae since the two-dimensional level ter
minates in or is “limited” by the thickness level [39,40,42], 

I0(q)=G2 exp

(
− q2R2

g,2

3

)

+ B2(q2
*)

− 2 exp

(
− q2R2

g,1

3

)

+ G1 exp

(
− q2R2

g,1

3

)

+ B1(q1
*)

− 4

(4)  

Note that for i=0, Rg,0=0 indicates no high-q cutoff or termination to the 
level 1 Porod power-law decay. Since, P1=4 and P2=2, as discussed 
previously, the remaining six parameters (G1, G2, B1, B2, Rg,1 and Rg,2) in 
eq (4) can be expressed in terms of only the lamellar thickness, t, the 
average lateral size of a lamellae (average of the width and length), R, 
and the contrast factor, G1. For example, Rg,1=t/2 (from equation 41, p. 
28 in Ref. [44]). Additionally, B1=2π(G2/V)(S/V) =G1{(2Rg,1+R)/(Rg, 

1
4R)}=16G1{(t+R)/(t4R)} [42], for a circular platelet with the surface 

area, S=2πR(R+t), and volume, V=πtR2. For the two-dimensional 
regime, G2, Rg,2 and B2 were previously described for lamellae [42]: 
G2=G1(R/Rg,1)2=G1(2R/t)2, the overall radius of gyration for a circular 
platelet, Rg,2=√{(R2/2)+(Rg,1

2/3)}=√{(R2/2)+(t2/12)}, and 
B2=2G2/R2=2G1/Rg,1

2=8G1/t2 (Note that in Ref. [42], i=1, represents 
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that largest structural level, defined otherwise here). 
One-dimensional correlation in melt-crystallized polymers present 

additional parameters, for instance the local volume fraction crystal
linity within a stack of lamellae, ϕ. In the proposed function, a maximum 
of six parameters are used to fit these complex structures. These pa
rameters account for the average local structure (lamellar thickness and 
width), the packing (related to the local degree of crystallinity within a 
stack), the stacking repeat distance or long period, and structural dis
orders due to (i) misorientation and interfacial broadening, and (ii) 
stacking irregularity and finite stack size [24]. Through the use of a local 
fit to the Porod decay at high-q, the number of parameters needed to fit 
these curves can be reduced to five as discussed below. By comparison 
the Hermans function [4,5] requires five parameters and the hybrid 
Hermans function limited to the lamellar width level (comparable in 
number of structural levels) requires seven parameters. 

1.4.2. Scattering function for correlated lamellae 
Correlations are modeled through adoption of the Born and Green 

approximation (p. 46 of reference [44]), 

IBG(q)=
I0(q)

1 + p A(q, ξ)
(5)  

where the form factor, I0(q) is the scattered intensity in the absence of 
correlations, eq (4). In eq (5), correlations for I0(q) include both level 1 
(thickness) and level 2 (two-dimensional) since lamellae are “regular” 
objects in a fractal sense [45], that is, there is a fixed orthogonal rela
tionship between the lamellar normal and the in-plane vector. This 
contrasts with the 1-d correlation of the HF. A(q,ξ) is an amplitude 
function which describes the interference due to correlations with a long 
period or correlation distance of ξ and p is a packing factor directly 
related to the second virial coefficient for non-interacting, hard-core 
domains. In the most general case [44] of structures spherically corre
lated in 3-dimensions, A(q,ξ) is the amplitude function for a sphere [46] 
and p=8(V0/Vtotal) where 8V0 is the excluded volume shared by two 
hard-core spheres each of volume V0 and Vtotal is the volume available to 
the sphere as described by Guinier and Fournet [44]. For correlated 
lamellar sheets, both p and A(q,ξ) are modified from this general case of 
spherical correlations. The one-dimensional amplitude function, A(q, 
ξ)=sin(qξ)/qξ, for 1-d correlations is used in eq (4), as was previously 
given, for instance, by Porod [47]. This amplitude function must be 
averaged for random orientations of the lamellar stacks (under an 
assumption of isotropic scattering) using a cosine integral, 
∫π/2

0

{sin(qξ cosγ)/(qξ cosγ) } dγ, where γ is the angle of integration for 

different orientations of the lamellar stacks with respect to the scattering 
experiment. The fitting routine using this one-dimensional correlation 
includes a numerical integration of A(q,ξ) to account for the random 
orientation of different lamellae stacks in the scattering volume (Sup
porting Information). 

1.4.3. Packing of stacked lamellae 
The packing factor, p, for correlated lamellae retains the definition as 

the ratio of the excluded volume to the available volume [44]. The 
excluded volume for lamellae is defined as, 2(D/t)2V, where D=2R is an 
average lateral diameter for a lamella, t is the lamellar thickness and 
V=πtR2=2πRg,1R2 is the occupied volume per lamella. The available 
volume is given by Vtotal=V/ϕ, where ϕ is the local degree of crystal
linity within a lamellar stack. ϕ can be larger than the bulk volume 
fraction crystallinity due to segregation of lamellar stacks in the bulk 
sample, that is, in addition to inter-lamellar amorphous, the bulk sample 
contains inter-fibrillar and inter-spherulitic amorphous components. 
This local volume fraction crystallinity is equal to the ratio of the 
lamellar thickness to the correlation distance, ϕ=t/ξ=2Rg,1/ξ, so, 

p = 2
(

D
t

)2

ϕ = 2
(

R
Rg,1

)2(2Rg,1

ξ

)

=
4R2

Rg,1ξ
(6) 

The local volume fraction crystallinity, estimated directly from the 
scattering curve as described above, can be compared with calorimetric 
bulk measurements to give an indication of the extent of amorphous 
material not associated with lamellar stacks or, equivalently, the extent 
of segregation of lamellar stacks. The average diameter of the lamellae, 
D, can be obtained from the packing factor, p, using eq (6) and should be 
much larger than t in most cases. The aspect ratio, A=D/t=2R/t and for 
the melt-crystallized polyethylene samples investigated in this study, A 
is about 7. Note that it is assumed that the lamellae display lateral 
symmetry to simplify the fit. This is not necessary and lateral asymmetry 
could be accounted for through a more elaborate fit using a parallel 
approach and introducing one additional parameter. For the samples 
studied here this might be necessary for only one case, Equistar BS H. 

1.4.4. Orientational and interfacial disorder in stacked lamellae 
Debye-Waller disorder for 3-d crystals is associated with random 

thermal motion of atoms about their lattice placement. Long-range order 
is retained but about this perfect long-range order there is vibrational 
motion. This is modeled through the introduction of a Gaussian term 
that results in a dampening of the higher order peaks at high-q. The 
Debye-Waller factor is a general disorder term commonly used in 
diffraction, scattering and reflectivity. The Debye-Waller factor [48] 
introduces a separate fitting parameter, kI, 

Imod BG(q)=
I0(q)

1 + p A(q, ξ)exp
(
− q2ξ2kI

) (7) 

For lamellae, the Debye-Waller factor could account for misalign
ment of the lamellae in terms of the lamellar normal while retaining long 
range order. The Debye-Waller factor could also be related to the elec
tron density profile normal to the lamellae associated with several fea
tures such as chain folding at the interface and continuity of polymer 
chains from the dense crystalline phase to the amorphous phase. Ac
counting for the Debye-Waller factor in eq (7) results in better appear
ance to the fits since damped, high-angle correlation peaks are correctly 
represented. kI=0 indicates the absence of the Debye-Waller effect. (This 
might be expected in conjunction with a high degree of local crystal
linity within a stack.) Typical values for kI are on the order of 0.01–0.05 
for the samples investigated in this study. 

1.4.5. Irregular periodicity and finite crystals 
For lamellar stacking, variability in the stacking period, that is, more 

crowded lamellae in one region versus another, is a type of long-range 
disorder. Additionally, the finite number of lamellae in each stack is 
the ultimate type of long-range disorder to the stacking repeat. Due to 
long-range disorder, the second order peak which results from diffrac
tion from lamellar stacking does not always occur at exactly 2q*, where 
q* is the q position of the first peak [14]. This long-range distortion of 
the lattice is resolved by a factor that accounts for irregular periodicity, 
δ, such that q is replaced by qmod=q exp(δ{q-(2π/ξ}/q) [46]. To account 
for the long-range distortion of the lattice such as due to finite crystals or 
variability in the correlation distance, qmod replaces q in the structure 
factor part of eq (9). (Examples of this type of distortion are shown later 
in the Results section, Fig. 3(a)). The function is chosen so that when 
δ=0, the stacking perfectly repeats over long distances. When a second 
order peak is not observed, δ should be fixed at 0 since this type of 
disorder cannot be quantified. 

Disorder in the stacking and the presence of a finite number of 
lamellae in a stack (Scherrer-type broadening) is accounted for by δ. 
When q=2π/ξ, qmod=q, but above the peak, q>2π/ξ, qmod>q, and below 
the peak, q<2π/ξ, qmod<q. δ accounts for a shift of high-order peaks to 
higher values of q as observed in the data. It is possible to mathemati
cally link δ and the Scherrer equation by associating the shift in q above 
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and below the peak with the peak breadth. The advantage of the 
δ-function is that it can be used in the structure factor for direct fitting of 
the scattering data. Typical values for δ are on the order of 0–0.1 which 
indicates that either the stacking is regular (0), or some stacking irreg
ularity exists (0.1). 

Small angle X-ray scattering (SAXS) data from melt-crystallized 
polyethylene of variable degree of crystallinity were fit using the Uni
fied Born-Green function (UBG) with 1-d correlations in eq (8), 

IUBG(q)= I0(q)

⎧
⎨

⎩
1 + p

⎛

⎝
∫π/2

0

sin(qmodξ cos γ)
qmodξ cos γ

dγ

⎞

⎠exp
(
− qmod

2ξ2kI
)

⎫
⎬

⎭

− 1

(8) 

For I0(q) in eq (4), Rg,1 and B1 (instead of G1) are used as fitting 
parameters because Rg,1 is directly related to the lamellar thickness, and 
the Porod constant, B1 can be fixed by a local fit at high-q in most cases. 
From eq (6), R=√(pξRg,1/4) is obtained from the packing factor, p, as a 
fitting parameter since p is directly observed in terms of the shape and 
strength of the correlation peak. The remaining three fitting parameters 
in the UBG function, eq (8), are the correlation distance (ξ), interfacial 
broadening parameter (kI) and stacking irregularity factor (δ). In many 
cases δ is effectively 0 and can be removed from the fit by holding it at 0, 
e.g., when there is no second order peak. Usually, B1 is fixed in the fit to a 
local fit value obtained from a Porod power-law of − 4 slope at high-q 
reducing the number of fit parameters in eq (8) by one. Thus, the Unified 
Born-Green function (UBG) will involve four or five free parameters 
depending on the presence or absence of a strong second order peak. The 
Igor® code for the UBG is given in the Supporting Information. The 
model proposed in eq (8) assumes that 1) the lamellae are laterally 
symmetric and have a platelet structure; 2) there are only two contrasts 
in the system, amorphous and crystalline, that is, the interlamellar 
amorphous contrast is the same as the interstack/interfibrillar/inter
spherulitic amorphous contrast. The contrast between a lamellar stack 
and the amorphous region is not explicitly described but it can be added 
as a further structural level as is demonstrated with semi-crystalline 
block copolymers at the end of the Results section. 

Additional structural levels can be added to UBG, eq (8), like the HHF 
in eq (3) to yield a modified UBG such that, 

Imod UBG(q)= IUBG(q) + G3 exp

(
− q2R2

g,3

3

)

+ B3(q3
*)

− 4 exp

(
− q2R2

g,cut− off

3

)

(9)  

Here, q3*=q[erf(qRg,3/√6)]-3 as discussed previously and Rg,3 repre
sents the radius of gyration of the domains. Notice that the prefactor of 
1.06 is missing from q3* since this structural level involves surface 
scattering from the domains, P3=4 [39,40]. Additionally, note that in 
the second part of eq (9), the overall radius of gyration of the lamellae 
platelets, Rg,2, is replaced by Rg,cut-off to improve the fit [38,39]. 

2. Experimental 

2.1. Sample preparation 

The high-density polyethylene (HDPE) samples used in this study are 
described in Table 1. Scattering samples were prepared in four ways. All 
three NIST HDPE samples and the Equistar LS6180 commercial sample 
were isothermally crystallized in 2 mm thick plaques at 120 ◦C after 
being pressed in the melt between aluminum plates, Table 1 [49]. 
Equistar 1 was pressed into 1 mm plaques from the melt at 120 ◦C then 
cooled in a room temperature press between aluminum plates. The 
Equistar BS A and BS H samples were quenched from the melt in room 
temperature water in 2 mm plaques pressed in the melt between 
aluminum plates. The Metallocene 399L60 was prepared as a blown film 
at LyondellBasell’s pilot plant in Cincinnati. For this blown film, the 
scattering sample was composed of about 20 layers of a 5 mil. thick 
blown film. 

The samples give an indication of some of the variability in semi- 
crystalline structure that may be observed and demonstrate the effec
tiveness of the proposed model to discern such morphological vari
ability. Generally, such variability is manifested in the large-scale 
features at low-q and often reflect high extents of asymmetry for the 
lamellar structures such as in the Equistar BS A and BS H samples dis
cussed in the Results section. 

2.2. Small-angle X-ray scattering 

Small-angle X-ray scattering (SAXS) measurements were made on a 
commercial 2-m pinhole SAXS camera made by Siemens (Bruker 
NANOSTAR™ system) which includes a 2-d wire detector of high res
olution for NIST 1482, 1483, 1484 and Equistar LS6180 samples. The 
remaining samples, Equistar BS A, BS H and Metallocene 399L60, were 
measured on the Oak Ridge National Laboratory 10-m pinhole SAXS 
camera and on a Bonse-Hart Camera at Argonne National Laboratory. 
Equistar 1 was measured on the combined SAXS/WAXS/USAXS instru
ment at beamline 9-ID C at Argonne National Laboratory. The diffrac
tion data for Equistar BS A and BS H samples was recorded using an INEL 
1-d diffractometer at the UNM/Sandia Scattering Center in Albu
querque, New Mexico. All scattering data were corrected for background 
and detector sensitivity using standard data correction procedures. Data 
from Oak Ridge and Argonne National Laboratories are in absolute in
tensity using secondary and primary standardization, respectively. The 
data from the Bruker instrument are in relative intensity. 

2.3. Differential scanning calorimetry 

DSC scans for all samples, except Equistar 1, were performed on a 
PerkinElmer DSC IV. The degree of crystallinity, ϕDSC, in Table 1 was 
determined from the enthalpy of melting and a heat of fusion for 
perfectly crystalline PE of 288 J/g [49,50]. The melting point, Tm, was 

Table 1 
Details of various polyethylene grades investigated in this study. The bulk degree of crystallinity, φDSC and the melting temperature, Tm, were determined from DSC 

measurements. Mw and 
Mw

Mn 
are available from the product specifications while ρ is the nominal density.  

Polyethylene Source ϕDSC  Mw (kg/mol)  Mw

Mn  

ρ (g/cm3)  Tm (◦C)  Preparation Branching 

SRM® 1482 NIST 0.85 13.6 1.19 – 132.9 120◦Ca 0d 

SRM® 1483 NIST 0.76 32.1 1.11 – 133.5 120◦Ca 0d 

SRM® 1484 NIST 0.60 119.6 1.19 – 133.0 120◦Ca 0d 

LS6180 Equistar Chemicals LP 0.73 75 7.4 0.96 133.2 120◦Ca – 
Equistar BS A LyondellBasell 0.68 148 9.6 0.96 128.7 RTb 4d per 10000e 

Equistar BS H LyondellBasell 0.67 150 8.9 0.96 129.1 RTb 0.5d per 10000e 

Equistar 1 LyondellBasell 0.67 – – 0.95 128 RTc – 
Metallocene, Exceed™ 399L60 ExxonMobil 0.35 144 2.7 0.93 120.1 Blown Film 110fper 10000e 

aIsothermal crystallization. bQuenched at room temperature. cCrystallized at room temperature. dNumber of long-chain branches. eNumber of carbon atoms in the 
polymer backbone. fNumber of short-chain branches. 
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determined by cooling the polyethylene from the melt at 150 ◦C at a rate 
of − 5 ◦C/min to 30 ◦C, then reheating at +10 ◦C/min. The value re
ported in Table 1 is the peak value for the melting endotherm. For 
Equistar 1, a TA Instruments Q1000 DSC was used to find the crystal
linity from the enthalpy of melting and melting point, Tm. To determine 
the melting point, the sample was loaded at 40 ◦C, cooled to − 20 ◦C at a 
rate of 10 ◦C/min, held for 5 min, then increased to 160 ◦C at a rate of 10 
◦C/min. 

3. Results 

3.1. Comparing the traditional HF, the HHF and the modified UBG for 
HDPE 

Fig. 2 shows the I(q) versus q curve for the Equistar 1 HPDE sample. 
This curve was fit to the literature HF (solid black curve, eq (1)), the 
proposed HHF (dashed blue curve, eq (3)), and the proposed modified 
UBG (solid green curve, eq (9)). Fig. 2 also shows the normalized re
siduals (right axis) for the HF, HHF, and modified UBG to the scattered 
intensity. Note that the calculated curve for the Unified Function with 
correlations removed (eq (4)) is shown by the dashed grey curve. This 
curve clearly shows the − 4 power-law slope at high-q indicative of a 
smooth lamellar surface and a corresponding Guinier knee, whereas the 
intermediate q region shows a characteristic − 2 slope associated with 
the 2-d lamellae. Due to structural correlations, this structure is screened 
as evidenced in the I(q) versus q data (red circles). The literature HF, eq 
(1), can fit the primary peak at q* but slightly misses the secondary peak 
at 2q* as evidenced by examining the normalized residuals in Fig. S1 in 
the Supporting Information. In Fig. S1 in the Supporting Information, 
the normalized residuals for the secondary peak for the UBG are closer to 
zero as opposed to the HF. Since the HF assumes infinite lamellar width, 
the data at intermediate-q follows a slope of − 2 that extends to low-q. 
Consequently, the HF fit would not have a level 2 Guinier knee. Addi
tionally, the function uses an incorrect Rg,1 cutoff for the lateral length of 

the lamellae which leads to the function not being able to fully fit the 
primary peak and the subsequent low-q region as shown in Fig. 2. 
Alternatively, the HHF can fit both the long period and low-q region 
representing the higher-level structure of the stacked lamellae. The HHF 
can fit the secondary peak better than the HF, like the modified UBG, as 
shown in Fig. S1 in the Supporting Information. Combining the Unified 
function in the HHF allows for the calculation of the lateral size, R, of the 
lamellae, which cannot be found from the HF. Additionally, by appro
priately fitting the low-q slope associated with a lamellar superstructure, 
level 3, with a larger power-law slope, the simplifying assumptions in 
the HF can be rectified. However, a major drawback of both these 
functions is that the crystalline and amorphous parameters in H1 and H2 
can be interchanged and still provide an identical fit to the long period. 
Further details of the crystal structure being analyzed need to be known 
or supplementary analysis carried out to be confident in the thickness 
distributions for the amorphous and crystalline portion of the lamellae. 
The HHF and HF give two Gaussian standard deviations for the crys
talline and amorphous domains, but they do not yield details of the 
disorder as described by the interfacial broadening parameter (kI) and 
stacking irregularity factor (δ), which are found when using the UBG/ 
modified UBG model. 

The fit parameters for the HF and HHF can be found in Table 2. The 
average thickness and standard deviation of the amorphous phase, ta and 
σa respectively, and the average thickness and standard deviation of the 
crystalline phase, tL and σL respectively, are found from the fits which 
allows one to determine the average long period and the combined 
crystalline and amorphous standard deviation, ξ and σL+a respectively. 
The HF and the HHF yield similar phase thicknesses, but the standard 
deviation for the amorphous phase is much larger for the HHF compared 
to the HF due to the additional parameters in the HHF needed to accu
rately fit the low-q portion of the scattering data. Where possible, error 
values are also given in Table 2 for each of the parameters. tL and σL were 
held in the HHF fit. Comparing the error values amongst the different 
fits, we see they are all of the same magnitude, which allows reasonable 

Fig. 2. USAXS curve, I(q) versus q, for Equistar 1 
HDPE sample. The solid black line is the HF, eq (1), 
while the dashed blue line is the HHF, eq (3). The 
uncorrelated calculation, eq (4), is shown by the 
dashed grey line while the modified UBG, eq (9), is 
given by the solid green line. The normalized re
siduals (right axis), {I(q) − Ifit(q)}/I(q), for each fit 
are shown by the corresponding-colored symbols. 
Note that the horizontal black line (no residuals read 
from the right axis) represents a perfect fit. (For 
interpretation of the references to color in this figure 
legend, the reader is referred to the Web version of 
this article.)   
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comparison of the fits. 
Differences between HHF and modified UBG values of Rg,1, Rg,2, p, 

and R are due to the assumption in the HHF calculation that the lamellae 
are uncorrelated. Also note the differences between the crystalline 
thicknesses of the lamellae from the different fits. While the long periods 
are similar across the different fits, the crystalline/amorphous split that 
makes up the long period is very different. UBG has the amorphous re
gion being a very minor portion of the overall lamellae while the HF and 
HHF show the lamellae being made up of much more amorphous. Using 

the Hoffman-Lauritzen theory [51] to calculate the melting temperature 
of a crystal from the thicknesses allowed comparison of the fits to the 
measured melting temperature seen by DSC, 128 ◦C. As shown in 
Table 1, Tm,Hoffman is most closely matched by the modified UBG. Given 
the better fit to the data and the more accurate prediction of the melting 
temperature, eq (9) can be used to model the polymers samples to yield 
not only accurate lamellae thickness, but also give insight into the lateral 
size, lamellae disorder, and long-range order of the crystal structure 
where the HF and HHF cannot. 

Fig. 3. SAXS curve (I(q) versus q) for highly crystalline (ϕDSC) NIST 1482 (a); low crystallinity NIST 1484 (b); moderately crystalline Equistar 6180 (c) and NIST 1483 
(d). The solid curve represents the proposed UBG in eq (8) whereas the dashed curve represents the calculated Unified fit in the absence of correlations using the fit 
parameters, eq (4). 

Table 2 
Fit parameters for Equistar 1 from eqs (1), (3) and (9) and calculated values for the melting temperature from Hoffman-Lauritzen theory [51]. (Errors are propagated 
from the counting errors.).  

Fit ta (Å) σa (Å) tL (Å) σL (Å) ξ(Å) σL+a(Å) Rg,1(Å) Rg,2(Å) p R(Å) Calculated Tm,Hoffman(◦C) 
(Tm,DSC=128 ◦C) 

Hermans 47.5 
(±0.1) 

23.4 
(±0.1) 

146.2 
(±0.4) 

58.0 
(±0.2) 

193.7 
(±0.4) 

62.5 
(±0.2) 

– – – – 116.5 

Hybrid-Hermans 53 
(±0.9) 

47 
(±0.6) 

142.9 65 195.9 80.2 71.5* 119.7 7.2* 158.9* 115.9 

modified Unified 
Born Green 

4.8 
(±0.8) 

– 185.0 
(±0.7) 

– 189.8 
(±0.3) 

– 92.5 
(±0.4) 

461.2 95.7 
(±0.8) 

647.9 
(±2.9) 

122.1 

*Rg,1, p, and RR calculated from Rg,2 for the HHF. 
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3.2. Performance of the UBG for HDPEs with varying crystallinity 

Fig. 3 shows the I(q) versus q for NIST molecular weight standards, 
(a) 1482, (b) 1484, and (d) 1483. The scattering curve for a moderately 
crystalline Equistar 6180 sample is also presented in (c). Additionally, 
the fit to a Metallocene sample, 399L60, is shown in Fig. S2 in the 
Supporting Information. The solid lines show the UBG, eq (8), for each 
curve. A local fit to the high-q part of the curves with a power-law decay 
of − 4 slope was first performed and the Porod prefactor, B1, was 
determined and fixed in the fits to reduce the number of free parameters 
by one. The remaining fit parameters listed in Table 3 are the packing 
factor, p, the correlation distance (long period), ξ, the radius of gyration 
for the lamellar thickness level (level 1, Rg,1), the irregular periodicity 
parameter, δ, which reflects finite stack size and long-range stacking 
period variability and the disorder constant, kI, which reflects local- 
misorientation of lamellae and interfacial electron density gradients. 

Using the fit parameters discussed previously in eq (4), the lamellar 
scattering pattern in the absence of correlations can be calculated. I0(q) 
reflects the calculated scattering for the lamellae under dilute conditions 
and is used to determine the invariant for the system and, with the Porod 
prefactor, the S/V values in Table 4. The dilute scattering, dashed curves 
in Fig. 3(a)–(d), exhibits two power-law regimes (lines in the log-log 
plots). The low-q power-law regime is the Lorentz region of the curve 
where a power-law of -P2=-df=-2 is observed, where df is the mass- 
fractal dimension of 2 for a lamella, here a disk. This region is termi
nated at low-q by the Guinier regime for the overall disk although this 
regime is beyond the low q-range in Fig. 3(a)–(d). At the high-q limit of 
the Lorentz region of q a second Guinier knee is observed for the 
thickness of the lamellae. This is followed by a Porod regime, q-4, 
reflecting the smooth surface of the lamellae. This surface scattering 
region coincides for the uncorrelated calculation, eq (4), and the UBG, 
allowing for the independent determination of the power-law prefactor 
by a local fit prior to the UBG fit to account for lamellar correlations, eq 
(8). 

3.3. Distortions and thickness of the lamellar structure in semi-crystalline 
polymers 

In this study, several cases have been observed where the lamellar 
structure is distorted, reminiscent of the behavior previously observed 
for uncorrelated lamellar crystallites [6,42,43]. An example of attempts 
to use the UBG and the resulting fit is shown below, Fig. 4(a) for HDPE 
from a highly spherulitic sample (Equistar BS H) that displays strongly 

fibrillar colloidal structure. A similar sample (Equistar BS A), Fig. 4(b), 
that does not display strong spherulitic structure, contains broader 
colloidal scale lamellae, and is more laterally symmetric is also shown. 
The two samples display identical bulk degrees of crystallinity, ϕDSC 
(Table 1), but differ in the long-chain branch content as measured 
through rheology [52–54]. Equistar BS A has a much higher long-chain 
branch content than Equistar BS H, as mentioned in the experimental 
section. One manifestation of this is the strong spherulitic structure 
displayed by Equistar BS H on the micron scale (q<0.001 Å− 1) associ
ated with strong fibrillar growth habits on the colloidal-to nano-scale 
(0.001 Å− 1<q<0.01 Å− 1) [55–57]. Equistar BS A displays a highly 
lamellar, 2-d growth habit on the nano-scale that is associated with 
poorly organized spherulitic structures in this sample. The two samples 
display similar lamellar thicknesses but different aspect ratios in Table 4. 

The scattering data in Fig. 4(a) and (b) are fit to the intermediate-q 
regime as indicated by the dashed vertical lines. This fit is extrapolated 
to low-q for a comparison of the fit prediction in the lamellar scaling 
regime based on the laterally symmetric lamellar model used in this 
paper. For Equistar BS H in Fig. 4(a) the agreement for the fit projection 
is rather poor in this region since the lamellar stacks are highly fibrillar. 
This high degree of asymmetry is associated with good spherulitic 
structure at lower-q (q<0.001 Å− 1) [55–57]. For weakly spherulitic 
Equistar BS A, the extrapolated agreement in this regime is much better, 
Fig. 4(b). The bulk crystallinity of Equistar BS A from Table 1 is 0.68 
which reflects both the amorphous between lamellae within stacks, as 
well as the amorphous separating lamellar stacks. This differs from the 
local crystallinity from SAXS, that is about 0.99. The local crystallinity 
value may be artificially high due to polydispersity in lamellar thickness 
since it is obtained from ϕ=t/ξ and t=2Rg,1. The radius of gyration is 
obtained from the square root of the eight to the sixth moments of size, 
Rg

2 ∼< R8 > / < R6 > [48]. For a polydisperse distribution of size, Rg 
will reflect the largest representatives of the population (the boulders on 
a sandy beach). We can estimate the polydispersity in thickness through 
the polydispersity index for thickness, PDI=B1Rg,1

4/G1, for disks of large 
aspect ratio where disks with monodisperse thickness have a value of 
PDI=1 [61]. For the polyethylene samples in this study PDI varies within 
a narrow range from 1.2 to 1.4 indicating moderate polydispersity in 
lamellar thickness. 

High values of the local degree of crystallinity could occur if domains 
of crystals form in samples such as block copolymer polyolefins, as 
discussed below. In these cases, most of the amorphous material lies 
between the lamellar stacks while the crystallinity is quite high within 
the stacks. Quantification of this distinction has not previously been 
strongly made in the literature. One advantage of the UBG is that the 
extent of the two types of amorphous can be quantified if the bulk 
crystallinity is measured using XRD, calorimetry or density. The stack/ 
local degree of crystallinity is determined from the ratio of the lamellar 
thickness, obtained from the radius of gyration, and the correlation 
distance determined from the position of the correlation peak. 
Auriemma et al. [60] also report the local crystallinity from the peak 
features in the autocorrelation and interface distribution functions 
which was about 3–4 times larger than the bulk crystallinity from WAXS 
or DSC. The two values reflect different moments, Rg reflecting the 
square root of the eight to the sixth moment (for instance as described by 
Roe [48]), while the correlation distance reflects a lower order moment, 
obtained from a Gaussian fit to the second order moment. For poly
disperse distances Rg will skew towards a larger value since it is a higher 
order moment while the correlation distance will skew towards the 
mean. Then the ratio could yield an overly large value of the local degree 
of crystallinity within a stack for polydisperse lamellar thicknesses. 

In Figs. 3 and 4, it can be observed that for a high degree of crys
tallinity, the proposed UBG can easily resolve the second order scat
tering peak especially when the second order peak falls close to 2q*, 
twice the position of the first order peak, q*. As disorder increases the 
second order peak becomes weaker and the second order peak position 

Table 3 
Fit parameters for the proposed UBG in eq (8) for the various polyethylene 
grades. Note that generally, B1 can be fixed through a high-q Porod fit. (Errors 
are propagated from the counting errors.)  

Polyethylene B1(£10-8) 
(Å− 4 or 
cm− 1Å− 4)d 

Rg,1 

(Å) 
ξ (Å) p kI δ 

NIST 1482a 7.1 101 242 168 0.019 0.17 
(±0.07) (±1) (±1) (±3) (±0.001) (±0.01) 

NIST 1483a 8.8 135 287 199 0.044 0 
(±0.05) (±7) (±2) (±30) (±0.007) (±0.01) 

NIST 1484a 6.9 140 313 82 0.03 0 
(±0.04) (±3) (±1) (±5) (±0.002) (±0.01) 

Equistar 
6180a 

9.3 109 284 93 0.018 0 
(±0.07) (±1) (±1) (±2) (±0.001) (±0.01) 

Equistar BS 
Ab 

1180 99 199 89 0.044 0 
(±4) (±3) (±1) (±9) (±0.005) (±0.01) 

Equistar BS 
Hb 

1245 93 200 57 0.034 0.07 
(±5) (±1) (±1) (±2) (±0.001) (±0.01) 

Metallocene 
399L60c 

1460 57 176 49 0.039 0 
(±8) (±0.5) (±1) (±1) (±0.0003) (±0.01) 

arefer Fig. 3 for the fit. brefer Fig. 4 for the fit. crefer Fig. S2 in the Supporting 
Information for the fit. dunits of cm− 1Å− 4 for absolute intensity measurements 
(b,c) and Å− 4 for relative intensity measurements (a). 
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moves to q>2q*. The UBG model can accommodate this to a certain 
extent with the disorder parameters, however, there is some limitation 
to this accommodation. In the case where the second order peak is much 
larger than 2q* the fit ignores the second order peak. Although, this is a 
limitation of the function, it seems that useful information can still be 
obtained from the fit. A wide range of possible scattering patterns are 

shown in Figs. 3 and 4 and S2 in the Supporting Information, so that not 
only the best fits are shown. 

Three different measurements of the lamellar thickness, t, tz, and tL, 
were determined from the UBG model. The structural model directly 
yields the lamellar thickness, t=2Rg,1. The z-average thickness, tz, was 
calculated using tz=20000ϕ(S/V)-1 (from equation 3,p. 216 in 
Ref. [62]), with tz in Ångström, S/V in m2/cm3, and ϕ=t/ξ with t=2Rg,1. 
S/V can be obtained through normalization of B1 by the Porod invariant, 

Q =
∫∞

0
I0(q)q2 dq, and through numerical integration based on the fit 

parameters in Table 3 for the uncorrelated scattering function, I0(q), in 
eq (4) such that, S/V=πB1/Q. The thickness from Lorentz corrected data, 
tL=ϕDSCξL was also determined. Fig. 5 compares these three results for 
lamellar thickness. The general trend is that the S/V thickness, tz, is 
larger than the direct fit and the difference is larger for thicker crystals. 
This means that the S/V ratio is smaller than expected from the fitted 
lamellar thickness for thicker lamellae. In obtaining the thickness from 
S/V we are assuming that S/V~2/t, that is, there is no contribution to 
the specific surface area from the lateral sides of the lamellae, i.e., the 
aspect ratio is ∞. For a lamellar disk with a finite aspect ratio 
S/V~2/t+2/R=2/t(1+2/A). This correction largely brings agreement 
between t and tz, Fig. 5. 

The difference between t from UBG and tL is partly due to the dif
ference between the local degree of crystallinity within a stack of 
lamellae, ϕSAXS=t/ξ, and the degree of crystallinity measured by DSC, 
ϕDSC=tL/ξL. ϕDSC should be smaller since it includes non-local amor
phous such as interfibrillar or interspherulitic amorphous material. This 
would result in a smaller value for tL compared to t from the fit. Another 
complication is that t includes perfect crystalline regions and regions of 

Table 4 
Average lamellar morphological features derived from the fit parameters in Table 3. t is 2Rg,1; tz is from S/V and the invariant; tL is from ϕDSC and the long period. Δϕ is 
the difference between SAXS and DSC values for the degree of crystallinity whereas, ϕa(NS) is the fraction non-stack amorphous. (Errors are propagated from the 
counting errors.)  

Polyethylene ϕSAXS orϕ Δϕ ϕa(NS) S/V (m2/cm3) t (Å) tz (Å) tL (Å) R (Å) A, Aspect Ratio 

NIST 1482 0.84 (±0.002) − 0.01 − 0.11 54 (±1) 202 (±2) 310 224 1010 (±10) 10 (±0.1) 
NIST 1483 0.94 (±0.005) 0.18 0.13 51 (±1) 270 (±14) 368 236 1390 (±110) 10 (±1) 
NIST 1484 0.90 (±0.002) 0.30 0.26 51 (±1) 281 (±6) 351 208 950 (±30) 6.8 (±0.2) 
Equistar 6180 0.77 (±0.001) 0.04 − 0.02 65 (±1) 218 (±2) 236 222 850 (±10) 7.8 (±0.1) 
Equistar BS A 0.99 (±0.005) 0.32 0.23 78 (±2) 198 (±6) 256 153 660 (±40) 6.7 (±0.4) 
Equistar BS H 0.93 (±0.002) 0.26 0.19 75 (±1) 186 (±2) 247 151 510 (±10) 5.5 (±0.1) 
Metallocene 399L60 0.65 (±0.001) 0.30 0.54 129 (±2) 114 (±1) 100 53 350 (±3) 6.2 (±0.05)  

Table 5 
Fit parameters for the proposed UBG function in eq (8) for other semi-crystalline 
polymers from literature. Additional fit parameters per the modified correlated 
fit in eq (9) to account for the domains in the block copolymer samples are also 
listed.  

Polymer B1(Å− 4) Rg,1(Å) ξ(Å) p kI δ 

Starch in 
aqueous gel 
[19] 

1.6£10-7 39.7 88.5 13.7 0.027 0.68 

Starch in 
aqueous gel 
[58] 

4.3£10-7 38.7 87.1 47.7 0.016 0.45 

LDPE – 250 
kg/mol [59] 

4.4£10-8 38.6 170 19 0.045 0.004 

EOBC–115 
kg/mol [60] 

1.04£10- 

1 
26.7 82.5 4.6 0.017 0.0012 

EOBC–130 
kg/mol [60] 

2.15£10- 

3 
30.5 88.3 4.0 0.011 0 .0005 

Additional fit parameters to account the larger domain structural level, eq 9 
Polymer G3 Rg,3 

(Å) 
B3 

(Å− 4) 
Rg,cut-off 

(Å) 
EOBC–115 kg/mol [60] 5.6£106 135.9 0.17 43.6 
EOBC–130 kg/mol [60] 1.3£105 135.6 0.004 39.5  

Fig. 4. I(q) versus q for two polyethylene samples. The fit range is 0.012 Å− 1<q<0.16 Å− 1 as indicated by the dashed vertical lines for both plots. The fit has been 
extrapolated to a wider q-range for comparison as discussed in the text. The dashed curves represent the fits in the absence of correlations, eq (4). (a) SAXS and 
extrapolated high-q UBG (eq (8)) for highly spherulitic long chain branching standard, Equistar BS H; and (b) for weakly spherulitic long chain branching standard, 
Equistar BS A. 
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high electron density at the interface of the lamellae. It is possible that tL 
could be larger than t in some cases where a significant lamellar surface 
density gradient exists. This seems not to be the case since t is generally 
larger than tL, except for one sample, NIST 1482 (Fig. 3(a)). The fraction 
of the sample that is due to amorphous not in lamellar stacks is given by 
φa(NS) = tL({1/tL} − {1/t} ). This relationship can be obtained by 
considering, tL = ξL

(
Mc/

{
Mc + Ma(T)

} )
and t = ξ

(
Vc/
{
Vc + Va(S)

} )
=

ξ
(
Mc/

{
Mc + Ma(S)(ρc/ρa)

} )
, where Mc, Ma(T), Ma(S), Vc, Va(T), and Va(S) 

represent the weight and the volume of crystallites, the total amorphous 
and the local amorphous within the lamellar stacks, respectively. The 
amorphous weight fraction that is not within the stacks is thus, ϕa(NS) =
(
Wa(T) − Wa(S)

)/(
Wc + Wa(T)

)
≈ tL({1/tL} − {1/t} ), assuming ξ≈ξL 

from Fig. 6 and ρc/ρa≈1. In reality, ρc is ~1 g/cm3 and ρa is ~0.85 g/cm3 

for polyethylene. Thus, the actual amorphous weight fraction not within 
the stacks is slightly larger than the reported values of ϕa(NS). For some 
samples, Metallocene 399L60 (Fig. S2 in the Supporting Information), 
more than half of the sample’s amorphous polymer is non-stack amor
phous. Generally, samples with a smaller fraction of amorphous within 
the stack would result in a larger packing factor, p. 

3.4. Lamellae: local crystallinity within stack, aspect ratio, orientation, 
and alignment 

Table 4 shows the average morphological parameters for the 
lamellae derived from the fit results in Table 3. Significant clustering of 
the lamellar stacks, as measured by the discrepancy between ϕ (ϕSAXS in 
Table 4) and ϕDSC in Table 1, was observed. For the NIST 1482 sample in 
Fig. 3(a), the local crystallinity from SAXS (ϕ=t/ξ=Rg,1/ξ) of 0.84 from 
Table 4, is approximately equal to the bulk crystallinity,ϕDSC in Table 1. 
For NIST 1484 in Fig. 3(b), ϕDSC is 0.60 in Table 1 deviates considerably 
from ϕ of 0.89 from Table 4. This sample displays somewhat thicker 
lamellae compared with the other isothermally crystallized molecular 
weight standard samples. A larger discrepancy between bulk (ϕDSC) and 
local crystallinity (ϕ) indicates a large extent of segregation of lamellar 
stacks, i.e., higher amount of interfibrillar or interspherulitic amorphous 
regions. Similarly, NIST 1483 in Fig. 3(d) displays a significantly 
enhanced local crystallinity from SAXS, ϕ=0.94, compared to ϕDSC 
which indicates a higher extent of segregation of lamellar clusters as 
compared to Equistar 6180 which has the same overall bulk crystallinity 

from Table 1, but a considerably different local crystallinity. Conse
quently, Equistar 6180 shows only a small extent of clustering of 
lamellar stacks. Although, ϕDSC represents the weight fraction crystal
linity, whereas ϕ indicates the volume fraction crystallinity, even after 
accounting for the relative densities of the crystalline and amorphous 
phases for HDPE, ϕ is expected to be larger than ϕDSC. This is because ϕ 
is a measure of the local crystalline fraction within a lamellar stack, ϕ, 
whereas ϕDSC is a bulk measurement. ϕDSC should have a lower value 
since it includes the amorphous which is not between the stacked 
lamellae, ϕa(NS). This is important information since it quantifies the 
segregation of lamellar stacks. 

The correlation distances (long periods), ξ, from the fits listed in 
Table 3, are slightly less than the long periods determined form a 
Gaussian fit to the Lorentz corrected data, ξL in Fig. 6. The Lorentz fit 
value, ξL, was used as an initial value in the least-squares minimization 
of the fits. Additionally, an initial estimate for minimization of Rg,1 was 
obtained from Rg,1=ξLϕDSC/2. This slight deviation between ξL and ξ can 
be reconciled when considering the extent of the power-law − 2 slope in 
the uncorrelated lamellar curves in Figs. 3 and 4. The assumption of the 
Lorentz correction is that the correlation peak is embedded in the power- 
law − 2 regime, which appears as a line of slope − 2 in a log-log plot. 
However, in Figs. 3 and 4 the power-law regime at low-q for the 
calculated uncorrelated lamellae, dashed line, does not extend to the q 
range of the peak, so multiplying the intensity by q2 in the Lorentz 
correction will erroneously shift the correlation peak to the left in q, that 
is to larger sizes, since the data actually has a steeper slope in the peak 
regime due to the influence of the Guinier regime on the power-law 
regime. This influence of the Guinier regime on the power-law regime 
is correctly accounted for in the UBG model leading to the correct and 
smaller correlation length in the Unified fits. For the Metallocene resin 
(Fig. S2 in the Supporting Information) that shows the smallest long 
period in Fig. 6, the correlation peak does occur within but at the edge of 
the − 2 power-law regime. Due to the low crystallinity, the Guinier 
regime is more prominent in the scattering curve. This leads to an 
artificially broadened peak in the scattering data towards higher-q, 
shifting the Lorentz corrected peak to the right, resulting in an errone
ously lower Lorentz correlation length for that sample. By inspection of 

Fig. 5. Comparison of the z-average thickness, tz, and the thickness from the 
Lorentz corrected data, tL, with the thickness obtained from fits to the SAXS 
data, t, per the proposed model in eq (8). tz normalized by (1+2/A), where A is 
the aspect ratio, agrees with t. 

Fig. 6. Comparison of the long period (1-d correlation length), ξ, from fits per 
eq (8) by directly fitting the scattering intensity, I(q), with the long period, ξL, 
from a Gaussian fit to the Lorentz corrected data, I(q)q2 versus q. Discrepancies 
between the two values may be due to the inaccuracy in the assumption of the 
Lorentz correction that the data follows a power-law of − 2 in the regime of the 
correlation peak. 
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the uncorrelated lamellar curves, it becomes evident that the Lorentz 
correction can introduce errors in the estimated correlation distance. 

The polyethylene samples analyzed in this study have variable 
thermal histories and molecular-weight polydispersity since some are 
model polymers and some commercial samples. Nonetheless, the 
lamellar aspect ratio, A=D/t=2R/t, decreases linearly with the weight 
average molecular weight, Fig. 7(a), with the more polydisperse samples 
generally showing a slightly lower aspect ratio. The average lamellar 
radius/lateral extent, R, in Table 4 was calculated using eq (6), 
R=√{(pRg,1ξ)/4}. The lamellar thickness is generally controlled by the 
crystallization temperature through the Hoffman-Lauritzen expression. 
The thermal history is not a control parameter through the studied 
samples, though the NIST samples and Equistar 6180 were approxi
mately isothermally crystallized at 120 ◦C (crystallization is quite rapid 
in polyethylene and the SAXS samples have significant thickness hin
dering efforts towards a step-jump thermal quench). 

It is interesting to speculate on how the molecular weight could 
impact the aspect ratio, outside of viscosity and the diffusion coefficient 
which are strongly dependent on temperature and apparently do not 
play an obvious role. The contour length of the chains, L, can be esti
mated by the number of monomers in the chain and about 2.55 Å repeat 
distance per monomer (for the c-axis unit cell parameter in a planar zig- 
zag conformation). For the shortest chains, NIST 1482, of 13.6 kg/mol, 
the contour length (path length of the blue line in Fig. 8), is about 1,250 
Å while for the largest chains, BS H, of about 150 kg/mol, L~14,000 Å. 
Dividing by the thickness of the lamellae, the shortest chain has the 
possibility of about 6 chain folds per chain while the longest chain (BS 
H) has the possibility of about 66 chain folds per chain. The “b” lattice 
spacing is 4.94 Å so the shortest chain could span a lateral size of only 
29 Å in the lamella, while the longest chain could span a lateral size of 
326 Å. 2R for NIST 1482 is about 2,100 Å whereas, it is about 970 Å for 
Equistar BS H, Table 4. So, the low molecular weight chains require at 
least 72 chains to reach from one side of the lamella to the other side, 
while for the high molecular weight a minimum of 3 chains can reach a 
lamellar diameter in the crystallite. The two lowest HDPE points in Fig. 7 
(a) (red) to the right are for the long-chain branched Equistar BS H and 
BS A samples. At high molecular weights we expect more chain entan
glements per chain. It seems plausible that topological constraints such 
as long-chain branching, and chain entanglements have a direct link to 
the lateral growth of lamellae and to the lamellar aspect ratio. 

The topology of the chains including the number of entanglements 

and branch sites impact the aspect ratio. The entanglement molecular 
weight for polyethylene is around 1600 g/mol. The lowest molecular 
weight chains in this study have about 9 entanglements while the 
highest molecular weight have about 90 per chain. For a branched chain 
with 1 branch per 1000 carbons (13.6 kg/mol for example) there are 
about 11 branch points in an average chain. Branch points are much 
stronger topological constraints compared to entanglements. Although a 
quantitative model has not been reached concerning the observed 
apparent linear dependence of aspect ratio on the weight average mo
lecular weight, Fig. 7(a), the high extent of entanglements per chain, and 
the presence of long-chain branching, may lead to crystals with many 
more dangling ends which might disrupt the lateral extent, 2R, for the 
lamellae as shown schematically in Fig. 7(b). 

Fig. 9(a) shows that the Debye-Waller disorder parameter, kI, in
creases linearly with the degree of crystallinity except for the Metal
locene polymer 399L60. kI is effectively the inverse of the variance, 
kI~1/2σ2, for a Gaussian distribution of electron density about the lat
tice point. An increase in kI with the degree of crystallinity in a stack 
indicates that the lamellae are more tightly bound to their lattice 

Fig. 7. (a) The aspect ratio of lamellae derived from the fitting result (Table 4) as a function of the weight average molecular weight of the polymer (Table 1) and a 
commercial LDPE sample from Ref. [59] discussed below; (b) A schematic showing the reduction in aspect ratio for higher molecular weight specimens due to branch 
points in the chain that serve as topological constraints. 

Fig. 8. How a polymer chain fits into a lamella.  
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positions as the local degree of crystallinity increases. Similarly, larger kI 
indicates that there is less orientational disorder and lower interfacial 
broadening of the lamellae with a higher degree of local crystallinity as 
shown schematically in Fig. 9(b). 

3.5. Extending the proposed UBG to other systems 

The efficacy of the proposed model is tested on the scattering data for 
crystalline starch lamellae in an aqueous gel [19,58], commercial LDPE 
[59], and ether insoluble fractions of ethylene/1-octene block co
polymers (EOBCs) [60]. 

3.5.1. Starch lamellae in an aqueous gel 
Cameron and Donald [19,63] proposed a direct fitting function to the 

SAXS data for aqueous gels of starch which was modeled by stacks 

comprised of infinite, alternating crystalline and amorphous layers. 
Their function for stacked lamellae had six fitting parameters after 
appropriate background subtraction was performed: the amount of 
crystalline fraction, ϕ; the average repeat length in the stack or the 
correlation length, d; the width of the thickness distribution, β; the 
number of crystalline and amorphous pairs within a lamellar stack, N; 
the electron density difference between the crystalline and amorphous 
layers within a stack,Δρ; and the electron density difference between the 
lamellar stack and the background, Δρu. Fig. 10(a) shows an I(q) vs q 
plot (digitized from Figure 7(a), p. 2632 in Ref. [19]) whereas Fig. 10(b) 
shows the simulation result of an I(q) vs q plot (digitized from Figure 3, 
p. 317 in Ref. [58]) for different crystalline starch lamellae in aqueous 
gels. These curves were fit to the UBG from eq (8), and the fit results are 
reported in Table 5. Note that a background intensity of about 0.0012 in 
Fig. 10(a) was used to get a good fit in the high-q Porod region. 

Fig. 9. (a) Dependence of the local lamellar orientation, kI as a function of the local degree of crystallinity, ϕSAXS, for branched HDPE (Equistar BS A, BS H indicated 
by red circles), unbranched HDPE (NIST 1482, 1483, 1484 and Equistar 6180 indicated by blue circles), low density Metallocene 399L60 (green triangle); crystalline 
starch in aqueous gel [19] (yellow square) and branched LDPE [59] (grey star) discussed below; (b) Schematic of decreasing misalignment or improving lamellar 
orientation with increase in ϕSAXS since kI ~1/2σ2. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of 
this article.) 

Fig. 10. (a) SAXS data on crystalline lamellae in a 45% aqueous starch slurry digitized from Ref. [19]. Note that for the UBG the fit range was 0.025 Å− 1< q<0.13 
Å− 1 in (a). This fit was extrapolated to a wider q range. (b) Simulated SAXS curve for crystalline lamellae in a 50% aqueous starch slurry digitized from Ref. [58]. The 
solid black lines indicate the UBG in eq (8) whereas the dashed line indicates the fit, eq (4), in the absence of correlations for both curves. 
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In Fig. 10(a), the long period from the proposed fit, ξ = 88.5 Å agrees 
with the reported repeat length of the stack, 88.5 Å. However, the 
lamellar thickness, t=Rg,1~79 Å is greater than the reported thickness of 
the starch crystallites, 66 Å [19], which could be attributed to the de
viation of the experimental SAXS curve and the fit around the peak in 
Ref. [19]. Similarly, in Fig. 10(b), the long period from the proposed fit, 
ξ=87 Å, agrees with the reported repeat length of the stack, 91 Å [58], 
whereas the lamellar thickness from UBG, t =Rg,1~77 Å, is slightly 
larger than the reported thickness of the starch crystallites of 70 Å [58]. 
Since the local degree of crystallinity, ϕ=t/ξ=Rg,1/ξ is directly related to 
the lamellar thickness, the estimate from the UBG, eq (8), are about 20% 
and 15% greater than the reported values of 0.75 [19] and 0.77 [58]. An 
aspect ratio of about 2.8 is seen for the crystalline starch in Fig. 10(a) 
whereas the lateral size is about 5.2 times the thickness for the starch in 
Fig. 10(b). The local-misorientation, kI, determined from the fit in 
Fig. 10(a), surprisingly follows the same trend with local crystallinity as 
the HDPE samples in Fig. 9(a) (green square). For both samples, the 
stacking is irregular as reflected by the large value of δ 

3.5.2. Commercial LDPE with short-chain branching 
Fig. 11 shows log I(q) vs logq (digitized from Figure 10, p. 34717 in 

Ref. [59]) for a commercial LDPE of Mw ~250 kg/mol with extensive 
short chain branching (300 SCBs per 10,000 carbons in the chain). This 
curve was fit to the structural model proposed in eq (8) and the fit results 
are listed in Table 5. To get a good fit in the high-q Porod region, a 
background intensity of about 0.002 was used. 

For this high MW LDPE sample, the aspect ratio, A=2R/ 
t=√{(pRg,1ξ)/4}= 4.57 in agreement with the general trend observed 
for polydisperse PE samples in Fig. 7(a) (black star). Additionally, the 
large value of kI at a low degree of crystallinity, ϕ=t/ξ=Rg,1/ξ= 0.46, 
shows a similar behavior to the Metallocene 399L60 sample that has a 
high short-chain branch content in Fig. 9(a) (black star). The local 
crystallinity within a stack, ϕSAXS~0.46 is larger than the reported bulk 
crystallinity from DSC measurements in Ref. [59], ϕDSC~0.37, as ex
pected. Additionally, the correlation length estimated from the fit, 
ξ=170 Å is on the same order as the reported [59] long period for this 
sample ~ 200 Å. 

3.5.3. Commercial ethylene/1-octene block copolymers (EOBC) 
Fig. 12 shows the I(q) vs q data from Figure 4A, p. 9620 in Ref. [60] 

for diethyl ether insoluble fractions of commercial thermoplastic elas
tomers (EOBCs) of two different molecular weights (115 kg/mol and 
130 kg/mol). These samples are like Metallocene materials but with a 
higher melting point. Both samples were isothermally crystallized at 
110 ◦C as reported [60]. SAXS data in Fig. 12(a) and (b) were fit to the 
structural model proposed in eq (8) and the fit results are listed in 
Table 5. Note that the background intensity for fitting the SAXS intensity 
for EOBC-115 was about 530, whereas it was about 18 for the EOBC-130 
in Fig. 12. 

The crystalline lamellae for the 115 kg/mol block copolymer display 
an extremely low aspect ratio, A=2R/t≈1.9 which is slightly larger than 
A≈1.7 for the 130 kg/mol BCP indicating that the aspect ratio decreases 
with increasing molecular weight as shown in Fig. 7(a). Auriemma et al. 
[60] have estimated the long period and the crystallite/amorphous 
thickness within a stack via autocorrelation of the electron density 
fluctuations as well as the interface distribution functions (IDF). For 
both specimens fit in Fig. 12, black curves, a local degree of crystallinity, 
ϕ, of about 0.62 was reported by the IDF method in Ref. [60]. From 
Table 5, ϕ=Rg,1/ξ is ~0.65 for the 115 kg/mol and ~0.69 for the 130 
kg/mol block copolymers, close to the reported local crystallinity but 
much higher than the reported bulk DSC crystallinity of 0.13 [60]. The 
correlation length, ξ, of ~83 Å and a lamellar thickness of ~53 Å 
approximately agree with the reported values of ~81 Å and ~51 Å for 
the long period and crystallite thickness determined via from the IDF for 
EOBC-115 sample in Ref. [60], respectively. Similarly, ξ of ~88 Å and a 
lamellar thickness of ~61 Å agree with the reported values of ~92 Å and 
~57 Å for the long period and crystallite thickness determined via from 
the IDF for EOBC-130 sample in Ref. [60]. A larger deviation in the long 
period estimated from the autocorrelation function and the interfacial 
distribution function is associated with greater structural disorder and is 
independent of the crystallization conditions [64]. This deviation is 
larger for EOBC-115 isothermally crystallized at 110 ◦C as opposed to 
EOBC-130 crystallized under the same conditions as reported in Table 2, 
p. 9618 in Ref. [60]. A larger disorder in long spacing for EOBC-115 
indicates greater irregularity in stacking period which is reflected in 
the larger value of δ in Table 5 as compared to EOBC-130. 

In addition to the uncorrelated calculation from the fit (dashed green 
curves in Fig. 12), eq (4), the modified UBG (blue curves in Fig. 12), eq 
(9), was also applied to account for the larger structural level corre
sponding to domains comprised of the crystalline lamellae stacks in a 
matrix of the amorphous rubber. The fit parameters to account for the 
domains are also listed in Table 5 for both EOBC-115 and EOBC-130 
samples. Rg,cut-off is marginally greater than Rg,2 for both block co
polymers and represents the size scale where the surface of the large- 
scale crystalline domains becomes rough. 

The fits to the modified UBG, eq (9), shown in Fig. 12(a) and (b) are 
consistent with two-phase systems that have domains with an equivalent 
spherical diameter, Ddomain=2√(5/3)Rg,3 of approximately 350 Å. The 
crystalline domain fraction of the sample is determined from the ratio of 
the bulk to the local crystallinity, ϕDSC/ϕSAXS. This has a value of 
approximately 0.2 for the EOBC-115 sample which indicates that the 
matrix is the amorphous phase (80%) with crystalline domains (20%). 
The cutoff size scale for the domains comprising of these low aspect 
lamellae (Table 5) indicates where the Porod’s law (smooth surfaces) 
fails due to jutting crystalline lamellae at the interface. Rg,cut-off is the 
surface roughness size for asperities that make the surface rough Addi
tionally, the ratio of the Guinier prefactors for the domain and lamellae 
level, (G3/G2)+1, is a measure of the total average number of 1- 
d lamellae stacks within a domain. The total average lamella within a 
domain is about 61 for 115 kg/mol BCP and about 53 for the 130 kg/mol 
block copolymer. A cartoon of the multi-level hierarchical organization 
for these block copolymers based on the SAXS data is presented in 
Fig. 13. 

Fig. 11. SAXS data on commercial LDPE showing a correlated lamellae peak in 
scattering digitized from Ref. [59]. The solid black line indicates the UBG in eq 
(8) whereas the dashed line indicates the fit, eq (4), in the absence of corre
lations. Note that for the UBG, 0.015 Å− 1

<q<0.1 Å− 1. This fit was extrapolated 
to a wider q range. 
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4. Conclusions 

This paper describes direct fits of correlated lamellae in polyethylene 
samples using the Unified Function and a description of one-dimensional 
correlations based on the Born and Green approach. The UBG Function 
is sufficiently robust so that the same function can be used across a wide 
range of samples, and we have used this fit for HDPE, LDPE, LLDPE, 
Metallocene polyethylene as well as block copolymer, polyesters, and a 
crystalline starch gel. The UBG results in direct determination of the 
correlation distance (ξ), lamellar thickness (t), aspect ratio (A), local 
degree of crystallinity within a stack of lamellae (ϕ), and the quality of 
the lamellar stacking in terms of packing density (p), local disorder of 

the Debye-Waller type (kI) and stacking disorder like Scherrer broad
ening (δ). For crystallites that are thought to have limited lamellar 
structure, such as highly spherulitic samples, deviations from the fit are 
evident at low-q. These deviations could be accommodated in the pro
posed approach with additional parameters. A limitation of the pro
posed function is that the fit minimizes the deviation and ignores the 
second order peak at high-q when the second order peak has a q-value 
much larger than 2q*. 

Comparison is made with the Hermans (HF) and a hybrid Unified- 
Hermans function (HHF). The HF predicts a power-law of − 2 at low-q 
which often disagrees with the data. There is ambiguity in the amor
phous and crystalline sizes and the standard deviations and the meaning 
of two distinct standard deviations for the amorphous and crystalline 
phases in a stack seems confusing. Further, the calculated melting points 
from the HF and HHF functions do not agree with a Hoffman-Lauritzen 
analysis. The HHF can describe higher-level structures such as limits to 
the lamellar width and other higher order structures. Qualitatively, the 
UBG gives a better fit to the investigated data with smaller residuals. 

The UBG based on the Unified Fit could serve to complement existing 
approaches to the analysis of SAXS data from semi-crystalline polymers 
such as long-period determination from the Lorentz corrected data and 
correlation function analysis. The UBG method offers several unique 
views on this complex structure such as measures of the non-stack 
amorphous, measures of the clustering of lamellae and the extent of 
stacking, the aspect ratio of lamellae, and a direct measure of the 
thickness that does not depend on a separate measure of the degree of 
crystallinity. The fit parameters correlate well with expectations and 
suggest new relationships that can be explored such as a linear depen
dence of the lamellar aspect ratio on the molar mass of the polymer. 
Since the Unified Function allows for calculation of the uncorrelated 
lamellar scattering curve, it makes possible an assessment of the 
appropriate range in q for application of the Lorentz dimensional 
correction. Separation of the structure and form factor in the Unified 
approach may allow for new understanding of the impact of thermal and 
mechanical history, chain structure, fillers, nucleating agents, and ad
ditives on the crystalline structure and the resulting physical properties. 

Fig. 12. SAXS data on isothermally crystallized (at 110 ◦C) ether insoluble fractions of commercial block copolymers with molecular weights of (a) 115 kg/mol and 
(b) 130 kg/mol from Ref. [60]. The solid black lines indicate the UBG in eq (8) whereas the dashed line indicates the fit, eq (4), in the absence of correlations. Note 
that for the UBG the fit range was 0.05 Å− 1<q<0.5 Å− 1 for both curves. To account for the larger semi-crystalline domains another structural level was added per eq 
(9) and represented by the solid blue curves in both plots. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version 
of this article.) 

Fig. 13. Cartoon depicting the different hierarchical structures in isothermally 
crystallized block copolymer EOBC-115 from Ref. [60]. The domain size, 
long-period, lamellar thickness, and aspect ratio can be estimated from the 
proposed UBG fit model. Each 1-d stack comprises of approximately 65% 
crystalline lamellae. Note that although the spherical domains comprise of 61 
lamellae, a 2-d projection would result in a lower number of crystalline 
lamellae in a domain of about 612/3~16. 
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